perators
nd
atrices
Volume 2, Number I (2008), 79-113

MARCHENKO EQUATIONS AND NORMING CONSTANTS
OF THE MATRIX ZAKHAROV-SHABAT SYSTEM

FRANCESCO DEMONTIS AND CORNELIS VAN DER MEE

(communicated by A. Ran)

Abstract. In this article we derive the Marchenko integral equations for solving the inverse
scattering problem for the matrix Zakharov-Shabat system with a potential without symmetry

properties and having L' entries under a technical hypothesis preventing the accumulation of
discrete eigenvalues on the continuous spectrum. We derive additional symmetry properties in the
focusing case. The norming constant matrices appearing as parameter matrices in the Marchenko
integral kernels are defined and studied without making any assumptions on the Jordan structure
of the matrix Zakharov-Shabat Hamiltonian at the discrete eigenvalues.

1. Introduction

Itis well-known that the inverse scattering problem for the Schrodinger equation on
the line has a unique solution if the bound state energies, one of the reflection coefficients,
and as many so-called norming constants as there are bound states are given [8, 10, 12].
These norming constants are positive numbers appearing as the products of the constant
ratio of the Jost solutions at the bound states (called the dependency constants) and
the imaginary parts of the residues of the transmission coefficients at the bound states.
They appear as parameters in the integral kernel of the Marchenko integral equation
whose solution yields the potential. A similar result is true for the focusing (matrix)
Zakharov-Shabat system [18, 15]. The theory of dependency and norming constants
and their appearance in the integral kernels of the Marchenko integral equations solving
the inverse scattering problem is particularly straightforward if the discrete eigenvalues
of the underlying Hamiltonian are geometrically and algebraically simple.

Generalizations of dependency and norming constants require a careful study of the
Jordan structure of the discrete eigenvalues. This was done for the zero eigenvalue of the
matrix Schrodinger equation with a selfadjoint potential [7] and the matrix Zakharov-
Shabat system [2, 3] when the geometric multiplicity may exceed one but the Jordan
structure is trivial. The Schrédinger equation with energy dependent potential [5]
provides an example of a treatment of dependency and norming constants when the
geometric multiplicity is one but the algebraic multiplicity is arbitrary. The Jordan
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structure of eigenvalues of the (scalar) Zakharov-Shabat system has been analyzed by
Tanaka [16], though with less detail than in the present article.

In this article we present a comprehensive treatment of norming constants and their
appearance as parameters in the Marchenko integral kernels, where we base ourselves
in part on results obtained in a recent PhD thesis [11]. We actually overcome two
serious limitations of the existing treatments of this problem. One limitation, to cases
where the geometric and algebraic multiplicities of the discrete eigenvalues coincide,
has been discussed above. The other limitation concerns the construction, when the
geometric and algebraic multiplicities equal one, of the norming constants from residues
of analytic continuations of (matrix) functions involving a reflection coefficient [2, 3],
which is only correct if the potential has compact support or has sufficient exponential
decay for the required analytic continuations to exist. Such a construction of the norming
constants is not an option for general potentials with L' entries. In the present work we
present an alternative approach reminiscent of the construction prevailing in the case of
the Schrodinger equation and sufficiently general to cover the case of general potentials
with L! entries.

As in [3, 11], we deal with the matrix Zakharov-Shabat system, where the potential
has L' entries but does not necessarily have any symmetry properties. At the same
time we derive the symmetry properties of Marchenko integral kernels and norming
constants valid in the focusing case, thus generalizing symmetry properties derived
when the algebraic and geometric multiplicities coincide [3, 11]. We avoid introducing
any dependency constants (as done, e.g., in [3, 11]). The appearance of matrices in the
matrix Zakharov-Shabat system leads to the additional complication of having to study
the dual matrix Zakharov-Shabat system along with the matrix Zakharov-Shabat system
itself. This complication does not occur when dealing with the (scalar) Zakharov-Shabat
system. Contrary to [11] where the dual matrix Zakharov-Shabat system was introduced
as an afterthought in Appendix B, we now study the dual system alongside the matrix
Zakharov-Shabat system from the start.

Let us discuss the contents of the various sections. In Section 2 we define the
Jost function matrices and transition matrices and present their analyticity properties.
In Section 3 the Jordan structure of the discrete eigenvalues is studied in detail. The
reflection and transmission coefficients are introduced in Section 4 and their Fourier
transform properties are given. We then go on to derive the Marchenko integral equations
in Section 5, first if there are no discrete eigenvalues, then if the geometric and algebraic
multiplicities of the eigenvalues coincide, and finally in general. Here we follow
the outline of [11], where an analogous sequential presentation of Marchenko integral
equations occurs. In general, eight seemingly different Marchenko integral kernels
appear. In Section 6 we reduce their number to four, which is rather trivial in the
absence of bound states or in the (scalar) Zakharov-Shabat case but requires extensive
analysis in the general matrix Zakharov-Shabat case. This reduction does not require
any symmetry assumptions on the potentials. In Section 7 we reduce their number to
two in the focusing case by deriving some symmetry relations on taking adjoints.

Throughout we drop the notational system of [6, 11, 17]. Instead, we compromise
between using Jost solutions as column vectors (as in [2, 3, 15, 18]) and Jost solutions
as square matrices (as in [6, 11, 17]), since either notation is advantageous in different



MARCHENKO EQUATIONS AND NORMING CONSTANTS 81

circumstances. We distinguish between different related entities by using overlines for
those functions analytic on the upper half complex plane. Wedges are used for entities
involving the dual matrix Zakharov-Shabat system and tildes for entities associated with
the eigenvalues in the lower half-plane. Compared to [3], we have changed the sign of
the spectral parameter from k to A = —k.

By C* and C~ we denote the open upper and lower complex half-planes, while
C* and C— denote the closed upper and lower complex half-planes.

2. Jost Matrices

We consider the matrix Zakharov-Shabat system
—iJX' (A, x) — V(x)X(A,x) = AX(A,x), x €R, (2.1)

where prime denotes the x-derivative, A is the complex-valued spectral parameter, the
solution X (A, x) may be either a column vector of length n + m or a square matrix of
order n 4+ m, and

s=[h O] v =% g1

Here I, stands for the identity matrix of order p and 0, «,, for the p; X p, matrix
with zero entries. Further, the potentials ¢(x) and r(x) are complex n x m and
m x n matrices with entries in L'(R). Writing a dagger for the conjugate transpose
of a matrix, we have r(x) = ¢(x)' in the focusing case and r(x) = —¢q(x)' in the
defocusing case. To subsequently derive symmetry relations we also deal with the dual
matrix Zakharov-Shabat system

1Y (A, )]+ Y(A,x)V(x) = AY(A,%), (2.3)

where Y(A,x) is arow vector of length n + m or a square matrix of order n+m and J
and V(x) are given by (2.2). Here we note the sign change in the left-hand side when
passing from (2.1) to (2.3).

By the Jost matrix from the left W(A,x) and the Jost matrix from the right ® (A, x)
we mean the unique (n+m) x (n+m) matrix solutions of (2.1) satisfying the asymptotic
conditions

o = (W) vl =[5 M o)
=M+ o(1), x— 4o, (2.4a)

O(h,x) = [9(h,x) B _{“ ';;;;m]M(l)
=M L o(1), x— —oo, (2.4b)

where A € R and ¥(4,x), w(4,x), ¢(4,x), and ¢(A,x) are the submatrices with
n+ m rows and n, m, n, and m columns, respectively, which are usually called
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Jost solutions [1, 2, 3, 4, 18]. Observing that (2.1) implies (9/0x)detX(A,x) =
iA(n —m)detX(A,x) (cf. [9, Theorem 17.3]), we get

det®(A,x) = det®(A,x) = 2" ) R, (2.5)
which guarantees the nonsingularity of the Jost matrices for A € R. Using the identities

JV(x) = =V(x)J,

d (2.6)

8—X()t,x)_1 = XA, )" 'X' (A, x)X(A,x) 7",
X
we easily see that the inverses W(A,x)™! and ®(A,x)~! of the Jost matrices are the
unique solutions of the dual matrix Zakharov-Shabat system (2.3) satisfying

. [ (A0) ] e Ol = g, X — 400
\P()L7x) - |:l[vl()k,x)] - \P()L, ) + (1)7 +00, (2.73)
v o) = %(A,X) def X))l = My, X — —00.
b2 = | 9029 . +o(), -

where y7(A,x) and ¢(A,x) are n x (n + m) matrices and W (A,x) and ¢(A,x) are
m x (n+m) matrices called the dual Jost solutions. The matrices ¥(A,x) and ®(A, x)
are called the dual Jost matrices.

