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SELF-ADJOINT EXTENSIONS OF RESTRICTIONS
ANDREA POSILICANO

(communicated by F. Gesztesy)

Abstract. We provide a simple recipe for obtaining all self-adjoint extensions, together with
their resolvent, of the symmetric operator S obtained by restricting the self-adjoint operator
A: 9 (A) C A — S to the dense, closed with respect to the graph norm, subspace
AN C 2 (A). Neither the knowledge of S* nor of the deficiency spaces of S is required.
Typically A is a differential operator and .4 is the kernel of some trace (restriction) operator
along a null subset. We parametrise the extensions by the bundle p : E(h) — P(h), where

P(h) denotes the set of orthogonal projections in the Hilbert space b ~ 2 (A)/.# and p~(IT)
is the set of self-adjoint operators in the range of IT. The set of self-adjoint operators in b,

ie. p~!(1), parametrises the relatively prime extensions. Any (IT,®) € E(h) determines a
boundary condition in the domain of the corresponding extension Ay e and explicitly appears

in the formula for the resolvent (—Ap e + z)~!. The connection with both von Neumann’s

and Boundary Triples theories of self-adjoint extensions is explained. Some examples related to
quantum graphs, to Schrodinger operators with point interactions and to elliptic boundary value
problems are given.

1. Introduction

On the Hilbert space . with scalar product (-,-) we consider the self-adjoint
operator
A:9(A) CH — .

We denote by 7, the Hilbert space given by the operator domain 2 (A) endowed
with the graph inner product

(0, v)a = (A9, Ay) + (0, ) .

Given a closed subspace .4~ C J#, which is dense in 7, we denote by S the closed,
densely defined, symmetric operator obtained by restricting A to .4". Here our aim is
to find all self-adjoint extensions of S and to provide their resolvent.

Since .4 is closed we have .74, = A4 @ A4 and thus .4 coincides with the
kernel of the orthogonal projection onto .4+ . Since A4+ ~ J#,/.# is a Hilbert
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space, without loss of generality we can suppose that .4” coincides with the kernel of a
surjective bounded linear operator

TZ%AHf)

with b a Hilbert space. This choice has some advantages in practical applications,
where usually 7 is given in advance. Indeed typically A is a differential operator and
T is some trace (restriction) operator along a null subset.

In Section 2, by using the results in [25], we construct, by explicitly giving their
resolvents (see Theorem 2.1), a family of self-adjoint extensions of the symmetric
operator S. Such extensions are parametrised by couples (I, ©), where IT is a
orthogonal projection in ) and © is a self-adjoint operator in the range of I1. The
resolvent Krein-like formula (2.7) we provide (see [18], [19], [31] for the original Krein’s
formula; also see [11] and references therein) resembles the one obtained, by Boundary
Triple theory, in [22], Corollary 5.6, for the case of a dual pair of operators, and in [2],
[24] for the case of a single symmetric operator. There a resolvent formula is given in
terms of a couple (Bj, B;) of bounded linear operators which satisfy a commutativity
hypothesis and a non-degeneracy one (see (4.1) and (4.2) in Remark 4.4), while here
we impose no further conditions on the couple (IT,0).

Then, by using the results in [27], we give (see Theorem 2.4) an alternative descrip-
tion which shows how the couple (I1,®) induces a boundary condition in the operator
domain of the corresponding extension. Again this has connections with [22], [2] and
[24]. We conclude Section 2 by giving (see Theorem 2.5) an additive representation for
the self-adjoint extensions of the symmetric operator S. The analogous result in the
case of relatively prime extensions was obtained in [27].

In Section 3 we explore the connection with von Neumann’s theory of self-adjoint
extensions [23]. By extending the results in [27], Section 4, we explicitly provide (see
Theorem 3.1) a bijection from unitary operators U : %y — J¢_ (1 denoting the
defect spaces of ) to couples (I1,®) in such a way that Ay = Ap e, where Ay is the
extension given by von Neumann’s Theory and Ap g is the extension given in Theorem
2.1. This show, as a byproduct, that our construction provides all the self-adjoint
extensions of S (see Corollary 3.2). Thus the whole set of self-adjoint extensions of
the symmetric operator S is parametrised by the bundle p : E(h) — P(h), where P(f)
denotes the set of orthogonal projections in h and p~!(II) is the set of self-adjoint
operators in the range of I1. This kind of parametrisation is compatible with the one
obtained, in the case A is injective with a bounded inverse, in [13], Theorem IT 2.1 (also
see [32], Section 1). We refer to Example 5.5 in Section 5 below for more details in the
case of applications to elliptic boundary value problems.

In Section 4 we explore, by using the results in [28], the connection with Boundary
Triples theory of self-adjoint extensions (see e.g. [4], [16], [12], [10], [5]). In particular
we recover Theorem 5.3 in [3] by which any self-adjoint relation in b & b is of the kind
4 (©) @ b, where by C b is a closed subspace, © is some self-adjoint operator in
ho and ¢4 (©) denotes its graph. The connection with different parametrisations of the
set of self-adjoint relations is explicitly given in Theorem 4.5. This provides the bridge
between our Krein-like formula (2.7) and the one given in [22], [2] and [24].
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Finally, in Section 5, we give some applications by examples related to quantum
graphs, to Schrédinger operators with point interactions and to boundary value problems
for the Laplace operator on bounded domains.

2. Self-adjoint Extensions

In the following, given a linear operator L we denote by
2L), x(L), Z(L), p(L)

its domain, kernel, range and resolvent set respectively.
Let

A:9(A) CH — A,
T: 5 —h, Z(t)=4, H(t)=,
and
S: H(t)CH —H

be the respectively self-adjoint, bounded and symmetric operators considered in the
introduction.

