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Abstract. In this note the anisotropic maximal operator and anisotropic Riesz potentials gen-
erated by the generalized shift operator are investigated in the anisotropic B -Morrey space
Lp,λ ,γ (Rn

k,+) . We prove that the anisotropic B -maximal operator Mγ is bounded on the

anisotropic B -Morrey space Lp,λ ,γ (Rn
k,+) . Also the anisotropic B -Riesz potential Rαγ is

bounded from the anisotropic B -Morrey spaces Lp,λ ,γ (Rn
k,+) to Lq,λ ,γ (Rn

k,+) if and only if

1/p− 1/q = α/(|a| + (a, γ ) − λ) and 1 < p < (|a| + (a, γ )−λ)/α , and its modified version
R̃αγ is bounded from the anisotropic B -Morrey space to the anisotropic B -BMO space. Further-
more, we obtain some imbedding relations between the space Lp,λ ,γ (Rn

k,+) and the anisotropic

B -Stummel-Kato class Sp,θ,γ (Rn
k,+) .

Introduction

The classical maximal operator and Riesz potentials are important technical tools
in harmonic analysis, theory of functions and partial differential equations. The max-
imal operator, singular integrals, Riesz potential and related topics associated with the
Laplace-Bessel differential operator

ΔB =
n∑

j=1

∂2

∂x2
j

+
k∑

i=1

γi
xi

∂

∂xi
, γi > 0, i = 1, . . . , k

have been investigated by many researchers, such as B. Muckenhoupt and E. Stein
[20], I. Kipriyanov [17], I. Kipriyanov and M. Klyuchantsev [18], K. Trimeche [25], L.
Lyakhov [16], K. Stempak [24], A. D. Gadjiev and I. A. Aliev [8, 2], I. A. Aliev and S.
Bayrakci [3], A. Serbetci and I. Ekincioglu [23], V. S. Guliyev [10]–[12], V. S. Guliyev
and J. J. Hasanov [13], [9] and others.
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Morrey spaces play an important role in the theory of partial differential equations.
The classical Morrey space Lp,λ (Rn) was introduced by C. B. Morrey in [19] to study
the local behavior of solutions to second order elliptic partial differential equations. In
[6] F. Chiarenza and M. Frasca proved the boundedness of maximal operator M, and
in [1] D. R. Adams proved the boundedness of the Riesz potential Iα on the classical
Morrey spaces. The Morrey space Lp,λ ,γ (Rn

k,+) (B -Morrey space) associated with the
Laplace-Bessel differential operator was studied by V. S. Guliyev in [11]. In [13] V. S.
Guliyev and J. J. Hasanov proved the boundedness of the B -maximal operator Mγ and
B -Riesz potential Iαγ on the B -Morrey spaces Lp,λ ,γ (Rn

+) in the isotropic case.
In this paper we deal with the anisotropic B -maximal operator Mγ and anisotropic

B -Riesz potentials Rα
γ on the anisotropic B -Morrey spaces Lp,λ ,γ (Rn

k,+) . If we take
ai = 1 , i = 1, n in the results obtained herewe get the same results for the isotropic case.
We prove that the anisotropic Mγ is bounded on the anisotropic Lp,λ ,γ (Rn

k,+) , 1 � p <
∞ . We obtain necessary and sufficient conditions for the operator Rα

γ to be bounded
from anisotropic Lp,λ ,γ (Rn

k,+) to Lq,λ ,γ (Rn
k,+) and from anisotropic L1,λ ,γ (Rn

k,+) to
weak anisotropic B -Morrey space WLq,λ ,γ (Rn

k,+) . Also we prove that the opera-

tor R̃α
γ is bounded in the anisotropic Lp,λ ,γ (Rn

k,+) to anisotropic B -BMO spaces.
Furthermore, we establish some imbedding relations between the spaces anisotropic
Lp,λ ,γ (Rn

k,+) and the anisotropic B -Stummel-Kato class Sp,θ,γ (Rn
k,+) . We prove that

Lp,λ ,γ (Rn
k,+) is contained in Sp,θ,γ (Rn

k,+) if |a| + (a, γ ) − θ < λ < |a| + (a, γ ) ,
while, in the case ϕ(t) ∼ tδ the belonging of f to Sp,θ,γ (Rn

k,+) is equivalent to
f ∈ Lp,|a|+(a,γ )−θ+δ,γ (Rn

k,+) .

1. Preliminaries

Let R
n
k,+ = {x = (x1, ..., xn) ∈ R

n : x1 > 0, . . . , xk > 0, 1 � k � n} , and γ =
(γ1, . . . , γk), γ1 > 0, . . . , γk > 0 , a = (a1, . . . , an) ∈ (0,∞)n, |a| =

∑n
i=1 ai ,

(a, γ ) =
∑k

i=1 aiγi . For x �= 0 , let |x|a be a positive solution to the equation∑n
j=1 x2

j |x|−2aj
a = 1 . Note that |x|a is equivalent to

∑n
j=1 |xj|

1
aj , i.e.,

c1|x|a �
n∑

j=1

|xj|
1
aj � c2|x|a

for certain positive c1 and c2 (see [4]).
For a measurable set E ⊂ R

n
k,+ let E(x, r) = {y ∈ R

n
k,+ : |x − y|a < r} ,

E(0, r) = Er , and |Er|γ =
∫

Er
(x′)γ dx , then |Er|γ = ω(n, k, γ )r|a|+(a,γ ) , where

ω(n, k, γ ) =
∫

E1

(x′)γ dx = 2−kπ
n−k

2 Γ−1

( |a| + (a, γ ) + 2
2

) k∏
i=1

Γ
(
γi + 1

2

)
.

