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THE ASYMPTOTIC BEHAVIOR OF FREE ADDITIVE CONVOLUTION
HARI BERCOVICI AND JIUN-CHAU WANG

(communicated by L. Rodman)

Abstract. We provide a new proof of the limit theorem for sums of free random variables in a
general infinitesimal triangular array. This result was proved by Chistyakov and Gotze using
subordination functions. Our proof does not depend on subordination, and is close to the approach
used in the case of arrays with identically distributed rows [5].

1. Introduction

Given two probability measures u, v on the real line R, we will denote by u * v
their classical convolution, and by u H v their free additive convolution. Thus, u * v
is the distribution of the sum X + Y, where X and Y are classically independent
random variables with distributions @ and v, respectively. Analogously, u B v is the
distribution of X + Y, where X and Y are freely independent random variables with
distributions u and v.

A triangular array {uy : n > 1, 1 < k < k,} of probability measures on R is
said to be infinitesimal if

Jim max py({r € R: | > e}) =0,
forevery € > 0. The classical limit distribution theory for sums of independent random
variables is concerned with the study of the asymptotic behavior of the measures

Wy = Un1 * U2 * ..o % Uk, * Oc,, l’l}l,

where 9§, is the point mass at ¢, € R. Hin¢in [12] proved that any weak limit of
such a sequence {u,}5°, is an infinitely divisible measure. Later Gnedenko (see [11]
and [15]) found necessary and sufficient conditions for the convergence of the sequence
{u,}52, to a given infinitely divisible measure.

The analogous free convolutions

Vi = Uni tH W2 H... Ba.unkn & 60,1
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have been also the subject of several investigations. The first result in this direction was
an analogue of the central limit theorem proved by Voiculescu [16]. Later, Pata [14]
proved that the free central limit theorem holds precisely under the same conditions as
the classical central limit theorem. The analogue of HinCin’s theorem, i.e. the fact that
the possible weak limits of v,, are H-infinitely divisible, was proved in [6]. Then it
was shown in [5] that, in case ¢, = 0 and U, = Wp = ... = Un, , the measures U,
have a weak limit if and only if the measures v, do. The correspondence between the
limit of w, and the limit of v, was thoroughly studied in [, 2].

The result of [5] was extended in [10] to arbitrary arrays and centering constants
¢n. The argument in [10] depends on two ingredients. The first is the fact that the
classical centering of the measures in an infinitesimal array balances the real and the
imaginary parts of the Cauchy transforms of the measures. The second is the existence
of subordination functions as in [18, 9, 3].

We will provide a proof of the main result of [10] which makes no use of subor-
dination functions, and is close to the argument of [5]. This approach also works for
multiplicative free convolutions, as shown in [8].

The remainder of this paper is organized as follows. In Section 2 we describe
the calculation of free convolution via Cauchy transform, and we provide some useful
approximation results. The proof of the main result is in Section 3.

2. Preliminaries

Let .# be the collection of all Borel probability measures on R . The free analogue
of the Fourier transform was discovered by Voiculescu [17] (see also [13] and [7]). The
details are as follows. Denote by C* = {z € C : 3z > 0} the upper half-plane,
and set C- = —C*. For a measure u € .# , one defines its Cauchy transform
G,: Ct—-C by

Gulz) = / %du(t), zeC*.
Define the analytic function F,, : C* — C* by Fu(z) = 1/Gu(z). Given a,f8 > 0,
set 'y ={z=x+iyeC": x| <ay} andTop={z=x+iyely:y>p}. In
[7] it is shown that F,(z)/z tends to 1 as z — oo nontangentiallyto R (i.e., |z| — oo
but Rz/Sz stays bounded; in other words, z € Ty, for some o > 0), and this implies
that for every o > 0, there exists a B = B(o, u) > 0 such that F,, has a left inverse

Fy ! defined on Ty g. The Voiculescu transform of the measure u is then defined as

(PH(Z):FJI(Z)*Z, ZEF(X,B.

We have S¢,(z) <0 for z € Ty g, and ¢, (z) = o(|z]) as z — oo nontangentially.
The most important property of the Voiculescu transform is that it linearizes the
free convolution. More precisely, if u,v € .# then

Puemv(z) = ou(z) + ¢v(2),

for all z in any truncated cone I'y g where all three functions involved are defined.
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It was first noted in [6] that for any given cone I'q g, ¢, is defined on I'yp as
long as the measure u puts most of its mass around the origin.

LEMMA 2.1. For every o, 3 > 0, there exists € > O with the property that if
u e A issuchthar u({re R: |t| > €}) < €, then ¢ is definedin Ty p.
The following theorem from [4] translates weak convergence of probability measures in
terms of convergence properties of their Voiculescu transforms.