For any z in p(A) the linear operator
R(z) == (-A+z)7!

is bounded on % onto 4. Thus for any z € p(A) we can define the bounded
operator

G(z) = (R(2)" : b = A
(here the * denotes the Hilbert space adjoint). The surjectivity of 7 makes G(z)

injective . By [27], Lemma 2.1, one has that, given the surjectivity hypothesis % (t) =
b, the density one ¢ (1) = . is equivalent to

% (G(z))N 7 (A) = {0} . (2.1)

By the first resolvent identity one easily obtains (see [25], Lemma 2.1), for any z and
w in p(A),
(z—=w)R(W)G(z) = G(w) — G(z), (2.2)
thus
%(Gw) - G(z) C 7 (A). (23)

Let I'(z) : h — b, z € p(A), be a family of bounded linear operators such that
[(z) =T(w) = (z = w) G(W)"G(2) (2:4)

and
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The class of such families is not void. Indeed by (2.2) and the definition of T'(z) it is
easy to check (see [25], Lemma 2.2, for the details) that any of such a family differs by
a z-independent bounded self-adjoint operator from the family I'(,)(z) defined by

) = 7 (50 o) wep). 2.6)

Note that I'(,(z) is well defined by (2.3).
Given the orthogonal projection

II:5—b,
pose
hQZ:%(H)

and let
©:2(0)Chy— ho

be self-adjoint. Then we define the closed operator
Ine(z) == (0 +HI(2)M) : Z(©) C ho — bo,

and the open set

Zne =1{z€p(A) : 0€ p(Te(2)} -
The next theorem is nothing but the combination of Theorem 2.1 and Proposition 2.1
in [25] when the bounded and surjective linear map there denoted by 7 is given by
Iz : 54 — bhy. We give a short self-contained proof for the reader’s convenience.

THEOREM 2.1. Let A, 7, S, Il, © and I'me be as above. Then
C\RC Zne
and the bounded linear operator
Rne(z) :=R(z) + G@)Tne(z) 'MGEZ)*,  z€Zne, (2.7)
is a resolvent of the self-adjoint extension Ane of S defined by
Ane : 2 (Ane) C H — A, (—Ane +2)¢ := (—A+2)¢,,

7 (Ane) = {9 € H : ¢ = 9.+ G Tne(s) Mg, ¢ € 7 (A) } .
Such a definition is z-independent and the decomposition of ¢ appearing in 9 (Ane)
is unique.

Proof. By (2.4) and (2.5), denoting by (-,-) the scalar productin § and by || - ||
the norm in %7, one has

(%0, Tre(2)%)I* > Im ()| G(2) &olI*

forany §y € ho. Thus I'me(z) is injective for all z € C\ R by the injectivity of G(z).
Since
Z# (Tne(2)" = #(Tne(2)*) = #(Tne(2) = {0},
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the range of I'me(z) is dense. Since G(z)IT = (IITR(2))" : hyp — S, the range
of G(z)IT is closed by the surjectivity of both IT, 7, R(Z) and by the closed range
theorem. Thus

Y = inf w>0
weo\{or [ Goll
Therefore
r I
g We@&ll o e 1@ Tne@&) 5 142 5
et NGl gemor 1%l

and the range of T'je(z) is closed. Thus forany z € C\ R the closed operator 'y o(z)
is both injective and surjective. By the inverse mapping theorem C\ R C Zpj .

By using (2.4), a simple computation (see [25], page 115) shows that Ry e(z)
satisfies the resolvent identity

(z—=w)Rne(W)Rne(z) = Rne(w) — Re(2) (2.8)
and, by (2.5),

Rne(z)" =Rne(2). (2.9)
Moreover, by (2.1), Rie(z) is injective. Thus

Ane :=z—Rne(z)™'

is well-defined on

2 (Ane) = % (Rne(z)),
is z-independentby (2.8) and is symmetric by (2.9). Itis self-adjoint since Z (—Ane+
i) = J¢ by construction. O

REMARK 2.2. By the successive results in Section 4 and by [10], Propositions 1
and 2, Section 2, one has that

A€ 0,(Ane) Np(A) = 0€c,(Tne(r)),

where 0,(-) denotes point spectrum. An analogous result holds for the continuous
spectrum. Regarding the eventual eigenvectors and their multiplicity, by [28], Theorem
3.4, one has that

G(A): A (Tne(r)) — H(—Ane + 1)

is a bijection for any A € 0,(Ame) N P(A).

Now we provide an alternative description of the self-adjoint extensions obtained in
the previous theorem. This result will show how the couple (IT, ®) induces a boundary
conditions on the elements in the operator domain of the corresponding extension.

Since

[(z) -T(z) =6, T(z):=T(2),

where © is a z-independent bounded symmetric operator in b, one has

Ime(z) = (© + IOI) 4 IMI(z)IT.
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Since © is an arbitrary self-adjoint operator in fy, from now on we will take, without
loss of generality,

Me(z) = Mne(z) := © + (). (2.10)
Let us define
R=R,:=R(i), R_:=R(-i),

G, :=G(i), G=G_:=G(-i),

G* = (Gf + G+) .

N —

Thus
I'(z) = 7(G. - G(z)).

REMARK 2.3. The choice w = i in the above definitions is not essential. Any
different w € C\ R would lead to analogous results. Whereas the behaviour of a single
extension depends on the choice of the family I'(z), and hence depends on the choice
of w, the whole family of extensions does not. In any case one can easily connect any
two parametrisations provided by different families 'y (z) and T'2(z): it suffices to use
the substitution

O — O+ TI(I' (z) — I'2(2))IT.