Since (2.1) is a first order system and (2.5) is true, there exist, for A € R, square

matrices A;(A) and A,(A) of order n + m such that
\P(Aﬂx) = (D(AHX)AI(A‘% (D(Aﬂx) = ‘P(A,X)A,(A)

These so-called transition matrices A;(A) and A,(A) are each others inverses and have
unit determinant. Moreover, we have the asymptotic conditions

W) = [W(Ax) y(A,2)] = @A d) +o(l), x— —oc,

(2.8a)
DA, x) =[9(A,x) O(A,x)] = €A, (A) +o(1), x— 4oo0.
(2.8b)
Analogously, we derive from (2.8) the asymptotic conditions
3 o II?(A/,X) - —1 _ —iAJx
‘P(A,X) - {ﬁ(l,x)} - ‘P(A’ax) ! _A,()L)e ! +0(1)7 X — —00, (293)
(A, x) = {‘é(’“‘)} = ®(A,x) " = A(A)e M 1 o(1), x— +oo,
#(A,x) (2.9b)

where we have used that A;(1)~! = A,(1).
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PROPOSITION 2.1.  Let X(A,x) and Y(A,x) be solutions of (2.1) and (2.3),
respectively. Then for each A € C we have

0
S (YO 2)X(, ) = 0
Proof. Using (2.5) and (2. 6) we compute

%(Y(LX)X(/WC)) (7) ( xX) + o=(4,0)X(4, x)

(
Y(4, )[ (/HV( )X (%,X)]Jr[ lY(/l x)(A=V(x))J]X(4,x)
:lY(/LX)[ V(x) + V(x)J]X(A,x) =
as claimed. O

In the focusing case (V/(x )T = —V(x)) any solution X(A,x) of (2.1) induces a
solution Y(4,x) = X(4,x)" of (2.3). In the defocusing case (V(x)! = V(x)) any
solution X(A,x) of (2.1) 1nduces a solution Y(A,x) = JX(A,x)'J of (2.3). Further,

[e= Nt = ~i*% commutes with J and J?> = I,,,,. As a result, we have for A € R

{ YA, x)"' =¥, x)T and ®(A,x)"!' = DA, x)T, focusing case,
Y(A,x)"' =J¥(A,x)TJ and ®(4,x)"! = JD(A,x)TJ, defocusing case.

Thus in the focusing case we have for A € R

{ VA0 =yA,x),  w@x)"=¥(A,x),
S0 =9k, 9kt = 5,0,
Moreover, we have for A € R
AA)' =AM and A(A)7' =4, (1), focusing case,
{ AA) P =JA(M)TT and A (L)' =JA,(A)TJ, defocusing case.

In other words, the Jost matrices and the transition matrices are unitary in the focusing
case and J -unitary in the defocusing case.
Writing (2.1) in the form

(2.10)

0 iAJ (x— ) _ a7 ,iA (x—y)
gy (VX)) = P IVX ()
and integrating with respect to y we derive the Volterra integral equations
W(h,x) = M _ig / dy MV, y), (2.11a)
D(A,x) = M —iJ / dy MY (y)D(A, x). (2.11b)

For A € R Egs. (2.11) imply the existence of unique solutions of (2.1) which satisfy
(2.4), and hence justify introducing the Jost matrices a posteriori. Analogously, writing
(2.3) in the form

9 —iAJ(x—y) ) _ —iAJ(x—y)
= (Y )e ™) =iy (A )V ()e 0
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and integrating with respect to y we derive the alternative Volterra integral equations

Y(A,x) "= M i/ dy¥(A,y) "'V (y)e )y,

x (2.12a)
DA, x)" =M 4 i/ dy®(A,y) " V(y)e My,

—oo (2.12b)

For A € R Egs. (2.12) imply the existence of unique solutions of (2.3) which satisfy
(2.7).

The following proposition can be proved as its counterpart in [6, 17, 11]. Contrary
to the practice in [6, 17, 11], it is stated in terms of Jost functions instead of Faddeev
matrices.

PROPOSITION 2.2.  Suppose the entries of q(x) and r(x) belong to L'(R). Then
the following statements are true:
(i) Foreach x € R, e ™ (A,x), é**@(A,x), €* (A, x), and e **¢(A,x) can
be extended to matrix functions that are continuous in A € C* and analytic in
A € C*. Moreover, these functions tend to

o L[] o e 0w,
respectively, as |A| — oo within CT.

(i) Foreach x € R, é*y(A,x), e ™ ¢(A,x), é**(A,x), and e (A, x) can
be extended to matrix functions that are continuous in A € C— and analytic in
A € C~. Moreover, these functions tend to

0 I
nxm ) " ) [In 0n><m} 5 [Omxn Im] )
Iﬂ'l Oﬂ'lXﬂ
respectively, as |A| — oo within C—.
Before stating the next proposition (cf. [6, 17, 11]) we introduce a partitioning
of square matrices of order n + m into four submatrices which have the subscripts

1,2,3,4:
\Z 24
2= |7 2

where Z, isnxn, Zpisnxm, Zyis m X n,and Z; is m X m.

PROPOSITION 2.3.  Suppose the entries of q(x) and r(x) belong to L'(R). Then
the following statements are true:
(i) The matrix functions Aj(A) and A,4(A) are continuousin A € C*, are analytic
in A € C*, and tend to the identity matrix as |A| — oo in C*.
(i) The matrix functions A, (A) and Aiy(A) are continuousin A € C—, are analytic
in A € C~, and tend to the identity matrix as |A| — oo in C—.
(iii) The matrix functions Ap(L), Az(A), Ap(A), and An(A) are continuous in
A € R andvanish as A — too.
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3. Jordan Chains of the Hamiltonian

In this section we prove that for A € C*t the matrix Zakharov-Shabat system
(2.1) and the matrix functions A;; (1) and A,4(A) have the same eigenvalues, the same
geometric and algebraic multiplicities, and hence the same Jordan structure. A similar
statement is proved for A € C~

a. Jordan structure of matrix and operator functions. Let €2 be an open subset
of the complex plane, 2~ and % complex Banach spaces, and £ (2", %) the Banach
space of all bounded linear operators from 2" into % . Then F is called analytic if the
scalar function ( F(-)x,y*) is analytic for any vector x € £~ and any bounded linear
functional y* on # . For matrix functions (i.e., for 2~ = C” and % = CP?) this
is equivalent to the analyticity of each matrix entry of F. Given Ay € Q, we denote
by (L (X, %), ) the set of all germs of £ (2") -valued analytic functions in a
neighborhood of Ay, i.e., identifying analytic functions when they coincide on some
neighborhood of Ay. Given F € (L (2, %), Ay) and writing

F(A)=) (A —Ao)F; A — 2ol <€

1M8

[I]

we define the linear operator E;(F;Ag) from 2 into #° by

Fo 0 .
F, Fy 0
E(Fiho) = | - .0 :
Foy Fyp - - Fy
where s = 1,2,... and 2™ and % are the direct sums of s copies of 2~ and

% . Obviously, if F € JO(L(¥,%),h), G € H(L(Z,%), ), and H €
H(L (X, %), l), then

EA(F’A'O)EA(G’A'O) = ES(H;A'O)7 s=1,2,...,

whenever F(A)G(A) = H(A) in some neighborhood of A .
If Fe#(L(X,%), ) has invertible values in a deleted neighborhood of A
and F(Ap) is a Fredholm operator, then the numbers

o5 (F, Ag) = dimKer E, | (F; Ag)
are nonnegative integers and for some positive integer 0 we have

o (F, o) < au(F, ) < -+ < ag-i1(F, A)
< OCQ(F7 Ao) = OCQ+1(F, Ao) =...< +o0.

Then Q is the order of the pole F(:)~! in Ay and the integers {o4(F,A0)}, are
called the Jordan characteristics of F in Ag. We then call oy (F, Ay) the algebraic
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multiplicity and o (F, Ay) the geometric multiplicity of F at Ay. A vector function

o0

X(A) =Y (A —2o)x

J=0

with coefficients x; € 2" and positive radius of convergence is called a root function
of F of order s in Ag if xo # 0 and

F(A)x(A) =0((A —40)), A — 4o

Then it is easily verified that

X0 O
_ X1 0
E(Fh) | . | =1.1]: (3.1)
Xs—1 0
where s = 1,2,.... Thus the root functions of F of order s in Ay correspond to the

nontrivial elements of the null space of Z,(F;Ay) for any s > 1. Further, o(F, o)
coincides with the number of linearly independent root functions of F in A that are
polynomials of degree at most s — 1. By a Jordan chain of F in Ay of length s we
mean vectors Xg, Xi, . ..,Xs—; such that xo # 0 and (3.1) holds.

At this point we compare the present definition of Jordan chain with that valid for
p x p matrices A. Taking 2" = % = CP we define

F(A) = AL, — A.
Then
Ao, — A 0pxp .
I, Ml,—A O
E(F; M) = 0
0 0 e L, A, —A
and

o (F, A) = dimKer (oI, — A)*"",
where s = 0,1,2,.... The number Q is the length of the longest Jordan chain of A
corresponding to the eigenvalue Ag. Thus we have indeed generalized the classical
definition of Jordan chain to analytic operator-valued functions.
We now consider the effect of complex conjugation on Jordan structure. Let
F(1) =" (h — W)F,

j=0

be a p x p matrix function that is analytic in a neighborhood of Ay, and let det F(1) # 0
in a deleted neighborhood of A . Then it is easily verified that the p X p matrix function
FT defined by

FiD =Y (- Ty (5
=0

J
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has the property that for s = 1,2,3,. ..

