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PROOF OF BOTTCHER AND WENZEL’S CONJECTURE
SEAK-WENG VONG AND XIAO-QING JIN

(communicated by L. Rodman)

Abstract. In 2005, Bottcher and Wenzel raised a conjecture that if X and Y are any two real
n-by- n matrices, then || XY — YX||3 < 2||X||%[|Y||% where ||- || denotes the Frobenius norm.
They proved this for the case of 2-by-2 matrices. Later, Ldszl6é proved the conjecture for the
case of 3 -by-3 matrices. In this paper, we prove the conjecture for general n-by-n matrices.

1. Introduction

Béottcher and Wenzel proposed the following conjecture in [1]: the upper bound of
the Frobenius norm of the commutator of any two n-by-n real matrices X and Y is
given by

XY — YX|[7 < 2|IX|[F]Y]|7-

They also proved that the inequality is true for the case of n = 2. Very recently, Laszlo
[3] proved the conjecture for the case of n = 3. In this paper, we prove the conjecture
for general n. In next section, for simplicity, we will give a detailed proof of the
conjecture for the case of n = 3. An outline of the proof for general n can be found in
Section 3. We emphasize that our proof for the case of n = 3 is completely different
from that provided in [3]. As to our knowledge, the technique of [3] cannot be applied
to prove the conjecture in the general case.

2. The proof

Our analysis will show that the conjecture has close connection with the Cauchy-
Schwarz inequality [2]. To get a sharper bound, the difference between the two sides of
the Cauchy-Schwarz inequality has to be taken into account. The following Lagrange
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identity [3] serves this purpose:
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It will be used repeatedly throughout our analysis.

For n = 3, let X = USV be the singular value decomposition of X where
S = diag(sy, s2,53) and U, V are (real) orthogonal. Denote
B=VYVI =[blli.,,  Q=VU,  C=0Q'BO= el
Note that Q is also orthogonal. By the Cauchy-Schwarz inequality,
|XY — YX||2 = ||USVY — YUSV||% = ||SB — CS||%
= (s1b11 — sic11)? + (s1bia — s2c12)* + (s1b13 — s3¢13)?
+(s2b21 — s1¢21)* + (s2b22 — $2622)* + (s2b23 — 53¢23)°

+(s3b31 — s1¢31)% + (s3b32 — $2032)? + (5333 — $3033)°

/A

(s7h1, + sicty — 2stbuicnn) + (57 + 3) (b1, + ¢1,)

+(st +53) (05 + cfy) + (53 + s1) (B3, + 3))

+(53b3, + 5363, — 253bncn) + (53 + 53) (b33 + ¢35)

(53 +57) (B3 + ¢31) + (55 + 53) (b3, + ¢3,)
(

+ S3b33 + S3C33 2S%b33€33)

3
= > sJZAJ
j=1

A =DbE+c—2bye+ Y DL+ e+ > i+ > bl (1)
k7j k7j k#j k7j
for j = 1,2,3. The conjecture follows if we can prove that

A; < 2||B|I7, j=1,2,3.

The rest of the proof will concentrate on this claim. Without loss of generality, we only
carry out our analysis on A .

where

Let q = (q1,q2,93) be the first row of QT and r; be the i-th row of B, i.e.,
r
B= [bij]?le = | I
I3
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Then we have by the fact that Q is (real) orthogonal,

3
kZlc%k = |aBO|3 = |laB3
= qilr1l3 + g3lle2l3 + B3 lIrsll3 + 2q142x1 - ¥3 + 2q1g311 - ¥5 4 2929375 - 1,
and

3

> i =1@" B 3= aB" 3= (q- )+ (q-13)* + (q -1} (2)
k=1

On the other hand, since

cin=q-(r 'ClT7 - ClT, I3 'qT)T,

we have by using the Lagrange identity and ||q|j> = 1,

i = llal3[r-a")? + (2 @ + (s q")’]
2 2 2
e @ | | @ e | | @ g
ri-q" r-q ri-q" r;-q” r2-q" r;-q"
= (q-r)*+(q-13)° + (q-15)* = Lo — I3 — I, (3)
where
2 2 2
I, = q1 q2 Jin = q1 q3 I q2 q3
2= , I3 = y ha =
ri-q" r;-q" ri-q" r;-q" r;-q" r3-q"
Substituting (3) into (2), we obtain
&3+ 3 =T+ I3 + bs.
Thus for j = 1, (1) can be rewritten as
Ay = HB||12E - b%z - b§3 - b%z - b%z - 2[‘1' (r1 'qT> rp- qT> r3 'qT)T}bll

+qi|Ir1 (3 + g3llr2ll3 + g31ir3]3 + 210ty - ¥) + 2qugary - ¥% + 2gagars 1Y

+1p + I3 + D3 (4)

Now notice that the sum of the terms coming from ¢ must be less than [|B||z. To

find the difference between them, the Lagrange identity comes into play again. More
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precisely, we have