THEOREM 2.2. Given a sequence {U,}2, C # . The following statements are
equivalent:
(1) w, converges weakly to a measure u € M as n — oo;
(2) there exists a truncated cone Tq g such that functions ¢, and ¢, are defined
in Lop, imy—oo @y, (iy) = Qu(iy) for all y > B, and @y, (iy) = o(y)
uniformly in n as y — oo.
The following result is a reformulation of Propositions 2.6 and 2.7 in [5] which is more
appropriate for our purposes.

PROPOSITION 2.3. Given an infinitesimal array {fy :n > 1,1 < k< k,} C A,
and a, B > 0, the functions ¢y, are definedin Ty g for sufficiently large n, and

s =2 G0 = 2] (14 @)

where the sequence
va(2) = I<I}ca<x [V (2)]

1<k<hn
satisfies 1im, oo vy(z) = 0 for all z € Ty g, and v,(z) = o(1) uniformly in n as
z— 00, z€lyg.
Recall that a measure v € . is said to be H -infinitely divisible if for each n € N,
there exists a measure U, € .# such that

v=u,Bu B ...Bu, .

n times

The notion of - infinite divisibility is defined similarly. The well-known Lévy-Hinc¢in
formula characterizes the *-infinitely divisible measures in terms of their Fourier trans-
form as follows: a measure Vv is x-infinitely divisible if and only if there exist y € R
and a finite positive Borel measure ¢ on R such that the Fourier transform ¥ is given

by
Con ) o e itx 1+ x?
V(1) = exp {zyt—&— /700 (e 1 1 +x2) - do(x)|, teR.

Here (™ —1— {&;) 1;'”2 is interpreted as —#>/2 for x = 0. We will denote by v.'°
the *-infinitely divisible measure determined by y and o. The free analogue of the
Lévy-Hincin formula is proved in [7]. A measure v € .# is H-infinitely divisible if

and only if there exist ¥ € R and a finite positive Borel measure o on R such that

¢V(Z):y+/"° 1+1z

feo T

do(t), zeC". (2.1)
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We will denote the above measure v by vk’ . The following result is from [8]. We
reproduce the short proof here because we actually require inequalities (2.2) and (2.3).

LEMMA 2.4. Consider a sequence {r,}2°, C R and two triangular arrays {z :
n>2 1, 1<k<k}, {wu:n=1,1<k<k,} of complex numbers. Assume that
(1) Sw=0,forn>1and 1 <k<k,.
(2)
nk = Wnk(l + Enk)>
where

& = max |yl
1<k<kn

converges 1o zero as n — 0o.
(3) There exists a positive constant M such that for sufficiently large n,

‘?ank | < M%Wnk.

Then the sequence {r, + le":l Znk } o2, converges if and only if the sequence
{r. + Zi’;l Wik 122, converges. Moreover; the two sequences have the same limit.

Proof. The assumptions on {zu }nx and {wyy o imply

kn kn kn
’ (rn + Zznk> - (rn + Z Wnk) < 2(1 + M)gn (Z %Wnk> ) (22)
k=1 k=1 k=1
kn

kn
(1 — & — Mgn) (Z %Wnk> < Z %an
k=1 k=1

for sufficiently large n. If the sequence {r, + Zi": | Znk}o2) converges to a complex
number z, (2.3) implies that {Z],i”: | Swak}52, is bounded, and then (2.2) shows that the
sequence {r, + lein:l wak 152, also convergesto z. Conversely, if {r, + Zi": LWk Fa2
converges to z, then the sequence {Z],z”: | Swak}2, is bounded and hence by (2.2) the

and

; (2.3)

k
sequence {r, + Y " Zu }oo, convergesto z as well. O

3. Proof of the Main Result

Given an infinitesimal triangular array {t : n > 1, 1 < k < k,} C A , define

constants
Apk = / td“nk(t)a
[r]<1

dl‘_’tnk(t) = dﬂﬂk(t + ank)-
Note that max;<k<, |[an| — 0 as n — oo, and this implies that {{,, }.x is also an
infinitesimal array. Define the analytic function

and measures [, by

fue(z) =2 {Gﬁnk(z) - é] , zeC,
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and the real-valued function

(tfa,,k) 2
bﬂk(y) = / ankd,unk(t) +/ - dﬂnk( ) y > 1.
lf>1 =1 Y2+ (= aw)?

Observe that Sfx(z) < 0 if Sz > 0, and fx(z) = o(|z]) as z — oo nontangentially.
The following lemma is related with a calculation in Section 4 of [10].

LEMMA 3.1. For y > 1, we have forall n € N,
R [Fuic(iy) — bk (9)]] < 2[Sf (i),
and for sufficiently large n,
(R (iy)] < 3+ 6y) [Sf e (iy)]
where 1 < k < k,.

