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THE KALMAN-YAKUBOVICH-POPOV INEQUALITY
FOR PASSIVE DISCRETE TIME-INVARIANT SYSTEMS

YURY ARLINSKIT

(communicated by T. Ando)

Abstract. We consider the Kalman - Yakubovich - Popov (KYP) inequality

X —A*XA-C*C —A*XB-C*D 0
—B*XA—-D*C I—-B*XB—-D*D )~

. . A B).[(® )
for contractive operator matrices ( C D) : (93?) — (‘ﬂ) where $, 9, and DT are

separable Hilbert spaces. We restrict ourselves to the positive contractive solutions X . Using the
parametrization of the blocks of contractive operator matrices, the Krein shorted operator, and
the M&bius representation of the Schur class operator-valued function we find several equivalent
forms of the KYP inequality. The properties of solutions are established and it is proved that the
minimal solution of the KYP inequality satisfies the corresponding algebraic Riccati equation
and can be obtained by the iterative procedure with the special choice of the initial point. In
terms of the Krein shorted operators the necessary condition and some sufficient conditions for
uniqueness of the solution are established.

1. Introduction

The system of equations

{ hk+1:Ahk+ng7 k>0

oy = Chy + D& ’

describes the evolution of a linear discrete time-invariant system

= { (é g) 3§, M, ‘)’Z} with bounded linear operators A, B, C, D and separable

Hilbert spaces $) (state space), 2 (input space), and 91 (output space). If the linear
operator T defined by the block-matrix

(A B\ (9)_ (9
V\Cc D) \Mm n
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is contractive, then the corresponding system is said to be passive. If the operator T
is isometric (co-isometric, unitary) then the corresponding system is called isometric
(co-isometric, conservative). Isometric and co-isometric systems have been studied by
L. de Branges and J. Rovnyak [15], [16] and by T. Ando [4], conservative systems have
been investigated by B. Sz.-Nagy and C. Foias [33] and M.S. Brodskii [17]. Passive
systems are studied by D.Z. Arov etal [5, 6, 7, 8, 10, 11, 12].

The subspaces

Hs:=span{A"BM: n=0,1,...} and $H?=35pan{A"'C*N:n=0,1,...}
(1.1)

are called the controllable and observable subspaces of the system

T = {(é g) ;S’),Dﬁ,‘)’t} , respectively. If HS = H (H2 = §) then the system
T is said to be controllable (observable), and minimal if T is both controllable and
observable. If ) = closure{$)$ + H2} then the system 7 is said to be simple. Note

that from (1.1) it follows that

)+ = ﬁ ker (B*A™), (9)* = ﬁ ker (CA").
n=0

n=0
Therefore -
(1) the system 7 is controllable <= () ker (B*A*") = {0} ;
n=0
(2) the system 7 is observable <= [ ker (CA") = {0};

n=0
(3) thesystem 7 issimple < <Fjoker (B*A*”)) N (ﬁoker(CA”)> = {0}.

The function
0:(A):=D+AC(Iz —AA)"'B, A €D,
is called the transfer function of the system 7.
The result of D.Z. Arov [5] states that two minimal systems

([A B ((A B\,
a={(a B)mmaf we w={(E %)iomn}

with the same transfer function ©(A) are pseudo-similar, i.e., there exists a closed
densely defined operator Z : $; — $ such that Z is invertible, VAT densely
defined, and

ZA\f =AZf, C\f = CZf, f €domZ, and ZB; = B,.

If the system 7 is passive then ©; belongs to the Schur class S(9M,N), i.e., OL(A)
is holomorphic in the unit disk D = {A € C : |A| < 1} and its values are contractive
linear operators from 9t into 9. It is well known [16], [33], [4], [5], [7] that every
O(A) € S(M, M) can be realized as the transfer function of some passive system, which
can be chosen as conservative simple (isometric controllable, co-isometric observable,
passive and minimal, respectively). Moreover, two simple conservative (isometric



THE KALMAN-YAKUBOVICH-POPOV INEQUALITY 17

controllable, co-isometric observable) systems 7; and 7, having the same transfer
function are unitarily similar [15], [16], [17], [4], i.e., there exists a unitary operator U
from §; onto §, such that A; = U~'AU, B = U™'B,, C; = G,U. In [10], [11]
necessary and sufficient conditions on ©(A) € S(91, 91) have been established in order
that all minimal passive systems having the transfer function ©®(A) be unitarily similar
or similar.

A system T = { (?: g) ; 9,9, ‘ﬂ} is called X -passive with respect to the

supply rate function w(u,v) = |[u||3; — |[v||3, u € M, v € N [31] if there exists a
positive selfadjoint operator X in §), possibly unbounded, such that

AdomX'? ¢ domX"?, ranB C dom X'/?

)

and
[IX'2(Ax + Bu)| g — [1X"2x][3 < [Jul3n — [|Cx + Dul |5

(1.2)
for all x € domX'/?, u € M.
The condition (1.2) is equivalent to
x2 0\ [\ X2 0\ /A B\ (x\|
_ >0
0 Im/) \u 0 In/)\C D) \u (1.3)
1/2 '

forall xedomX'/, ueM

If X is bounded then (1.3) becomes the Kalman — Yakubovich — Popov inequality (for
short, the KYP inequality)

X — A*XA — C*C AXBCD)>O_ (14)

LX) = ( ~B*XA—-D*C I—B*XB—D*D

C D
is a minimal system with finite dimensional state space §) then the set of the solutions
of (1.4) is non-empty if and only if the transfer function ©, belongs to the Schur class.
If this is a case then the set of all solutions of (1.4) contains the minimal and maximal
elements.
For the case dim$) = oo the theory of the generalized KYP inequality (1.3) is
developed in [8] and the following results have been established.

The classical Kalman-Yakubovich-Popov lemma states thatif T = { (A B ) 19,9, ‘ﬁ}

THEOREM 1.1. [8, Theorem 1.2, Theorem 5.1]. Let

({2 3ol

be a minimal system. Then the generalized KYP inequality (1.3) for T has a solution
if and only if the transfer function ©; coincides with the Schur class function in a
neighborhood of the origin.
Let 2+ be the set of all solutions X of (1.3) which have additional properties
(@) X'?(span{A"B, n=0,1,...,}) and X~'/? (span {A*"C*, n=10,1,...,})
are dense in %),
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(b) span{A"B, n=0,1,...,} is a core for the operator X'/*.
Then the set 2~ is not empty and contains a minimal X, and a maximal X,y elements

in the sense of quadratic forms: X € Z; = domX[}ﬂ/iIZ1 D domX'/?2 > domX[;/a%( and

|IXM2u|? < ||XYV2u|)? forall u e domXV?,

IXV20|2 < [|Xal2v]|? forall v e domXu.

Let ©(A) € S(9M, M) . A passive system

({2 £)bm

with the transfer function ©(A4) is called the optimal ((*)-optimal) realization of
©(A) [6], [7] if for each passive system T = { <2\, g) ; 9, 9M, ‘ﬁ} with the transfer
function ©(A) and for each input sequence ug, uy, uy, ... in M the inequalities

n n n n
ZAkBuk ZAkBuk ( ZAkBuk ZAkBuk >
k=0 k) k=0 ks) k=0 k=0 ks)

hold forall n =0, 1, ....
Two minimal and optimal ( (x)-optimal) passive realizations of a function from
the Schur class are unitarily similar [7]. In addition, the system

. A, B\ ¢
=% 7)o, mm
{<C* D) 0 }

is () -optimal minimal realization of the function ©(A) if and only if the system

. Ar B\ .
T, = SN I PO S
U )b
is optimal minimal realization of the function ©*(1) [7]. In [7] the construction of the

optimal ( (*) -optimal) realization is given as the first (second) restriction of a simple

conservative realization of the function ©.

Let 7 = Ié g ;9,900,901 » be a minimal system. Suppose ©; coincides
with the Schur class function in a neighborhood of the origin. Let X, and Xp.x be
the minimal and maximal solutions of the KYP inequality (1.3). It is proved in [8] that

the systems

. X\2ax=12 yli2p . V2 Axmd? xV2B
T — min - min min ; , m7 m , T* — max- - max max ; , m’ m
{ < CXmiy2 D Y) CXmalx/2 D f)

< 2

9

are minimal optimal and minimal (x)-optimal realizations of ©, respectively. Note
that the contractive operators

1/2 1/2 1/2 12 1/2

7 Xlil/lgAXI;Hl XminB 7 XmaxAX;ux XiaxB
T = —1/2 and T* = —1/2 (15)
CXmin D CXmax D
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are defined on the dense in $ @ 99 linear manifolds dom X, ;ifl/ 2 @M and dom X;ulx/ 2
M, respectively.

In this paper we consider the KYP inequality for a contractive operator T =

2]

(é g) . In this case the set of all solutions contains the identity operator. Hence

the minimal solution Xy, is a positive contraction, while the maximum one satisfies
Xmax = 1g, 80, Z = X;alx is also a positive contraction and is the minimal solution of
the KYP inequality for the adjoint operator 7*. That’s why we are interested in only
contractive positive solutions X of the KYP inequality.

