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THE KATO DECOMPOSITION OF QUASI-FREDHOLM RELATIONS

J.-PH. LABROUSSE, A. SANDOVICI, H. S. V. DE SNOO
AND H. WINKLER

(Communicated by L. Rodman)

Abstract. Quasi-Fredholm relations of degree d € N in Hilbert spaces are defined in terms of
conditions on their ranges and kernels. They are completely characterized in terms of an alge-
braic decomposition with a quasi-Fredholm relation of degree 0 and a nilpotent operator of de-
gree d. The adjoint of a quasi-Fredholm relation of degree d € N is shown to be quasi-Fredholm
relation of degree d € N. The class of quasi-Fredholm relations contains the semi-Fredholm re-
lations. Earlier results for quasi-Fredholm operators and semi-Fredholm operators are included.

1. Introduction

Semi-Fredholm operators were introduced by I.C. Gohberg and M.G. Krein [4]
and by T. Kato [7]. A closed linear operator A in a Hilbert space § is said to be
semi-Fredholm if

(S1) ranA is closed;
(S2) kerA or $)/ranA is finite-dimensional.

Kato has shown that these operators allow an algebraic decomposition, the so-called
Kato decomposition. The more general class of quasi-Fredholm operators was intro-
duced and studied by J.-Ph. Labrousse [9]. A range space operator A in a Hilbert space
$ (i.e., the graph of A is the range of a bounded linear operator from a Hilbert space &
to $ x §) is said to be quasi-Fredholm of degree d if there exists a nonnegative integer
d € Ng =NU{0}, such that

(Q1) d is the smallest number with ranA” Nker A = ranA? Nker A forall n > d;
(Q2) kerANranA? is closedin 9;

(Q3) ranA +ker A? is closed in §.

Mathematics subject classification (2000): Primary 47A57, 47B25; Secondary 47A55, 47B65.
Keywords and phrases: Quasi-Fredholm relation, semi-Fredholm relation, Kato decomposition.

The research of J.-Ph. Labrousse was supported by the Dutch Organization for Scientific Research N. W. O.
(B 61-577).

© ey, , Zagreb 1
Paper OaM-04-01



2 J.-PH. LABROUSSE, A. SANDOVICI, H. S. V. DE SNOO AND H. WINKLER

A range space operator which is quasi-Fredholm of degree d is automatically closed.
Large classes of operators have the quasi-Fredholm property. Labrousse [9] has shown
that a quasi-Fredholm operator also allows an algebraic Kato decomposition, and that,
in fact, if an operator has an algebraic Kato decomposition then the operator is quasi-
Fredholm.

In the present work the concepts of semi-Fredholm and quasi-Fredholm operators
are considered in the context of linear relations. A linear relation A in a linear space
$ is a linear subspace of the Cartesian product §) x §; it can be interpreted as a linear
multi-valued operator. All linear spaces in this paper are assumed to be complex. The
domain, range, kernel, and multi-valued part are denoted by domA, ranA, ker A, and
mulA. The inverse A~! of a linear relation A is defined by A~! = {{y,x} : {x,y} €
A}, so that domA~! =ranA, ranA~! = domA, kerA~! = mulA, and mulA~! =
ker A. A relation A is (the graph of) an operator if and only if mulA = {0}. Several
decompositions of linear relations in linear spaces have been considered in the context
of linear spaces in [17], [18], and in the context of Hilbert spaces in [5], [6]. The
motivation for the study of linear relations is manifold: there is of course interest from
a purely mathematical point of view, cf. [1], but there are also many fields where these
objects appear naturally.

The notions of semi-Fredholm relation and quasi-Fredholm relation are introduced
completely parallel to the operator case. The context of relations is quite natural since
then A is quasi-Fredholm if and only if its adjoint A* is quasi-Fredholm (without any
additional conditions concerning the denseness of the domain). The main results of
the paper are the Kato decompostion for quasi-Fredholm relations, and hence for semi-
Fredholm relations, and, in fact, the characterization of quasi-Fredholm relations by
their Kato decomposition. The theory of quasi-Fredholm operators in [9] has also been
extended in different directions, cf. [12], [14], [15].