E(F0) = Sy [B(Fi40)]' S, (3:2)

where
N
s = [6j+k,5+11p ]j,k:l :

In fact, taking the conjugate transpose of E¢(F;Ay) amounts to taking the conjugate
transpose of each p X p block matrix entry and reversing the order of p x p block rows
and p X p columns, as a result of the p x p block Toeplitz structure of Z;(F; Ag).

b. Jordan structure of the Hamiltonian. We now apply the above definitions to
the matrix Zakharov-Shabat system. It can be shown (e.g. [11]) that the Hamiltonian

d
H=—-iJ—-V
i (x)
is closed and densely defined on the orthogonal direct sum of n + m copies of L*(R)
if the potentials g(x) and r(x) have their entries in L'(R). When these entries belong
to L'(R) N L*(R), the domain of H coincides with that of the free Hamiltonian

. d
H() = —iJ dx'

The Hamiltonian H is J-selfadjoint (i.e., JH is selfadjoint) in the focusing case
and selfadjoint in the defocusing case. Moreover, the spectrum of H consists of the
whole real line plus an at most countably infinite set of eigenvalues of finite algebraic
multiplicity which can only accumulate on the real line or at infinity. In the defocusing
case the spectrum of H consists of the real line only, whereas in the focusing case it is
merely symmetric upon reflection with respect to the real line.

Prior to determining the Jordan structure of the Hamiltonian H at its nonreal
eigenvalues, we observe that repeated differentiation of (2.1) with respect to A leads
to the system of differential equations

—iJX'(A,x) — V()X (A,x) = AX(A, %),

—iJ (g—j{) (A,x) — V(x)g—i((/l,x) = Ag—f(k,x) + X(A4,x),

(1 oxy 1 9°X L o°X ox
—iJ (EW) (AqX)*V(x)ZW(A’ax) = AZW(AJ) + 3_/1(/1”5)’

C(1oxy 1 o 1 &X .
lJ(FW) (A,x)fV(X)EW()Lax) = AEW(AJ) + (s—1)1 oA

where the prime denotes differentiation with respect to x.
For n = m = 1, similar (though less detailed) results as in the following Theorem
3.1 have been obtained by Tanaka [16].
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THEOREM 3.1. Let Ay € C" be an eigenvalue of H. Then the Hamiltonian H
and the matrix functions Aj(A) and A4(A) have the same Jordan structure at A :

dimKerE(A — H; Ag) = dimKer Z;(A;1; Ag) = dimKer Z5(A4; o),

where s = 1,2, .. .. Instead, if Ay € C™ is an eigenvalue of H, then the Hamiltonian
H and the matrix functions A,1(A) and Ai(A) have the same Jordan structure at Ay :

dimKerZ (A — H; Ap) = dimKer E(A,1; Ao) = dim Ker E;(Au; Ao),
where s =1,2,....

Proof. Every column vector solution of (2.1) for A = Ap € C* has one of the
following equivalent forms:

ulx) =y(A,x)e = ¢(A,x)n, x€eR, (3.3)

where 0 # € € C" and 0 # n € C". Then (2.4) and (2.8) imply
. , 0,

ez)to./x |: :| +0(1) — elAOJXAr(AO) |: ><1:| +0(1)7 X — 400,
n

mXx 1

u(x) =

et {Onnxl] + 0(1) = e™7*A;(2) { ] +o(1), x— —o0.

Omxl

In order for the entries of u(x) to belong to L?(R) it is necessary and sufficient that

All(A’O)g = 0n><1a Ar4()\0)7] = 0m><1- (34)
Thus the eigenvalues of (2.1) in C* are the zeros of detA;; (1) or detA4(A).
Putting
; s ‘ 1 0°Y
\PA(AWX):[W(A’PX) WA(AWX)}:EW(AWXL (35)

we depart from g € C" satisfying A;(Ao)& = 0 with Ay € C* and define
€l,..., &~ to satisfy

up(x) = VO(%,)C)Eoy
uy (x) = 7' (Ao, x)e0 + T (Ao, x)e1,
wy(x) = ¥ (Ao, x)&0 + W' (Ao, X)&1 + V' (R0, x)82,

u (1) = 3 T (o x)6s ot

o=0

Then {ug, uy,...,us—1} is a Jordan chain of length s of H at the eigenvalue A if and
only if 0 # & € C" and up(—o0) = uj(—o0) = ... = u;—1(—o00) = 0. Computing
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the asymptotic behavior of each of the vectors up(x), u;(x),. .., us;—1(x) we obtain for
t=1,...,s—1
t . No
; ix
e”h”‘z (?)!8,_04—0(1), X — 400,
=0
[Omxn Im] u,(x) = P 61 d .
Z ol <m) eMOXAll(AO)Et76+0(1)7 X — —00.
=0

! N p
MMZ (ix) Z 1 <i> A
e (o) €&—r—p,
e r! =0 p! d 0
we obtain the identity
€
Es(Anshdo) | ¢ | =0, (3.6)
E—1
where 0 # g € C".
Analogously, putting
0 —s 1 aAQ
b (A,X) = [(PS(A,,X) (P (A,X)] = EW(A,X), (37)

we depart from 19 € C™ satisfying A4(Ao)no = 0 with A9 € C* and define
Ni,...,Ns—1 to satisfy

l/t()(x) = 60(1'07)‘:)”07
w1 (x) =8 (Ao, )0 + 0 (Ao, X701,
10(x) =0 (o, )Mo + 8 (Ao, )T + 6 (Ao, X1,

s—1

us—l(x) = Z aa(kmx)ns—o—l-

o=0
Then {ug,u;,...,us—1} is a Jordan chain of length s of H at the eigenvalue A if and
only if 0 # 1y € C" and up(+00) = u1(+00) = ... = u;—1(+00) = 0. Computing
the asymptotic behavior of each of the vectors up(x), uj(x), ..., u;—1(x) we obtain for
t=1,...,s—1

t . \o
- —ix
ey C o) T
o=0

t

1 d ? —idox
Z ot \am e Ara(A0)Ni—6 + o(1), X — +00.

o=0
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<_>pAr4()L0)nt—r—pa

Writing the second line as

t

e—M,UX Z

r=0 p=0

M
2~

we obtain the identity

Es(Amsho) | =0, (3.8)
Ns—1
where 0 # ng € C™".
We have derived the Jordan structure of the Hamiltonian H for eigenvalues Ay €

C™ in two different ways, leading to (3.6) and (3.8), where the corresponding Jordan
chains can be written in the respective forms

1—1 $ —1 $
— —0
{Z w"(zo,x)s,ol} : {Z 9 wx)n,ol} .
0=0 =1 0=0 =1
Since these two constructions are equivalent, we necessarily have

dim Ker E;(A1; Ag) = dim Ker E;(A,4; Ao), s=1,2,...,

as claimed.
In the same way we can write the Jordan chains corresponding to an eigenvalue
Ay € C~ of H in the form

=1 s —1 §
{Z ¢G(/~107x)8~r01} s {Z WG(ZOax)ﬁtol} 5 (39)
0=0 =1 0=0 =1
where 0 # & € KerA,; (io) and 0 # 7y € KerA14()~Lo). We thus derive
dimKerZ(A,1; Ao) = dimKerE¢(Au; Ao),  s=1,2,..., (3.10)

which completes the proof. O

COROLLARY 3.2. Let Ay € C\ R. Then the geometric multiplicity of Ay as an
eigenvalue of the Hamiltonian H does not exceed min(n, m).

Proof. The geometric multiplicity of Ay € C* as an eigenvalue of H is equal to
dimKer A (Ao) = dimKer A, 4(4o).

The left-hand side is at most n and the right-hand side is at most m. The same argument
appliesto A € C™. O

c. Jordan structure of the dual Hamiltonian. Instead of the eigenfunctions
and generalized eigenfunctions of the matrix Zakharov-Shabat system (2.1), we now
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consider the Jordan structure of the dual matrix Zakharov-Shabat system (2.3). Repeated
differentiation of (2.3) with respect to A leads to the system of differential equations

iY' (A, )]+ Y(A,x)V(x) = AY(A,x),

(gﬁ) %, x)1+37(z NV(x) = Aa(k )+ Y, ),

(1 8*Y 1 9%y 1 9%y
l(fW) ()L,x)J+5W()L,x)V(x) xz,(w(x x) + m(x x),

(1orY 1 &°Y 1 &Y 1 oy
’ (737) Ao+ G g BV ) = A G o Ao+ o o

where the prime denotes differentiation with respect to x.
Every row vector solution of (2.3) for A = Ay € C" has one of the following
equivalent forms:

v(x) = 0¢(Ao,x) = LW (Ao,x),  xER, (3.11)

where 0 # 0 € C'*" and 0 # { € C'*™ are complex row vectors. Then (2.7) and
(2.9) imply

V(x){[om Cle ™ to(1) = [0 Orxm]Ai(Ro)e M +o(1),  x— +o0,
L0 Oixm]e ™ 40(1) = [0k {]AA(Ao)e P 40(1), X — —o0.

