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BANACH SPACES OF FUNCTIONS TAKING VALUES IN A C*-ALGEBRA

ORAPIN WOOTIJIRUTTIKALT, S.-C. ONG, P. CHAISURIYA AND J. RAKBUD

(Communicated by D. Farenick)

Abstract. Let o/ be a C*-algebra with identity 1; and let s(.</) denote the set of all states on
o/ . The state space s(.«7) (with the weak* topology) is used to construct classes of Banach
spaces of functions defined on a fixed set S taking values in .7 . The inter-relationship between
spaces are considered. Special classes of operators on these spaces are also considered. When
o is taken to be C and S to be N, all spaces are just the classical spaces.

1. Introduction

Many well-known and beautiful theorems in analysis involve Banach spaces of
functions taking values in the real or complex field. In fact, from our more naive and
simplistic point of view, the entire theory of operators and operator algebras is built on
the sequence (function) space /> and the Lebesgue function space L? (and operator
algebras are themselves Banach spaces of functions taking values in a Banach space).
Many of these theorems have been extended to Banach spaces of functions taking values
in a fixed Banach space, with the norm on the Banach space replacing the absolute
value function on the real or complex field [3]. Since a C*-algebra has richer structure
and resembles the complex field in more ways than a general Banach space, when the
complex field is replaced by a C* -algebra, there are more natural ways to study function
spaces taking values in a C*-algebra. In this paper we use the state space on a fixed
C* -algebra to study Banach spaces of functions that take values in the C*-algebra.

Let S be a fixed set; and let ./ be a C*-algebra with identity 1 and state space
s(o7) (with the weak™ topology, whenever a topology is invoked). We consider spaces
of functions from S to < that are finite under various norms determined by s(<7). The
main purpose of this paper is to extend results on classical Banach sequence spaces to
these spaces. When the C*-algebra is taken to be the complex field C, since the state
space of C contains only one element, namely the identity map, all the norms are the
same as the classical ones determined by the absolute value function and all spaces are
just the classical spaces.

We begin by gathering some fairly well known results about elements in <7 and
s(<7) that will be used in later sections of the paper in section 2. The commonalities of
spaces to be studied are gathered together to prove a theorem in section 3 which, in turn,
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is used to prove that certain collections of functions on S x § act as bounded operators
on the space, and these functions form a closed subspace of the space of all bounded
operators. We extract the essence of the proofs of the existence and completeness of
norms into theorems in section 4. These general results are then applied to show all
spaces being considered are Banach spaces in sections 5 and 6. For some of these
spaces 2, we also have a description of the elements of the space #(Z2",<), of
bounded linear maps from the space 2 into 7 ; an analogue of the dual space.

2. Definitions and Preliminaries

Let </ be a unital C*-algebra over the complex field C with state space s(.<)
(the set of all positive linear functionals of norm 1 on <7, i.e., taking the value 1 at the
identity, with the weak* topology). Then ||a|| = sup |@(a)]= max |p(a)| for all
pes() pes()
self-adjoint elements a € &7 (in fact, it is true for all normal elements, [4], Theorem
4.3.4 (iv), p. 258). By convention |x| = v/x*x for every x € .«7.

For a positive linear functional ¢ on .7, the following inequality is just the trian-

gle inequality for the semi-norm ||a||, = [¢ (a*a)ﬁ (a € &) induced by the semi-inner
product defined by (a,b), = ¢ (b*a) forall a,b € </ ([4] p. 256).

LEMMA 2.1. (Minkowski’s inequality) Let a,b € & ; and ¢ € s(<7). Then

o (le+sP)]* <o ()] o ()] e

la+bll, <llall, + 116l -
LEMMA 2.2. Let x,y € o and ¢ € s(</). Then

2 2 2 .
o () <lPe (D) es lwvlly < Il vl

For any x € o7, define the state norm of x by ||x||;= sup |@(x)|. Itis not hard
pes()
to see that ||-||, is indeed a norm on o7 . The following proposition, which may be well
known to the experts, establishes the equivalence of the state norm and the norm. This
is useful in later sections.

PROPOSITION 2.3. Forany x € o, ||x||; < |Jx]| < 2/|x|l,-

Proof. Since s(#/) C (d#)l (the closed unit ball of &7*),

Ixlly="sup [o()]< sup = |lx].
pes(e) re(a*),

Decompose x € o7 as the sum of its real and imaginary parts x = Rx + i3x. Since
|@(Rx)| < |@(x)| and similarly for the imaginary part, and since the state norm of a
self-adjoint element is equal to its norm ([4] p. 258),

el < 190+ 11Boxl = ([ Fel |+ (1Sl < 2] -
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3. Bounded “Matrices”

Throughout this paper S denotes a fixed nonempty set, and .# denotes the col-
lection of all finite subsets of S directed by set inclusion: F = G < F DO G for
F,Ge % . Foraset A, AS denotes the collection of all functions from S to A. Let
X be a Banach space; and let x € X5 so that {x(s):s € S} is a collection of vectors
in X. The (unordered) sum ) x(s) is said to be convergent with sum x € X if the net

seS

Y x(s) converges to x, written
seF FeZ

Y x(s) = lim (Z X(S)) =x,

seS Fes seF

otherwise, 2 x(s) is said to diverge or to be divergent. By convention, the sum over
seS
the empty set is 0. A convergent sequence is always bounded, but a convergent net

may not be; e.g., the positive reals directed by the reverse ordering converges to 0 (in
the usual topology), but it is not bounded. However, for a convergent sum, the net of
“partial sums” is always bounded.

PROPOSITION 3.1. For x € X5, if Y x(s) = x converges in X, then there is an
seS

M such that || Y, x(s)

seEF
sums” is bounded.