The generalized shift operator Ty is defined by (see, for example [15, 17])

Tyf (x) = Cγ ,k

∫ π

0
. . .

∫ π

0
f
(
(x′, y′)β , x′′ − y′′

)
dν(β),
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where dν (β) =
k∏

i=1
sinγi−1 βi dβ1 . . . dβk , x′ = (x1, . . . , xk) ∈ R

k,

x′′ = (xk+1, . . . , xn) ∈ R
n−k, (xi, yi)βi = (x2

i − 2xiyi cosβi + y2
i )

1
2 , 1 � i � k,

(x′, y′)β =
(
(x1, y1)β1 , . . . , (xk, yk)βk

)
and Cγ ,k = π− k

2

k∏
i=1

Γ( γi+1
2 )

Γ( γi
2 ) .

Let Lp,γ (Rn
k,+) be the space of measurable functions on R

n
k,+ with finite norm

‖f ‖Lp,γ = ‖f ‖Lp,γ (Rn
k,+) =

(∫
R

n
k,+

|f (x)|p(x′)γ dx

)1/p

, 1 � p < ∞.

For p = ∞ the space L∞,γ (Rn
k,+) is defined by

‖f ‖L∞,γ = ‖f ‖L∞ = esssup
x∈Rn

k,+

|f (x)|.

Let 1 � p < ∞ . By WLp,γ (Rn
k,+) we denote the weak Lp,γ spaces defined as the

set of locally integrable functions f with the finite norms

‖f ‖WLp,γ
= sup

r>0
r
∣∣{x ∈ R

n
k,+ : |f (x)| > r

}∣∣1/p

γ .

It iswell known that Ty is closely related to the Laplace-Bessel differential operator

ΔB =
n∑

j=1

∂2

∂x2
j
+

k∑
i=1

γi
xi

∂
∂xi

. Furthermore, Ty generates the corresponding B -convolution

(f ⊗ g)(x) =
∫

R
n
k,+

f (y) Tyg(x)(y′)γ dy

for which the Young inequality

‖f ⊗ g‖r,γ � ‖f ‖p,γ ‖g‖q,γ , 1 � p, q, r � ∞,
1
p

+
1
q

=
1
r

+ 1

holds.

LEMMA 1. Let 1 � p � ∞ . Then for all y ∈ R
n
k,+

‖Tyf (·)‖Lp,γ
� ‖f ‖Lp,γ

.

Proof. Firstly, we prove the lemma in the case p = ∞ :

|Tyf (x)| � Cγ

π∫
0

∣∣∣∣f (x′ − y′,
√

x2
n + y2

n − 2xnyn cosα
)∣∣∣∣ sinγ−1 αdα

� ‖f ‖
L∞
(

R
n
k,+

) Cγ

π∫
0

sinγ−1 αdα = ‖f ‖
L∞
(

R
n
k,+

) .



468 J. J. HASANOV

Then
‖Tyf ‖

L∞,γ
(

Rn
k,+

) = ‖Tyf ‖
L∞
(

Rn
k,+

) � ‖f ‖
L∞
(

Rn
k,+

) .

Secondly,let p = 1 . Then we have

‖Tyf ‖
L1,γ
(

Rn
k,+

) =
∫

Rn
k,+

|Tyf (x)| (x′)γ dx �
∫

Rn
k,+

Ty |f (x)| (x′)γ dx

=
∫

Rn
k,+

|f (x)| (x′)γ dx = ‖f ‖
L1,γ
(

Rn
k,+

) .

Applying the Riesz-Thorin theorem, for all y ∈ R
n
k,+ we get

‖Tyf (·)‖
Lp,γ
(

Rn
k,+

) � ‖f ‖
Lp,γ
(

Rn
k,+

) .

�

LEMMA 2. For all x ∈ R
n
k,+ the following equality is valid∫

E(x,t)
g(y)(y′)γ dy = C−1

γ ,k

∫
B((x,0),t)

g

(√
z2
1 + z2

1, . . . ,
√

z2
k + z2

k , z
′′
)

dμ(z, z′),

where B((x, 0), t) = {(z, z′) ∈ R
n×(0,∞)k : |(x1−

√
z2
1 + z2

1, . . . , xk−
√

z2
k + z2

k , x
′′−

z′′)|a < t} , dμ(z, z′) = (z′)γ−1dzdz′ , dz′ = dz1 · · · dzk , (z′)γ−1 = (z1)γ1−1 · · · (zk)γk−1 .

LEMMA 3. For all x ∈ R
n
k,+ the following equality is valid∫

Et

Tyg(x)(y′)γ dy =
∫

E((x,0),t)
g

(√
z2
1 + z2

1, . . . ,
√

z2
k + z2

k , z
′′
)

dμ(z, z′),

where E((x, 0), t) = {(z, z′) ∈ R
n × (0,∞)k :

∣∣(x − z, z′
)∣∣

a
< t} .

The proof of Lemmas 2, 3 is straightforward via the following substitutions

z′′ = x′′, zi = xi cosαi, zi = xi sinαi, 0 � αi < π, i = 1, . . . , k,
x ∈ R

n
k,+, z′ = (z1, . . . , zk), (z, z′) ∈ R

n × (0,∞)k, 1 � k � n.