In order for the entries of v(x) to belong to L?(R) it is necessary and sufficient that
OA1(Ao) = Oixn,  CAs(A0) = O1xem- (3.12)
Putting, in analogy with (3.5) and (3.7),

(A, x) = {"f(’l’)‘)} = 13“?(/1’)6)’ (A, x) = @( ) )} = ia‘vé(x,x),
)=

y(A,x) sl OAS (A,x) sl OAS

we depart from 6y € C'*" and { € C'*™ such that 6yA;; (4 01x, and §oAq(A) =

O1xm,and define £y,..., &1 and 6y,...,06;_ to satisfy
~0 =0
vo(x) = B¢ (Ao, x) = Gy (%o, x),
~1 ~0 1 =0
vi(x) =609 (Ao,x) + 019 (Ao, x) = Loy (Ao, x) + CuW (Ao, x),

VY] ZQYGI(P A«)x ngolw AO,)

o=0

Then {vo,vi,...,vs—1} is a dual Jordan chain of length s at the eigenvalue Ay € C*
if and only if 0 # 6y € C'*", 0 # {o € C™", and vo(£oo) = vi(£o0) = ... =
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vs_1(£00) = 0. This is the case if and only if 0 # 6y € C'*", 0 # § € C'*™, and
fort=0,1,...,5s —1

> 9:—0% (%) M A (A0) = Z G- ooy <—> e M Any(o) = 0.

o=0

The latter identity can be written as

d P
IAUXZ l)C- Z O, p (d_k()) All(AO)
. t Y 1—r 1 d P
= eilﬂ"xz ( :C) Z gt—rfpa <m> Ars(A) =0
p=0

r=0
Consequently, {vo,v1,...,vs—1} is a dual Jordan chain at the eigenvalue A € C* if
and only if 0 # 6y € C'*", 0 # § € C'*™  and
[6;71 9s72 e 90] ES(AII;A‘O) = 01><nS7
[gsfl gs72 ce Co] ES(Ai’4; AO) = 01><ms~

We have therefore written the dual Jordan chains corresponding to the eigenvalue
Ao € C* in either of the equivalent forms

-1 — s -1 .
{Z 010 <xo,x>} , {Z GV (A@,x)}
o=0 o=0

=1
A similar result holds if Ay is an eigenvalue of (2.3) in C~ . Indeed, the corre-
sponding Jordan chains have either of the equivalent forms

{Z é,glllvfo()k(),x)} s {Z 5,01(50()‘,0,)6)} , (3.13)
o=0 =0

t=1 t=1

N

t=1

where

[0—1 O ... 6]
[sfl s—2 C}

Y(Arl;x()) = 01><nS7 (3143)
(Al4’ A’O) = 0l><ms- (314b)

[I] ]

4. Reflection and Transmission Coefficients

In this section we introduce the reflection and transmission coefficients and study
their meromorphicity and symmetry properties.

a. Principal parts of transmission coefficients. Recalling that A;;(A) and
An4(A) are analytic in A € C* and approach the identity matrix as |A| — +oo, we
define the transmission coefficients

T(A) = An(A)7 1, T,(A) = Aq(A)7, (4.1)
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as meromorphic matrix functions in A € C*. Similarly, we define

T(A) =Aq(A)7Y, T,(A) = Au(A)™, 4.2)

as meromorphic matrix functions in A € C~. Then the poles of T;(A) and T,(A) in
C* coincide with the eigenvalues A; of H in C* and the pole order Q; coincides with
the length of the longest Jordan chain corresponding to the eigenvalue A;. We now
write the principal parts of T;(A) and T.(A) at A; as follows:

i—1 i—1
QJZ A L i, (4.3)
p—r (A’ _ A’J,)Hl ’ pr (A’ _ A’J,)Hl : :

By the same token, the poles of Ti(A) and T,(4) in C~ coincide with the eigenvalues
A;j of H in C~ and the pole order Qj coincides with the length of the longest Jordan
chain corresponding to the eigenvalue A;. We write the principal parts of 7;(1) and

T,(2) at A; as follows:

_Astlz stz
(- Wy (0" Ty i (4.4)
s=0 (A‘ - j)s+ 5=0 (A‘ - A‘j)s+
Let us now represent the transmission coefficients in the following form:
Q]71 o0 as
Ty(A) =T (A) — Z Z / da Fefiwe"’lfo‘rljs, (4.5a)
j s=0 "0 '
g1 = o
TA)=TFA)=> > / doo—e " eh g, (4.5b)
i s=0v0 S
Qj_l oo as .
Ti(A) =T, (A) — Z Z / da Feimef"’lfo‘%ljs, (4.5¢)
j s=0 70 '
91 o -
L) =T, (2)->_> / doe—e*e™ M Ty, (4.5d)
j s=0"0 5

where 7,7 (A) and T, (A) are continuous in A € C*, are analytic in A € C*, and
tend to the identity matrix as A — oo in C* and 7, (A) and 7, (A) are continuousin
A eC—,are analytic in A € C~, and tend to the identity matrix as A — oo in Cc-.

b. Modified Jost matrices and the scattering matrix. The first n columns of the
Jost matrices W(A,x) and ®(A,x) have other analyticity properties than their last m
columns. This is also the case for the rows of ¥(A,x) and ®(A,x). Asin [6, 17, 11],
we therefore introduce modified Jost matrices by interchanging their columns in such
a way that we obtain matrices that are analyticin A € C* and A € C—, respectively.
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We also define modified dual Jost matrices by suitable row interchange. More precisely,
we define the modified Jost matrices and modified Jost functions by

Fi(A,x)=[y(A,x) ¢(A,x)], F_(A,x)=[¢(4,x) w(A,x)],
and the modified dual Jost matrices and modified dual Jost functions by
. _[é(2,x) . _ 1/3(&x)]

PROPOSITION 4.1.  Suppose the entries of q(x) and r(x) belong to L'(R).
Then for each x € R, Fi(A,x)e™** and é**Fi(A,x) can be extended to matrix
functions that are continuous in A € C and analytic in A € C*. Moreover, we have
the asymptotic relations

T L Aa(A
et)LJx 0 A ZEA;] , X — 400,
Fo(ox) = (W) §on)]=q oo A
e [ARA) Oucn 46
e A (ML, ]’ X — —00, (4.62)
L 3 m
o TAAA)  Ouxm
Mx 4 IE)L) IX :| , X — 400,
P = [0Gn) wihg]=d A
i [ I 2 ] . x— oo, (4.6b)
| Omxn  Au(d)

[An(A) AIZ(A)]e—iAJx X — 400

Fo(x) = {g%w] ~ L 0";*" 0”” (4.6¢)
l,l/( n nxm :| e—illx Yo —o0

_ArB(A') Ar4(A’)

- Iﬂ Oan'l]e_i}“]x x—)—"—oo
g (v ) LAs(A) Au(A) 7 7
F-“’)‘)—{é(/x,x)]— [An(A) An(d) o

:| e—i}Jx7 X — —00.
L Omxn Iy

In the remainder of this article we make the usual fechnical hypothesis that the
matrices Aj(A), Au(A), A(A), and A,u(A) are invertible for all A € R. Un-
der this hypothesis it can easily be shown using (4.6a), (4.6b), and A;(A)A,(A) =
Ar(MA(A) = Ly that

Fy(A,x)"'F_(A,x) — JS(A)J, X — %00,

where

is called the scattering matrix and
L(A) = Ap(MAn(A) ™ = —A4(A) A1), (4.7a)
R(A) = An(M)A4(A) ™' = —An(A)"Ap(R), (4.7b)
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are called reflection coefficient from the right and reflection coefficient from the left,
respectively. Since F. (A,x)e~™/* and F_(A,x)e "/* satisfy the same first order
linear system of differential equations, we obtain the Riemann-Hilbert problem

F_(A,x) = FL (A, x)JS(A)J. (4.8)
Analogously, we have

F_(A,x)"'Fy(A,x) — JS(A)J, X — %00,

where
sy | I(A)  L(A)
0= [ 33) 7.
is also called scattering matrix and
Z‘(A) :Alz(l)Am(A)_l = —Arl(k)_lArz(A), (493)
R(A) = Ar3(/'L)A,1(/'L)*1 = —Al4()L)*1Al3(/'L), (4.9b)

are called reflection coefficient from the right and reflection coefficient from the left,
respectively. Moreover, we have the Riemann-Hilbert problem

Fi(A,x)=F_(A,x)JS(A)J. (4.10)
In the same way we derive the Riemann-Hilbert problems

F_(A,x) = S(A)F.(A,x), (4.11)

Fo(A,x) =8A)F_(A,x). (4.12)

Obviously, S(4) and S(4) are each others inverses. In the focusing case the scattering
matrices are J -unitary:

SA)=8SA)'=JsA)l),  AeR

In the defocusing case, where the technical hypothesis is always satisfied [6, 11], the
scattering matrices are unitary for A € R.

c. Fourier integral representations of reflection coefficients. Under the techni-
cal hypothesis it can easily be shown ([11]; also [6, 17] in the defocusing and focusing

cases) that there exist matrix functions L(a), L(«), R(cx), and I%(a) having their
entries in L'(R) such that

R(A) = wdae—flak(a), R(A) = Oodaefwié(a),
/—00 /—00 (4.13a)

L(A) = Oodae"mﬁ(a), L(r) = oodae”"mi(a).
/,oo Lx (4.13b)

With respect to [6, 11, 17] we have replaced e**% by ¥ in the definitions of £(c)
and L().
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5. Derivation of Marchenko Integral Equations

Before deriving the Marchenko integral equations we state the following refinement
of Proposition 2.2. Although we have catered to the notations of [3], its proof can be
given as in [11] (see [6] in the defocusing case and [17] in the focusing case).