<M forall F € F, ie., the net { Y X(s) of “partial
seF FeZF

Proof. Since this is true in any topological vector space, we give a proof for this
more general setting. Assume X is a topological vector space. Let % be an open
set containing 0. Then there is an open, balanced and absorbing set ¥* containing
0 such that ¥ + ¥ C % . By the convergence of the sum, there is an Fy € .% such

that for all F € .% with F D Fy, x— 2 x(s) € ¥'. Since ¥ is absorbing, for each
seF

€ ¥ forall A €[0,2¢e5). Let

G C Fp there is an &g > 0 such that A [x— Y x(s)
s€G

e =min{ez: G C Fp}. Thenif A € ]0,2¢) and H C Fy we have A lx— D x(s)] ev.
seH
Let t = max {%, 1 } ,andlet H € .%. Since ¥ is balanced and absorbing, we have

Y x(s)= Y x(s)— Y, x(s)

s€H HUF, s€F)\H

= [ Y x(s) —x] —é (E l Y x(s) —x]) el-7]- é[—”//}
HUFy sEFR\H
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Ct¥V+1¥V =t[V+¥])Ct%.

For b€ X and s € S define e;(b) € X5 (analogue of the standard basis elements
in /P space) by

[es(b)](t):{g Lf;;z forall 1€8.

For x € X5 and F C S, denote by xz the function
x(s) if seF
XF(S) = ( ) . .
0 if s¢F

From this point on, 2~ will denote a Banach space of functions from S to <7 that
satisfies the following conditions:

() e(b)e " Vbe,VseS;
(ii) there exists a ¢ > 0 such that ||x(s)||,, <c|x|ly VseS, Vxe 2
(iii) there existsa & >0 suchthat Vb e o7, Vs S, |es(b)| o < &bl :

@) sup [kl = x|l ¥x e 27
Fe

THEOREM 3.2. If a € &5 and if ) a(s)x(s) convergesin o forall x € 2,

seS
then Ty( 2 a(s)x(s) defines a bounded linear transformation from 2" to < .
seS
Proof. Let F € 7. Define Tr: 2 — o by Tr(x)= Y a(s)x(s) Vxe 2.

seF
Then TF is readily seen to be linear, and

2, a(s)x(s)

seF

< X a1 < X lals)lly el 5,

o seF seF

1T (%) oy =

which implies that 7 is bounded for each F € .#. Fix x € 2"; since Y a(s)x(s)

ses
converges, and T (x) reZ a(s)x(s), there exists, by Proposition 3.1, a constant My
SES
such that
I1Tr ()], = || 2 als)x <My forall FeZ
seF o

From the uniform boundedness principle, we infer the existence of a constant M such
that ||Tr|| < M forall F € %. Forevery x € 2, we obtain

Y a(s)x lim ) a(s)x

ses Fe QSEF

= lim
FeZ7

Y als)x(s)

seF

1Ta(x)l o =

o o
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= lim [|7r(x)[|, < limsup |[Ze[[[[x]] - < MIx][ -
FeZ FeF

Therefore T, is a bounded linear transformation from 2" to o7 .

Let Z(Z") be the set of all bounded linear operators on 2. It is well-known that
P (Z") with the operator norm is a Banach algebra.

Let A be a function from S x S to «/. We say that A defines a linear operator,
Tx, on X, if foreach x € 2

(i) (Tax)(s):= Y A(s,1)x(t) convergesin &/  VsE€S,

tesS

(i) Taxe 2.

THEOREM 3.3. Let A € o/5*5. Suppose that A defines a linear operator, Ty, on
X . Then Ty is bounded.

Proof. For a fixed s € S,

(Tax) ) () = 85(u) Y, A(u,1)x(r) Vx€Z Yues

tesS

1 ;u=
0 ;u ;é s
there is a constant M_Y such that for all x € 27,

where & (u) = . Then by condition (iii) on £  and the preceding theorem,

ZAst

tes

< EM; [[x]] - -
o

|0

Let F € . The map Ty r : X — (TpX) is a bounded linear operator on 2", because

} ’ Tar(X)

2 =I(Tax)pll 5 =

’ D (ax)y| <
seF Z

Fix x € 27; since ||Ta r(X)|| - = (TaX)¢ || »- < | Tax|| 5 forall F € .7 by the con-
dition (iv) on 27, it follows from this and the uniform boundedness principle that
there is a constant M such that ||Ty p|| <M for all F € Z. Thus ||(Tax)p|l, =
1 Tar(®)| 5 < ||Tar| X <M||x|| ,- VF € Z. By condition (iv) again, ||Txx]|,- =
sup H(TAX)FHw < M|x| 4. Therefore T, is bounded with ||Tx|| <M.

FeZF

%‘g H(TAX){S} 2

Let # (Z°) be the set of all A in the space of functions from S x S to &/ such
that A defines a linear operator on 2". Then .# (%) can be regarded as a subspace
of B(Z), by the preceding theorem. For simplicity of notation write Ax = Tyx for
Ace (X)), xeZ.
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THEOREM 3.4. Let 2" and .# (Z") be as defined above. Then M (Z") with

the operator norm is a Banach space. If 2 has the property that ||x — Xp || 70 for
all xe 2, then (X" is a Banach algebra.

Proof. For A € # (%) and (s,1) € S x S, we claim that ||A(s,?)|| < c&||A];
where ¢ and & are as in the definition of 2". Indeed, by conditions (ii) and (iii) on
%’

[A(s )]l = IAGs,2)- Ul = [[{Afer(1)]
<cllAfe (Do < cl|A]fle(1

F)l
< )
<clAlEl,, = cElA]ll.