Proof. Note thatfor y > 1,and n € N,

° — ay, 2 . ° — ay, 2
fuli) = [ fi”y)zdunw)—l / (Oi”yzdunku).

—00 Y +(t_a"/< —o0 t_ank)2+y

Moreover, since flr\<1 — Q) A (1) = f\t|>1 ani At (1) , we have

— 4 )y
R [Fux (i) — b (»)]| = /z<1 [07"”2 A () — (1 — ank)] (1)

Y2+ (1 — an)

—(l — Clnk)3
S L .
/z<1 ¥+ (f — aw)? )

Note that the infinitesimality of the family {fu }nx, implies that there exists N € N
such that |a,| < 1/2,forall n > N, 1 < k <k, . Therefore, for n > N,

‘/ ankdﬂnk(t)
t]>1

< 2[Sfmeiy)] -

< aw| (14 4y2)/ ZULMVZ A (1)
=1 Y2+ (t — an)

442
<! *y Y (i) < (1 -+ 4y) [9fuiv)]

and since 2x* > |x| when |x| > 1, we have

/ ) _dﬂnk()
\

<2y S (iy)] -
1|>1 V24 (= aw)?

Hence the second inequality follows. (]

LEMMA 3.2. Given B > 1, let T'y g be a truncated cone where all the functions
Oy, are defined, and let {c,};2, be a sequence of real numbers.
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(1) Foranyy > [, the sequence {c,+ Z:” L Oy (@)}, converges if and only

the sequence {c, + S\ lam + fux(i¥)]}52, converges. Moreover; the two
sequences have the same limit.

@) I

kn

o0 l2
L =su du < 00,
n}f;;/ 1+ [2 nunk( )

then c, + Zi"zl Ou, (iy) = o(y) uniformly in n as 'y — oo if and only if
cn + Zi":l [@nk + fux(iy)] = o(y) uniformlyin n as y — oo.
Proof. Fix y > P . Applying Proposition 2.3 to {{i,; }nx, we have

= Ouy (1Y) + @ = =g, (1y) = —fue(iy) - (1 + v (iy)), (3.1)

where functions

va(iy) = lg}ca\ﬁn Ve (i)
converge to zero as n — oco. Then (1) follows from Lemma 3.1 and Lemma 2.4 by

choosing zu = — @y, (iy) + aw , W = —fu(iy) and r, = —c, — i”:l Ak -
We next prove (2). From (3.1), we have

2 (1) = Wi (iy) - (1 + v (i),

where z,,(iy) = — O (i) + @nk + bk (y) + bur(y) vk (i) , and wy, (iy) = —fu(iy) +
buk(y) . Lemma 3.1 implies that for all n € N, and 1 < k < k,,

[Rwie (i) < 21Sfwm(iy)], vy > B.

Since max<i<k, |anw| — 0 as n — oo, there exists N € N such that |a| < 1/2, for
all n >N, 1 <k<k,. Therefore,forn >N,andy > > 1

kn
by it (
;\ k()| Z/r|>12 ok (2 +yZ/t>l
< (14y) Z/ L d (o) SyZ/ — dp(1)
t

=12

ank)y

m diu(t)

k

~ (l — Clnk)

< Sy / ———— 5 dlu 5yL.
Z i1 L+ (1= aw)? 0 <

Since v, (iy) = o(1) uniformlyin n as y — oo, by decreasing the cone we may assume

that v,(iy) < 1/6, for all y > B, and n € N. Define r,(y) = —c, — i”lank —

Zﬁ": 1 bur(y) . Replacing r,, Zuk, war by 1), 2, and wi, respectively in inequalities
(2.2) and (2.3), we deduce that

kn kn kn
|<Z ¢u,,k(iy>> - (Z [k +fnk(iy>]> <D Sfliy)| + SyLva(iv),
k=1 k=1 k=1
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and
1 kn kn
5 122 )| < D S, ()| + SyLva (i),
k=1 k=1

forall n > N, and y > f. Hence the result follows from the facts that v,(iy) = o(1)
uniformly in n as y — oo, and that (2) holds uniformly for 7 in a finite subset of N.
O

Fix a real number y and a finite positive Borel measure o on R. Recall that the
measure v (resp., vi'”) is the B -infinitely divisible (resp., *-infinitely divisible)
probability distribution discussed in Section 2.

THEOREM 3.3. Foraninfinitesimal array {t }nx C A andasequence {c,}>°, C
R, the following statements are equivalent:

(1) The sequence ) B, B ... By, BS,, convergesweakly to Vi ;

(2) The sequence Ly * tpy * . .. * Wy, * O, converges weakly to vi'°;

(3) The sequence of measures

do,(1) = T dit (1)

converges weakly on R to o, and the sequence of numbers

kn

<t
homent 3 Jout [ ]
k=1 -0

convergesto Y as n — o0.