We will keep the following notations. The class of all continuous linear operators
defined on a complex Hilbert space §); and taking values in a complex Hilbert space
$), is denoted by L($1,$,) and L(9) := L($,9). The domain, the range, and
the null-space of a linear operator 7 are denoted by dom7, ran7, and ker7. For a
contraction T € L($), $,) the nonnegative square root Dy = (I — T*T)"/? is called
the defect operator of T and ®r stands for the closure of the range ran Dy . It is well
known that the defect operators satisfy the relation 7Dy = Dp+T and TO7 C Dy« cf.
[33]. The set of all regular points of a closed operator T is denoted by p(7) and its
spectrum by o(T). We denote by I the identity operator in a Hilbert space " and
by P the orthogonal projection onto the subspace (the closed linear manifold) £ .
A selfadjoint operator M is called nonnegative if (Mf,f) > 0 forall f € domM and
positive if (Mf.f) > 0 forall f € domM\{0}. If M and N are bounded operators in
a Hilbert space, M is a selfadjoint and nonnegative, and, in addition, ran N C ran M 1/2
then by definition

N*M~'N := (M~'2N)*M~'/2N,

where M~'/? is the Moore—Penrose pseudo-inverse to M'/?. The boundedness of
M~'2N follows from the result of Douglas:

THEOREM 1.2. [19], [20]. For N,L € L($)) the following statements are equiva-
lent:
(i) ranN CranL;
(ii) NN* < ALL* for some A > 0.
(iii) N = LK forsome K € L($)), ranK C tanL*, kerK = kerN.

By Xmin and Xp.x we will denote the minimal and the maximal elements of the
subset 27 of the solutions of the generalized KYP inequality (1.3) for 7 defined in
Theorem 1.1.

We essentially use the following tools.

(1) The parametrization of the 2 x 2 contractive block-operator matrix

T— (/é g) : (;;) - (?z) [13], [18], [30]:

B =FDp, C = Dp-G,

A = —FD*G + Dp-LDg, (1.6)

where the operators F € L(®p, R), G € L(9,Dp~) and L € L(Dg, Dp+)
are contractions.
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(2) The notion of the shorted operator [22]:
Sw=max{ZeL(#): 0<Z<S, ranZ C .7},

where S is a bounded nonnegative selfadjoint operator in the Hilbert space
H and ¥ is a subspace in JZ .
(3) The Mdbius representation

O(4) = ©(0) + Do+ (0)Z(A)(Iny,, + O*(0)Z(1)) ' De(q), A €D

of the Schur class operator-valued function ©(A) by means of the operator-
valued parameter Z(A) from the Schur class S(Dg(q), Do+ (0)) -
A representation of such a kind was studied in [32], [27], [14]. In this paper using the
equalities (1.6) we give a more simple and algebraic proof of the Mobius representation.
In particular, we establish that if ©(A) is the transfer function of the passive system

({2 3ol

with entries A, B, and C given by (1.6) then the parameter Z(A) is the transfer

Dp+LDg I(;) ;55,@07©D*} . Moreover, we

function of the passive system v = { < G

prove that the correspondence

_[(A B\ _ [ (DpLDg F)\
{2 B)oma) o (7 F)inoar)

preserves the properties of the system to be isometric, co-isometric, conservative, con-
trollable, observable, simple, optimal, and (*) -optimal, and, in addition, preserves the
set of bounded solutions of the corresponding KYP inequalities.

We show that all positive contractive solutions of (1.4) for contraction T =

A B . . .
< C D) satisfy the inequality

Iy ~ X)Py < (D3 + T (Iy — X)P,T) | (1.7)

where Pg (P ) is the orthogonal projection onto § in the Hilbert space $ © M
(9 @ 91). We establish that the set of all positive contractive solutions of (1.7) for an
observable system contains a minimal element X, which satisfies the Riccati equation

(Iy = X)Pg = (D} + T* (I — X)PT)
and can be obtained by the following iterative procedure

X© =0, XD = g, — (D% 4T (I 7X<”))P})T) 19, Xo=s — lim X,
2l

n—oo

Moreover, Xo = Xmin for a minimal system. We prove that the condition

(D7), =0 (<= $HNranDr = {0})
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is necessary for the uniqueness of the solutions of (1.7). In the example it is shown
that this condition is not sufficient. Some sufficient conditions for the uniqueness are
obtained. It is proved (see Theorem 7.9) that if T € L($) ® 9, $ @ N) is a contraction

and if (D%)g =0, (D%Y/)zﬁ =0, s
ran ((D‘%‘”T)ﬁ) (ran ((D%’smT*)ﬁ) = {0}

then the passive system 7 = {T; $, 9%, 9} is minimal and Xin = Xmax = I, i.€., any
passive and minimal realization of the transfer function of 7 is unitarily equivalent to
the system 7.

2. Shorted operators

For every nonnegative bounded operator S in the Hilbert space .7 and every
subspace J# C # M.G. Krein [22] defined the operator S by the formula

Sy =max{Z e L(s): 0<Z< S, ranZC 7 }.
The equivalent definition

(S)Kf7f):¢€£g%{(s(f+(p)7f+(p)}7 ferx. (21)

The properties of S, were studied in [1, 2, 3, 20, 23, 24, 25, 27]. S is called the
shorted operator (see [1], [2]). Itis proved in [22] that S takes the form

Sy = SV2Pos!?,
where Pgq is the orthogonal projection in 7 onto the subspace
Q={fcrmans: SV f e} =ranSoS*(HocN).
Hence (see [22]),

ranS(l)/g2 = ranSl/zPQ =ranS'? N .7 .
It follows that
Sy =0 <= ranS'>N.# = {0}.
The shortening operation possesses the following properties.

PROPOSITION 2.1. [2]. Let ¢ be a subspace in €. Then
(1) if Sy and S, are nonnegative selfadjoint operators then

(S1+82) 0 2 (S1)p + (S2) 5

(2) 5128520 = (S1),0 2 (52)
(3) if {S.} is a nonincreasing sequence of nonnegative bounded selfadjoint op-
erators and S = s — lim S, then

n—oo

s— lim (S,),, = S

n—oo
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Let #+ = J#© . . Then abounded selfadjoint operator S has the block-matrix

form
g— Su S\ (X R H
TS, S» )\t H+ )

It is well known (see [23]) that
the operator S is nonnegative if and only if

Sy >0, ranS}, C ranSi)>, Sy > 8128585 (2.2)

and the operator S is given by the block matrix

_ —1 ox
Sy = (S“ S1252 51z 8) . (2.3)

If S5,' € L(# ) then the right hand side of (2.3) is called the Schur complement of
the matrix S. From (2.3) it follows that

Sx =0 < ranSj, C ranSéé2 and  S;; = 51255,'St,.
The next representation of the shorted operator is new.

THEOREM 2.2. Let X be a nonnegative selfadjoint contraction in the Hilbert
space € andlet & be a subspace in €. Then holds the following equality

Ly —X)wr =Py — Py X' P(Lp — X'"PP i X'2)7IXV2P . (24)

Proof. Let us prove (2.4) for the case ||X|| < 1. In this case the operator
I# —X'?P_, 1 X'/? has bounded inverse and

P XLy — X'V2P , XV IXYV2P oy = Poy Iy — XP oy ) "' XP .

Xu X . . .
Let X = ( Xil Xlz) be the block-matrix representation of the operator X with
12 22

respect to the decomposition J# = # @ #+ . Then

_ Ly Xio(Iyo —Xp)™!
Iy —XP 1= K .
(W %L) ( 0 (I%L 7X22)_1

Hence

_ Ly — X1 — X, —Xn)"'X5 0
Py —Py(lp —XP,y1) IXPW—(” ! IZ(OW =) Xz 0>,

and from (2.3) we get (2.4). Observe that (2.4) all f € J# is equivalent to the relation

(L = X'PP o L X2 T1PX2P oy f 1P = |[Paef 1P = (e = X) ot )
The latter means that

sup (XY2Pxf @)
eeornfoy (Le — X'2P 1 X'%)g, g)

—|1PAf|P = (U — X)sef f) forall f e, (25)
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Here we use the well known relations for a nonnegative selfadjoint operator B

\(h,8)I* [ ||B~"/?h|?, h € ranB'/?
400, h ¢ ranB'/? ’

g€dom B\{0} (Bg,g)
where B~!/2 is the Moore-Penroose pseudo-inverse.
For general case ||X|| < 1 using aX for 0 < a < 1, letting o T 1, and taking

into account Proposition 2.1 we see that (2.5) holds also for X. O

3. Parametrization of contractive block-operator matrices

Let $, K, 91, and 91 be Hilbert spaces and let 7" be a contraction acting from
H &M into K & N. The following well known result gives the parametrization of the
corresponding representation of 7' in the block-operator matrix form.

THEOREM 3.1. [13], [18], [30]. The operator matrix

(e 5) (3) - (%)

is a contraction if and only if D € L(9,N) is a contraction and the entries A, B, and
C take the form

B =FDp, C = Dp+G,

A = —FD*G + Dp+LDg,

where the operators F € L(Dp,R), G € L(H,Dp+) and L € L(Dg,Dp+) are
contractions. Moreover, the operators F, G, and L are uniquely determined.