PROPOSITION 5.1.  Suppose the entries of q(x) and r(x) belong to L'(R). Then
there exist matrix functions K(x,y), G(x,y), G(x,y), and K(x,y) such that

W(A,x) = e** {0:;”} + /XOO dyK(x,y)e™, (5.1a)
O(A,x) = e -O'}:m- + /—” dyG(x,y)e ™, (5.1b)
O(A,x) = e {Oinxn} + /_xoo dy G(x,y)e™, (5.1¢)
(A, x) =e -O'}:lm- + /00 dyK(x,y)e ™. (5.1d)

Moreover, for each x € R the entries of K(x,y) and K(x,y) belong to L' (x, +o0) and
those of G(x,y) and G(x,y) belong to L'(—o0,x). Analogously, there exist matrix

functions G(y,x), K(v,x), K(y,x), and G(y,x) such that

GA,x) = e P Ly Opsm] + / ' dy G(y, x)e (5.le)
V(A x) = e [Opscn I+ /00 a’yf(y,x)e"’ly7 (5.1f)
WA, x) = oM [, Ouxm]+ /OO dylv((y,x)e_")”'7 (5.1g)
S(A,x) = e* [Omxn In] + /  dyGlyx)e. (5.1h)

In addition, for each x € R the entries of K(y,x) and K(y,x) belong to L' (x,+0c0)
and those of G(y,x) and G(y,x) belong to L'(—oc,x).

We now derive the Marchenko integral equations from the Riemann-Hilbert prob-
lems (4.8), (4.10), (4.11), and (4.12), two equations for each Riemann-Hilbert problem
in the absence of symmetries. We first deal with the elementary situation in which
the transmission coefficients 7;(A) and T,(A) are analytic in A € C* and the trans-
mission coefficients 7;(1) and 7,(A) are analyticin A € C~. Next we consider
the case where the poles of the four transmission coefficients all have order one and
the technical hypothesis is satisfied. Finally, we treat the most general case under the
technical hypothesis. Contrary to [2, 3], we then assume arbitrary Jordan structure.

a. Marchenko equations if there are no bound states. We now derive the
Marchenko integral equation in the absence of bound states.
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THEOREM 5.2.  Under the technical hypothesis, suppose the entries of q(x) and
r(x) belong to L'(R) and the Hamiltonian does not have any nonreal eigenvalues.
Then the following Marchenko integral equations are true:

K(x,y) + O'}Xm R(x+y) + / dzK(x,2)R(z+y) =0,
- (5.2a)

G(x,y) + Oln Lx +/ dzG(x,7)L(z+y) = 0,
e (5.2b)

6e)+ |7 [ L)+ [ G 2liety) =0,
- o (5.2¢)

K(x,y) + 01,, } (x+y) +/ dzK (z+y) =0,
e (5.2d)

E(y7x) - i(y +x) mxn / dZi ( ) = 0,
o (5.2e)

Iv{(y7 ) ﬁ()’ +X) n><m / dZIA? IV{(Z X) = 0
(5.2f)

k(y7x) - R(y +)C) mxn / dZ (Z,)C) =0,
(5.2g)

é(y7x) - i‘(y +x) n><m / dZ é(z,x) =0.
o0 (5.2h)

Proof. Let us sketch the proof of (5.2a). The left n columns of (4.10) can be
written as

TG, x) — PG NTA) + P, x)e FR(A) =0, (5.3a)

where the first term is continuous in C+ and analytic in C*, the second is continuous
in C— and analytic in C~ (because 7j(1) is assumed to have no poles in C~ ), and
the third is continuous in A € R and vanishes as A — +oo. Similarly we have the
Riemann-Hilbert problems

e G(A,x) — ey (A, X)TH(A) + e P (A, x)eL(A) = 0,

(5.3b)

e_")”q>()t,x) —z)Lx (A x)Tz()k) ’“q>()t )C) —ZIAXL(A) =0,
(5.3¢)

e’hu/()t,x) —eilxa(k,x)Tr()k)—l- —iAXTr (A x) 2IA~\R(A’) 0,
(5.3d)

ellxg()t,x) . Tl(x)eilxuy()‘?x) — eZile(A)e—iAx(ﬁ(A’x) =0,
(5.3e)
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—iAXTY ()k )C) ()t)e_qu;()t,x) _ e‘z"’l"R()L)e’Mtp(/l,x) =0,

(5.3f)

e")”lf/()t,)C) _ TZ()L)e"Mg()t,x) — eZihR()t)e_MxW(l,x) =0,
(5.3g)

PG (A, x) — To(A)e PP (A, x) — e P L(A)e™F(A, x) = 0,
(5.3h)

where we have used the last m columns of (4.10), the first n and last m columns of
(4.8), the first n and the last m rows of (4.12), and the first n and the last m rows
of (4.11), respectively. By inverting the Fourier transforms in (5.1) we now obtain the
respective identities

K(x,y) = %/Z di {e"’b‘ (A, { [ mx]n%
eilxa(l nxm
|

{

o= o, [
K(x,y) = % /_ a {el’”u/(z,x) - {Ozm]}em_@ (5.4d)

{

{

{

et (5.4a)
(5.4b)

(5.4¢)

P G(A,x) — Iy O }} M=) (5.4¢)

(5.4f)

(%) — (1, o,m,,]} N (54g)

~oo0 " (54h)

Applying the Fourier transformation in (5.4a) we obtain for the third term in (5.3a)

1 oo . oo . .
= | dl iA(x—y / dzK(x, Z)ezl(xfz) dOCR(O{)e’MOLZX)
> > b 1 > iA(a—y—z)
= dzK(x,z) doR(o)— dle e
X — 00 2” — 00
:/ de(x,z)/ daR(a)S(a—y—z)z/ dzK(x,2)R(z +y),
which implies (5.2a). Equations (5.2b)—(5.2h) are proved likewise. O

b. Marchenko equations when the geometric and algebraic multiplicities
of the eigenvalues coincide. We first describe the eigenspaces of the Hamiltonian
H in terms of the residues of the transmission coefficients when their algebraic and
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geometric multiplicity coincide (i.e., if the transmission coefficients have only simple
poles: Q; = 1). We then go on to derive the eight Marchenko integral equations.

LEMMA 5.3. If A; € C* and Q; =1, then
KerAll(QLj) = {le()g : g € C”}, KerA,4()Lj) = {Trj()g : 4,’ S (Cm} (55)

Analogously, if )th € C™ and Qj =1, then

KerA,, (ZJ) = {%rjOé : é S C”}, KCI‘AM(AJ') = {%ZJOC : &: S (Cm} (56)

Proof. Let Aj1(A;)g; = 0 for some 0 # ¢ € C". Then
An(A)g = (A = A)f (4)

for some vector function f (4) that is analytic in a neighborhood of A . Using (4.1) to
write & = (A — A;))Ti(A)f (A) and taking the limit as A — A;, we obtain from (4.3)
that & = itjf (4;), which proves that & belongs to the range of 7. Conversely,
if € = 7€ for some & € C”, then for some matrix function 7;(A) analytic in a
neighborhood of A; and vanishing at A; we have

Ap(A)g = —iAn(A)[(A — )Ti(A)E — Ty(A)E] = —i(A — 4))& +iTy(A)E — Onx
as A — A;, so that Aj;(A;)& = 0,x;. Consequently, we obtain the first of (5.5). The

second of (5.5) and both of (5.6) are proved in the same way. O

Recall the two representations of the eigenfunctions and dual eigenfunctions for
eigenvalues A; € C* and A; € C~ [cf. (3.3)—(3.4), (3.9)—(3.10), (3.11)—(3.12), and
(3.13)—(3.14)]. We then introduce the norming constant matrices T'jjo , T'jo , fle , frjO ,

o, T'jo, Tjo, and I'yjo as follows:

V()70 = 04, 0) o, 9(4, %) 70 = WA, x)Tyo, (5.7a)
oA, X)Tjo = w(A, X)L, WA, x) %50 = ¢(A, X)Ly, (5.7b)
wd (% x) = DjoW (%,x), ¥ (B, 0) = Db (R0, (5.7¢)
B0 (A, x) = Tyod (A, ), %00 (%, x) = Do (A, x), (5.7d)

where the ranges of Iy, I'yjo, fle , and f,jg coincide with those of Tj0, 7,0, Ty,
and T, respectively, and the kernels of fyo, f,jg, lv“lj() , and f,jg with those of %,
0 » %,jo , and %ljo , Tespectively.