By choosing w € C\ R (in particular w = i) we can treat the case of an arbitrary
self-adjoint extension without making w Zp g -dependent. In the case one works with
a specific operator, different (more appealing) choices are possible. Indeed we can
interpret Section 5 below (where A is the Laplacian) as a proof, by examples, of a
different version of next Theorem 2.4 valid in the case w = 0. In examples 5.1, 5.2 and
5.5 one has w = 0 € p(A) whereas in examples 5.3 and 5.4 w = 0 € 6(A) \ 0,(A),
thus showing that there are situations in which w it not even required to be in p(A)
(see [26] for a study of the case w = 0 € o(A) \ 0,(A) in a general setting. By Remark
3.3 in [29] the hypotheses on 7 required in [26] can be relaxed, thus allowing wider
applications).

The next theorem is nothing but Theorem in [27] (also see [26], Corollary 3.2) when
one uses the bounded and surjective map (there denoted by 7 ) givenby It : 54 — by
and notes that, by (2.2),

G, =—-IiRG+G.
Note that in the definition of 2 (A) now appears the boundary condition
HT¢* = GC(P .
THEOREM 2.4. The self-adjoint extension Anig can be re-written as

Ane :-@(AH,G) CH — H, Ane¢ = A, JrRGé’(p,
@(An,@):{(bE% : ¢:¢*+G*C¢>
9. € Z(A), & € 2(8), e = O} .
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We conclude this section by giving an additive representation for the self-adjoint
extensions of the symmetric operator S. Let us denote by 7} the Hilbert space
obtained by completing .7 with respect to the scalar product

[¢> W]A = <¢7 (A2 + 1)_1u/> = <R¢7Rll/> :
Let
A —
be the bounded extension of

Ay CH —

and let us denote by
(',')AZ%AX%ZH(C
the pairing obtained by extending the scalar product in 7
<~,'> Z%AX%Q%AX%IXHC.

We define then
T — I
by
Vo e Ay, (0,7°0)a = (19, 0),
where (-,-) denotes the scalar productin .

The next theorem is nothing but Theorem 3.4 in [27] when one uses the bounded
and surjective map (there denoted by 7) given by It : 5, — by .

THEOREM 2.5. When restricted to 9 (Ane) the linear operator
A:9AQ CH— A, Ap:=Ap+71C,

is S -valued and coincides with An g .

3. The connection with von Neumann’s Theory

In this section we explore the connection between the results given in Section 2
and von Neumann’s theory of self-adjoint extensions. As a byproduct we will obtain
that our construction provides all self-adjoint extensions of the symmetric operator S .

By defining the deficiency spaces

Hy = H(=S" £i)

and posing
N i=H (1),

von Neumann'’s theory says that

DS )= NBH DA, S o+ 01+ 0-) = Ady + iy — g,



490 ANDREA POSILICANO

the direct sum decomposition being orthogonal with respect to the graph inner product
of S*; any self-adjoint extension Ay of § is then obtained by restricting S* to a
subspace of the kind A ® 4 (U), where U : ¢ — ¢ _ is unitary and ¢ (U)
denotes its graph.

In the next theorem we pose [' := ['(i) = 117(G- — G,), thus = -1.
Moreover in 1) we use the decomposition ) = by @ by .

THEOREM 3.1. 1) The linear operators
Gy:bh— A4
are continuous bijection and the linear operator
Ui, —#_, Uw=-G_((1+2(©-0rm-'fn)e1)6;,
which can be alternatively re-written, in the case © is bounded, as
U=-G_((@-Tlm e+ nrmae1) 6!,

is unitary. The corresponding extension Ay given by von Neumann’s theory coincides
with the self-adjoint operator Ane .
2) Let Ay Dbe the self-adjoint extension of S corresponding, by von Neumann’s theory,
to the unitary operator U : #  — JH _ and let M C F€, be the closed subspace
M = D (Ay) N D (A). Then there exists a closed subspace Y (see (3.1) for the
precise definition),
bo C (¢[. N A*])T C,
such that, denoting by T1 the orthogonal projection onto Yy and by Uy := (—A + 1)
(—A - i)*1 the Cayley transform of A, the linear operator © : 9 (0) C hy — by
defined by
0 :=ilIG* (U — Uy)(U + Uy)~'G1n

is self-adjoint. The corresponding self-adjoint extension Ane coincides with Ay .

Proof. 1) The first half of the theorem is consequence of Theorem 4.1 in [27] when

one uses the bounded and surjective map (there denoted by 7 ) given by It : J#4 — by .
2) Since A C .# we have the orthogonal decomposition

Hoy= NS (M NN) ot

so that, if ¢ = ¢o + ¢1 + ¢,
T0 = T¢1 + TP .
If ¢ = 7¢, then ¢; — ¢» € .4 which gives ¢; = ¢, = 0 since both ¢; and ¢ are
in 4% and ¢; L ¢,. Thus
b=t "N+t t]), T NN t) ={0}.