Next we derive expressions for the shorted operators (D7), (Dpy )5, (D7+)s;
and (DIZ,Em r+)s foracontraction T given by the block matrix form

T— —FD*G+ Dp<LDg FDp\ ([ 9 . R
o Dp+G D Am N
Let f € 9, he M, ¢ € Dp, ¥y € Dpx. Using the relations F*Dp+x = DpF*,
D*Dp+« = DpD* one can see that
o[> + [W* = [[Fo + Dey|* = ||Dro — F*y|?,
|1[[> + | [I> = ||Dh + Dp+Gf || = ||Def ||* + ||Dph — D*Ghl|*.

Putting
(p:DthD*Gf7 w:LDGfa

we get

2 2
I =N () = 1e + 1w = om0 + e o
= IDp-Gf + Dh|P = ||Daf |P + |Dph — D GH| — ||F(Dph — D*Gf ) + Dp-LDf |
= ||D6f ||* = ILDGf ||* + [|DF(Dph — D*Gh) — F*LDgf ||
= ||DLDgf ||* + ||Dr(Dph — D*Gh) — F*LDgf ||*.
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Thus,

> (3)

Similarly

- (5)

2
= ||Dr (Dph — D*Gf ) — F*LDgf ||* + ||DLDcf ||*. (3.1)

2
= ||Dg= (Dp+@ — DF*g)—GL*Dp+g||*+||D+Dp=g||*, g € &, ¢ €M,

(3.2)

2
= ||[Dph — D*Gf ||* + ||IDcf |I*, f € H,heM,  (3.3)

2
= ||Dp-@ — DF*g||* + ||Dp=g|*, g € R, ¢ € N. (3.4)

o (1)

Since ran F* C ®p, ranL C Dp+, ranG C Dp+ , D*Dp« C Dp, and F*Dp+x C DF,
for given f € $ there exists a sequence {h,}°2, C Dp such that

lim DgDph, = DrD*Gf + F*LD¢f .

n—oo

Using similar arguments from (3.1)- (3.4) we get

hem h " hem A\ h

2
: 8 2 8
f D* = D*D* f D *
oen H ' (w) } P Fg"fém{H ot (w)

Now (2.1) yields the following equalities for the shorted operators
= DD;DgPs,
DPch) = DgPs,
Dj..) . = Dp+D}.Dp+Pg,
= D%.Pg.

2
}—IDaflz,

2
} = [|Dp=g||*.

(3.5)

AA/—\

Pmr*)

From (3.5) it follows that

(D3), = (ngT)ﬁ = LDg=0 <= DpLDg=0 <= L*Dp+ =0.

Thus
(D3),, = (ngT)ﬁ = (DR)g= (Dhyr),
. 7_(-FDG FDp (3-6)
“\ DG D )

The next statement easily follows from (3.1) and (3.2).

COROLLARY 3.2. Let
T— —FD*G+ Dp<LDg FDp\ ([ 9 . [
o Dp<G D TAM DI

be a contraction. Then
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(1) T is isometric if and only if
DpDp =0, DiDg =0,
(2) T is co-isometric if and only if
Dg+Dp+ =0, Dp+Dp= = 0.
Note that if D is isometric (co-isometric) then T takes the form
T ( LDg 0) (T _ (DF*L FDD)> .
Dp<G D)’ 0 D

Let D € L(9M,91) be a contraction with nonzero defect operators and let Q =

S F\ (9 R .
< G 0) : ( ©D) — < Dy > be a bounded operator. Define the transformation

_(—-FD*G 0 Ig O S F Iy O
J//D(Q)_( 0 D>+(O DD*>(G 0)(0 DD>' (37
Clearly, the operator T = .#p(Q) has the following matrix form
r_ (S—FD'G FDp\ (9 (&
o Dp+G D M n)e
PROPOSITION 3.3.  Let $, 9, be separable Hilbert spaces, D e L(9m, ) be
a contraction with nonzero defect operators, Q = S Y.
. P T \G 0/ CDD*

be a bounded operator, and let

T D)
Then

(1) hold the equalities

ﬂ ker (B*A*") = () ker (F*S*"),

n= =0 (3.8)
ﬂ ker (CA™) = () ker (GS"),
n=0 n=0

(2) T isacontraction if and onlyif Q is a contraction. T is isometric (co-isometric)
if and only if Q is isometric (co-isometric). Moreover, hold the equalities

(DzQ)g = (DZT)57 (DIZ’@*Q) = (DIZJWT)yJ7
(D)= (D) s+ (Do), = (Phor) -

where D := Dp, D, := Dp=.
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Proof. Observe that
A= —-FD*G+ S, B=FDp, C =Dp-G.

Let Q be a neighborhood of the origin such that the resolvents (I — AA*)~!
(I — AA)™, (I — AS*)~!, and (I, — AS)~! exist. Then

F* (Iy — AA*) "' = F* (I — AS* + AG*DF*)™"
= F* (1,5 YA (g — A8 G*DF*) Tl — As7)!
_ (1ﬁ FAF* (I — A5%)"! G*D) TPy - AS)!
It follows that

ﬂ ker ( (Ig — AA¥) ) ﬂ ker ( (I —AS")~ )

reQ AEQ
Similarly
m ker ( (I —AA)~ ) ﬂ ker ( (I 7/15.)71) .
AEQ AEQ

For a bounded operator H in $) holds

(I —AH)™ ZA"H” Al < ||H["
n=0
It follows that

N ker (F (Is —AS*)*I) — [ ker (F*S™),
n=0

rEQ I
N ker (F*( — AA*)” ) = [ ker (F*A*").
rEQ n=0

Since ran F* is contained in ®p on which Dy, is injective and B* = DpF™* , we get

ﬁ ker (F*A™) = ﬁ ker (DpF*A™) = ﬂ ker (B*A™).
n=0 n=0

Therefore, hold the relations in (3.8). Statement (2) is the consequence of Theorem 3.1
and formulas (3.1)-(3.5). O

PROPOSITION 3.4. Let D € L(9,M) be a contraction with nonzero defect

(S F\ . 9 5 . _
operators, let Q = <G 0> : (’DD) — <©D* > be a contraction, and let T =

AMp(Q). Then for every nonnegative selfadjoint contraction X in §) hold the following
equalities

(D7 +T*(Is = X)PGT) o = (Do + Q" (Ig — X)PL0) ¢ (3.9)
(D3 +0"(Is — X)P,0),
= (D% — DGL*Dp+X"*(I — X'2FF*X'/?)~1X'2Dp« LDg) Py,
where Pg ( Py ) is the orthogonal projection in € = &M (A" = H ©N) onto
9.

(3.10)
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Here

DF*XI/Z(I;) 7xl/2FF*X1/2)7lxl/2DF*
= (([ﬁ7xl/2FF*X1/2)71/2xl/2DF*)* ((Iﬁ7X1/2FF*X1/2)71/2X1/2DF*) .

Proof. Define the contraction
- Xl/ZS XI/ZF ) 9 57)
o= ( o ) (2) - (o)) (3.11)

D2Q =D+ 0" (I5 — X)P,0.

Then

By Proposition 3.3 the operator T =4 D(é) is a contraction as well. Clearly,
DX =D} +T*(I5 — X)PT

Applying once again Proposition 3.3 we arrive to (3.9).
Since Q is a contraction, by Theorem 3.1 the operator S takes the form § =
Dp+LDg, where L € L(Dg,Dp+) is a contraction. Because Q given by (3.11) is a

contraction, we get X'/2§ = D+, LDg, where F=X"F and L € L(®¢,D
contraction. Since

=) isa

DL =1Ig—FF" =I5 — X'/?FF*x'/?
=I5 —X+X—-X'2FFX'? =1q — X+ X'/?D2.X"/2,

we have ||Dx.f | |> > ||DpX'/2f||> forall f € $. Using Theorem 1.2 we conclude that
ran D7, D ran (X'/?Dp-) . Let Dg*l = (I — X'/?FF*X"/?)~1/2 be the Moore-Penrose
inverse for D, . Then we obtain the equality

L= D! (X'2Dp+)L.

The first equality in (3.5) yields (ng)y; = D(;D%DgP;j . Since

(03), = (0 + Q5 ~ X)P40) .

we get (3.10). O

4. The Mobius representations

Let T : Hi — H, be a contraction and let #7« be the set of all contractions
Z € L(®r,D7+) suchthat —1 € p(T*Z). In [28] the fractional-linear transformation

Vi« 3Z+— Q=T+ Dr+Z(lo, + T*Z) "' Dy (4.1)

was studied and the following result has been established.
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THEOREM 4.1. [28]. Let T € L(H,, H,) be a contraction and let Z € V7« . Then
Q =T+ Dr+Z(ln, + T*Z)"'Dr is a contraction,
1Dof || = ||Dz(lo; + T*Z)~'Dif ||, f € Hn,

ranDgy C ranDy, and ran Dy = ranDy if and only if ||Z|| < 1. Moreover, if Q €
L(H,, Hy) is a contraction and Q = T + Dy« XDr, where X € L(D7,Dr+) then

2Re ((Io, = T"X)f.f) = If II
forall f € Dy, the operator Z = X(Ip, — T*X)~! belongsto Vr«, and
Q=T+ DrZ(lp, + T*Z) " 'Dr.