By the above constructions (5.7) we avoid introducing dependency constant matri-
ces which relate vectors as € and 7 in (3.1). In the matrix Zakharov-Shabat case, such
relations are partially defined matrices which then have to be extended to full matrices
by defining them as zero on the orthogonal complements of their original domains. This
has in fact been accomplished in [11]. By defining norming constant matrices directly
we avoid the major hassle of having to introduce matrices that do not even appear in the
Marchenko integral kernels.

Let us now proceed to deriving the Marchenko integral equations.
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THEOREM 5.4. Under the technical hypothesis, suppose the entries of q(x) and
r(x) belong to L'(R) and the resolvent of the Hamiltonian only has simple poles. Then

the following Marchenko integral equations are true:

K(x,y) + {0,}:17,,} Ql(ery) + /OO dz K (x, Z)Ql( +y) =0,

G(x,y) + [OI” } )+

mxn

dzG(x,2)Q,(z +y) =0,

m 0o

I, *°
K(x,y)+[0 }szer +/ dzK(x,2)Qi(z+y) =0,

mxn

<Q

~

G(y>x) - Qr(y +x) mxn

e
G(x,y) + {0’}*’”} +/ dzG(x,2)Q(z+y) =0,
-

8

oo

~

K(y,x) — Ql(erx) dfz 2)K(z,x) = 0,

K(y>x) - Ql(y + ) mxn

/
-

é(y’x) Q (y +x) n><m / dZ r 6( ) = 0

where

[ell
=
Il
=
=
+
Q
S
e
E
{O

i + Z M r]07

+ Z Mjwrljﬂy

Da
=
Il
~o
=
+
mN
>
<
=
E
{O
Wv

Q(w) = R(w) + Z e " o, Q. (w) = L(w) + Z e AT .

dzQ,(y +2)G(z,x) = 0,

szzy+z ( x) =0,

(5.8a)

(5.8b)

(5.8¢c)

(5.8d)

(5.8e)

(5.8f)

(5.9ab)
(5.9¢d)
(5.9¢f)

(5.9gh)

Proof. To prove (5.8a), we apply the Fourier transform in (5.4a) to the second

term in (5.3a), use the first of (5.7b), employ (5.1d) for A = 4;, and get
1

- — dﬁ TR, x) 0 — —e (X, x) o = —e Py (A, x)Tyo

27 A=A

= —e~hih) [O'}Xm] Tyo —/ dze K (x, 2) o,

m
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which implies (5.8a). Similarly, applying the Fourier transform in (5.4b) to the second
term in (5.3b), using the second of (5.7b), and (5.1b), we get

1 —iTyj0 Ay (5
dAW/A = =My (A, X) T = — :
e ey ( x)/l iy e’y (4, %) o e ¢( ) 0
= _ehilxty) [01" :|f‘rj0_/ dz i ZJr”G(x,z)lN“r_,vo,
mxn —c0

which implies (5.8b). To prove (5.8¢c), we apply the inverse Fourier transform in (5.4c)
to the second term in (5.3c), use the first of (5.7a), substitute (5.1b) for A = A;, and
get

1 B iTjjo —idy—
d/le iAy=r= (/l,x)—fze (A, x) Tio = e ,y¢( x) o
o =X ne ’
= ¢ Hilty) [Or}:m} Lo + / dzG(x, z)e T o,

which implies (5.8¢c). Applying the inverse Fourier transform in (5.4d) to the second
term in (5.3d), use the second of (5.7a), substitute (5.1a) for A = 4;, we get

Lo T, o
-/ R0 = G e = T 9T
_ ityley) { I, } Fyo + / 2R (x, 2)eH Ty,
mxn X
which implies (5.8d). Applying the inverse Fourier transform in (5.4¢) to the second
term in (5.3e), use the first of (5.7d), substitute (5.1h) for A = A;, we get
L[y —io Ayt
BT R e AR A By (A, x) = e T06 (2, 0)
= I [Onn ] — / dz M0 Gz, %),
which implies (5.8¢). Applying the inverse Fourier transform in (5.4f) to the second
term in (5.3f), use the second of (5.7d), substitute (5.1g) for A = 4;, we get
_ L d/l —llyﬂ(;;(l x) = e iE 00 x)zfe—iijyfl.ouy(j X)
21 A — Zj ’ 7 7 L /Al

_ _e—iij(-wr_v)ﬁjo [In Onxm} _ / dze ! i2j(z+y) T FZ OK(Z7 )7

which implies (5.8f). Applying the inverse Fourier transform in (5.4g) to the second
term in (5.3g), use the first of (5.7¢) and (5.1f), we get
1 o iTjo ~ ~ P —
o) d)t m,l o q’(7t x) = eM 1o (A, x) = e Tyo (A, x)

= 6}L (r+v>rljﬂ [Omxn Im] +‘/ dze <Z+V>FIJOK(Z x)
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which implies (5.8g). Finally, applying the inverse Fourier transform in (5.4h) to the
second term in (5.3h), use the second of (5.7¢) and (5.1e), we get

— —/ dhe 71/1v lTr A V(wa) =e ]yTrJOW(A' x) =e ]ylv—‘rjog(z‘jvx)

:e—i)tj(x+y)f‘rjo[ln 0n><m]+/ dze™ z+))f‘ G(z,x),
which implies (5.8h). O

c. Marchenko equations for general Jordan structure. To generalize Lemma 5.3
to the case of an eigenvalue with nontrivial Jordan structure, we convert the transmission
functions to locally analytic functions as follows:

0j—1

ThA) = (2 = A)9Ti(A) = Y (2 = A% Tyt + O((A — 1)%),
s=0
0;j—1

THA) = (4 — W)OT,A) = 3 (A = )19 001 + O((2 — 1)),
s=0

where Q; is the pole order of the transmission coefficients T;(A) and T.(A) at the
eigenvalue A; € C*. Analogously,

A= = 2)Tih) = 3 (4 = B)' ()P Tyg s 1 +0((2 = 2)%),

THA) = (A = W)9T,(A) = ) (A = &) (=) %5 1 +O((A = 4)9),

where Q; is the pole order of the transmission coefficients 7;(1) and T,(A) at the
eigenvalue 4; € C~.

THEOREM 5.5. Let A; be an eigenvalue in C* and let s = 1,...,Q;. Then the
vectors {€y, €1, ...,E—1} generate a Jordan chain of A(A) at A; if and only if
On(Qj—s)Xl
&
€ ImEy (T} A). (5.10)
E—1

Similarly, {No, M1 ..., Ns—1} generate a Jordan chain of A,4(A) at A; if and only if

Om(ijs)Xl
Mo
. € ImEq, (TH; 4)). (5.11)

ry°

Ns—1
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Similar results hold for the eigenvalues in C™ .

Proof. Let {&, €1,...,€&_1} generate a Jordan chain of Aj(A) at the eigenvalue
A; . Then there exists a vector function f (A) analytic in a neighborhood of A; such that
for A near A
s—1
M) (k= 1) 60 = (= A)F (4. (5.12)

o=0

Multiplying by Tg(/l) = (A — 4)%A;1 (L)~ we obtain in some neighborhood of A;

0j—1
> (= 4)er-g = TRV (2, (5.13)
O':Qj—s
which implies (5.10).
Conversely, assume (5.10). Then there exist ko, Ay, . . . 7th*1 € C™! such that
[ ho T [Onx1]
u : On(j—s)x1
: 0 €
=, T# . — nxl1 | _
Q]( l]’z‘j) &
hQ]—72 E—1
_thfl_ L E&—1

Writing f(A) = Zg’:_ol (A —4;)°hs , we get (5.13) and therefore (5.12) in a neighbor-
hood of A;. The part of the theorem involving (5.11) is proved in the same way. O

Let us introduce the norming constant matrices I’ , I, lv“,js, and lv“ljs (s =
0,1,...,0; — 1) connected to each discrete eigenvalue A; € C* as the coefficients of
the respective matrix polynomials y,;(A), ¥;(4), 7-(4), and ¥;(A):