LEMMA 4. Let 0 < α < |a| + (a, γ ). Then for 2|x|a � |y|a the following
inequality is valid∣∣∣Ty|x|α−|a|−(a,γ )

a − |y|α−|a|−(a,γ )
a

∣∣∣ � 2|a|+(a,γ )−α+1|y|α−|a|−(a,γ )−1
a |x|a. (1)

Proof. We will show that∣∣∣Ty|x|α−|a|−(a,γ )
a − |y|α−|a|−(a,γ )

a

∣∣∣
� Cγ

∫ π

0

∣∣∣∣∣((x′, y′)β , x′′ − y′′
)∣∣α−|a|−(a,γ )

a
− |y|α−|a|−(a,γ )

a

∣∣∣ dν(β).
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First estimate∣∣∣∣∣((x′, y′)β , x′′ − y′′
)∣∣α−|a|−(a,γ )

a
− |y|α−|a|−(a,γ )

a

∣∣∣ .
By the theorem about mean value we get∣∣∣∣∣((x′, y′)β , x′′ − y′′

)∣∣α−|a|−(a,γ )
a

− |y|α−|a|−(a,γ )
a

∣∣∣
�
∣∣∣∣∣((x′, y′)β , x′′ − y′′

)∣∣α−|a|−(a,γ )
a

− |y|a
∣∣∣ · ξα−|a|−(a,γ )−1,

where min
{∣∣((x′, y′)β , x′′ − y′′

)∣∣
a
, |y|a

}
� ξ � max

{∣∣((x′, y′)β , x′′ − y′′
)∣∣

a
, |y|a

}
.

Note that ∣∣((x′, y′)β , x′′ − y′′
)∣∣

a
� |x|a + |y|a � 3

2
|y|a,∣∣((x′, y′)β , x′′ − y′′

)∣∣
a

� |x − y|a � |y|a − |x|a � 1
2
|y|a

and ∣∣((x′, y′)β , x′′ − y′′
)∣∣

a
− |y|a � |x|a + |y|a − |y|a � |x|a

|y|a −
∣∣((x′, y′)β , x′′ − y′′

)∣∣
a

� |y|a − |x − y|a � |x|a.
Hence

1
2
|y|a �

∣∣((x′, y′)β , x′′ − y′′
)∣∣

a
� 3

2
|y|a,∣∣∣∣((x′, y′)β , x′′ − y′′

)∣∣
a
− |y|a

∣∣ � |x|a.
Thus we obtain (1). �
We define the anisotropic B -maximal operator (see [10]) as

Mγ f (x) = sup
r>0

|Er|−1
γ

∫
Er

Ty|f (x)|(y′)γ dy.

Consider anisotropic B -Riesz potential as

Rα
γ f (x) =

∫
R

n
k,+

Ty|x|α−|a|−(a,γ )
a f (y)(y′)γ dy, 0 < α < |a| + (a, γ )

and isotropic B -Riesz potential as

Iαγ f (x) =
∫

Rn
k,+

Ty|x|α−n−|γ |f (y)(y′)γ dy, 0 < α < n + |γ |

The modified anisotropic B -Riesz potential

R̃α
γ f (x) =

∫
Rn

k,+

(
Ty|x|α−|a|−(a,γ )

a − |y|α−|a|−(a,γ )
a χE∗

1
(y)
)

f (y)(y′)γ dy,
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where E∗
1 = R

n
k,+\E1 .

Let ΔB =
n∑

j=1

∂2

∂x2
j

+
k∑

i=1

γi
xi

∂
∂xi

, γi > 0 , i = 1, . . . , k . The following theorems are

true.

THEOREM 1. [18] If α -is an even non-negative integer, f (x) -is a finite, even
by the variables x1, ..., xk function having α/2 continuous derivatives by the variables
xk+1, ..., xn and α are continuous derivatives by x1, ..., xk , then the potential Iαγ f (x) is
a solution of the equation

	α/2
B u(x) = f (x).

DEFINITION 1. [10] Let 1 � p < ∞ , 0 � λ � |a| + (a, γ ) . We denote by
Lp,λ ,γ (Rn

k,+) the anisotropic B -Morrey spaces as the set of locally integrable functions
f with finite norm

‖f ‖Lp,λ ,γ
= sup

t>0, x∈R
n
k,+

(
t−λ
∫

Et

(Ty |f (x)|)p (y′)γ dy

)1/p

.

Note that Lp,0,γ (Rn
k,+) = Lp,γ (Rn

k,+), Lp,|a|+(a,γ ),γ
(
R

n
k,+

)
= L∞

(
R

n
k,+

)
.

DEFINITION 2. [13] Let 1 � p < ∞ , 0 � λ � |a| + (a, γ ) . We denote by
WLp,λ ,γ (Rn

k,+) the weak anisotropic B -Morrey spaces as the set of locally integrable
functions f with finite norm

‖f ‖WLp,λ ,γ
= sup

r>0
r sup

t>0, x∈Rn
k,+

(
t−λ
∫
{y∈Et: Ty|f (x)|>r}

(y′)γ dy

)1/p

.

Note that

WLp,γ (Rn
k,+) = WLp,0,γ (Rn

k,+), Lp,λ ,γ (Rn
k,+) ⊂ WLp,λ ,γ (Rn

k,+)

and
‖f ‖WLp,λ ,γ

� ‖f ‖Lp,λ ,γ
.