The transformation (4.1) is called in [28] the unitary linear-fractional transforma-
tion. If ||T|] < 1 then the closed unit operator ball in L(H;,H,) belongs to the set
Y+ and, moreover

T+ Dr«Z(Iy, + T*Z)"'Dr = DN Z + T)(Iy, + T*Z) "' Dy
= Dp+(Iy, + ZT*)~"(Z + T)D;"
forall Z € L(H,,H,), ||Z|| < 1. Thus, the transformation (4.1) is an operator analog
of the well known Mdbius transformation of the complex plane
z+1t
_ —
l+1z
The next theorem is a version of the more general result established by Yu.L. Shmul’yan
in [29).

THEOREM 4.2. Let I and N be Hilbert spaces and let the function ©(A) be
Sfrom the Schur class S(9M,N). Then
(1) the linear manifolds ran Dg ;) and ranDeg=(;) do not depend on A € D,
(2) for arbitrary Ay, Ay, Az in D the function ©(A) admits the representation

O(A) = O(A1) + Dox(3,)'¥(A)De1y),

1] <

Z

where ¥(A) is L (’D@(,h), Do+ (/12)) -valued function holomorphic in D.
Now using Theorems 4.1 and 4.2 we obtain the following result (cf. [14]).
THEOREM 4.3.  Let MM and N be Hilbert spaces and let the function ©(A) be

from the Schur class S(9M,MN). Then there exists a unique function Z(A) from the
Schur class S(De(0), Deo+(0)) such that

@(A) = @(0) +D@*(0)Z(A)(I©®(O) + ®* (O)Z(A))ilD@(()), A € D. (42)

We will say that the right hand side of (4.2) is the Mobius representation and the
function Z(A) is the Mobius parameter of @(A). Clearly, Z(0) = 0 and by Schwartz’s
lemma we obtain

1Z(A)] < Al A €D,

The next result provides the connections between the realizations of @(A) and Z(A).
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THEOREM 4 .4.
A B
(1) Let T = c D
Dp~ # 0, and let

;_(A BY_ (-FD'G+DpLDg FDp\ (9\ _ (9
~\C D) Dp+G D AMm RI
Let ©(A) be the transfer function of T. Then

(a) the Mobius parameter Z(A) of the function ©(A) is the transfer function
of the passive system

Dp<LDg F
V={( FG ¢ 0);53,@1),@1)*};

(b) the system T is isometric (co-isometric) = the system V is isometric (co-
isometric);
(¢) the equalities S, = 9, HS = H9 hold and hence the system T is control-
lable (observable) = the system Vv is controllable (observable), the system
T is simple (minimal) = the system Vv is simple (minimal).
(2) Let anonconstant function ©(A) be from the Schur class S(9N, N) and let Z(A)
be the Mobius parameter of ©(A). Suppose that the transfer function of the

linear system
S F
vV = {(G 0> ;557@@(0),’99*(0)}

coincides with Z(A) in a neighborhood of the origin. Then the transfer function
of the linear system

) —FO*(0)G+S FDe( ) }
- . H, 9, N
T { ( De-(0/G e() )

;53,9)?,‘31} be a passive system. Suppose Dp # 0,

coincides with ©(A) in a neighborhood of the origin. Moreover

(a) the equalities $$, = 95, 2% = 99, hold, and hence the system V' is
controllable (observable) = the system T’ is controllable (observable),
the system V' is simple (minimal) = the system T’ is simple (minimal),

(b) the system V' is passive = the system T’ is passive,

(¢) the system V' is isometric (co-isometric) = the system T is isometric
(co-isometric).

Proof. Suppose D € L(9,91) is a contraction with nonzero defects. Given the
: S F 9 9
t t = : . Let
operator matrix Q <G 0) <®D> — (’DD*) e

T = Mp(0) = (SDiD;G F3D> : (9?1) - <?T>

and let 2 be a sufficiently small neighborhood of the origin. Consider the linear systems

S F\. —FD*G+S FDp ) .
{(G 0>,5§,@D,@D*} and{( Dp-G D ),579ﬁ7m}
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and define the transfer functions

Z(A) = AG(Is — AS)"'F and
O(A) =D+ ADp-G (I — A(S — FD*G)) "' FDp,

Since ©(0) = D, we have for A € Q

Z(A)(In, + ©*(0)Z(1)) ™! = AG(Iy — AS)"'F (In,, + AD*G(I5 — AS)'F) ™"
— AG(ls — AS)~" (Iy + AFD*G(I5 — A8)~') ' F

=AG(Ig — AS+ AFD*G)"'F.
Hence
G(A) = 6(0) +D9*(0)Z(A’)(1’}3@(0) + 9*(O)Z(A’))_1D@(O)’ A’ € Q

According to Theorem 3.1 the operator Q is a contraction if and only if F,G are
contractions and S = Dp«LDg, where L € L(Dg,Dp~) is a contraction. Now from
Proposition 3.3 we get that all statements of Theorem 4.4 hold true. [

PROPOSITION 4.5.  Let O(A) be a function from the Schur class S(9, ). Sup-
pose that the Mébius parameter Z(A) of ©(A) is a linear function of the form Z(A) =

A B
- D>,sa,m,8I}

(Dlz)mT)ﬁ = (D}),. (4.3)

AK, ||K|| < 1. Then there exists a passive realization T =

such that

A B
where T = <C D)'

Conversely, if a passive system T = ; 9,9, ‘ﬁ} possesses the prop-

A B
C D
erty (4.3) then the Mébius parameter Z(A) of the transfer function ©(A) of T is a

linear function of the form AK.

Proof. Let Z(A) = AK, A € D, where K € L(Dg(q), De=(0)) is a contraction.
Then Z(A) can be realized as the transfer function of a passive system of the form

0 F
V= {(G 0) ;f),@@(o),@@*m)}

$H =1k, F=K, G=j
where j is the embedding of Tan K into Dg«(q). It follows that GF = K. By Theorem

—FO*(0)G FDg() > } . . ..
4.4 the system 7T = ;9,991 » is a passive realization
Y {( De+)G  ©(0) 9 P

of the function ®@(A). From (3.6) it follows that (Dl%mT)ﬁ = (D7), for T =

( —FO*(0)G FDeg(g) )

Actually, take
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Assume now (D%‘ﬁT)ﬁ = (D%)f)7 where T = <é g) : <§)?t> - <‘?‘t> is

A B
C D

Then the entries A, B, and C take the form (1.6), and D = ©(0). According to (3.6)
. —FO*(0)G FDg() >
we have Dp«LDg = 0, ie. T = . By Theorem 4.4 the
e Do-0G  ©(0) Y

MGobius parameter Z(A) of ©(A) takes the form Z(A) = AGF. O

acontraction and let ©(A) be the transfer function of the system 7 =

REMARK 4.6. Suppose O(A) =D € L(9M,N) forall 4. Let

~{(2 Bl

be a realization of ©. Since
CA"B=0, B*A™C* =0 for n=0,1,...,

the minimal realization with a nontrivial state space ) does not exist.

Let ©(4) € S(9, 91) and suppose D = ©(0) is isometric (co-isometric) but non-
unitary. Then ©(A) = D forall A € D and Z(A) =0 € S(0,Dp+) (€ S(Dp,0)). A
passive and observable (controllable) realization of © is of the form

(e B} (= {(5 3 )mat)

where G € L($,Dp«), F € L(Dp,H) are contractions, A = LDg (A = Dp=L),
LeL(®g,9) (L e€L(H,DF+)) is a contraction.

EXAMPLE 4.7. Let A be completely non-unitary contraction in the Hilbert space
$ and let ®(A) be the Sz.-Nagy-Foias characteristic function of A * [33]:

(I)(A,) = (7A* +ADA(15§ 7AA)_1DA*) [QA*7 M" <1

Then ®(A) € S(D4+,D4) and is the transfer function of the conservative and simple

system
. A Dp \ .
T—{(DA A*)’XL@A*’@A}.

(1) = @(0) + Do+ (0)Z(A) (Ipyy + P*(0)Z(1)) ' Do), A €D

be the Mdbius representation of the function ®(A). Since F and G* are imbedding
of the subspaces D4+ and ®, into £, we get that

Let

Dp+ = Pxerpyw s DG = Prerpy

and L = A [ker®, is isometric operator. Let

_ APkerDA 1 .
V—{( P, 0>,5ﬁ,@A*7©A}~

;YJ,‘J)I,‘R}.
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By Theorem 4.4
Z(A) = AP, (I — AAPip,) ' [Dar, A <1

and this function is the transfer function of v. Note that this function is precisely the
Sz.-Nagy-Foias characteristic function of the partial isometry A*Pyero,. -

5. The KYP inequality and the Riccati equation

Let §, 91 and 91 be Hilbert spaces and let T be a bounded linear operator from
the Hilbert space J# = $) ® 9 into the Hilbert space s’ = $ © I given by the

block matrix
(A BY.(9 9
“\c p) \m) "\ ,m)

Suppose that X is a positive selfadjoint operator in the Hilbert space §) such that

AdomX'? ¢ domX'/?, ranB C dom X'/2.