Since 7 is continuous and surjective, by the open mapping theorem both 7[.#Z N 4]
and 7[.# 1] are closed and therefore there exists a unique continuous projection P in
h such that

H(P)=by =1l "N,  R(P)=by:=1[l"].
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Moreover
Pt: 9, — by

is a continuous surjection with . (Pt) = .# and we can use the results in [27] when
the map there denoted by 7 is given by P7. In particular by Theorem 4.3 in [27] the
linear operator in b,

3= iPG*(U — Uy) (U + Uy) " 'GP*,
is densely defined and self-adjoint. Moreover
A:92(A) CH— o, Ap=Ad.+RGP*E,y,
2@A)={peH : ¢=0.+G.P,
0. €Z(A), & €D (Z), Pro, =3}

is self-adjoint and coincides with Ay . Since P* is the unique continuous projection in
h such that

H(P)=by,  R(P)=hi,

denoting by I, the orthogonal projection onto f,, the linear map
Q = P*Hz . f)z — f)o =% (P*Hz) (31)

is a continuous bijection. Thus for any &, € by there exists an unique §, € ho such
that P*§y = { and

Ptd, =2 = (Q")'Pto. = (0*) 20"

Thus A = Ay with

M:=(")'pP, ©:=(0") 20"

O

The previous theorem shows that the self-adjoint extensions we provided in Theo-
rem 2.1 exhaust the set of all self-adjoint extensions of S (the case of relatively prime
extensions was already contained in [27]). Thus we have the following

COROLLARY 3.2. The set of operators provided by Theorem 2.1 coincides with the
set of all self-adjoint extensions of the symmetric operator S. Such a set is parametrised
by the bundle p : E(h) — P(h), where P(h) denotes the set of orthogonal projections
in b and p~'(I1) is the set of self-adjoint operators in the range of T1. The set
of self-adjoint operators in b, i.e. p~'(1), parametrises the extensions for which
P (A1g) NP (A) = N i.e. parametrises all relatively prime extensions of S.
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4. The connection with Boundary Triples Theory

In this section we explore the connection between the results given in Section 2
and Boundary Triples Theory.
A triple {b, B1, 8.}, where b is a Hilbert space with inner product (-, -) and

Blzg(S*)_)h7 ﬁzg(S*)_)h7
are two linear surjective maps, is said to be a boundary triple for S$* if

<¢,S*l[/> - <S*¢7 II/> = (Bl ¢7B2 II/) - (ﬂZ ¢>ﬁl 1//) .

A closed subspace A C h @ b is said to be a symmetric closed relation if

V(L&) @En&))ersn,  (8,8)=(28).

Then A is said to be a self-adjoint relation if it is maximal symmetric, i.e. if it does
not exists a closed symmetric relation A such that A C A. Of course the graph of a
self-adjoint operator is a particular case of self-adjoint relation.

One of the main results of boundary triples theory (see e.g. [12], Theorem 1.6,
Chapter 3) is the following

THEOREM 4.1. The self-adjoint extensions of S are parametrised by the set of
self-adjoint relations in h ®bh. Any self-adjoint extension of S is obtained by restricting
S* to the subspace

{0€2(5): (B19,B29) € A},
where A is some self-adjoint relation and {4, B1, B2} is a boundary triple for S*.

Now let us take A, 7 and S as in section 1. In [28], Theorem 3.1, the following
result (with slight different notations and definitions) was obtained:

THEOREM 4.2. The adjoint of S is given by
S* 198" CH — H, S*¢ = A¢. + RG,,
D(S*):{(])E% : ¢:¢*+G*€¢7 ¢* GD(A)a é’(p € h} .
The triple { b, B, B> }, where
Bi:2(s*) >, Bio:=¢,
ﬁZ:@(S*)_)h7 B2¢::T¢*>
is a boundary triple for S*.
Thus by Corollary 3.2 and Theorem 4.1 we have the following

THEOREM 4.3. 1) Any self-adjoint relation in t) @ §) can be written as
Ame) =1{(0, &) ehoh: L e2(0), 6 =I5},
Sfor some (I1,0) € E(h).
2) Any self-adjoint extension of S is given by restricting S* to a subspace of the kind
{o€2(5): poc20). ©pis=nhy}
for some (I1,0) € E(h).
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REMARK 4.4. By
b =2 1) s 2(I1),

by
heh~zZ M) ez () e () e (1),

A () = A (M) @ {0} Chab

and denoting by
Y(©)cz () ez (1)

the graph of ©, Theorem 4.3 gives

This reproduces Theorem 5.3 in [3].
By [24], Proposition 4 and Lemma 3, any self-adjoint relation in § @ § can be
written as

APP) = (81, 5) + Bi& =BG} = {(B3S,BiL), L eb},

where B; and B, are bounded linear operators in h such that

BB} = BB} (4.1)
and
(B1,B2) B.3) . (B1 —B2
Oep(M ) M ._<32 B1>' (4.2)
In the case b is finite dimensional the condition (4.2) is equivalent either to
A (BY) N A (By) = {0} (4.3)
or to
det(BiB} + B2B;) # 0. (4.4)

Conditions (4.1) and (4.4) were obtained in [30]. Their infinite dimensional
analogue, as other equivalent conditions, are given in [9], Section 3.2.

The connection between the representation of self-adjoint relations in terms of
Aqne) and the one in terms of A152) is provided by the following

THEOREM 4.5. Given (I1,0) € E(h) and posing h = % (I1) & ¢ (11), let us
define
B :=0(-0+i)'®1, By:=(-0+i)'@0. (4.5)
Conversely, given (B, By) satisfying (4.1)and (4.2), let T1 be the orthogonal projection
onto . (By)*: and let © be the self-adjoint operator in # (By)* defined by

©:%(B;) C H(By)*: — # (B, ©:=TIBj(B;I1)"'IT, (4.6)

where T1 is the orthogonal projection onto ¥ (B3)™ .

Then

Aoy = ABB)
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Proof. Checking that AP152) ~ & (@) @ ¢ (I1), where (B, B,) is defined by
(4.5) is straightforward.
Conversely, by

b= (B,)" & .2 (By) = X (B;)" & X (B;),
one has

{(B:C,B1¢), £ €b}
={(Lo. Bi (B3N "' + Bi 1), L € # (B3) C A (Bo)*™, &y € K (B)} .