DEFINITION 3. [10] We denote by BMOγ (Rn
k,+) , the B -BMO space the set of

locally integrable functions f with finite norms

‖f ‖∗,γ = sup
r>0, x∈R

n
k,+

|Er|−1
γ

∫
Er

|Tyf (x) − f Er(x)|(y′)γ dy < ∞,

where f Er(x) = |Er|−1
γ
∫

Er
Tyf (x)(y′)γ dy.

Following [22] ([21]) we define the anisotropic B -Stummel-Kato class:

DEFINITION 4. Let 1 < θ < |a| + (a, γ ) , 1 � p < ∞ , then the anisotropic
B -Stummel-Kato class Sp,θ,γ (Rn

k,+) is defined by

Sp,θ,γ (Rn
k,+) =

{
f ∈ Lloc

1,γ (R
n
k,+) : lim

t→0
ϕ(t) = 0

}
,

where ϕ(t) = sup
x∈Rn

k,+

(∫
Et

(Ty|f (x)|)p

|y||a|+(a,γ )−θ (y′)γ dy

) 1
p

.



ANISOTROPIC POTENTIALS ASSOCIATED WITH THE LAPLACE-BESSEL DIFFERENTIAL OPERATOR 471

Note that Lloc
1 contains so called Stummel-Kato class S1,θ .

2. Statement of main results

The following theorem gives the anisotropic Lp,λ ,γ -boundedness of the anisotropic
B -maximal operator.

THEOREM 2. 1) If f ∈ L1,λ ,γ
(
R

n
k,+

)
, 0 � λ � |a| + (a, γ ) , then Mγ f ∈

WL1,λ ,γ
(
R

n
k,+

)
and

‖Mγ f ‖WL1,λ ,γ � C‖f ‖L1,λ ,γ ,

where C is independent of f .
2) If f ∈ Lp,λ ,γ

(
R

n
k,+

)
, 1 < p < ∞ ,0 � λ � |a| + (a, γ ) , then Mγ f ∈

Lp,λ ,γ
(
R

n
k,+

)
and

‖Mγ f ‖Lp,λ ,γ � Cp,γ ‖f ‖Lp,λ ,γ ,

where Cp,γ depends only on p , γ and n .

COROLLARY 1. [9, 11] 1) If f ∈ L1,γ
(
R

n
k,+

)
, then Mγ f ∈ WL1,γ (Rn

k,+) and

‖Mγ f ‖WL1,γ � C‖f ‖L1,γ ,

where C is independent of f .
2) If f ∈ Lp,γ (Rn

k,+) , 1 < p � ∞ , then Mγ f ∈ Lp,γ (Rn
k,+) and

‖Mγ f ‖Lp,γ � Cp,γ ‖f ‖Lp,γ ,

where Cp,γ depends only on p, γ and n .

For the anisotropic B -Riesz potentials the following generalizedHardy–Littlewood–
Sobolev theorem is valid.

THEOREM 3. Let 0 < α < |a| + (a, γ ) , 0 � λ � |a| + (a, γ ) .

1) If 1 < p < |a|+(a,γ )−λ
α , then the condition 1

p − 1
q = α

|a|+(a,γ )−λ is necessary
and sufficient for the boundedness of Rα

γ from Lp,λ ,γ (Rn
k,+) to Lq,λ ,γ (Rn

k,+) .

2) If p = 1 , then the condition 1− 1
q = α

|a|+(a,γ )−λ is necessary and sufficient for
the boundedness of Rα

γ from L1,λ ,γ (Rn
k,+) to WLq,λ ,γ (Rn

k,+) .

COROLLARY 2. Let 0 < α < |a| + (a, γ ) .

1) If 1 < p < |a|+(a,γ )−λ
α , then the condition 1

p − 1
q = α

|a|+(a,γ ) is necessary and
sufficient for the boundedness of Rα

γ from Lp,γ (Rn
k,+) to Lq,γ (Rn

k,+) .

2) If p = 1 , then the condition 1 − 1
q = α

|a|+(a,γ ) is necessary and sufficient for
the boundedness of Rα

γ from L1,γ (Rn
k,+) to WLq,γ (Rn

k,+) .

REMARK 1. Note that, the sufficiency part of Corollary 2 in the case n � 1, k = 1
was proved in [9], (in the isotropic case or for ai = 1 , i = 1, n the sufficiency part of
Theorem 3 was proved in [13], [14]) and in the case n = k � 1 in [11].
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THEOREM 4. Let 0 < α < |a|+ (a, γ ) , 0 � λ < |a|+ (a, γ )− α and 1 < p =
|a|+(a,γ )−λ

α , then the operator R̃α
γ is bounded from Lp,λ ,γ (Rn

k,+) to BMOγ (Rn
k,+) .

Moreover, if for f ∈ Lp,λ ,γ (Rn
k,+) , Rα

γ f exists almost everywhere, then Rα
γ ∈

BMOγ (Rn
k,+) and the following inequality is valid

‖Rα
γ f ‖BMOγ � C‖f ‖Lp,λ ,γ ,

where C > 0 is independent of f .

In the following two theoremswe give some imbedding relations between the space
Lp,λ ,γ (Rn

k,+) and the anisotropic B -Stummel-Kato class Sp,θ,γ (Rn
k,+) .

THEOREM 5. Let 1 < θ < |a| + (a, γ ) , 1 � p < ∞ , |a| + (a, γ ) − θ < λ <
|a| + (a, γ ) . If f ∈ Lp,λ ,γ (Rn

k,+) then f ∈ Sp,θ,γ (Rn
k,+) .