)

As it was mentioned in Introduction the inequality (1.3)

05 )OI 2@ 2))

forall xedomX'Y2 ue

2
>0

is called the generalized KYP inequality for 7 with respectto X [7], [8]. For a bounded
solution X the KYP inequality (1.3) takes the form (1.4).

Put
EN X 0 S X 0
x._<0 Im),x._<0 Im).

Operators X and X are positive selfadjoint operators in Hilbert spaces .7 and A
respectively, domX = domX @ M, domX = domX & . Let the operator X satisfy
the KYP inequality. Define the operator Ty :

dom Ty := ran X/2 = ran X'/2 @ 91,
IR 1/2 —1/2
= Xierg-a = (X000 T(X "o >

0 In 0 I (5.1)
Xl/ZAx—l/Z X1/2B
L oox2 D )

Clearly, the following statements are equivalent:
(1) X is asolution of the KYP inequality (1.3);
(2) the operator Ty is a densely defined contraction, i.e.,

X/2x : XV2x :
[ -l ()
u u

>0, x € domX'? u e M;
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(3) the operator T is a contraction acting from a pre-Hilbert space domX into a
pre-Hilbert space dom X equipped by the inner products

o 7()62)) = (X"2x1, X' x2)  + (1, u2)am,

uy uz
Vi V2

X1,X2 € dOIIle/z, up,uy € M, vi,vp, €N,

(4) Z = X! isthe solution of the generalized KYP inequality for the adjoint operator

r- (5 5):(3)-(3)

i.e.,
22 0\ (\| zV2 0\ [A* ) (x|
_ >0
0 In)\v 0 Im/)\B D*)\v (5.2)
forall x & domZ!'/? veM.
In addition, if
_ (A1 B
(e 5)
is defined by (5.1) then
X'2Af = A X%, €\ X'*F =Cf, f € domX'/? B, =X'/’B.
It follows that
X'2A"B = A"B,, X'2A"C; = A*'C, n=0,1,..., (5.3)

the transfer functions of the systems 7 = {T;$, 9,9} and 17x = {Tx;$H, M, N}
coincide in a neighborhood of the origin, and

S ARB || = HXVZ (ZAkBuk) ,
k=0 k=0 (54)
ST AKCu|| = HXVZ (Z A*kC*uk> H
k=0 k=0
forall n =0,1,..., and for each input sequence ug, u;, uz, ... in M.

By Theorem 1.1 the subset 27 of all solutions of the generalized KYP inequality
(1.3) for a minimal system T = {7;%, 91,9} contains the minimal and maximal
elements Xy, and Xp,x, respectively. If, in addition, 7 is a passive then Ig is a
solution of (1.3). Therefore, X, and X! are positive contractions.

PROPOSITION 5.1. Let

({2 3ol

be a minimal and passive system. Suppose that X is solution of (1.3) and X < Xmin -
Then X = Xmin -
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Proof. Let ©(A) be the transfer function of 7 and let 7 = {T;Sﬁ,é))?,‘ﬁ} , where

q

is defined by (1.5). Then the system 7 is a passive minimal and optimal realization
of ®. Since Xpin < Iy, we have for all » = 0,1, ..., and for each input sequence
ug, Uy, Uy, ... in N the inequalities

n

S i

k=0

n

Z AkBuk

k=0

<

Ay B
¢, D
by (5.1). From (5.3) it follows that 7y is a passive and controllable realization of ©(1).
Since X < Xpin , from (5.4) we get

Construct the passive system 7x = {Tx; 9, 9, N}, where Ty = ( ) is defined

n n n
o ()]« e ()
k=0 k=0 k=0
n . .
= H Z AkBMkH .
k=0
forall n = 0,1,..., and for each input sequence ug, uy, us, ... in M. Because T is

optimal, we get X = Xpin . U

Assume that the positive selfadjoint operator X in $) satisfies the KYP inequality.

2 2
- <2 [ _xier (™ =
%{‘X Gl - [eer () } 0 (55)
forall x € domX!/?
we will say that the operator X satisfies the Riccati equation.

If

PROPOSITION 5.2. A positive selfadjoint operator X satisfies the Riccati equation
(5.3) if and only if the continuation of the operator Tx defined by (5.1) meets the
condition

(D%X)ﬁ =0.
Proof. By (5.1) we get forall f € dom X!/
~ 2 ~ N ~ - ~ ~ ~ ~
| DX\ = IRVFIR = I TeXV2F1R = IRV = |RV2TA P

It follows that (5.5) holds if and only if

1/2
inf {HDTX (X x)
ueM u

Because ran X'/2 is dense in ), the latter is equivalent to (D%X) 5= 0. O

2
}—0 forall x e domX'/?.
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PROPOSITION 5.3.  Let D € L(9,M) be a contraction with nonzero defect

operators. Let
o_ (S FY. (D). (5
~\G 0) \9Dp Dp+

. _ (S—FD*G FDp\ (9 5]
rea0 = (057 ) ()~ ()
Then if X is a solution of the generalized KYP inequality (the Riccati equation) for
Q then X is a solution of the generalized KYP inequality (the Riccatti equation) for

T. Moreover, the KYP inequalities for T and Q are equivalent on the set of bounded
solutions.

and let

Proof. If X is a solution of the generalized KYP inequality for Q then ran F C
domX'/? and Sdom X'/2  dom X'/2. It follows that

ran FDp C dom X'/, (S — FD*G)dom X'/? ¢ dom X'/2.

From (3.7) we have the relation

X1/2 0 X—1/2 0 X1/2 0 X—1/2 0
(" )o("o )= (o n) (e )

Now the result follows from Propositions 3.3 and 5.2. I

6. Equivalent forms of the KYP inequality and the Riccati equation for a passive
system

THEOREM 6.1. Let

r_ (A BY_(-FD'G+DwLDs FDp\ ($\ _ (9
“\c p)~ Dp+G D )\ N

be a contraction and let

(DD F\ [ § 5
0={ "6 " o) \lo,) o, )

Then the following inequalities are equivalent

X 0 .(X 0
(0 Igm)T <0 1m>T>0 , (6.1)

0<X<Iy)
X—A"XA - C*C —A*XB — C*D >0
—B*XA —-D*C Isyn —B*XB—-D*D ) =~
O<X<Iy)

0<X<I§)
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( X - G*G DgL*Dp«X'/? > 0

X'2Dp«LDg I — X'?FF*X'/? (6.3)
0<X<K Iy)
X > G*G + DL*Dp«X'? (I — X' PFF*X'/?)~1X'2Dps LD (6.4)
0< X<l ’ '
X 0 (X 0
(o 1@D>Q (o 1@[,*>Q>0 , (6.5)
0<X< Ig‘)
X = G*G — DL*Dp<XDp+LDg  —DgL*Dp=XF\ _ o
—F*XDp+LDg lp, —F*XF |7~ | (6.6)
0<X<K Iy)
(I = X)Py < (Dy + Q*(Is — X)P50) (6.7)
0<X<K Iy)

Recall (see Introduction) that for a bounded selfadjoint and nonnegative M and
for a bounded N in the case ranN C ranM'/? the operator N*M~'N is defined as
(M~'2N)*M~'/2N . Here M~'/? is the Moore—Penrose pseudo-inverse to M'/?.

Proof. Note that (6.6) is (6.5) rewritten in terms of the entries. By Proposition
5.3 the inequalities (6.1) and (6.5) are equivalent. Let us prove the equivalence of (6.1)
and (6.2). Suppose that X satisfies (6.1) and put ¥ = I — X. The operator Y is
nonnegative contraction and ker (I — Y) = {0} . In terms of the operator ¥ we have

X 0 (X 0N (Is—-Y 0\ _ . (Is—Y O
0<(0 Igm)T (0 1m>T_< 0 Igm) T( 0 1m>T
=1—T"T+T*YP,T — YPs,
i.e.,
(YPof .f) < (DT + T*YPLT) (f +u).f +u), f €EHSM, uec M (6.8)

The equality (2.1) for the shorted operator yields that the operator Y is a solution of
the system
< 2 * /

YPy < (D +T*YPLT) (6.9)

0<Y< Ig‘)
If X is a solution of the system (6.2) then ¥ = I — X satisfies (6.8) and therefore X
satisfies (6.1). Similarly (6.5) is equivalent to (6.7). Note that by Proposition 3.4 the
right hand sides of (6.2) and (6.7) are equal. Using (3.10) we get that (6.7) is equivalent
to (6.4). (6.3) is equivalent to (6.4) in accordance with (2.2). O

PROPOSITION 6.2.  Suppose O(A) € S(OM,N) and let Z(A) be the Mibius
parameter of ©. Then the passive minimal realization

S F
V= {(G O) ;5')7@@(0)779@*(0)}
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of Z(A) is optimal ((*)-optimal) if and only if the passive minimal realization

(g o

of ©(A) is optimal ((*)-optimal).