By (4.1)
Ged(B,) = BiGEH(B).
Thus
ABB) ~ (@) @ 7 ((1 - TT)B]).
By (4.2) one has

Ve %(Bz) H(Cl, Cz) ehadh st (1 — H)(Bikgl +B;C2) ={.
Since % (B3) C #(B,)™*, one obtains
Z (1 —IDBY) = A (B,)

and the proof is done. (|

5. Examples

For the sake of simplicity in the next examples we take A equal to the Laplace
operator. With some more effort these examples could be extended to the case in
which A is a variable-coefficients differential operator. Moreover Theorem 2.1 could
be applied to not semi-bounded self-adjoint operators (including the case o(4) = R)
of the kind A = iW where the skew-adjoint W is associated to some abstract wave
equations (see [29]; also see [7] for an application to acoustics).

EXAMPLE 5.1. (The Laplacian on a bounded interval) Let
A:92(A) CL*0,a) — L*(0,a), Ay =y",

7(A) ={y € H*(0,a) : w(0+) = w(a—) = 0},
H*(0,a) — C?, = (v'(04),—y'(a—)) .
Here H*(0,a) C C'(0,a) denotes the usual Sobolev-Hilbert space of square integrable

functions with square integrable second order (distributional) derivative. We look for
all self-adjoint extensions of the symmetric operator

S:2(S) C L*0,a) — L*(0,a), Sy =vy",

2(S) = H3(0,a) = {we H*(0,a) : w(0+) = y/'(0+) = y(a—) = y/'(a—) = 0} .
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Since
& - sin(y=z(a—x) [* .
<ﬁ +Z> v(x) = m/o sin(v/—zy) w(y) dy
sin(y/—zx) ¢
A [ ) vy,
s 2
< 7£ - (77-[) ’
2\ ! a—x [* a
(-iz) vo =" [swoars? [(a-nwoiar
one has
G(z) : C* = L[*(0,a), (5.1)
sin(v/—z (a—x)) sin(v/—zx) _ (nm\2
G()E)(x) = { o v @ TP (&)
O+ 0 z=0,
where { = (1, &) and
G(2)* : L*(0,a) — C*, G(2)* = (G(2);,6(2)3) (5.2)
a sin(v=2(a=x) \ 1\ gx _ (nm)\?
Gy = { o e VA 2F (D
Jo EX w(x)dx z=0.
a sin(/—zx) ) dx _ (nm\?2
G(Z);W — { Ou sin(v/—za) u/( )d 2 # (u )
o >w(x)dx z=0.

Note that G(z){ solves the Dirichlet boundary value problem

(G(2)8)" = 2G(2) ¢,

pG()E=1C,
where

p:H(0,a) > C*,  py = (y(0+),w(a)) .
Thus
Z(G(z)) N7 (A) ={0}.
Then one defines
I'(z) : C* — C?, [(z) == —-7G(z2),

i.e
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It satisfies (2.4) and (2.5) by
I'(z) = =t G(0) + 7(G(0) — G(2)) =

For any

V=Y, + G(Z)HFH,@(Z)_ln‘L’WZ € 7 (Ane) C HZ(O,a), z€ C\R,

one has
py =MTIne(z) 'y,
i.e.
py € Z (1), ©Opy =T(ty, —T(2)py).
Thus

Hry =I(ty, — [(z)py) = Opy .
Since any ¥ € H?*(0,a) can be decomposed as ¥ = (¢ — G(z)py) + G(z)py and
v — G(z)py € Z (A), astraightforward calculation then gives

AH,@ : @ (AH,@) g L2(07 Cl) i L2 (07 Cl) 5 AH,@W = lI/// )

2 (Ane) = {v € H(0,a) : py € Z (1), Tty =Opy},

where (IT,0) € E(h), h = C*. Thus the case IT = 0 reproduces A itself, the case
IT =1 gives the boundary conditions (here 61,0, € R, 6, € C)

011 l[/(0+) — V//(OJF) + 612 l[/(a*) =0,
012 w(0+4) + O w(a—) + y'(a—) =0,

and the case [T = w ® w, w = (wy, w;) an unitary vector in C2, gives the boundary
conditions (here 6 € R)

wy ¥ (0+) —wry(a—) =0,
wi (O w(0+) — v’ (0+)) + w2 (O w(a—) + w'(a—)) =0.
The resolvent of Are is obtained by inserting the above expressions for I'(z), G(z)
and G(2)* into (2.7).
EXAMPLE 5.2. (The Laplacian on a bounded graph) Let
A= Bl AL: @ 2 (Ar) C B L (0,ax) — @, L7(0, 1),
Ac: 2 (Ar) CL0,a) — L*(0, ), Ay =",
7 (A) = {w € H*(0,a1) : w(0+) = y(a—) = 0},
T= @gzlfk : @Z:1H2(07ak) — Czn ,
T H(0,a) — €, oy = (W (04), —wi(a—)) -

One has
G(z) = ®)_,Gi(z) : C*" — @}_,L*(0, ;)
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and
G(2)" = & Gi(@)" 1 Sl (0,@) — T,
where Gy (z) and Gy (2)* are given by (5.1) and (5.2) with @ = a; . Analogously

I(z) = ®f Tk(z) : C" — C*,

where T't(z) is defined as in (5.3) (as in (5.4) when z = 0) with a = a;.
Proceeding as in the previous example one has

Ane : 2 (Ane) C &1 L7(0,ar) — &}, L*(0,a) ,

Ane(Wi, - wa) = (Wi’ 0
9 (Ane) = (¥ = (yi,..., ) € Sl H2(0,a5) : p¥ € 2 (1), TIe¥ = Op¥} .
where (I1,0) € E(h), h = C*", and

o= o & H*0,a) — C,

pr: H2(0,ar) — C*, ey := (wi(0+), wi(ax—)) -

Moreover

(—Ane+2) ' =i (—Ac+2)7!
+ (871 G(2))T(© + TI(&}_ Tk (2)IT) ' T4, Gk (2)") -

The self-adjoint operator Arje describes the Laplacian on a bounded graph with n
edges, the & -th edge being identified with the segment [0, a;] . By a similar construction
it is possible to define the Laplacian on a graph with unbounded external lines. The
boundary conditions IIt¥ = ©pY specify the connectivity of the graph. For such a
kind of operators, in the case the parametrisation is given by a couple of n X n matrices
satisfying (4.1) and (4.2), see [17] and see [2] for the corresponding resolvent formula.
In [20], Theorem 6, it was shown that such a parametrization in terms of a couple of
matrices can be re-phrased in a way that coincides with our one (no resolvent formula
was provided there).