Qi—1 Qj—1

Yrj(ﬂ') = Z (A‘ - A‘j)srrjn Yl](ﬂ') = Z (A’ - A‘j)srljsa
s=0 s=0
Qi—1 Qj—1

1) =3 (A=A)Ty, %A= (A —4)Ty.
s=0 s=0

Similarly, we have the relations

0j—1 Qi—1

()= A =2 Th (A=Y (A —A4) Ty,
s=0 s=0
Qj—1 Qj—1
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We now define the norming constants by requiring that the functions

VA, X)T(A) — ZZ (0 Ay’f A))Q : (5.14a)
oA - ZZ w(A /1 i)) (5.14b)

are analytic in A € C™, the functions

oA, x)Ty(A +ZZ v(A,x) ?)QJ (5.14c)
J
—HZ (A, x) Y’f )) (5.14d)

are analytic in A € C—, the functions
g)t x) —ZZ l[/ (A, x), (5.14e)

M (A, x) —ZZ A%,;l (A, ). (5.14f)
J

are analytic in A € C", and the functions

T . i}r(ﬂ’)

Ti(A)y (A, x) +ZZ m‘ﬁ(lax)a (5.14g)
N ZS N
L iy g e, (5.14n)

are analytic in A € C~ . Equations (5.14) are a direct generalization of (5.7). Indeed,
for Q; =1 the expression (5.14a) is analyticin A € C* if and only if

_ . |
in (4—4,) () T3) 0052 ) = {08050} =
A=A A—AJ

which corresponds to the first of (5.7a). The same reasoning applies to (5.14b)—(5.14h)
in the case of a simple pole.

Let us multiply (5.14a) and (5.14f) by e~ **(A — 4,)%, (5.14c) and (5.14h) by
e * (A — A;)%, (5.14b) and (5.14e) by (A — A,)% , and (5.14d) and (5.14g) by
e (A — ;lj)Qf . Then the equations resulting from (5.14a)—(5.14b) and (5.14e)—(5.14f)
are O((A — 4;)%) as A — A; and those resulting from (5.14¢)—(5.14d) and (5.14g)-
(5.14h) are O((A — ;lj)Qf ) as A — A;. We then write the analyticity conditions in
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(5.14) in the respective forms

= (e_l(')xW(wx),AJ EQ]' T;;;)tj — iEQJ(e—Zz( )x,)LJ)EQJ(ez(-)xa(.J) A )_‘QJ(%J,A)
20, (B, 2); 2y) 20, (Th: &) = i, (% &) Egy (e~ M (- x)s ) g, (1 ),
= (e—l(-)x(p(. ; ~l]7 == ~j(e—2i(-)x;A’J)Egj(ei(->xu/(.7x);AJ)EQJ_(?I,; 1)7

)

)

)

) = —iZ (N X)Eg (e (- x): 4)Eg, (7 A9):
) P (-, 003 ) Egy (
) (

)

)

J J
Eo,(Tf: 4)Eg, (¢ "B (-, x): ) = iZq, (7 A)Eg, (e ¥ )Eq, (€% ),
Eo,(TH; 4)Eq, (¢ "W (-, x); 4y) = iZg, (T3 A1) Eg, (¢ 9, x): ), (7% 4y),
g, (T1 2)Eg, (¢ (-, x); 4y) = —iZg, (7,5 1) Eg, (€G-, x); A)Eg, (¢ 4y),
Eg, (T A)Eg, (¢ V@, x); Ay) = —iEq, (7 A)Eg, (¢ W (-, x); A) Eg (7% 4y)

Here the images of E¢, (V3 4j), Eg, (Vs A7) » Eg; (T ;A;),and E Eg (¥js 4;) coincide with
those of Eq, (T} 4), Eq (T} 4)) . Eg, (T} 2;), and g, ( Tf: A;) . respectively. By the
same token, the kernels of Eq, (Y3 4;) , Eg; (Y3 4;), E Eg, (Y,JJL) and Eg, (ylj,/l') coin-
cide with those of Eg,(T; 4)), Eq,(T7:4;), Eg (T ;) , and _.Qj(Tl#,)k ), respectively.

We now derive the Marchenko integral equations in the most general case.

THEOREM 5.6. Under the technical hypothesis, suppose the entries of q(x) and
r(x) belong to L'(R). Then the Marchenko integral equations (5.8a)—(5.8h) are true,

where

S

~ 2 W _l.".WN
Qu(w) =Rw)+> Y —e W Typ o, (5.15a)

A

Sw=Lw+> 3 W_;eizjwfrjyéﬂfl, (5.15b)

S

Q,(w):ﬁ(w)+zz -’*ws—r,,QJ 1, (5.15¢)

0j—1 B

N irw W
Qw) =Rw)+ Y Y e L0751, (5.15d)

é,(w) = Lw) + Z Z W_!eiljwf‘rj’Qj_s_l, (5.15¢)
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o—-1

& > W _idiwy

Quw) =Rw) +> D> —e " Tyg oy, (5.15f)
v ~ WS o

QI(W) = R(W) + Z Z Fed] FZj,Qj—s—b (515g)

v ~ WS — iAW
Q(w)=Lw)+> > e AT st (5.15h)

6. Symmetry Relations for General Potentials

In this section we derive general symmetry relations on the Marchenko integral
kernels and norming constant matrices which allow us to reduce the number of seemingly
different Marchenko kernels from eight to four.

Introducing the partitioning

(R(ry) Kxy)] = [§§E§j§§ ’éiéizii] !
T L e el

F(W)} [I:f 1(y,%) @z(y’x)] {:(y,x)} _ {(:71(%?6) (:;z(y’x)}

K(y,x) K3(y,x)  Ka(y, ) G(y,x) G3(y,x) Ga(y,x) ]’

we derive from (5.8) the following integral equations:
K;3(x,y) + Ql( +y)+ /°° dz Ky (x, Z)Ql( +5) = Omxn, (6.1a)
Gy(x,y) + +/ dz Gy (x,2)Q ( + ) = Ouscm, (6.1b)
Gs(x,y) + Q.(x+y) + /X dz G4(x,2)Q:(z + y) = Opxen, (6.1c)
Ky (x,y) + Q(x +/ dz K (x,2)Q(z+y) = Onxom, (6.1d)
Caly,) — / B8,y + D)Ca(eX) = Oen,  (6.16)
K (y,x) — Ql (y+x) — / dz E2 2)K1(z,%) = Opscns (6.1f)
K> (y,x) — Q(y +x) — /OO dzQ(y + 2)Ka(2,X) = Opsem, (6.1g)

Gs(y,x) — / dz Q. (y + 2)G1(2,X) = Opxcn- (6.1h)
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We now derive the following proposition on recovering a Marchenko integral kernel
from the matrix functions K, G, K, and G.

PROPOSITION 6.1. For y > x let K(x,y),K(y,x), # (x,y), and F (y,x) be mea-
surable p| X p, matrix functions satisfying

max ([ aslikeol, [ avikoo0l) <1 (62)

| aix e+ [z o) < o
Then the integral equations
Alx+y)+ / dzK(x,2)A(z +y) = =X (x,), (6.3a)
Alx+y) + / dzA(z +y)K(z,x) = —H (y,x), (6.3b)
have unique measurable solutions A(w) and A(w) satisfying
[ (1A + TR < 4o
A similar result is true for matrix functions depending on (x,y) with y < x and
with integrals with respect to y € (—00,x).

Proof Let us take the norm of the integral term in (6.3a) and integrate with respect
to y € (x,00). Denoting the left-hand side of (6.2) by § € [0, 1), we obtain

/_ dy/ dz K (x 21 AG +yu—/ dz/ dy K (e, 2) || AG + )]

<o dWHA( )|I-

The proposition now follows from the contraction mapping principle. ]

In the scalar case (n = m = 1) the Jost matrices are unitary 2 x 2 matrices
of determinant 1 for A € R and hence their inverses equal their cofactor matrices.
Passing to the inverse Fourier transforms as in (5.4) we see that

Ki(y,x) = Ka(x,), K (y,x) = —Ka(x,y),
K(y,x) = —Ks(x,y),  Ka(y,x) = Ki(x,y),
Gi1(y,x) = Ga(x,y) Ga(y,%) = —Ga(x,y),
Gs(y,x) = —Gs3(x,y),  Gu(y,x) = Gi(x,y).

Applying Proposition 6.1 to convert (6.1e)—(6.1h) to (6.1a)—(6.1d) on multiplication
by a minus sign we obtain the symmetry relations

v

Qo) = Qla), Qu(a) =9 (a), Qa)=Qa), Oa)=0(a). (6.4)
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This means that we can write all eight Marchenko integral equations in terms of only
two Marchenko kernels Q;(c) and Q,(). As aresult we get

1!‘st = Fljs> 1!‘rjs = Frjsy f‘ljs = 1:‘ljs> 1!‘rjs = 1:‘rjs> (65)

where s = 0,1,...,0;— 1 (in the first two) and s = 0, 1,...,0; — 1 (in the last two),
respectively.

Let us now generalize the symmetry relations (6.4) and (6.5) to the general matrix
Zakharov-Shabat system.