Proof. According to Theorem 6.1 the set of all solutions of the KYP inequality

~FO*(0)G + S FD@(())) o . .
6.1) for T = coincides with the set of all solutions of
(&.1) ( Dex(0)G ©(0)

S F

the KYP inequality (6.5) for Q = G 0

realization of Z(A) (©(A)) then by (5.4) the minimal solution of (6.5) in the set 2
(of (6.1) in set Z7, respectively) is Xmin = I . Therefore, the minimal solution of
(6.1) (6.5) is Iy as well. Thus, the system 7 (V) is the optimal realization of ©(A)
(Z(A) ). Passing to the adjoint systems

" s* G*
v :{(F* ) £, De*(0) @e(o)}

(TS0 G ) )
— o, M
t {( Deo)F* e*(0 ) ,

. If the system v (1) is the optimal

and

and their transfer functions Z*(A) and ©* (1), respectively, we get that v is (*)-optimal
if and only if 7 is (*)-optimal. O

The next theorem is an immediate consequence of Theorem 6.1.

THEOREM 6.3. Let
T— A B\ (—=FD*G+Dp«LDg FDp\  ( $ . 9
~\c D) Dp+G D A N

be a contraction and let Q := <DF*GLDG g) : (gj ) — <©ﬁ > Then the
D D*

Jollowing equations are equivalent on the operator interval (0,1):

X —A*XA—C*C—(A*XB+C*D)(Iogn — B*XB—D*D) "' (B*XA+D*C) = 0, (6.10)

(Iy = X)Pg = (D} + T* (I = X)PGT) (6.11)

(Is = X)Py = (Dg + Q* (I — X)P50) ¢ (6.12)

X - G*G — S*XS — S*XF(Is — F*XF)"'F*XS =0, (6.13)
X = G*G + " XI5 — X'PFFX1/?)~1x1/2, (6.14)

where S = Dp=LDg. Moreover, the equations (6.11) — (6.14) are equivalent to the
equation (5.5).
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The equivalent equations (6.11) — (6.14) will be called the Riccati equations.

REMARK 6.4. Let O = (é g) : (? ) — (;)j ) be an isometric operator.
1 2

Then F is isometry, D= is the orthogonal projection, S = Dp+LDg, and Dy = 0.
Denote % = ker F* = ran D+ . Since D+ = Py, we get

D% — DGL*Dp+X'?(I — X'/2FF*X'/2)=1X"/2Dp« LDg
=8 (P — P X"?(Ig — X'2P ,, 1 X'/2)7IX2P ) S.
Taking into account Theorem 2.2 and 6.4 we get the corresponding KYP inequality
Is — X <S8 (Ig — X) 0 S.

REMARK 6.5. Suppose ©(A) € S(M,MN) and D = O(0) is isometric (co-isometric)
but non-unitary. Then this function admits a passive realization of the form

(st S (-{(¢ B)eomad).

where A = LDg (A = Dp=L), L € L(Dg,9) (L € L($H,Dp~)) is a contraction (see
Remark 4.6). The corresponding KYP inequality (6.4) is of the form

X > G*G+ DGL*XLDg (X > L*Dp-X"?(Ig — X'?FF*X'*)"'X'?Dp.. L),

EXAMPLE 6.6. Let $, 91, and 91 be separable Hilbert spaces. Suppose G €
L($,91) and F € L(9M, $H) are such that G*G = FF* = alg, where a € (0,1).
Then Dg = Dp+ = (1 — a)'/?I; . Let L be a unitary operator in §. By Theorem 3.1

the operator
o~ (5 £):(3)-(3)

is a contraction. Consider the passive system

(i ).

Because ran F = ran G* = ), the system Vv is minimal. The corresponding Riccati
equation (6.14) takes the form

X=olg+ (1 —a)’L*X(Iy — aX)"'L, 0 < X < Iy. (6.15)

We will prove that X = I is the unique solution of (6.15).
Put W = (1 — a)(Is — oX)~!. Then (1 — o)l < W < Ig. From (6.15) we
obtain the equation
L*WL+ W™ =2, (6.16)
Clearly, (6.16) has a solution W = I . Let W be any solution of (6.16) such that
(1 —a)ly < W< I, ie, o(W) C [l —a,1]. Since L is a unitary operator, from



THE KALMAN-YAKUBOVICH-POPOV INEQUALITY 39

(6.16) it follows that o(2lg — W™') = o(W). Let Ay € (W) then 2 — A; ' €
(2l — W) = o(W). Since 2 — A, > 0, we get

|
S <l
; <M

Because Lo :277L071 € o(W) and 1/2 < pp < 1, we get

Thus

It follows that 3
<M<l
1 0
Continuing these reasonings, we get
n
n+1

It follows that Ag = 1,i.e. (W) = {1}. Because W is a selfadjoint operator we have
W = I . Thus, X = I is the unique solution of (6.15).

Let ( )
1-a)l* G*).
({15 Yool

be the adjoint system. Then the Riccati equation is of the form

<M<l,n=12,....

Z=oly+ (1 —a)PLZ(Ily — aZ)"'L*, 0 < Z < Iy.

Hence, Z = I is its unique solution. It follows that the system v is the optimal and
(%) -optimal realization of the Schur class function (1) = AG(I5 — A (1 — a)L)'F.

7. Properties of solutions of the KYP inequality and the Riccati equation

(A B\ (9 9 .
PROPOSITION 7.1. Let T = (C D)' (m) — (‘ﬁ) be a contraction.

Suppose that the passive system T = {T;$, 9, N} is observable. If a nonnegative
contraction X in $) is a solution of the inequality

(I — X)Py < (D} + T* (I — X)P,T), (7.1)
then ker X = {0}.

Proof. Suppose that X satisfies (7.1) and kerX # {0}. Then there is a nonzero
vector x in § such that (I — X)x = x. Since D} + T*(I5 — X)PT is a contraction,
we obtain (D + T* (I — X)P%T)ﬁ x = x and hence Djx + T*(Iy — X)P Tx = x.
It follows that

PyTx =0, XPyTx = 0.
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This means that Cx = 0 and XAx = 0. Replacing x by Ax we get CAx = 0 and
XA’x = 0. By induction CA"x = 0 for all n = 0,1,.... Since the system 7 is
observable, we get x =0. [

(A B\ (% 5 .
THEOREM 7.2. Let T = (C D)' (m) — (‘ﬁ) be a contraction. The

ollowing statements are valid:
8
(1) each X from the operator interval

o — (D), 19.15)] (7.2)

is a solution of (7.1) and even a solution of (6.2) when the system T = {T; $, 0, N}
is observable;
(2) each solution X of the inequality (7.1) satisfies the estimate

X2 1y~ (D) 19
hence, in the case
(D%)jﬁ = (D%mT) )
a)
the operator X = I — (D%WT) [ 9 is the minimal solution of (7.1);
H

(3) ifthe system T = {T; 9, M, N} is minimal and (DZT*)ﬁ # 0, then each positive
selfadjoint X possessing properties 1q < X < (Ig — (D%,*)33 19)~ (in the
sense of quadratic forms) is a solution of the generalized KYP inequality (1.3).

Proof. Let X be asolution of (7.1) then Y = I — X is a solution of the inequality
YPg < (D} +T*YPGT) .

In view of
D+ T YPGT < D} + T*PT =1 — T*PyT = Dp 1
we get
Y < (D%mT)ﬁ 9. (7.3)

Hence X > Iy — (D%mT) 9.
By Proposition 2.1 we have

(0} + 1" (03), P%T)ﬁ > (D}),, Ps.
If Y € [0, (D7), 9] then
YPs, < (D}) g Py < (D7 + T'YPLT) .

It follows that each X from the operator interval (7.2) is a solution of (7.1). If, in
addition, the system 7 is observable, then by Proposition 7.1 any X from (7.2) is
positive.
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Statement (3) follows from Statement (1) and from the fact that if Z is a solution
of the KYP inequality for T* then X = Z~! is the solution of the KYP inequality for
T. O

COROLLARY 7.3. Let ©(A) € S(M,N) and let

({2 2ol

be a passive and minimal realization of ©. The following statements are valid:
(1) if the system T is optimal then

(D)5 = 0; (7.4)
(2) if (DI%WT);) = 0 then the system T is optimal.

Proof. If 7 is optimal realization of @(A) then Xyin = Ig . By Theorem 7.2 the
operator X = I — (D%)g | $ is a solution of (6.2). Since X < Xpin, by Proposition
5.1 X = Xpin» i.€., X = I . Hence, (D2)g = 0.

Suppose (D%mT)y) = 0. Since D} < D%,WT and (D%mT)y) = 0, we obtain
(D2)s = 0. By Theorem 7.2 in this case the minimal solution of (1.4) is Xyin = I .
This means that 7 is the optimal realization of @. [

PROPOSITION7.4. Let T = { (Ié g) 19,9, ‘ﬁ} be a passive minimal system.