Proof. The equivalence of (2) and (3) is classical (see [11, 15]). We will prove the
equivalence of (1) and (3). Assume that (1) holds. By Theorem 2.2, there exist o > 0
and 8 > 1 such that ¢, are defined on Iy, g, and we have

nlingo Pt Byt ... By, B, (1Y) = ¢VYE=3°(iy)> y>B.
Since
kn
Pt Byt ... By, B, (2) = € + Z Ou, (2), 7€ Typ,
=1
we have

kn
lim (cn +y ¢unk(iy)> = o (i),

k=1

forall y > f,and ¢, + Z:":l Ou,, (iy) = o(y) uniformly in n as y — co. By Lemma
3.2,

kn
nlinolo (cn + Z [@nk Jrfnk(iY)}) = ‘Pvg’(i)’)a y>B. (3.2)

k=1
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Note that for z € C*, n € N,

We conclude that

kn o
¢+ Z [ank +fnk(Z)] =Y + / L+ ttZ dO',,(t). (33)

k=1 —oo L7

Since fu(z) <0 for z € CT, {c, + Z:":l [@nk + fuk(2)]}52, is a normal family of
analytic functions in C*, and from (3.2) the sequence has pointwise limit ¢ y.c(z) for

all z =iy, y > fB. Itis an easy application of the Montel Theorem that (3.2) holds
uniformly on compact subsets of C*. Hence (3.3) and (2.1) imply, at z = i, that

1+
lim 0,(R) = lim i

n— oo n—oo J_ 1 —+ t2

kn

= nli)n;o -3 (Cn + Z [k +fnk(i)]>
k=1

= ~S0,0()

= o(R).

doy, (1)

Thus,
kn

o0 l2
L =supo,(R) =su / —du,, (1) < oo.
sup 0, (R) n}g; T W)

By Lemma 3.2, this implies that ¢, + le": | lank + fur(iy)] = o(y) uniformly in n as
y — o0. For y > B, n € N, note that

1442

oz [ Fhaom =19 ( 3 o +fnk<iy>1> .
2 —oo ¥ H 1 y P

Since ¢, + Zi”zl [@nk + fuk(iy)] = o(y) uniformly in n as y — oo, we conclude that
{0,}2, is atight family. Let o’ be a weak cluster point of {0,}5°, and consider a
subsequence {0',1]. =1 that converges weakly to o’. Hence, forany z =x+iy € [y p,
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we have
0o k”j
/ Mﬁ(l +7)do'(t) = — lim | e + > [anjk + [k (x + iy)
—o0 y Y =1
= —S¢ro(x+iy)
2]
Y D T
e =122 '

Therefore, the Poisson integrals of the measures (1 + #2)do’(t) and (1 + £2)do(t)
are identical since they coincide on an open subset of C*. Thus, ¢’ = o. Since the
tight family {0,}52, has a unique weak cluster point, they must converge weakly to
o . Moreover, we deduce that lim, o ¥, = ¥ from (3.2) and (3.3).

To prove the converse, assume the sequence of measures {0,}5°, converges
weakly to o and the sequence {y,}>°, convergesto y as n — 0. Then {0,}2, is
a tight family and in particular

L = sup 0,(R) < 0.
From Lemma 2.1 and the infinitesimality of the array {Lu }n . there exists a truncated
cone 'y g with B > 1 such that all ¢, are defined in I';s gr. Combine the
inequality
1+ lty

<Y, teER, y=1.
iy —t

with (3.3) to obtain

n—oo

kn
lim (cn + Z Ank +fnk(ly)]> = ‘Pvg(i)’% y > B/'
k=1

Hence by Lemma 3.2,

lim (c,, + Z Ou,, (Iy > = ¢Vyaéa (iy), y>p.

n— 00
k=1

Also, note that forany M > 0 and y > 8’ > 1, we have

kn

1 . |a] 1/“ 1+ ity
—|n + Ank +fnk y < —+ - " dO'n t
y ;[ (iy)] el B b (1)

[l L4y

+— do, (1) + o, ({|t| = M})
y ll<M \/y* + 1
. 1+M
< m+7( Y 4 ou({le] > MY).

y

Therefore, it follows from the convergence of {y,}5°, and the tightness of the family
{o,}3°, that cn+zk” [ane + frux(iy)] = o(y) uniformlyin n as y — oo . By Lemma
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3.2 again, ¢, + le?,: 1 Ou (i) = o(y) uniformly in n as y — oo. Statement (1) now
follows from Theorem 2.2. ]
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