THEOREM 6.2. Under the technical hypothesis, suppose the entries of q(x) and
r(x) belong to L'(R). Then the symmetry relations

Q) = Q(a), Qo) =Q(a), u(a) =Q(a), O (a)=0.(a), (6.6)

are satisfied. Moreover,
Py =Tp,  Tp=Tu  Dpy=Tp  Dye= Iy (6.7)
where s =0,1,...,0; — 1.
Proof. From W(A,x)¥(A,x) = L., we get
W3 (A, x) 1 (A, %) + WPa(A, x)P5(A, %) = O

Because of (5.1a), (5.1d), (5.1f), and (5.1g), this identity leads to the equality
K3(x,y) + K3(y,x)

i . . 6.8
+/ dz {K3(x,y+z—x)K1(z,x)+K4(x,z)K3(z+yfx,x)} = Opxcn,s (68)

where y > x (and hence y 4+ z — x > x whenever z > x). Adding the two integral
equations (6.1a) and (6.1f) and using (6.1a), (6.1f), and (6.8) repeatedly we perform
the following rather straightforward calculations:

Omscn = K3(x,y) + K3(,x) + Qi(x +y) — éz(y +x)
+ /00 dz Ki(x,2)Qi(z +y) — /°° dzéz(y+z)kl(17x)
:-:/x&KﬂLy+z—@kﬂ%ﬂ
- /OO dzKa(x,2)Ks(z+y — x,x) + Qi(x +y) — Ezl()’ +x)
+ /oo dz Ki(x,2)Qi(z +y) — /00 dzéz(y+z)kl(17x)

oo

=Qx+y)— Ezl(y +x) + dz Ky(x,7) [Ql(z +y)— Ez,(y + z)}

X
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+ /oo dz {Qz(z +y) — éz(y +z)] Ki(z,x)
- /OO dz [K3(x,y +z—x) + Q(y +2)] Ki(z,x)
_ /Oo dz Ky(x,?) [k3(z +y—xx) — éz(z +y)}
— Ot y) — iy +x) + /Oo dzKy(x, 2) [Ql(z +3) — Quy + Z)}

+/ dz{f.!z(z—&-y)—éz(y—kz Ki(z,x) /dz/ dw Ky (x,w)
X{Ql(ererz—x) Ql(ereryfx)}Kl(

Using Proposition 6.1 we easily derive the unique solvability of this homogeneous
integral equation for sufficiently large x, which implies that its solution &;(x +y) —
Q (y+x) vanishes for sufficiently large x. Since in this solution the reflection coefficient
terms cancel out, it follows with the help of (5.15a) and (5.15f) that € (x-+y) — €, (y+x)
is analytic in x for every y and hence vanishes identically. We have thus established
the first of the identities (6.6). The other three identities (6.6) can be proved in a similar
way. (]

7. Symmetry Relations in the Focusing Case

In the focusing case the potential V(x) in (2.2) satisfies the symmetry relations

V(x)Jr =—V(x) or r(x)= q(x)T.

Then the location and Jordan structure of the eigenvalues does not change under complex
conjugation (cf. [14]for n =m =1, [13]for n = 1 and m = 2, and [3, 11] in general),
i.e., if A; is an eigenvalue of H in C*, then )L is an eigenvalue of H in C~ and vice
versa, Wh1le the Hamiltonian H has the same J ordan normal form associated with these
two eigenvalues.

a. Transition, reflection and transmission matrices. The symmetry picture
greatly simplifies in the focusing Zakharov-Shabat case where n = m = 1. Then for
A € R the transition matrices A;(A) and A,(A) are unitary 2 x 2 matrices of unit
determinant which are each others inverses. Thus for A € R we have

[Arl(l) ArZ(A):| _ [ Au(A) Alz(/l)}
As(A) Au(A) —As(A)  An(4)

_ {A”()L) Al3()t)] _ { Aa(A)  —AsA)
Ap(A)  Au(h) —Ap(A)  Aa(A) |7

where all of the entries are scalars. In view of (4.1) and (4.2) we then have

TA)ET(A) =T,(A) =T)(A) = ﬁ, A € C* nota pole.
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With the help of (4.3) and (4.4) we can then arrange the eigenvalues in C™ in such a
way that A; = 4;, so that Q; = Q; and

leS:Ter:%ljS:%era SZOaL"'an*l'

According to Corollary 3.2 all eigenvalues have geometric multiplicity 1, but may have
a nontrivial Jordan structure. Due to the unitarity of the Jost matrices, we have for
AeER

‘I’l(/l,x) = lP4(A,X), \PZ(A’,X) = —lII3(A,X),

(I)l(/l,x) = @4(1,)6), CDZ(A,,)C) = —<I>3(/l,x),

where we have used standard 1,2, 3,4 partitioning of Jost matrices.

In the focusing (generalized) Manakov case where n = 1 and m > 2, the
transition matrices A;(A) and A,(A) are unitary (m + 1) x (m + 1) matrices of unit
determinant which are each others inverses. Thus for A € R we have

An (A) = detA14()L) =An (I) = detA,4(I),

so that

Ty(A) = detT,(A) = Ty(A) = det T,(A), A € C* not a pole.

Moreover,

An(A) = Au(A)T, A eCH,
T,(A) =T,(A)T,

A € C* not a pole.

In the focusing matrix Zakharov-Shabat case (n,m = 1,2,3,...) we obtain for
AeCt

An(A) = A (AT, T;(A) = Ti(A)T, (7.1a)
Au(A) =Au)T,  T.(A) =T,(A)T, (7.1b)
detA, (A) = detA14()L) = detAy (Z) = detA,4(Z). (710)

According to Corollary 3.2 all eigenvalues have geometric multiplicity at most min(r, m) .
Moreover,

Ty =%, T =1t  s=01,...,0—L (7.2)

Using (5.1) and (2.10) we now derive the symmetry relations
K@y) =Ko, Kay) =Koo' y>x (7.32)
G(r,y) =G0, Gy =Gr»,  y<x (7.3b)

In the focusing case the scattering matrix is J -unitary in the sense that

ST =JS(A)"T=J8(A)), A ER,
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which implies (7.1a) and (7.1b) as well as
R(A) = —R(M)T, L(A) = —L(M)T. (7.4)
As aresult of (7.4) and (4.13) we get
Rla) = —R)t, L) =-La)f, aek (7.5)

Thus, as indicated by (7.3) and (7.5), one converts the Marchenko equations (5.2a),
(5.2b), (5.2¢), and (5.2d) into the respective Marchenko equations (5.2g), (5.2h),
(5.2e), and (5.2f) by taking the conjugate transpose.

b. Recovering Marchenko integral kernels from Jost solutions. Our goal is to
generalize the symmetry relations (7.5) as follows:

THEOREM 7.1.  Under the technical hypothesis, suppose the entries of q(x) and
r(x) = q(x)T belong to L'(R). Then the symmetry relations:

Qla)=-Q(a),  Q.(a)=—-Q (), (7.6a)
Qa) = -Q(a)f,  Q(a) = - (a)f, (7.6b)
are satisfied.

Proof. Because of (7.5) it is sufficient to prove the symmetry relations (7.6) for the
bound state contributions to the Marchenko integral equations. But these are analytic
functions of their independent variable. Moreover, choose a sufficiently large x such

that - -
max [max ([~ el [T avigo0l)] <1

Then Proposition 6.1 implies the unique solvability of (6.1a), (6.1d), (6.1f), and (6.1g)
forlarge x. Since, apart from a minus sign, the conjugate transposes of (6.1a) and (6.1d)
coincide with (6.1g) and (6.1f), respectively, the symmetry relations (7.6) follow for
large x. In the same way we can prove the symmetry relations right for sufficiently

negative x. Analytic continuation of the bound state contributions will do the rest.
g

If the resolvent of the Hamiltonian has only simple poles, from (5.9) we now derive
the following symmetry relations for the norming constant matrices:

< T <. T
Ljo = — (Fljo) ) Lo =~ (Frjﬂ) ) (7.7a)
o oA\ T ~ . T
Ljo = — (Fljﬂ) ; Lyjo = — (FrjO) - (7.70)

For general Jordan structure we obtain from (5.15)

g AT g AT
1—‘ljs = - (Fl]v) ; 1—‘rjs = - (Frjs) ) (783)
~ .o\ T ~ RN
B=—(Tw) »  Tu=—(Fs) (7.8b)

where s =0,1,...,0;,— 1.
Summarizing we have proved the following result:
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THEOREM 7.2.  Under the technical hypothesis, suppose the entries of q(x) and
r(x) = q(x)T belong to L'(R). Then the symmetry relations

Qo) = Qla) = —Q(a)t = - ()T, (7.9a)
Q. (o) = Q. () = —Q(a)t = —Q ()T, (7.9b)
are satisfied. Moreover,
. N ¢ N\T
Ty = Dy = — ()T = — (r,,s) , (7.10a)
. - g T
Do =Ty = = (T) = = () (7.10b)
where s =0,1,...,0; — 1.
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