EXAMPLE 5.3. (The Laplacian with n point interactions) Let
A:HRY) C (R} - L2(RY), Ay =Ay,

T HR) - C 1= (), W),

where y, € R*, 1 <k < n. Here H*(R?) C C,(R?) denotes the usual Sobolev-Hilbert
space of square integrable functions with square integrable second order (distributional))
partial derivatives. Thus

S:2(8) c L*(R?) — L*(R?), Swy=Ay,

2(8):={yeH R : yu)=0,1<k<n}.
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Since the kernel of the resolvent of A is given by
e~ \/Z ‘Xl _le

—A -1 = —
( + Z) (-xl7-xl) 477:|x1 _ x2| b

Rev/z >0,
one has, if { = (§1,...,6),

VA
Gi):C" =R,  [GERLx =) G (5.5)

— 47|x — il

and
G *(R) —C", G2 =(GQ2);,...,G2)), (5.6)
o~V lx—xl
G(2iw = /R3 P r— w(x)dx.

By (2.2) the k-th component of (z — w)G(W)*G(z){ is

(@ =w)(GW)"G(2) )k = (2(G(w) — G(2)) )
VW el = VE bl Vbl Vel
e e J e ]
= lim + j
T 47lx — yel o Z ( dmlye —yj|  4aly -yl > !

so that, according to (2.4), we can take I'(z) : C" — C" to be represented by the matrix
with components

= k=]
Tg(2) =9~ valwyl Py
Ty K7
Note that we can alternatively define T'(z) by
I'(z) := © 4+ #(G(0) — G(z)), (5.7)
where
n Ck
G(0): C" — L3, (RY), [G(0)¢](x) == Z m ) (5.8)
k=1

% is the extension of 7 to H?.(R?) C C,(R?) and the symmetric operator © is

represented by the matrix with components

5 { 0 k=j
ki = 1 -
T Anly—yj] k#]

Given, according to Theorem 2.1,
v =y, +G(2), € D(Ane), &y :=TNTne(z) 'Mry, ze€C\R,
one has, by using (5.7),

M#(y — G(0)&y,) = Tty +T1(6 — I'(2))11g,
= Tlty, — Tne(z)G, + OIS, + 6, .
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This gives I17y = © {,,, where the renormalised trace operator % is defined by
% : 2 (Ane) — C", %oy :=t(w — G(0)&,) — O, . (5.9)

Note that such a definition says that the k-th component of %y is given by

<%ow>k=nm(w<x> L_s ) L<k<n,

T Rz
where here {; denotes the k-th component of {,, . By Theorem 2.1 one has
Aney = Ay; +2G(2) ¢y
= Ay = G(0)Gy) +26(2) Gy — A(G(2) — G(0)) &y
=A(y = G(0)&y) -
In conclusion, for any (IT,0) € E(h), h = C", one has
Ane : 2 (Ane) C L*(R?) — L*(RY), AneV = Ay,
7 (bne) = {y € L’(R*) : v =wo +G(0){y,
wo € Hp(R%), &, ez (), Ty =074}

and
(—Ane +2)7' = (-A+2) 7' + G (O + T ()IT) ~'TIG(2)* .

The case I1 = 1, © diagonal, reproduces the self-adjoint extensions appearing in [1]
and references therein. For the general case (when the parametrisation is given by a
couple of n x n matrices satisfying (4.1) and (4.2)) see [24].

EXAMPLE 5.4. (The Laplacian with n point interactions, the vector-valued case)
The previous example can be generalised by taking

A HARf) © LR ) — LR )
Ay := Ay + By, (5.10)
where B is a symmetric operator in the d-dimensional Hilbert space f, and
THRY) b, b=aif, =), whn),
By using the unitary isomorphisms
f=Cf, @lnf~ el Ch, L(RYf) ~ oL, L(RY)

induced by the orthonormal basis ey, ...,e; made of the normalised eigenvectors of
B, and denoting by by, ..., b, the corresponding eigenvalues, one has

G(z) = 69;71:1Gi(2) : @;1:1@" - @?:1L2(R3) ;
G(2)* = aL,Gi(2)* : L, L*(R’) — &L, C".

Here
Gi(z) : C" — L*(R?)
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and

Gi(2)* : L*(R%) — C"
are defined by evaluating the operators G(-) and G(-)* given in (5.5) and (5.6) at
z — b;. Analogously

F(Z) = EB;'I:]FI'(Z) : @ﬁlzl(cn — @?1:1(:}1’

where I';(z) is represented by the matrix with components

Vz=bi _;
T k=j
Tigi(z) = o~ VEbi Iy =)l

T dalye—yjl k#j.