THEOREM 6. Let 1 < θ < |a| + (a, γ ) , 1 � p < ∞ . If f ∈ Sp,θ,γ (Rn
k,+) ,

ϕ(t) ∼ tδ , then f ∈ Lp,|a|+(a,γ )−θ+δ,γ (Rn
k,+) .

From theorem 1 and theorem 3 we have

THEOREM 7. Let 0 < α < n + |γ | , 0 � λ � n + |γ | .
1) If f ∈ Lp,λ ,γ (Rn

k,+) , 1 < p < n+|γ |−λ
α , 1

p − 1
q = α

n+|γ |−λ . Then, the following
estimation holds:

‖u‖Lq,λ ,γ
� Cp,λ ‖ΔBu‖Lp,λ ,γ

,

where Cp,λ is independent of f .
2) If f ∈ L1,λ ,γ (Rn

k,+) , 1 − 1
q = α

n+|γ |−λ . Then, the following estimation holds:

‖u‖WLq,λ ,γ
� Cλ ‖ΔBu‖L1,λ ,γ

,

where Cλ is independent of f .

3. Proof of Theorems

Proof of Theorem 2. We need to introduce the maximal operator defined on a space
of homogeneous type (Y, d, ν) . By this we mean a topological space Y = R

n×(0,∞)k

equipped with a continuous pseudometric d and a positive measure ν satisfying

ν(E((x, x′), 2r)) � C1ν(E((x, x′), r)) (2)

with a constant C1 independent of (x, x′) and r > 0. Here E((x, x′), r) = {(y, y′) ∈
Y : d(((x, x′), (y, y′)) < r} , dν(y, y′) = (y′)γ−1dy dy′ , (y′)γ−1 = (y1)γ1−1 · · · (yk)γk−1 ,
d((x, x′), (y, y′)) = |(x, x′) − (y, y′)|a ≡ (|x − y|2a + |x′ − y′|2a′)

1
2 .

Let (Y, d, ν) be a space of homogeneous type. Define

Mνf (x, x′) = sup
r>0

ν(E((x, x′), r))−1
∫

E((x,x′),r)

∣∣f (y, y′)
∣∣ dν(y),

where f (x, x′) = f

(√
x2
1 + x2

1, . . . ,
√

x2
k + x2

k , x
′′
)

.
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It is well known that the maximal operator Mν is of weak type (1, 1) and is
bounded on Lp(Y, dν) for 1 < p < ∞ (see [5]). Here we concern with the maximal
operator defined by using the measure dν(y, y′) = (y′)γ−1dy dy′ . It is clear that this
measure satisfies the (2) doubling condition.

It can be proved that

Mγ f

(√
z2
1 + z2

1, . . . ,

√
z2
k + z2

k , z
′′
)

= Mνf

(√
z2
1 + z2

1, . . . ,

√
z2
k + z2

k , z
′′, 0
)

, (3)

and
Mγ f (x) = Mνf (x, 0). (4)

Indeed, by the Lemma 3 the equalities∫
Er

Ty

∣∣∣∣f (√z2
1 + z2

1, . . . ,

√
z2
k + z2

k , z
′′
)∣∣∣∣ (y′)γ dy

=
∫

E
((√

z2
1+z2

1,...,
√

z2
k+z2

k ,z
′′,0
)

,r
)
∣∣f (y, y′)

∣∣ dν(y, y′)

and

|Er|γ = νE

((√
z2
1 + z2

1, . . . ,
√

z2
k + z2

k , z
′′, 0
)

, r

)
imply (3). Furthermore, taking zk = 0 in (3) we get (4).

Using Lemma 3 and equality (3) we obtain∫
Er

(
TyMγ f (x)

)p (y′)γ dy

=
∫

E((x,0),r)

(
Mγ f

(√
z2
1 + z2

1, . . . ,

√
z2
k + z2

k , z
′′
))p

dν(z, z′)

=
∫

E((x,0),r)

(
Mνf

(√
z2
1 + z2

1, . . . ,

√
z2
k + z2

k , z
′′, 0
))p

dν(z, z′).

In [7] it was proved that the analogue of the Fefferman-Stein theorem for the
maximal operator defined on a space of homogeneous type is valid, if condition (2) is
satisfied. Therefore ∫

E((x,x′),r)

(
Mνϕ(y, y′)

)p ψ(y, y′)dν(y, y′)

� C2

∫
E((x,x′),r)

|ϕ(y, y′)|pMνψ(y, y′) dν(y, y′). (5)

Then taking ϕ(y, y′) = f

(√
y2
1 + y2

1, . . . ,
√

y2
k + y2

k , y
′′, 0
)

and ψ(y, y′) ≡ 1 we

obtain from inequality (5) and Lemma 3 that∫
Er

(
TyMγ f (x)

)p (y′)γ dy



474 J. J. HASANOV

=
∫

E((x,0),r)

(
Mνf

(√
y2
1 + y2

1, . . . ,
√

y2
k + y2

k , y
′′, 0
))p

dν(y, y′)

� C3

∫
E((x,0),r)

∣∣∣∣f (√y2
1 + y2

1, . . . ,
√

y2
k + y2

k , y
′′, 0
)∣∣∣∣p dν(y, y′)

= C3

∫
E((x,0),r)

∣∣∣∣f (√y2
1 + y2

1, . . . ,
√

y2
k + y2

k , y
′′
)∣∣∣∣p dν(y, y′)