.o

To see that .# (Z") is a Banach space, we show that .# (2Z") is closed in Z(Z"). To
thatend, let {A,} be asequence in .# (£) such that A, — T in Z(Z). Then {A,}
is a Cauchy sequence in . (Z") . For each fixed (s,z) € S x S,

1An(s,0) = Am(s, )]l = 1(An = Am) (5,0l .y < cSl|An—An| =0

as n,m — oo. We see that the sequence {A,(s,7)}, _, is a Cauchy sequence in <.
Since <7 is complete, there is an element ay € <7 such that A, (s,) — ay as n — oo,
Define A(s, t) = as, Let x be an arbitrary vectorin Z". Foreach s€ S and F € &

we have [A, = Y A,(s,1)x(z) and hence
teF
(T (xF)) (s) = lim (An(x))(s) = lim 3 An(s,0)x(1)
teF
=> <11m (t)}) = 3 A(s,0)x()
teF T 1eF
Thus | ZA (s,0)x(¢) forall s€S. Fix s€ S, let € > 0 be given. Since
teF
A, — T, there exists N € N such that forall n > N,
€
A -T|< ———.
| ” dc|x]| 5 +1
Since Ay € 4 (), [An(x)](s) = Y, An(s,2)x(r) convergesin «/. That is
tesS
Ay ()] (5) = 3 An(s,00x() “2 S Aw(s,0)x(0) = [Aw (%)) (5)
teF teS
So there is an Fy € .% such that for all F € %, with F D F,
€

[[An (xF)] (s) — [AN(X)] (5) ]|, < h

For F € . with F D F,

— Y A(s,1)x(t)

teF

= [T )] (s) = [T (%)) (9)]] o

o
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<] (s) — [ANE)] ()l + AN ()] (5) = [An (xF)] ()]s
+ [[An(xr)] () = [T (xF)] (5) ] o
=7(x) = Av )] ($)]r + NANG)](5) = [An (xF)] (9)]] o

+ AV GE) =T (%)) (5.
< (T AN W)y + 5 + ellan=T) (xe)ll

€
<cll(T = An)Hxlo + 5 + cllAv =T [x]o

< ° Xl + = + ° X[l < €
<e |l ———— 9 — c|l———m 9 .
dclx[l, +1"7" T 4 delx|| - +1] "7

Hence hm <2A $,1)X ) [T(x)](s), i.e., Y. A(s,0)x(t) = [T(x)](s). Since this
teF tes
is true for all s €S, we have that A € .Z (2") and Ax = Tx for all vector x € 2.

This implies T =A € .#Z(%").

To see that . (") is a Banach algebra when 2" has the “finite approximation
property”, we need only show that it is closed under multiplication. Let A,B € .Z(2").
For each u € §, since e,(1) € £, and hence y(r) = B(t,u) = Ble,(1)](z), t €S
defines a function in 2", thus B(-,u) € 2 for every u € S. It follows that, for each

fixed s,u € S, the sum Y A(s,7)B(t,u) = lim | Y A(s,7)B(t,u)| converges. Set T =

tes 7 lteG
TaTg. Let x€ 2 and F € .% . Then, foreach s € S,

(Txp)(s) =[(TaTs) (xr)] (s) = Y Als,) (Txr) (1)

tesS
=Y A(s,1) ZB(t,u)xF(u)]
teS uesS
=Y A(s,0) | Y B(t,u)xF(u)]
tes uer
= hm <2A s5,t) 2 B(h“)"F(“)])
teG uekr

-3 (L () oto)

=Y (AB)(s,u)xr (1) = ([AB]xF)(s)

ucF

Since s € § is arbitrary, Txr = (AB)xp for all F € F. Let so € S be fixed.
We claim that ;im [(AB)xr|(so) = (Tx)(so). Let € > 0. Since T is bounded, and
eF



380 ORAPIN WOOTIJIRUTTIKAL, S.-C. ONG, P. CHAISURIYA AND J. RAKBUD

Xr — X, there is an Fy € % such that for all F € . satisfying F O Fy we have
€
AB —Tx|| o =||TxF — TX|| - < ——. Th
I(AB)xr — Tx] o = [ Txe = 7]y < —— . Thus

I[(AB)x£](s0) — (T%)(s0) | o = I[(AB)xr — Tx] (50) | .»
<cl|[(AB)xf — TX|| <c< —T—l) <E.

Therefore

(TX)(50) = Jim [([(AB)xe]) (s0)] = Jim

FeZF

Y. (AB)(s0,1)x (t)]

teF

= (AB)x(s0)

= lim
FeZ

2. (AB)(so,1)x(r)

teF

This shows that for each so € S, [(AB)x](sp) exists and is equal to (Tx)(sp). Since
Txe 2, (AB)x€ 2 . Thus AB € # (%) and T = T(ap) from the arbitrariness of
x € Z . The submultiplicativity of the norm follows from the observation: by definition
|AB|| = [|Tanll = ITaTs|l < [ Tall 7]l = [|A]| [|B]|. The proof is complete.

4. The ({(S,</) and ¢,(S, /) spaces

We begin this section with some general results that will be used for all spaces to
be considered.

PROPOSITION 4.1. Let B be a Banach space of functions from S to C; and let

neS. Then poneB YVocs() iff sup |[@on| <.
pes()

Proof. [<] This is clear by definition.
[=]1Fix n€.o/5 suchthat pon €B V¢ (/). Let o7* be the dual space

4
of o and f € &/*. By Corollary 4.3.7 of [4] (p. 260), f= Y. o@,, where a, € C

v=1
and @y €s(«/); v=1,2,3,4. Since each pyon €B, fon= Zcxv (pyomn) €.

Therefore Ty, (f) = fon maps «/* to B. We show that Ty, is bounded by showing
that the graph of T, is closed in &/* ©9%B. Let f, — f in &/* and T, (f,) —y in B.
We must show that T;,(f) =y. From f,, — f, we getthat, foreach s € S, (f,on)(s) —
(fon)(s) as n— oo. From Ty (fy) —y, we see that, foreach s € S, (f,on)(s) —
y(s) asnm—eo. So (fon)(s)=y(s) forall s. Therefore T;(f) =y. This shows
that the graph of T, is closed. Since 2/* and B are Banach spaces, by closed graph
theorem, T; is a bounded linear mapping from </* to B. Then sup [@on| =
pes(<)

sup HTn )< sup ([ Tyllloll = [Ty <=
pes(o pes()
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THEOREM 4.2. Let X be a Banach space, and let ||-|| : X5 — [0,0] be a function
satisfying the following conditions:

I x| =0 & x=0 VxeX5;

N

Ix+yll < [Ix[[+[lyll Vx,yeXx®;

)

. Jlox|| = |e| [|x]| (0-00=0) VxE X5V axeC;
4. 3¢ >0 suchthat |x(s)||ly <cljx|]| VxeX5VseS;
5. 3& >0 such that |leg(a)|| < &llally VacXVseS;
6

sup ||xr|| = ||x|| Vxe€X5.
FeF
Then Y = {x € X5 : ||x|| <o} is a Banach space with norm |-||.
Proof. Let {x,},_, be aCauchy sequence in Y. Then for each s € S,

1% (5) = Xm($) | = 1| (% = %) () [ x < €[%n = Xml| = 0 as n,m — oo.