Proceeding as in the previous example one has, for any (I1,®) € E(h), h = &7 f ~
@;1:1((:n ~ (Cnd ,

Ane: 2 (Ane) C L*(R*;§) — L*(R%]),  Anew := Ay + By,
2 (Ane) == {w € (R%;§) : v =y + (L,G(0)) &y,
wo € Hp(R%;§), Gy ez (M), iy =0},

(—Ane+2) ' = (~A+2)""
+ (8L,Gi(2))1 (O + (&L, Ty(2)ID) "' I(&,Gi(2)") ,

where G(0) is defined in (5.8) and 1y is here defined component-wise through (5.9)
by writing ¥ =y e+ -+ yyeq.

By the unitary isomorphism L?(R*)®§ ~ L*(R?; ) givenby w®{ +— w{, which
transforms A® 1+ 1® B into A defined in (5.10), and by taking f = ®@7_,C? ~ c?,
this example reproduces (for a particular choice of B ) the self-adjoint extensions given
in [6] describing systems made of a spin-less quantum particle and an array of n spin
1/2 (there the parametrisation is given by a couple of n2" x n2" matrices satisfying
(4.1) and (4.2)).

EXAMPLE 5.5. (The Laplacian on a bounded domain) This last example is the
extension of Example 5.1 to n dimensions. The main difference is due to the infinite
dimensionality of h, i.e. the defect indices of S are infinite in this case. This requires
the use of some not trivial analytic results which we entirely take from [13] and [21].
However, apart from these technical issues, we follow the same path as in the much
simpler Example 5.1. This leads to the reproduction of the results obtained (for general
strongly elliptic operators) in [13], Chapter III, about the complete classification in
terms of boundary conditions of the self-adjoint extensions of the minimal Laplacian
on a bounded domain. The study of boundary value problems by means of self-adjoint
extensions goes back to [8] and was further developed in [32].

Given Q C R", n > 1, abounded open set with a boundary Q2 which is a smooth
embedded sub-manifold (these hypotheses could be weakened), H"(Q) denotes the
usual Sobolev-Hilbert space of functions on Q with square integrable partial (distri-
butional) derivatives of any order k < m and H*(0Q), s real, denotes the fractional
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order Sobolev-Hilbert space defined, since here 0Q can be made a smooth compact
Riemannian manifold, as the completion of C°°(9Q) with respect of the scalar product
(f,8) msq) = (f, (—As + 1)°8) 12(00) -

Here the self-adjoint operator Az is the Laplace-Beltrami operator in L?(9Q). With
such a definition (—Azz + 1)*/? can be extended to a unitary map, which we denote by
the same symbol,

(A + 1) - H'(0Q) — H'™*(9Q) .

For successive notational convenience we pose
A= (=M + 1)V H(0Q) — H(0Q), Z:=A"l.
The continuous and surjective linear operator
v H(Q) - H0Q) e HP(09),  vo:=(0,10), ,

is defined (see e.g. [21], Chapter 1, Section 8.2) as the unique bounded extension of

7:C7(Q) = C7(0Q) x C(0Q),  7¢:=(p9,T9),
where
09
on

and n denotes the inner normal vector on 0Q. By Green’s formula the linear operator
y can be further extended (see [21], Chapter 2, Section 6.5) to a continuous map

PO )= 0(x), () =n)-Vo(x) = 20 (x), xeoQ,

V12 (Amax) — Hﬁl/z(ag) D H73/2(89)7 79 = (09,79),

where
D (Anax) == {9 € L*(Q) : Ap € L*(Q)} .

Let us remark that H>(Q) is strictly contained in 2 (Ayq) When n > 1; by elliptic
regularity one has (see [13], Proposition III 5.2, [21], Chapter 2, Section 7.3)

H(Q) = {¢ € D (Ana) : PO € H3/2(8Q)} (5.11)
- {¢ € D (Amar) : 70 € HI/Z(GQ)} . (5.12)
Now let A be the self-adjoint operator in L?>(Q) given by the Dirichlet Laplacian
A:7(A) CLX(Q) = LX(Q) Ay =Ay = Ay,
7 (A°) = {y e H}(Q) : py =0}
andlet 7 : 74 — b, with h = H 1/ 2(89), be the normal derivative operator along

0Q defined above. Thus we are looking for all self-adjoint extensions of the symmetric
operator given by the minimal Laplacian

S:92(8) CLX Q) = L*(Q), Sy =Auy :=Ay,
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2(8) = D (Amin) =Hy(Q) :={y € H*(Q) : py =1y =0} .

Note that by defining the maximal Laplacian A,,, as the distributional Laplacian
restricted to Z (Apax) , one has Aygy = (Apin)* -
By the definition of G (0) one has, for any & € H'(0Q) and for any y € L*(Q),

(G(0)h, y) 12(0) = — (AR, T(A) W) 1200 -
Therefore 9
GO =~ [ Ak £ gtx.3) do).
oQ n
where g is the Dirichlet Green function of Q for the Laplacian, and so
G(0) = KA,

where K denotes the Poisson operator, i.e. K : H '/2(0Q) — 2 (Apa) is the
continuous linear operator (see e.g. [21], Chapter 2, Section 6) which solves the
Dirichlet boundary value problem

AKh =0, (5.13)
OKh=h. (5.14)
By (2.2) one has
G(z) = G(0) — z(—AP +2)7'G(0) = —AP(—AP + 2)7'KA (5.15)
andso G(z2)h € D (Apax), h€ H 1/ 2(0Q), solves the Dirichlet boundary value problem
AG(z)h = zG(2)h,
0G(z)h = Ah.