= C3

∫
Er

(Ty |f (x)|)p (y′)γ dy � C3 rλ ‖f ‖p
Lp,λ ,γ

. �

Proof of Theorem 3. 1) Sufficiency: Let f ∈ Lp,λ ,γ
(
R

n
k,+

)
, then we can write

Rα
γ f (x) =

(∫
Et

+
∫

R
n
k,+\Et

)
Tyf (x)|y|α−|a|−(a,γ )

a (y′)γ dy

≡ F1(x, t) + F2(x, t). (6)

Firstly, we estimate F1(x, t) :

|F1(x, t)| �
∫

Et

Ty |f (x)| |y|α−|a|−(a,γ )
a (y′)γ dy

�
−1∑

k=−∞

(
2kt
)α−|a|−(a,γ )

∫
E

2k+1 t
\E

2kt

Ty |f (x)| (y′)γ dy � C4t
αMγ f (x).

We find the following inequality

|F1(x, t)| � C4t
αMγ f (x). (7)

To estimate F2(x, t) we use Hölder’s inequality and get the following inequality

|F2(x, t)| �
(∫

R
n
k,+\Et

|y|−β
a (Ty |f (x)|)p (y′)γ dy

)1/p

×
(∫

R
n
k,+\Et

|y|
( β

p +α−|a|−(a,γ )
)

p′
a (y′)γ dy

)1/p′

= J1 · J2.

Let λ < β < |a| + (a, γ ) − αp . For J1 we have

J1 =
( ∞∑

j=0

∫
E

2j+1t\E
2jt

(Ty |f (x)|)p |y|−β
a (y′)γ dy

)1/p

� 2
λ
p t

λ−β
p ‖f ‖Lp,λ ,γ

( ∞∑
j=0

2(λ−β)j
)1/p

= C5t
λ−β

p ‖f ‖Lp,λ ,γ
. (8)
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For J2 we have

J2 =

(∫
S
n−1
k,+

n∑
i=1

aiξ 2
i (ξ ′)γ dσ(ξ)

∫ ∞

t
r|a|+(a,γ )−1+

( β
p +α−|a|−(a,γ )

)
p′dr

) 1
p′

= C6t
β
p +α− |a|+(a,γ )

p .

Then

|F2(x, t)| � C6t
α− |a|+(a,γ )−λ

p ‖f ‖Lp,λ ,γ
. (9)

From (7) and (9) we have∣∣Rα
γ f (x)

∣∣ � C4t
αMγ f (x) + C6t

α− |a|+(a,γ )−λ
p ‖f ‖Lp,λ ,γ ,a

.

Minimizing with respect to t, at t =
[(

Mγ f (x)
)−1 ‖f ‖Lp,λ ,γ

]p/(|a|+(a,γ )−λ )
we

obtain ∣∣Rα
γ f (x)

∣∣ � C7
(
Mγ f (x)

)p/q ‖f ‖1−p/q
Lp,λ ,γ

.

Hence, by Theorem 2 we find∫
Et

(
Ty
∣∣Rα

γ f (x)
∣∣)q (y′)γ dy � C8 ‖f ‖q−p

Lp,λ ,γ

∫
Et

(
TyMγ f (y)

)p (y′)γ dy

� C9t
λ ‖f ‖q−p

Lp,λ ,γ
‖f ‖p

Lp,λ ,γ
� C9t

λ ‖f ‖q
Lp,λ ,γ

.

Necessity: Let 1 < p < |a|+(a,γ )−λ
α and Rα

γ be bounded from Lp,λ ,γ (Rn
k,+) to

Lq,λ ,γ (Rn
k,+) .

Define f t(x) =: f (tx) . Then

‖f t‖Lp,λ ,γ
= t−

|a|+(a,γ )
p sup

r>0, x∈R
n
k,+

(
r−λ
∫

Etr

(Ty|f (tx)|)p (y′)γ dy

)1/p

= t−
|a|+(a,γ )−λ

p ‖f ‖Lp,λ ,γ

and

Rα
γ f t(x) = t−αRα

γ f (tx),∥∥Rα
γ f t

∥∥
Lq,λ ,γ

= t−α sup
r>0, x∈R

n
k,+

(
r−λ
∫

Er

(
Tty
∣∣Rα

γ f (tx)
∣∣)q (y′)γ dy

)1/q

= t−α− |a|+(a,γ )
q sup

r>0, x∈R
n
k,+

(
r−λ
∫

Etr

(
Ty
∣∣Rα

γ f (x)
∣∣)q (y′)γ dy

)1/q

= t−α− |a|+(a,γ )−λ
q

∥∥Rα
γ f
∥∥

Lq,λ ,γ
.
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By the boundedness Rα
γ from Lp,λ ,γ (Rn

k,+) to Lq,λ ,γ (Rn
k,+)∥∥Rα

γ f
∥∥

Lq,λ ,γ
� Cp,q,λ ,γ t

α+ |a|+(a,γ )−λ
q − |a|+(a,γ )−λ

p ‖f ‖Lp,λ ,γ ,

where Cp,q,λ ,γ depends only on p ,q ,λ , γ , k and n .
If 1

p < 1
q + α

|a|+(a,γ )−λ , then for all f ∈ Lp,λ ,γ (Rn
k,+) , we obtain

∥∥Rα
γ f
∥∥

Lq,λ ,γ
= 0

as t → 0 .
If 1

p > 1
q + α

|a|+(a,γ )−λ , then for all f ∈ Lp,λ ,γ (Rn
k,+) we obtain

∥∥Rα
γ f
∥∥

Lq,λ ,γ
= 0

as t → ∞ .
Therefore we get 1

p = 1
q + α

|a|+(a,γ )−λ .
2) Sufficiency: Let f ∈ L1,λ ,γ (Rn

k,+) , then we have∣∣{y ∈ Et : Ty
∣∣Rα

γ f (x)
∣∣ > 2β

}∣∣
γ � |{y ∈ Et : Ty|F1(x, t)| > β}|γ

+ |{y ∈ Et : Ty|F2(x, t)| > β}|γ .