Hence {x,(s)},_, is a Cauchy sequencein X. Since X is complete, there exists X(s) €
X such that x,,(s) — x(s) as n — co. Forafixed F € ¥

(%) p = XF[| =X = X)p[| = %eS((Xn_X)(S)) ‘
Y e (xa(s) — <EY [[%als) —x(s)[| = 0
seF seF

as n—oo. Let € >0. Since {x,} is a Cauchy sequence, there exists an N € N such
that for all n,m > N, ||x, —xu|| < 5. Then, for n,m>N, F € &

€
(%) F = %) p | = [ (%0 = Xon) p | < [ %0 — %] < 7

Holding n and F fixed and letting m — oo in the left most and right most expressions
above, we obtain

I —X)pll = [5)p —xell S5 VNV FeZ

N ™

€
Thus ||x, —x|| = sup (x, —x)F|| = sup |(xn)F —xp|| < = Vn>N So xy—x €Y
Fe Fe

and hence x = xy — (XN x)€Y. In addltlon we also have X, — X a8 1 — oo,

For a € /5 define a* by a*(s)=[a(s)]" Vs€S. For x,y € &5, define
xy € 275 by (xy)(s) =x(s)y(s) Vs €S. For ¢ €s(o7), x € .o/5 define ¢(x) € CS5 by
(@(x)) (s) = @(x(s)) for s €.
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THEOREM 4.3. Let 'y € &/5, and p € [2,).
(a) The function |-||: /S — [0, defined, for each'y € /5, by

(TS}

¥l = sup (z[q)(y(s)*y(s))} )1,: sup [zny H
SES pes() | ses

pes()

satisfies all six conditions in Theorem 4.2 (with c =& =1).

(b) The condition 2[(,0 (y(s)*y(s))]g
seS
for sup ¥ [ (¥(s)"¥(5))]? <.
pes() ses

<o Y @e€s(&) isnecessary and sufficient

Proof. Part (a) has six subparts. Since they all have straightforward verifications,
we prove only condition (6). Let x € /5. If ||x|| = oo, for each M > 0, there isa ¢ €

s(</) such that Y [|x(s )l >M?P . Thus thereis a G € F such that Y [Ix(s )N >MP.

SES seG
That is ||xg||” > MP. Therefore sup ||xp| =eo. Itis easy to check that ||x¢| < ||x||
FeF
for each F € .% . Thus sup IIxe|| < |Ix]|-

If ||x|| < oo, then for each €>0, thereisa @ € s(«7) such that

£
> 0> X7 =5

sES

Thus there is a G € .F such that Y [x(s)[I5 > [Ix[|” — €. Thatis [[xg||” > [|x||" —&.
s€G
Since ¢ is arbitrary, sup ||xg|| = ||x]|-
GeF

(b) [=] Fix x € &5, Define nx(s) = x(s)*x(s), s € S. Then 1y maps
S to o and (Qomny)(s) = @ (x(s)*x(s)) V@ €s(«/). By assumption @ony €
(%(S,C) V¢ € s(</). Thenby Theorem 4.1,

sup <z[¢(x(s)*x(s))]g>”: sup [|@omy|| <ee.

pes() \ses pes()

?

Hence sup | Y [¢ (x(s)*x(s))}% < oo. The converse is obvious.
pes() \seS

With &7 and s(«7) as above, for p € [2,00), we consider the following spaces:

0(s.o) = { €2 Y [g(x(s)x(s))]) <o Vg s(m} :

sES
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and

(S, ) = {X e 5. Y (o (x(s)"x(s)))?

sES

converges uniformly for ¢ € s(.%/ )} .

It is clear from the definitions that ¢%,(S,.«7) C ¢£(S,<7), but the following exam-
ple shows that the converse is not true in general.

EXAMPLE 4.4. For p € [2,00), ¢%,(S, /) C (2(S, ) for any C*-algebra </ (of
operators) with infinite family of operators having mutually orthogonal ranges and
S=N.

Proof. Let {x};} be a family of norm 1 contractions in ./ with mutually orthog-
k

*
3 5

n=1

onal ranges. Then the ranges of x)x, = y,y,; are orthogonal, and hence

max [|x5%n| Since ||xall, < [Jx|| < 1 forall n € N, for each ¢ € s(),

k k k k
2
Z Hang < ||anq; = Z ¢ (Xn) = @ (Zx:;xn>
1 n=1

n=1 n= n=1

k

<[ 2| -

= max ||an
k

I<n<

So x(n) = x,, n €N, defines an element of ¢ (N, /). On the other hand, for each
n € N, there exists @, € s(«7) such that @,(x'x,) = |xa]|*> = 1 ([4] Theorem 4.3.4, p,
258). Thus

=3

> (00 (x57)] £ = o (o)) = 1>

j=n

N —

That is x ¢ ¢£,(N, o) (the convergence is not uniform over s(.«7)).
An interesting question arises naturally here. Is there an infinite dimensional C*-
algebra o7 such that these two spaces are equal?

THEOREM 4.5. The function ||| defined in Theorem 4.3 is a norm on the space
LS, ) [resp. 05(S, )], and 05(S, /) [resp. £,(S, /)| is a Banach algebra un-
der this norm and the point-wise product.