2q1gory - 13 + In
_ T _ _ _ 2
=2qi1qor1 - T3 + [q1(q1ba1 — g2b11) + q2(q1bn — q2bi2) + q3(q1b23 — q2b13)]

<2q1gor1 - 15 + [19]13| (91621 — 2b11)* + (91622 — G2b12)* + (q1b23 — qzblz)z}

2
_ q1 q2 _ q1 q3
(q1b21 — q2b11) (q1b22 — q2b12) (q1b21 — @2b11)  (q1baz — q2b13)
= qille2ll5 + @3ller 13 — 122 — J12s
with
2
Jip = o 7
' (q1b21 — g2b11) (q1bn — qob1a) |’

q1 q3
qiby — g2b11) (q1b23 — q2bi3)

Jiozg = ’ (
2q1q3ry -5 + I3
=2q1q311 - 15 + [q1(q1b31 — q3bi1) + q2(q1b32 — q3bi2) + q3(q1b3s — q3bi3))?

<2qi1q3ry -l + |qlf3 {(411731 — q3b11)? + (q1b32 — @3b12)* + (q1b3s — 1131713)2}

_ ‘ q1 q2 ? _ ‘ q1 q3 2
(q1b31 — q3b11) (qi1b32 — q3b12) (q1b31 — q3b11) (q1b33 — q3b13)
= q3|Irs]13 + G3lir1l)3 — Ji32 — 133
with
2
Jiz, = ’ q1 q2
' (q1b31 — q3b11) (q1b2 — q3ba) |’

q1 q3
qib31 — q3bi1) (q1b33 — q3bi13)

Jizz = ’(

and similarly
2¢2q3%2 - 15 + Iy < g3 |23 + g3 3
Putting all these inequalities into (4), we get
Ar < 2||BIE = b3, — b33 — b3, — b3y — 24ibt) — 2q3bnby — 2¢3buibs
—2q2q3(b23 + b32)b11 — 2q192(b12 + b21)b11 — 2q1q3(b1s + b31)bir - (5)
—Jiop —Jio3 — Ji3p — Ji33.

We must find negative terms to dominate —2q1q2(b12 + b21)b11 — 2q193(b13 + b31)b11
and those terms, in fact, can be absorbed in the “J” terms. However, it is not trivial
to estimate the proportion to which these terms should be associated to the “J” terms
although it turns out to be quite intuitive.




PROOF OF BOTTCHER AND WENZEL’S CONJECTURE 439

We first notice that A; < 2||B||% obviously holds when ¢? =1 (ie., ¢ = g3 =
0). Therefore, in the following, we assume that g7 # 1 and denote M*> = ¢3+¢3 > 0.
We have

2
—J122 — 2q1q275 (b1z + ba1)b1
_ 40 o N2 2 2
= —q3b1, — (q192b21 + q1g2b12 qlbzz) + 26121711(6116]21921 + q192012 — q1b)
29142 (blz + ba1)b1y + 2q2 bnbzz — 26]2 bnbzz

- [6116]21921 + q1q2b12 — qib — <MMZI>CI%b11}
2
g8, — a0 2R it
q2
—J135 — 2q19335 (b1 + b31 )by
= —43b?, — (q193b31 + q193b13 — 6]%33)2 + 2¢3b11(q193b31 + q193b13 — ¢3b33)
2
*26]1613 (b13 + b31)b1 + 2q3 b11b33 — qu%bnbﬁ
- 2
( Ve 1>61§b11}

2
+M4 gibi, — q3b1) — 243 1=b11b3s;

- [6116]31931 +qiq3b13 — ¢

—J123 — 2929345 (q3b21 + q2b13)b1
= - @33, — (Q1q3b21 + q192b13 — @3b23)? + 2g2q3b11 (q1G3b21 + q1g2b13 — GFb23)
2 2
—2g2q33% (q3ba1 + q2b13)b11 + 2G2q3 15 b11b23 — 2423 15 b11b23

2 2
(MMz U gagsbii

—|q1q3b21 + q1qob13 — ¢bos —

2
+M4 B — BEBb — 20203 ybubos;
and
—J132 — 2929315 (q2b31 + q3b12) b1
= —@3@3b3, — (1q2b31 + q1q3bi2 — ¢1b32)? + 224311 (q1G2b31 + q1q3b1a — G3b3a)

2 2
—2¢2q3 15 (q2b31 + q3b12) b + 2q2q5 3= bbby — 292g3 3 b11bx

- 2
—|q1q2b31 + q1g3b12 — ¢ib3 — (MMz Dgrgsbi
2
+M4 BabY — BB — 26293 34b1ibs.
It is easy to see that
2 2
2q1q2 1% (b12 + b21)b11 4 2q1q37% (b13 + b31)buy