Thus
% (G(2)) N 7 (&”) = {0}

and condition (2.1) is satisfied.
Now, according to (2.6), we define the bounded linear operator

['(z): H/?(0Q) — H'*(0Q),

I(z) := Loy (z) = 7(G(0) — G(z)) = z7(—A” + 2) 'KA. (5.16)
Since 7 (Afig) € 2 (Amax) the trace operators p and % act on Z (Afj ). Thus for
any ¥ € 7 (Afjg), which according to Theorem 2.1 can be written as

v =y, +G@)e(z) 'Mry, €, z€C\R,

one has
pw = AllTe(z) "My, , (5.17)
i.e.
Ipy € 2(0) C % (), OZpy =Il(ty, — T'(2)Zpy) , (5.18)
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and

Ty = ty, — ['(2)Zpy + 1G(0)Zpw . (5.19)
Such relations (5.17)-(5.19) show that for any w € 2 (Afjg) the regularised trace
operator Ty defined by

oy = (v — G(0)Zpy)
is H'/?(0Q) -valued and the boundary condition
My = OZpy

holds true. By elliptic regularity one can define %) on a larger domain: by (5.11) one
has
D (D) N H (P) = 7 (AD)

and so, for any ¥ € Z (Apax), ¥ — G(2)ZPy belongs to 2 (AP). Thus (see [13],
Theorem IIT 1.2)
o1 D (Amar) — H?(0Q)
oy = (v — G(0)Zpy) = 1(v — Kpy) = Ty — PPy,

where the bounded linear operator P, known as the Dirichlet-to-Neumann operator over
0Q, is given by (see e.g. [13], Theorem III 1.1)

P:H'2(0Q) — H3?(0Q), P:=%K.
Since .
¥ —G(0)Zpy — (A°) Ay € #(AP) = {0},
alternatively one can define 7y by (see [13], Theorem III 1.2)
B0 D (M) — HX0Q), % :=1(A”) A,
Since any ¥ € 2 (Apax) can be decomposed as
v = (v — G(2)Zpy) + G(z)Zpy
and
AR oV =A"y. + 2G(2)Zpy
=Ay + (-A+2)G()Zpy
=Ay,
in conclusion by Theorem 2.1 one obtains, for any (I1,0) € E(h), h = H'/?(0Q),
Afe: 7 (M) CLX(Q) — L*(Q),  Aqew =Av,
2 (M) ={v € 2 (M) = ZPW € 2(0), Nigy = OZPpy}
and
(—Mfe+2) ' = (A" +2)7' + G(x)I1(© + I T(z)[1) "' TIG(2)"
where G(z) and I'(z) are given in (5.15) and (5.16) respectively.
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Since X : H~'/2(0Q) — H'/?(0Q) is unitary and IT is an orthogonal projection
in H'/2(0Q), we can re-parametrise the extensions Afj ¢ by the couple (X,L), where

X C H'2(0Q) is a closed subspace and L is self-adjoint from X to its dual (with
respect to the L2(0Q) pairing) X*. In this case one has

9(AQ,L) ={Vv €D (D) : PY € Z(L), Tovly=Lpy},

where the boundary condition Toy|, = Loy means

VEEXNL}0Q), (w.f) e = (LOV.f) o) -

This alternative description reproduces the one obtained (for a general strongly elliptic
operator) in [13], Theorem III 4.1 (also see [14], [15] and references therein).

The usual Robin-like boundary conditions can be recovered in the following way:
since G(0)h solves (5.13)-(5.14), if h € H*/>(0Q) then G(0)h € H*(Q) by elliptic
regularity (see (5.11)) and so we can define the unbounded operator in H'/?(9Q)

0o : H°*(0Q) C H'?(0Q) — H'*(09Q),

Qg := —1G(0) = —TKA = —PA.

Oy is symmetric since P is L*(9Q) -symmetric by Green’s formula and so, given any
L?(0Q) -symmetric bounded linear operator

B: HY*(0Q) — H'*(8Q),
we can define the unbounded symmetric operator
Oy : H*(0Q) C H'*(0Q) — H'?(8Q),
Op =090+ BA=(—P+B)A.
Since A? is self-adjoint and (—P + B)X is bounded, one has
0 = A*((-P+B)%)* 2 65.

Thus ((—P + B)Z)* coincides with ?(—P + B)A on H>/?(9Q) and therefore Op is
self-adjoint if and only if

{0 e H'2(0Q) : (—P+ B)¢p € H'/>(0Q)} C H¥*(0Q). (5.20)

Here, by a slight abuse of notation, we used the same symbol B to denote the bounded
extension of B given by the operator on H~'/2(9Q) to H~*?(0Q) obtained by
considering its adjoint (with respect to the L*>(9Q) pairing). By elliptic regularity one
has (see [13], Theorem III 5.4)

{0 e H'2(0Q) : Pp € H*(0Q)} C H(0Q) .

Thus (5.20) holds true (by an iterative argument) when B maps H*(9Q) to H*~!*<(0Q)
forany s € [—1,3] and for some € > 0 (see [13], Chapter III, Section 6, for a similar

kind of results). So B could be a pseudo-differential operator of order 1 — €, in
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particular the multiplication by a (sufficiently regular) function. The case in which
€ = 0 is more delicate and a direct analysis is required: (5.20) holds true when —P + B
is an elliptic pseudo-differential operator of order one; this can be checked by studying
its symbol (see [15], Corollary 9.34, for the case in which A = —A+ 1, B is differential
of order one and Q =R} ).

By taking IT = 1, ® = O, one then obtains the self-adjoint extension

Ap: 7 (Ag) CLH(Q) — LX(Q), Agy == Ay,

with domain (the second expression being consequence of elliptic regularity, see (5.11))

7 (88) = {w € 7 (M) : PV € HP(09), 2y = Bpy |
={y e H*(Q) : Ty =Bpy} .

We refer to [13], Chapter III, Section 6, for a detailed study of the properties of = —P+B
and their relations with properties of Ap.
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