Proof. That ||-|| is indeed a norm follows directly from Theorem 4.3. From the
definition, we see that ¢£(S,«) = {y € &% : |ly|| <}, and hence it is a Banach
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space by Theorem 4.2. To see that ¢4 (S, <) is closed under point-wise multiplication
and the submultiplicativity of ||-||, let x, y € /£(S, <) and ¢ € s(«7). We have

(%IIX ”)l (%X 1”1y (s) ”)ﬁ

1

< x|l (Z Y(S)II{,’,> < [IxI[{lyl-

sES

Thus xy € ¢£(S,.o7). Since ¢ € s(.7) was arbitrary, ||xy|| < ||x]|[ly|-

For the space %,(S,.o7), it suffices to show that ¢%,(S,.<7) is a closed subspace of
02 (S, /) for its completeness, and that it is closed under point-wise product. For the
former, let {x,} be a sequence in ¢%,(S, <) such that x, — x in ££(S, ). Let € >0
be given. Then there exists a positive integer N such that ||x, — x|| < £ foralln>N.
Since xy € ¢L,(S, o/ ) there exists Fy € .% such that for all G € % W1th GCS\ K

E\P

and forall ¢ € s(«), Y, |lxn(s) g < <§> . Let H € % be such that H C S\ Fy and
seG
let @ € s(«/). We obtain

(z x<s>£;) < (z [x(s)—x~<s>¢+||xN<s>||¢}”>
seH seH

(g 0wom) + (g more)

x—xull+ & <E48 —¢

h MIT2 S22 T

which implies that x € ¢%,(S,<7). For the closure of ¢%,(S,.<7) under point-wise prod-
uct, we show that ¢7,(S,.<7) is in fact a left ideal in ££(S,<7). Let x € (£(S, /), y
02,(S,47); and let € > 0. There is an Fy € .% such that for all G € .# with G C S\FO

|-

P
andall ¢ € s(«), Y y(s)[lf < [7} . Thus for such a G, we also have
seG HX” +1

Y Ix(s)y(s)llg < X IxI” Iy (s)lig < [Ixl” X Iy ()5

seG seG seG

e p
<X 7= | <€
X[ +1

Thus xy € ¢£,(S,7). Since the norm on ¢,(S,.o7) is the same as that of ¢£(S,.<7),
and submultiplicativity is already proved above, the proof is thus complete.

Recall that, for x € &5, and F € Z xp(s) =x(s) if s€F and x(s)=0
otherwise.

PROPOSITION 4.6. For each x € (L,(S,/), |x—xp| — 0. This is false in
2(N, o) for o asin Example 4.4.
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Proof. Let € > 0 be given. Since x € ¢7,(S,.<7), there exists Fy € .# such that for
€
all Ge .F with GCS\Fy Vo es(), Y, [Ix(s)|1F) < (—) Hence Y |[Ix(s)[f <

SEG SES\Fy
P P
(;) e, | < (f) . Thus forall F € .F with F D F,

2

NP
I xell < x—x < (5)
This means xp — X.
Let x, be as defined in Example 4.4, and x(n) = x, (n € N). Then x € ¢/ (N, 7).
Let F € .#(N). Choose m € N\ F and ¢ € s(«) such that @(x}x,) = 1. Then
X =xp || = [[x(m)[|, =1
COROLLARY 4.7. The set . (3(S, o)) [resp. 4 (¢4,(S,<7))], of all A in the
space of functions from S x S to </ such that A defines a bounded linear operator on
UL(S, o) [resp. 04,(S,<7)] , with the operator norm is a Banach space [resp. Banach
algebra).

Proof. This follows directly from Theorem 3.4 and the preceding proposition.

The following example shows that for p € [2,00), ¢£(S,<7) and ¢%,(S,.o/ ) may
not be “self-adjoint” in the sense that if x € Ep(S,szf) or x € /£,(S,47) then x* may
not be in the space.

EXAMPLE 4.8. Let &/ be a von Neumann algebra that contains an infinite family
of partial isometries with the same kernel and mutually orthogonal ranges. Then there
exists X = {x;} € (,(N,.«) C 1} (N, o) but x* = {x}} ¢ ({(N, o), and hence x* =
{xi} & 2u(N,.).

Proof. Let {yi};cn be a sequence of partial isometries in ./ with the same kernel
and mutually orthogonal ranges, and x(k) = k~'/Py% for k € N. Then x(k)*x(k) =
k2/p yiy; have mutually orthogonal ranges. Let € > 0. Choose N such that N 2r <.
Then for each ¢ € s(.7), since x;x;, < I forall k € N, we have @ (xjx;) < @(I) =1.
Since p > 2, foreach g > N,

q

q
Z kak % 2 (p kak (Z kak>
k=N

k=N

q
2 xXpx|| =

k=N

1
N2p <eE.

= max [lgx| =

N<k<q

Hence x = {x;} isin ¢£,(N,.o/) [and hence in ¢} (N,.o7)].

To see that x* = {xj} is not in ¢{(N,«/), let y € s(</) be the vector state
defined by a unit vector in the orthogonal complement of the common kernel of y;,
k € N. Then xx; = k2/ Pyryx is a multiple of the projection onto the orthogonal
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complement of the common kernel, and hence y(xx}) = for all k € N. Thus

1
k2/p
o - 1
D [y (x)]P/2 = 3 L= ie., x*={x{} isnotin ¢{(N,<) and hence it is not

k=1 k=1
in (0,().

5. Alternate descriptions of ¢2(S,</) and ¢%,(S,.</)

In this section, we present alternate descriptions of ¢2(S,.<7) and ¢%,(S,<7). De-

fine
W}
o

3
] X € L2(S, ).
o

Y, x(s)"x(s)

seF

éé(S,sz{) :{xe%sz sup

FeZ

2 x(s)"x(s)

seF

Il = [Sup

FeZ

PROPOSITION 5.1. (2(S,.o/) = (2(S, ).