+2¢2q3 15 (@3b21 + q2b13) b1y + 2629315 (q2b31 + q3bi2)biy
= 2q192(b12 + b21)b11 + 2q193(b13 + b31)by;.
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Substituting all these into (5), we finally obtain
A < 2|Bllf — b3, — b33 — b3, — b3y — 245b%, — 2¢5b11bay — 2q3bnb3s
—2q2q3b23b11 — 2q2q3b32b11 + %q%b%l — q3b}, — quﬂql_%lbllbzz + %Q§b%1
— B — 243 by + S BRB — BAY — 20245 fbubas + ik q3gih
—~33b1) — 29243 ﬁ—ibnbsz
= 2BI} — 53, — bRy — By — b+ (S — 1)(a3 + ) — 243] 3,
—2¢5(1 + A‘i—%z)bubzz —2¢5(1 + A‘i—%z)bubaz —2g2q5(1 + 131—%2)(1923 + b3)b1y
= 2HB||12,: - b%z - b§3 - b%z - b%} +[(1- M2)2 - M* - 2(1 = Mz)]b%l
— 5 (@32 + G3b33 + q2q3(bas + bx)|b1

< 2|B||F — b1, + M4 (43 + q3 + 24543)b7, = 2||B||7-

3. OQOutline of the proof for general n

We are going to give an outline of the proof of the conjecture for general n. Denote
B=vyv' = b}, Q=VU, C=0Q"BO = [}

For n > 3, we have similarly,

Xy = ¥x|p < 35
j=1

where
Aj = bjzj +Cjzj 721)}‘}‘0}‘}‘ + Z jk + chj + Z jk + Zbk]a
kj kj k#j kj
for j = 1,2,...,n. Once again we consider A; only. Let the first row of Q7 be

q = (q1,..-,gn) and ry,...,r, be the rows of B. Then by a similar argument as for
n = 3, we obtain the following analogue of (4):

BIE -SSR - 2[a- (r1-a”,ma - a0

k=2 (=2 (6)
+qullrlllz+2Zqukrl rk+ZZI,k,
i=1 k>i i=1 k>i
where )
I'k — CII CIk
: ri-q" ro-q"
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Moreover, we have for k > 1,

2qiqiry - xp + I

n 2
=2q1qury - T] + [Z i(q1byj — kalj):|

2
T 2 2 - a q
< 2qiqery -1 + ||(1||2{Z(611bk1 qibyj) } -
f_ a1 — b1y qibu — qibie
= qil|eell3 + gillei]5 — ;:Zflk,f
with
2
Jike = N a
’ q1b — qib11 qibre — qibig
For i # 1, k > i, we have
2qiqur; - v + Lic < g7 ||rell3 + gl
Note that
Zq, Iei]15 + Z > (@ lIrell3 + gzlieill3) qu e 15 + Z > a3 = 1Bz

i=1 k>i i=1 k#i

Putting all of these into (6), we obtain the following inequality which is similar to (5),

Al g 2”3”%7221)“ [ q 7...,l'n~q ]bllfzzjlk(

k=2 (=2 =2 (=2
= 20BIF =YD bi— 24101 —2( DY qkarbue)bu
k=2 (=2 k=2 (=2
[qu]k (bix + bi1) }bn - ZZ-’IM (7)
k=2 =2 (=2

To dominate —2 [ S qigr(bi + bkl)}b“ in (7), once again we note that A; <
k=2

2||B||% obviously holds when ¢ = 1 (i.e., g2 = - - - = g, = 0). Therefore, we assume
that ¢} # 1 and denote M> = g3 + --- + g2 > 0. Thus, we have for k, ¢ > 2,

—Jike — 2qiqe i (qebia + qibie)biy
= —q:q?b%, — (1qebi1 + q1gkb1e — @3bke)? + 2qiqebii (1qebi + q1qxb1e — ¢3bre)

2 2
—2q1q0 5 (qeby + qibre) by + 2qkqe = bribre — 2qrqe gz bi1bie

2 2
—|q19bx1 + q1qib1e — @3bk — <Mle>q;<<Iebn} + A q;ﬂgbﬁ 93 q;bi,

2
—2qq0 i b11bxe,
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and

2 Z ZCMH (qebii + qibie)bin = 2 [Z Q19x(bu + bkl)}bu
k=2 (=2 k=2

We remark that the above choice is inspired by the case when ¢ = k. In such
case, a g7/M? proportion of 2qiqi(bix + bx1)bi11 is grouped into Jixx. Although it
is intuitive, it seems not straightforward to introduce a term in the denominator. We
finally arrive at

Ar < 2|BlE - Z: Z: by — 2q1b1, — 2( X0 3 qrqebre) bun

k=2(=2

n n 2
+3 Z(Ma arqibt, — 4;qibt — 2qkqeebiibie)
k=2 (=2

~ 2Bl - 3 b+ [( D3 ) (3 ) - 23]

(=2
n o n 2
=237 3 qrqe(1 + 3 )b1ibie
k=210=2
= 20BIF— 3 X b+ (1= M - M2 ) By

n n
*% D> qrqebiibie
=2 i=2

n n
2|BI|I — b1, + #(kzzgqm) 1 = 2Bl

/A
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