Then the minimal solution of the KYP inequality (6.1) satisfies the Riccati equations
(6.10) — (6.14).

Proof. Since the system 7 is passive and minimal, the minimal solution Xp,;, of
(1.3) satisfies 0 < Xpin < I5; . Let the operator 7' be defined by (1.5), i.e.,

. XI/Z 0 X7.1/2 0 . 1/
7= [ “min T “min dom 7" = ran X/, :
( 0 In ) < 0 Iy ) om ran X, @M

The operator T isa densely defined contraction. We preserve the notation T for

its continuation. The system T = {T;S’), M, N} is the passive minimal and optimal
realization of the transfer function (A1) = D+AC(I—AA)~'B, |A| < 1 for the system

7. According to Corollary 7.3 the operator T satisfies the condition (D?)g = 0. 1t
T

follows that
2
inf {HD. (g) } =0
ueM T \u
forall g € 9. In particular

1/2 2
. Xnmi 0 8
f D. min — .
MIEHW{H T( 0 Ism) <”)H} b een
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Xmin 0 —T* Xmin 0 T = Xé{lﬁ 0 D2 Xrln/uz1 0
0 Iy 0 In 0 Im/) T\ 0 Iy)’

we get
Xmin 0 s Xmin 0 _
(5 )= (5 2)7), =

Hence, if Yy = I — Xpin then

Ig—Yy 0\ _, (Ils—Y O _
0 Igﬁ) T( 0 Isn)T_

= D7 + T*YoPT — Yo Ps.

Iﬁ*YO 0 o Iy)*Y() 0 o
(o™ m) ("™ 2)7), =

0= (D} + T*YoPyT — YoPs) g = (D7 + T*YoPT)g — YoPg.

Since

Since

we get

Thus, Yy satisfies the equation YPg = (D3 +T* YPLT)g and Xiin = I — Yo satisfies
the equation (6.11). O

REMARK 7.5. Let 7= {T;$, 91,91} be a minimal passive system and let

r_ ( ~FD*G+Dr:LD FDp
- Dp+G D )

Then the statements of Theorem 7.2 and Corollary 7.3 can be reformulated as follows:

(1) each X from the operator interval [G*G + DgL*LDg, I] is a solution of (6.3)
and every solution of (6.3) satisfies the estimate X > G*G;

(2) if L =0 then Xo = G*G is the minimal solution of (6.3) (cf. [9]);

(3) if Di«Dp+ # O then each selfadjoint X in §) possessing the properties
Iy < X < (FF* 4 Dp«LL*Dp+ )_1 is a solution of the generalized KYP inequal-
ity (1.3);

(4) if the system 7 is minimal and optimal realization of the function ©(A) €
S(OM,N) then DD = 0;

(5) if the system 7 is minimal realization of the function ®(A) € S(IM,MN) and if
G is isometry then the system 7 is optimal.

REMARK 7.6. Let T = { <é g) ; 9,90, 91 > be a minimal system with the
transfer function ®(A) € S(M,MN). Suppose that the bounded positive selfadjoint

operator X is such that the operator

8(X) = Iyn — D*D — B*XB
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is positive definite. Then the KYP inequality

X —A*XA - C*C  —A*XB—C*D
= >
L) ( ~B*XA—-D*C I—B*XB~— D*D) >0

is equivalent to the inequality R(X) > 0, where
R(X) =X — A*XA — C*C — (B*XA + D*C)(Isn — D*D — B*XB) ' (A*XB + C*D)

is the corresponding Schur complement. Then for the minimal solution Xy, of the
KYP inequality we have 8 (Xmin) = 8(X) and R(Xmin) > 0. For a finite dimensional
$) it was shown in [26] that the minimal solution X, satisfies the algebraic Riccati
equation R(Xpmin) = 0. Thus, the statement of Proposition 7.4 is the generalization of
the result in [26].

PROPOSITION 7.7.  Let ©(A) € S(IM,N) and let the Mbius parameter Z(A) of © be
of the form Z(A) = AK, K € L(Dg(0), Do+(0)), K # 0. Then
(1) the minimal passive and optimal realization T of © is unitarily equivalent to the

system
_ | [ —K©*(0) KDe) \ .. )
T= {( Do (o) 0(0) ;Tan K, 90, 0 5 ;

(2) the minimal passive and (x) - optimal realization T of © is unitarily equivalent
to the system

_ [ ( ~Pmx-© (0K [TanK*  Pmig=De(0) \ . —— r )
- {( Deg+()K [ tan K* 0(0) ;Tan K, 0, 9 5 ;

Proof. Let j be the embedding of fan K into D« (o). Then the system

0 K\ __
V= {(] 0) ;ranK,i)@(o),’D@*(O)} .

is a passive and minimal realization of the function Z(A) = AK (see Proposition 4.5).
The corresponding Riccati equation (6.13) takes the form X = Igzx. By Remark 7.5,
the system v is the optimal realization of Z(A) = AK . From Proposition 6.2 it follows

that the system
—K©*(0) KDeg) ) }
T= ;ran K, 9, N

is the minimal passive and optimal realization of ©.
The system

0 i G Y—
o = {(K[m[(* 0 ) ;ran K ,@@(0)799*(0)}

is the passive and minimal realization of the function AK . The KYP inequality (6.4)
for the adjoint system o* takes the form

X>Iﬁl(*7
0 <X < b e
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So, X = Igmg+ is the minimal solution. It is the minimal solution of the generalized
KYP inequality for 6* . Hence, X = Iz~ is the maximal solution of the generalized
KYP inequality for o. It follows that ¢ is a (*)-optimal realization of Z(A) = AK
and by Proposition 6.2 the system 7 is a (x)-optimal realization of ©(4). O

The next theorems provide the sufficient uniqueness conditions for the solutions
of the Riccati equation.

(A B\ (% %
THEOREM 7.8. Assume that a contraction T = (C D)' (9)?) — (m)

possesses the properties
(05 =0 / / / (7.5)
1/2 1/2 1/2 .
ran ((Dlz’mT)ﬁ) (\ran ((D%mrk)ﬁ) C ran ((DZT*)ﬁ) .

Then the passive system T = {T; 9,9, N} is observable and X = Ig is the unique
solution of the Riccati equation (6.11).

Proof. The operator T takes the form

7 ( ~FD*G+Dr:LDg FDp
- Dp-G D

with contractions D, F, G, and L. By (3.5) the conditions (7.5) are equivalent to the
following

{ DiDG =0 (7.6)

ran Dg Nran Dp= C ran (Dp=Dypx)
If (D%’mT)ﬁ =0 then Dg = 0 and X = I, is a unique solution of (6.11). Moreover,
because G is an isometry, the system 7 is observable.
Assume (DIZ’mT)ﬁ # 0. Since (D2)g = 0, from the equivalences (3.6) it follows
that
(Dl%m T*)ﬁ £0.
From (7.5) and (3.5) we have Dg # 0, Dp= # 0, Dp = 0.

Let
_ (Dp<LDg F\ [ % %)
o= (" 0):(s,)~ (a0.)

and let v = {0, $H,Dp,Dp+} be the corresponding passive system. Let us show that
v is observable. Suppose f € () ker (G(Dp+LDg)"). Then
n=0

From (7.6)
Dp«Lf € ran DpxDp+ = Lf € ranDypx.

Since L is an isometry, ranL L ©;«. Now we get Lf = 0 = f = 0. Thus, the
system V is observable and by Theorem 4.4 the system 7 is observable too.
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According to Proposition 6.3 the equation (6.11) is equivalent to the equation
(6.14). We will prove that (6.14) has the unique solution X = I. Suppose X is a
solution. Define W := I — X'/2FF*X'/?. Since ¥ = Iy — X + X'/?2D%. X'/, we
have ¥ > I — X and ¥ > X'/2D%,X'/? . Therefore

(I — X)'? = U¥Y'2, DpeX'/? = VP12,
where U : fan W'/ — tan (I, — X)'/?, V : tTan ¥!/? — 7an Dy« = tan (Dp+X'/?), and
U*U+ V*V = I_y... Hence U*U = D3 Since X'/2Dps = P12V we get
X'2Dps Dy = ¥'2V*Dys = ¥/ 2Dy V",
From
Iy — X = Y2Uu uw'? = w2 p2yl/?
we get that ran (I — X)'/? = ¥!/2ran Dy. Therefore,
ran (X'/2DpsDy+) C ran (I — X)'/2. (7.7)
Using the well known relation
ran X'/ Nran (I — X)"/? = ran (X'/2(I, — X)'/?)
forevery X € [0,1], from (7.7) we get
Dp«ran Dy+ C ran (I — X)'/2.
The equation (6.14) can be rewritten as follows
X = G*G + DGL*VV*LDg.
Since L*L = Ip,;,we get [ — X = DgL*D%,* LDg. It follows that
ran (I — X)'/? = DgL*ran Dy« C ran Dg.
Now we obtain

Dpxran Dy« C ran Dg Nran Dpx C Dpsran Dy«

Hence ranDy+ C ranDy«. Since L : D5 — Dp« is isometry, we get kerL* =
ran Dy« . Therefore L* [ranDy= = 0. It follows ran (I — X)'/? = {0}, i.e, X =
Igy. O

Observe, Example 6.6 shows that conditions (7.5) are not necessary for the unique-
ness of the solutions of the KYP inequality (6.2).