Proof. (C) Suppose that x € £2(S,¢7). Let F €.%. Then

¥ x(s)x(s)| = sup [cp (2 x(s)*x<s>>]
seF of pes() seF
— sup [2 w(x(s)*x(s»] <IIlB s ) <o
pes() | seF ’
So sup || Y x(s)*x(s)|| <o andhencex € Eé(&%). Therefore ¢2(S,.o7/) C Eé(&%).
FeZ ||scF o

(D) Suppose that X € ENZ(S,@?). Let ¢ € s(«/). Then

Y, 0 (X(5)'X(s)) = 0 (232(5)*32(5)) < XX <Xl
sEF sEF seF o *
forall F €.7. So Y ¢ (x( < XI5 2 Ve € s(«/) and hence X € £2(S,47).

seS
Therefore (2(S,.27) C (2(S, o).
Note that, from the above argument, we also have

Y x(s)*

seF

sup
FeZF

= x| = [1x|f: = sup [ch ]

o pes() | ses
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PROPOSITION 5.2. For p € [2,e), let (L.(S,o/) denote the space of functions
x € /5 such that the map @ — Q(x*X) is weak® to norm continuous from s(</) to
05(S,C). Then (2.(S, o) = 0,(S, o)

Proof. (C) Suppose that x € /2.(S,.27). Let &€ > 0. Choose § = £%/?. Then for
each ¢ € s(7) there is a weak™ neighborhood, %, of ¢ such that for all y € %,

lo(x*x) —w(x"x)|| < g'

Since U Up 2 s(27), and (/) is weak™ compact, there are @y, ...,9, € s(2/)
pes()
such that %y, U %y, U...\U %y, 2 s(/). Since each @;(x*x) € (5(S,C), there is an

4

Fj€ Z suchthat Y [g; (X(s)*x(s))ﬁ < (g)j Put Fp = LnJFj. Let v € ().

SES\F; j=1
Then y € %(pj for some j=1,2,...,n and hence
2
4 P ~
* 5 — *
<SZ\F [w (x(s) ()] ) [ZES) PP

S HW(X %) =il | sy + H[(p,- & Dsrms ||,

<7 =59 isic) + |15 sir |

—+==23.
< 2 * 2
Thus )’ [w (x(s)"x(5))]® < 87 = &. This implies that x € £%,(S, 7).
SES\FQ
(D) Suppose that x € ¢£,(S, 7). Let € > 0 be given. Then there exists Fy € F
p
such that for all G C S\ R, Y, [Ix(s)[5 < (E) ’ Vges(o). Fix ¢ €s(). Let

se€G 8
n = card Fy. Then the set

U= {w € s(e/) < [y (x(s)"x(s)) — ¢ (x(s)"x(s))| F < nip (%) ! , S € Fo}

is an open set in the weak ™ topology. Let F € .%. For y € %, we have

> v (x(5)"x(s) = @ (x(s)"x(5)) |©

seF

= Y W) x(s)) — @ (x(s)"x(5)) |2

seEFNFy

(/S|

+ X w(x(s)x(s)) — @ (x(5)"x(s))]

SEF\FQ
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<Y Iy (x(5)"x(s)) — @ (x(5)"x(s))|

seFy

(/S|

+ X w(x(s)x(s)) — @ (x(5)"x(s))]

SEF\FQ
P

2 2y 2
% P 14
<l Y s ||"> +< 5 ||x<s>||{;>
\€F\F0 .YGF\F()
e\ % 7 5 eN% e\ %
<G)+k s =) G =)
Since this is true for any F € .%, we have
. . P €\
3 Iy (x()"x(s) — o (x(s) x() f < 2(5)
ses 4
Thus
2
* * L !
1V (x*x) =@ (xx)[| = | X |w @ (x(s) X(S))IZ]
seS
N5 , 2 £ €
< — =27r.— < = .
\[2<4>] Wy sg<e

This proves the continuity of the map ¢ — @(x*x). Therefore for p € [2,00), ££.(S,o7) =

LS, ).
In fact, for p = 2, these are also equal to

seS

@(87%) = {x €S Y x(s)*x(s) converges in %} .

To see this, we will show that ¢2,(S,.o7) = ZZZVM(&% ). To that end, suppose that x €
22,(S,97). Let € > 0. There exists Fy € .Z such that for all G € .Z with G C S\ Fy

and forall ¢ € s(«7) @ (2 x(s)*x(s)) = [p(x(s)"x(s))] < g Thus,
s€G seG

<&,

N ™

Y x(s)*x(s

s€eG

= sup q)(Z X(s)*X(s)) <

pes() s€G

of

the Cauchy criterion is satisfied, and hence ) x(s)*x(s) converges in /. That is
SES

(S, ) C (S, ).



C* -ALGEBRA VALUED FUNCTION SPACES 389

On the other hand, suppose that x € lg,(S ,). Let € > 0. Then thereis Fy € F

‘ 2 x(s)"x(s)

se€G

such that for all G € .% with G C S\ Fy, < €. Thus for each ¢ €

o

s(),

Y 0 (x(s)"x(s)) =¢ (2 X(S)*X(S)> < sup @ (2 X(S)*X(S)>

seG s€G pes() s€G
=Y x(s)*x(s)|| <e
seG of

Therefore x € (2, (S, /) and hence (2, (S,.o7) C €,(S, 7). Thus 2,(S, o) = (2, (S, 7).
Since ¢2(S,C) = (2,(S,C) = ¢£*(S,C), the following are analogues of the duality
relationship: for each x € C5, x € ¢2(S, C) iff xy € £'(S,C) for all y € ¢*(S,C).

THEOREM 5.3. Let a € /5. Then
(1) Y a(s)x(s) convergesin o N x € (2(S,4) < a* € (2,(S,4);
SES
(2) Y a(s)x(s) convergesin o/ Y x € (2,(S, o) < a* € (2(S, ).

sES

Proof. (1) (=) Suppose that Y a(s)x(s) converges in & V x € ((S, o).
ses
By Theorem 3.2, T,(x) = Y a(s)x(s) defines a bounded linear transformation from
SES

(2(S,47) to </ . Forafixed F € .7, define

_Ja(s)r ifseF
¥is) = {o if s¢F.