Taking into account inequality (7) and Theorem 2, we have

|{y ∈ Et : Ty|F1(x, t)| > β}|γ �
∣∣∣∣{y ∈ Et : Ty

(
Mγ f (x)

)
>

β
C3tα

}∣∣∣∣
γ

� C10tα

β
· tλ ‖f ‖L1,λ ,γ

.

Thus if we choose C6t
− |a|+(a,γ )−λ

q ‖f ‖L1,λ ,γ
= β , then |F2(x, t)| � β and consequently

we get | {y ∈ Et : Ty |F2(x, t)| > β} |γ = 0.
Finally, we obtain ∣∣{y ∈ Et : Ty

∣∣Rα
γ f (x)

∣∣ > 2β
}∣∣

γ

� C10t
α+λ

‖f ‖L1,λ ,γ

β
= C11t

λ

(‖f ‖L1,λ ,γ

β

) q
|a|+(a,γ )−λ +1

= C11t
λ

(‖f ‖L1,λ ,γ

β

)q

.

Necessity: Let Rα
γ be bounded from L1,λ ,γ (Rn

k,+) to WLq,λ ,γ (Rn
k,+) . Then we

have

∥∥Rα
γ f t

∥∥
WLq,λ ,γ

= sup
r>0

r sup
τ>0, x∈R

n
k,+

(
τ−λ

∫
{y∈Eτ : Ty|Rαγ f t(x)|>r}

(y′)γ dy

)1/q

= t−α sup
r>0

rtα sup
τ>0, x∈R

n
k,+

(
τ−λ

∫
{y∈Eτ : Tty|Rαγ f (tx)|>rtα}

(y′)γ dy

)1/q

= t−α− |a|+(a,γ )
q sup

r>0
rtα sup

τ>0, x∈R
n
k,+

(
tλ (tτ)−λ

∫
{y∈Etτ :Ty|Rαγ f (x)|>rtα}

(y′)γ dy

)1/q

= t−α− |a|+(a,γ )−λ
q

∥∥Rα
γ f
∥∥

WLq,λ ,γ
.
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From the boundedness of Rα
γ from L1,λ ,γ (Rn

k,+) to WLq,λ ,γ (Rn
k,+) we obtain

∥∥Rα
γ f
∥∥

WLq,λ ,γ
� C1,q,λ ,γ t

α+ |a|+(a,γ )−λ
q −(|a|+(a,γ )−λ )‖f ‖L1,λ ,γ ,

where C1,q,λ ,γ depends only on q ,λ , γ , k and n .
If 1 < 1

q + α
|a|+(a,γ )−λ , then for all f ∈ L1,λ ,γ (Rn

k,+) we obtain
∥∥Rα

γ f
∥∥

WLq,λ ,γ
= 0

as t → 0 .
Similarly, if 1 > 1

q + α
|a|+(a,γ )−λ , then for all f ∈ L1,λ ,γ (Rn

k,+) we obtain∥∥Rα
γ f
∥∥

WLq,λ ,γ
= 0 as t → ∞ .

Therefore we get 1 = 1
q + α

|a|+(a,γ )−λ . �

Proof of Theorem 4. f ∈ Lp,λ ,γ
(
R

n
k,+

)
, 1 < p = |a|+(a,γ )−λ

α . For any t > 0 we
denote

f 1(z) = f (z)χE2t(z), f 2(z) = f (z) − f 1(z), (10)

where χE2t is the characteristic function of the set E2t. Then we have

R̃α
γ f (z) = R̃α

γ f 1(z) + R̃α
γ f 2(z) = F1(z) + F2(z),

where

F1(z) =
∫
E2t

(
Ty|z|α−|a|−(a,γ )

a − |y|α−|a|−(a,γ )
a χE∗

1
(y)
)

f (y)(y′)γ dy,

F2(z) =
∫

R
n
k,+\E2t

(
Ty|z|α−|a|−(a,γ )

a − |y|α−|a|−(a,γ )
a χE∗

1
(y)
)

f (y)(y′)γ dy.

Note that the function f 1 has compact (bounded) support and therefore

a1 = −
∫

E2t\Emin{1,2t}

|y|α−|a|−(a,γ )
a f (y)(y′)γ dy

is finite.
Note also that

F1(z) − a1 =
∫
E2t

Ty|z|α−|a|−(a,γ )
a f (y)(y′)γ dy

−
∫

E2t\Emin{1,2t}

|y|α−|a|−(a,γ )
a f (y)(y′)γ dy +

∫
E2t\Emin{1,2t}

|y|α−|a|−(a,γ )
a f (y)(y′)γ dy

=
∫

Rn
k,+

Ty|z|α−|a|−(a,γ )
a f 1(y)(y′)γ dy = Rα

γ f 1(z).