. (A B\ (5 5
THEOREM 7.9. Assume that a contraction T = (C D> ; <m> — (‘ﬁ)

possesses the properties
(D%)ﬁ =0, (D§*)ﬁ =0,
, 1/2 5 1/2 . (7.8)
ran ((DPWT)y)) (\ran ((ngmr*)ﬁ) = {0}

Let ©O(A) be the transfer function of the passive system T = {T; ), 9, N}. Then every
minimal and passive realization of © is the unitarily equivalent to the system T.
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Proof. Using Theorem 7.8 we see that under the conditions (7.8) the systems
and 7° = {T*, 9, M, I} are observable. So, T is minimal.

By Theorem 7.8 the identity operator /g is the minimal solutions of the KYP
inequality (6.2) for T and the KYP inequality

(Is = Z)Ps < (D7« +T(Ig — Z)PT*) ¢
0<Z<I1 E5)

for T*. It follows that X, = analx = Iy, where Xpin and Xp,x are the minimal

and maximal solutions, respectively, of the generalized KYP inequality (1.3) for T.

Therefore, the system 7 is the optimal and (x)-optimal. Hence, any passive and

minimal realization of the transfer function ©(A) of 7 is unitarily equivalentto 7. O

REMARK 7.10. The conditions (7.5) are equivalent to the following:

$Nran Dy = {0},
(9 NranDpy7) N (H NranDpy 7+ ) C $H Nran Dy,

and
$HNran Dy = §H Nran Dy = {0},
(7.8) <= { (.‘73 N ranDp,ﬁT) N (56 N ranmeT*) = {0}.

8. Approximation of the minimal solution

The solutions of the Riccati equations (6.10)— (6.14) are fixed points of the cor-
responding maps. We will prove that extremal solutions can be obtained by iteration
procedures with a special initial points.

A B .

THEOREM 8.1. Let T = c D be a contraction. Suppose that the pas-
sive system T = {T;$,M, N} is observable. Define the sequence of nonnegative
contractionsin % :

YO = fg, YD — (D2T+T*Y(">P})T)ﬁ 19, n=0,1,.... (8.1)

Then
(1) the sequence {Y"}2°  is nonincreasing,
(2) the operator
Yo := s — lim Y™

satisfies the equality
YoPy = (D} + T*YoPGT) ¢ (8.2)
and ker (I, — Yy) = {0},
(3) the operator Yy is a maximal solution of inequality (6.9).
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Proof. Let us show that the sequence defined by (8.1) is nonincreasing. Since
(Dbyr)s < Py, we get

YWPg = (D} + T*PYT), = (Dﬁ,mT)ﬁ.

Hence YV < Y . Suppose that Y < Y"1 for given n > 1. Then

yorrUpg = (D% n T*Y“”P%T)ﬁ < (D% T Y("’l)P}jT)ﬁ — Y p,.
Thus, the sequence {Y <”)}§i o 18 nonincreasing. Because the operators Y™ are non-
negative, there exists a strong limit
Yo =s— lim Y.
n—o0o

Since
Yol — (D% + T*Y<">P%T)ﬁ 19, n=0,1,...,

applying Proposition 2.1 we get (8.2).

Let us show that any solution Y of (6.9) satisfies the inequality ¥ < Y. Suppose
that Y is a solution of (6.9). Taking into account (7.3) we get ¥ < Y1) If it is proved
that Y <Y ") for some n > 1 then

Y < (D%~+T*YP;,JT)33 19 < (D%JrT*Y(")P})T)ﬁ 9= Yt

By the induction it follows that ¥ < Y. Using Proposition 7.1 we get ker (I — ¥y) =
{0}. O

REMARK 8.2. The nondecreasing sequence
XO =g —y® =0, XD = g —y" D) = [ — (D% +T*(I5 — X“”)P%T)ﬁ K

strongly converges to the minimal solution X, of the KYP inequalities (6.2) and the
Riccati equations (6.10)— (6.14). From (3.9) and (3.10) we get

1/2 (

XD = G*G + DgL*Dp« (X)) '~ (I — (XW)2FF* (X(">)1/2)_1 (X2 Dp« LDg.

If the system 7 is minimal then by Proposition 5.1, Xo = Xpin, Where Xy, is the
minimal solution of the generalized KYP inequality (1.3) for 7. The nondecreasing
sequence

70 =0,
720D = I — (D3« + T(Ig — Z™M)PsT*) 19
= FF* + Dp-LDG(2")'" (I, — (Z0)V2G*G(20)V2) ™" (20) V2 DGL* D,
n=0,1,...

strongly converges to the inverse Zy = X, ~1 where Xmax is the maximal solution of

max °

the generalized KYP inequality (1.3) for T.
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EXAMPLE 8.3. Let F € L(90, ) be a strict contraction ( ||Fh||s < ||A||on for
all h € MM\ {0}) and ker F* = {0} . Then fan Dp= = 9. Let a € (0, 1) and suppose
that the operator G € L($), ) is chosen such that G*G = aFF*. Then

kerG = {0}, Dg = (I — aFF*)'?

and ranDg = $). Therefore ran D+ C ranDg. Let L = I . By Theorem 3.1 the

operator
o= (PrDa F\ (9 (9
N G 0/) " \Mm N

is a contraction and from (3.5) we get that (Dé)ﬁ =0, (Dzznmg)ﬁ #0, and

ran ((D%WQ*)Y))UZ C ran ((D%WQ)ﬁ)l/z.
(o )

is passive. The condition ker F* = {0} yields that

[ ker (F*(DgDp+)") = () ker (G(Dp=Dg)") = {0}.

n=0 n=0

The system

So, the system v is minimal. Its transfer function Z(A) takes the form
~1
Z(A) = AG (135 — Al — FF*)' (14 — aFF*)l/z) F.

The corresponding Riccati equation (6.14) takes the form

X = aFF* +(Ig—aFF*)' /?Dp: X' (15— X' 2FF*X'12) 71 X' 2 Dps (15 — o F F*) /2
{ 0<X<K Ig‘)

(8.3)
and has the solution Xy = ol . Because aly < I, the system Vv is a non-optimal
realization of Z(A4). Let us show that Xy = alg is the minimal solution of (8.3). Note
that Xpin < Xo = alg . According to Remark 8.2 the sequence of operators

X0 =0,

X0 = qFF*

+(15§705FF*)1/2DF* (X(n))l/Z(Iﬁ7(X(11))1/2FF*(X(n))l/Z)fl(X(n))l/2DF* ([ﬁ*OCFF*)l/Z,
n=0,1,...

is nondecreasing and strongly converges to the minimal solution Xy, of (8.3). Hence
X < alg and because X = qFF*, one has XWFF* = FF*X™ for all n. It
follows that X FF* = FF* X, and

Iy — Xmin = (I — @FF*) (I — D% Xmin(Ig — XminFF*) ™)
= (I — Xmin)(Ig — OFF*)(ly — XminFF*) 71
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Hence
([yj — Xmin)(OCIyJ — Xmin)FF>k =0.

Therefore (olg — Xmin)FF* = 0. Taking into account that ker F* = {0}, we get
Xmin = Odg .

Note that if the orthogonal projection P in § commutes with FF* then the
operator X = P + aP~ is a solution of the Riccati equation (8.3).

Consider the adjoint system

«_ J(DcDp+ G
(e §)ans)

We will show that X = I is the minimal solution of the corresponding Riccati equation

X = FF* 4 Dp« (I —oF F*)' 2XV2 (I —aFF*) =\ X2 (I —aX' /> FF*X'/?)' /2Dy
0<X< Iyg

According to Remark 8.2 the sequence of operators

x0) — 0,
Xt = FF~
+DF*(Iﬁ7aFF*)1/2(X(n))1/2(Iﬁ7a(X(n))l/2FF*(X(n))l/Z)fl(X(n))l/Z(Iﬁ7aFF*)1/2DF*’

n=0,1,...

is nondecreasing and strongly converges to the minimal solution Xy, . It follows that
XWEF* = FF*X™ forall n, XpminFF* = FF*Xmin and

Iy — Xmin = (I — FF*) (I — (I — 0FF*)Xmin(I5y — 0XminFF*) 1)
= ([y) — Xmin)(IyJ — FF*)(IyJ — O!FF*Xmin)_l.

Hence
([5 — Xmin)(lﬁ — OCXmin) =0.

Because ran (I — 0Xmin) = $, we get Xmin = I5. Thus, the minimal passive system
v is (*)-optimal realization of the function Z(1).

Observe that this example shows that the condition (7.4) for a passive minimal system
is not sufficient for the optimality.

Acknowledgements. The author is grateful to the referee and T. Ando for valuable
remarks and suggestions.
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