Then y € (2(S,.o7) and

Ilyl> = sup (Z[(P(Y(S)*Y(S))]>= DY) y6)| = [ D a)als)] -
pes() \seF seF o seF o
From
Yaa) | =Y aly6)| =1 <ITllyl
seF of seF o
=7l || X als)a(s)||
seF o
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1

2
we have || ) a(s)a(s)* < ||7al|. Since this is true for any F € .7,
sEF o
sup || Y a(s)a(s)*|| < ||Tall? < <.
FeZ ||scF o

This means a* € ¢2(S,.o7). Put x = a* € (2(S,.</) in the assumption, we get that
Y a(s)a(s)* convergesin «. By the previous result, a* € £2,(S, o) = (2,(S, ).

SES
(<) Let x € (S, 7). Suppose that a* € (2,(S, 7). Let € > 0. There exists
Fy € % such that for all ¢ € s(«7) and all G € .# with G C S\ Fp,

82
Zlo@lRaeIl< 16 (kP +1)

Fix ¢ € s(«7). Let H € .% be such that H C S\ Fp. Then

0 (z a<s>x<s>) ‘ =T 9 @@x(s)| < ¥ lo@()x()
seH seH seH

< (lo@(s)als)))? - o (x(s)x ()
seH

< 2<p<a<s>a<s>*>] [zmx(s)*x(s))]
| s€H seH

<3 <p<a<s>a<s>*>] Ix|
| s€H

= <t
_l6(||xH2+l> 4

Thus | S a(s)x(s)|| = sup | S a(s)x(s) || < <.
s€EH pes() scH 4
Therefore || Y a(s)x(s)|| < §<e. So Y a(s)x(s) convergesin 7.

seH o seS
(2) Simple adaptations of the proof of the previous statement provides a proof for
this statement and we omit it.

These can also be restated as: a* € £2,(S,.<7) iff T, € B((*(S,</),/); and a* €
02(S, ) iff Ty € B(02,(S, ), ).

The following corollary is immediate from Theorem 3.2 and Theorem 5.3.
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COROLLARY 5.4. Let a € o/5. Then the following are equivalent:

=Y a(s)x(s) converges ¥ x € (2,(S,);

seS
2. Ty:02,(S,/) — o is bounded;
3. a*c (S, o).
So are the following:

4. Ta(x) = Y a(s)x(s) converges V¥ x € (2(S,);

SES
5. Ty:02(S,9/) — < is bounded;
6. a* € 2,(S, ).

6. The (7(S,<7) spaces

In this section we consider another class of function spaces. We begin with the
following analogue of Theorem 4.3, whose proof, which is very similar, is omitted.

THEOREM 6.1. Lety € &/5, and p € [1,).
(a) The function ||-|| : @5 — [0,c0] defined by

1

Iyl = sup [le 1 (yeo®)

oes() | seS
satisfies all six conditions in Theorem 4.2 with c =2 and & = 1.

(b) The condition Y | (y(s))|" <oV @ € s(</) is necessary and sufficient for
sES

sup Z | (y(5))[7 < o
pes() ses

For a finite p > 1, let

seS

E”(S,d):{xeds Y o (x( |P<oov<p6s(%>}, and

(S, )= {x €S Y | (x(s))|” converges uniformly for ¢ € s(%)} .
SES
We note first that ¢4 (S,./) C ¢P(S,/). From the fact that @(a*) = ¢(a) for each

a € o/ and each ¢ € s(of), we see that both spaces are self-adjoint in the sense that x*
is in the space whenever X is.
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The following example shows that the inclusion ¢4 (S,e/) C ¢P(S, /) can be
proper.

EXAMPLE 6.2. Let &/ be a C*-algebra containing an infinite family {yi}cn
of contractions of norm 1 with orthogonal ranges. Then x(k) = yiy;, k € N defines a
function that is in (P(N,.o7), but not in ¢ (N, <7).

Proof. For each ¢ € s(&/) and k € N, since I > x(k) > 0, and ¢ (x(k)) =
o (x(k))| < o(I) =1,

forall N. Hence Y | (x(k))|” <1 V@ cs(), ie, x€P(N, o).
k=1

To see that x ¢ ¢}(N, /), choose & = 1; and for each [ € N, thereisa ¢ €
s(«/) such that @y(x(1)) = ||x(I)||,, = 1. Then Y | (x(k))|” > 1 =e. Hence x &

k=1
(N, o).

THEOREM 6.3. The set (P(S, /) [resp. (4(S,<)] is a Banach space under the
usual (point-wise) scalar multiplication and addition, and the norm

1

[Ix[| := sup <Z|(p(x(s))|p> -

pes() \seSs

Proof. That the function as defined is indeed a norm on ¢7(S, o) follows directly
from Theorem 6.1. By Theorem 4.2, (7(S,o/) = {y € &5 : ||ly|| < e} is a Banach
space. The completeness of £4(S,.o7) follows from its closedness in £7(S,.o/), which
can be proved by an argument similar to that used in Theorem 4.5.

It is not hard to see that IliEH}HX—XFH =0 for all x € £§(S,</) and (P (S, o)

does not have this property (see Example 6.2). The following corollary is an immediate
consequence of this result and Theorem 3.4.

COROLLARY 6.4. The set M (¢ (S, <)) [resp. 4 (04(S, )], of all A in the
space of functions from S x S to </ such that A defines a bounded linear operator on
0P(S,a) [resp. C5(S,a)] with the operator norm is a Banach space [resp. Banach
algebral.