478 J. J. HASANOV

Therefore

|F1(z) − a1| �
∫

Rn
k,+

|y|α−|a|−(a,γ )
a |Tyf 1(z)| (y′)γ dy

=
∫

{y∈R
n
k,+:Ty|z|a<2t}

|y|α−|a|−(a,γ )
a |Tyf (z)| (y′)γ dy.

Further, for z ∈ Et , Ty|z|a < 2t we have

|y|a � |z|a + |z − y|a � |z|a + Ty|z|a < 3t.

Consequently

|F1(z) − a1| �
∫

E3t

|y|α−|a|−(a,γ )
a Ty |f (z)| (y′)γ dy, (11)

if z ∈ Et.

By the Theorem 1 and the inequality (11), for αp = |a| + (a, γ ) − λ we obtain

|Et|−1
γ

∫
Et

|TxF1(z) − a1| (z′)γ dz

� |Et|−1
γ

∫
Et

Tx

⎛⎝∫
E3t

|y|α−|a|−(a,γ )
a Ty|f (z)|(y′)γ dy

⎞⎠ (z′)γ dz

� 2|a|+(a,γ )−α3α

2α − 1
tα−|a|−(a,γ ) · t(|a|+(a,γ ))/p′

⎛⎝∫
Et

(
TxMγ (f (z))

)p (z′)γ dz

⎞⎠1/p

� C12‖f ‖Lp,λ ,γ . (12)

Denote

a2 =
∫

Emax{1,2t}\E2t

|y|α−|a|−(a,γ )
a f (y)(y′)γ dy.

We estimate |F2 (z) − a2| for z ∈ Et .

|F2(z) − a2| �
∫

Rn
k,+\E2t

|f (y)|
∣∣∣Ty|z|α−|a|−(a,γ )

a − |y|α−|a|−(a,γ )
a

∣∣∣ (y′)γ dy.
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Applying Lemma 4 and Hölder’s inequality we have

|F2(z) − a2| � 2|a|+(a,γ )−α+1|z|a
∫

R
n
k,+\E2t

|f (y)||y|α−|a|−(a,γ )−1
a (y′)γ dy

� 2|a|+(a,γ )−α+1|z|a
(∫

Rn
k,+\Et

|y|−β
a |f (y)|p (y′)γ dy

)1/p

×
(∫

Rn
k,+

\Et

|y|
( β

p +α−|a|−(a,γ )−1
)

p′
a (y′)γ dy

)1/p′

= 2|a|+(a,γ )−α+1|z|aI1 · I2.

Let λ < β < |a| + (a, γ ) − αp + p . For I1 the inequality (8) is valid.
For I2 we obtain

I2 =

(∫
S
n−1
k,+

n∑
i=1

aiξ 2
i (ξ ′)γ dσ(ξ)

∫ ∞

t
r|a|+(a,γ )−1+

( β
p +α−|a|−(a,γ )−1

)
p′dr

) 1
p′

= C13t
β
p +α− |a|+(a,γ )

p − 1
p′ .

Then for any z ∈ Et

|F2(z) − a2| � C14|z|atα−1− |a|+(a,γ )−λ
p ‖f ‖Lp,λ ,γ � C14|z|at−1‖f ‖Lp,λ ,γ � C14‖f ‖Lp,λ ,γ .

Thus for αp = |a| + (a, γ ) − λ and for all x ∈ R
n
k,+ , z ∈ Et we obtain

|TxF2(z) − a2| � Tx |F2(z) − a2| � C14‖f ‖Lp,λ ,γ . (13)

Denote

af = a1 + a2 =
∫

Emax{1,2t}

|y|α−|a|−(a,γ )
a f (y)(y′)γ dy.

Finally, from (12) and (13) we have

sup
x,t

|Et|−1
γ

∫
Et

∣∣∣TxR̃α
γ f (z) − af

∣∣∣ (z′)γ dz � (C12 + C14)‖f ‖Lp,λ ,γ .

Thus∥∥∥R̃α
γ f
∥∥∥

BMOγ
� 2 sup

x,t
|Et|−1

γ

∫
Et

∣∣∣TzR̃α
γ f (x) − af

∣∣∣ (z′)γ dz � C15‖f ‖Lp,λ ,γ . �
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Proof of Theorem 5. Let f ∈ Lp,λ ,γ
(
R

n
k,+

)
. Then we have∫

Et

(Ty |f (x)|)p

|y||a|+(a,γ )−θ
a

(y′)γ dy =
−1∑

k=−∞

∫
E

2k+1t
\E

2kt

(Ty |f (x)|)p

|y||a|+(a,γ )−θ
a

(y′)γ dy

�
−1∑

k=−∞

(
2kt
)θ−|a|−(a,γ )

∫
E

2k+1 t
\E

2kt

(Ty |f (x)|)p (y′)γ dy

� ‖f ‖p
Lp,λ ,γ

−1∑
k=−∞

(
2kt
)θ−|a|−(a,γ )+λ

� C16t
θ−|a|−(a,γ )+λ ‖f ‖p

Lp,λ ,γ
.

Thus the proof of the theorem is completed. �

Proof of Theorem 6. Let f ∈ Sp,θ,γ
(
R

n
k,+

)
. Then we have∫

Et

(Ty |f (x)|)p (y′)γ dy � t|a|+(a,γ )−θ
∫

Et

(Ty |f (x)|)p

|y||a|+(a,γ )−θ
a

(y′)γ dy

� t|a|+(a,γ )−θϕ(t) � t|a|+(a,γ )−θ+δ .

This completes the proof. �
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