PROPOSITION 6.5. For p € [2,00), (2(S,a/) C (P(S, ).
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Proof. Let x € ({(S,</) andlet ¢ € s(«7). Then Y. [¢ ]? <. Since
seS
\<P(X(S))|2p=|<P(1*'x(5))|2p<[<P( (5)"x(s)) - @ (1"1)]” = [ (x(s)"x(s))]",
2o G < Xlo (x(s)"x(s))] < o0

This means x € £7(S,.o7). Therefore (£(S,.a7) C P(S, ).
For ./ = C, it is not hard to see that ¢£(S,C) = ¢7(S,C). The following example
shows that the inclusion in the previous proposition can be proper.

EXAMPLE 6.6. For p € [2,%), (¥(S,a/) can be a proper subset of (P(S,<).

Proof. Let o/ = % ((*) and S=N. Let x, be the matrix having a 1 in the (n, 1)
entry and O in all others. Then x}x, is the matrix having a 1 in the (1,1) position
and 0 in all other entries. Define ¢(A) = ay; for each A = [a;| € % (¢*). Then

@ (xpxy) =1 for all n. Hence Y [¢ (xf,x,,)}% diverges. This means x = {x,}, | ¢
n=1
(S, ).
Next, we show that x = {x,},” | € /(S,47). Let ¢ € s(«/). By Dixmier’s The-
orem ([5] p. 50; [2]), there are unique A := Ay = [aj| € €' and y € [&/*] ., where
¢! is the space of trace class operators and [42% #] o 1s the space consisting of the zero

functional and functionals on ¢ which vanish on the compact operators, such that for
all x € & @(x) = trace(Ax) + y(x). Since each x, is compact, ¥ (x,) = 0. There-

fore @ (x,) = trace (Ax,) = ay,. Since |a,| < ||A|| < ||A

a<lloll=1, X 1o ()" =

n=1
2 |ain|” < 2 jara|* < JJA|* < eo. Hence {x,};_; € £7(S, ).

With a sultable adaptation of the argument used in the proof of Proposition 5.2,
we have the following proposition.

PROPOSITION 6.7. For p € [1,), set
2(S, o) ={x e 52 @ — () is weak® to norm continuous from
s(e/) 10 £7(5,0)} .
Then
0(S, o) = (0(S, o) = {x € o/ Ve >03F € F such that
||$(XS\FO) || <eVee s(szf')} )
Recall that, for p € [1,e0) :

EP(S742%):{XE%S Y o (x( |p<ooV(p6s(4a7)} and

seS
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2P (S,e) = {x e®: Y [0 (x(s)"x(s))]f < Vo € s(szf)} :
SES
The following theorem gives a relation between ¢7(S, <7 ) and (27 (S, 7).

THEOREM 6.8. Let a € /5. Then ax € (7(S,a7) for every x € ¥ (S,.o7) if and
onlyif a* € (?7 (S,o7). If a satisfies either of these conditions, then T,(X) = ax defines
a bounded linear transformation from ¢2F (S, ) to £P(S, o) and |Ta| = [|a"| 20 -

Proof. Suppose a* € (27 (S, 7). Let x € /2 (S,o7) and let ¢ € s(«7). Then

3o (als)x(s) " < 3 () - lats)” )

ses seS

1 1
2 2
2 2
< (2 ||X(S)||¢p> (Z IIa(S)*J) (t)
seS seS
<l lla™la, <o

which implies that ax € ¢P(S, 7).
Conversely, define T, : (27 (S,./) — (P(S,</) by

Ta(x)=ax  Vxe/(¥(S,o).

Let F € #. Define

Tr(x) = (ax),  Vx€ P (S, )
ie.,
a(s)x(s) ifseF

[ﬁumw={0 g r

Then it is not hard to show that each 7r is bounded. An application of the uniform
boundedness principle shows that there exists M > 0 such that |7T¢|| <M VF € .Z.
Thus, for each x € ﬁp(S,sz{),

I17axll,, s, = Jim (7rx]l, ) < Timsup|Tr[[Ix]| , < M{lx]
FeZ FeZ lil ‘

oP(S,/) P (S,/) 2p
"

that is T, is a bounded linear transformation from ¢2” (S,7) to ¢P(S, /). Define

_Ja(s)r if seF
¥(s) = {o if s¢F.

Then y € ¢*/(S, <) and ||y||?§’,, = Ha}H?f,, Given € >0, thereisa y € s(«/) such
that

2 2
I¥I, —& < X llals) Il < 17 W5 < ITe 17 1y 117, < M [ly[1%, -
* seF * *
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’ 2
Iy, e Iy1Z%,
So W < MP for all € >0 and hence HYHZzp = H Hp* < MP. Therefore
Yil2 2 d
P 2

1

2
sup | Y ||a(s)*Hfop = Ha}HZZl, = ||y||;72p < MP for all F € .%. Thus for each
pes() \seF * *

1 1
2 2
fixed ¢ € s(), (2 a(s)*||3;’> <MP YF e.Z and hence <2||a(s)*||§1’> <

seF seS
MP. Since this is true for all @ € s(%7),

1
2
la®ll, = sup (lea ) <MP

pes(/) \ses

which implies that a* € (27 (S, 7).
We now show that [|7a|| = [|a*|| 2. Forany x € (3(S, ), by the inequality (1)
above,

1 1
2 2
ITa(x)[I}> =llax[|;, < sup (ZHa ) © sup (ZX )

oes() \ses ges() \seS

= lla”lI% - 1117 -

Thus (Ta 0P (S, ) — (P(S,<) is bounded and) |Tall < [|a*| 2. Let F € .7 and
y be as defined above. Then

I¥I7%, =llak (5, = sup (z[ma(s)a(s)*ﬂf’)

pes() \seF
= sup (Zlfp(a(S)Y(S))lp> = 1LWI” <IITl” Iyl 2
pes() \seF
=||Ta||p||a?||2p

Hence ||aF|| < || h)P or HaFH(zp <||Ta|| ¥V F € %#. Taking supremum over all

Fe7, we have la* ||(2,; |Tall. Therefore [|T]| = [[a*|[ 2 -
Cx
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