Quasi-Fredholm relations are defined in terms of range space relations, rather than
in terms of closed relations. The notion of range space relation is a replacement for
the notion of closed relation. Range space operators were considered in [9]. A range
subspace in a Hilbert space is a subspace which is a Hilbert space in a stronger topology.
The advantage of this notion is that the sum of range subspaces is a range subspace.
Such spaces go back to J. Dixmier under the name of sous-espaces paracomplet. For
an introduction to range space operators, see [3], [9]. In the present paper this notion is
put in the context of linear relations.

The contents of the paper are as follows. Linear relations are discussed in Sec-
tion 2; in particular, the degree of a relation is introduced. Section 3 contains a short
introduction to range subspaces of Hilbert spaces. For the convenience of the reader
the presentation is more or less self-contained. Linear relations in Hilbert spaces are
discussed in Section 4; in particular, range space relations are studied. Quasi-Fred-
holm relations are introduced in Section 5, where also the corresponding decomposi-
tion result can be found. Equivalent definitions of quasi-Fredholm relations are given
in Section 6. Results concerning the adjoints of quasi-Fredholm relations are studied in
Section 7. Finally Section 8 contains a brief discussion of semi-Fredholm relations. A
short announcement of the present results appeared in [11].
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2. Linear relations in linear spaces

This section contains a brief introduction to linear relations in linear spaces. Linear
relations in linear spaces are defined and direct sum decompositions of linear relations
are considered, cf. [18]. Furthermore the degree of a linear relation is defined.

2.1. Linear relations in linear spaces

A linear relation A in a linear space ) is a linear subspace of the space § x 9,
the Cartesian product of §) and itself. In the rest of this paper the term relation will
refer to a linear relation. The notations domA and ranA denote the domain and the
range of A, defined by

domA = {x: {x,y} €A}, ranA={y: {x,y} €A}.

Furthermore, ker A and mulA denote the kernel and the multi-valued part of A, defined
by
kerA={x: {x,0} €A}, mulA={y: {0,y}cA}.

The inverse relation A~! is given by {{y,x} : {x,y} €A}, so that
domA~! =ranA, ranA~'=domA, kerA”!'=mulA, mulA~! =kerA.

A relation A is (the graph of) an operator if and only if mulA = {0}.
For relations A and B in a linear space ) the component-wise sum A + B is the
relation in $) defined by

AT B={{x+u,y+v}: {x,y} €A, {u,v} €B};
this last sum is direct when AN B = {{0,0}}. The following identities are clear
AN(Hx{0})=kerAx {0}, AT (Hx{0})=$ xranA, 2.1)

AN({0} x H) = {0} x mulA, AT ({0} x H) = domA x §. (2.2)

Let 91 and 91 be two subspaces of §). The notation Agy 9 will be used for the
following subrelation of A: Agy.or = AN (I x N), so that

(Amxom) ' = (A" )osem.

In particular,
kerA = domAﬁX{0}7 mulA = ranA{O}Xﬁ.

For relations A and B in a linear space $) the operator-wise sum A+ B is the
relation in $) defined by

A+B={{xy+z}: {xy} €A, {xz} €B},
so that dom (A + B) = domANdomB. For A € C the relation AA in $) is defined by
AA={{xAy}: {xyt €A},
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while A — A stands for A — AI, where I is the identity operator on §). Observe that

(A=2)""={{y—Axx}: {xy} €4},

and that
ker(A—A)={x: {x,Ax} €A}.

For relations A and B in a linear space §) the product AB is defined as the relation
AB={{x,y}: {x,z} € B,{z,y} € Aforsomez € H}.

For A € C the notation AA agrees in this sense with (17)A. The product of relations
is clearly associative. Hence A", n € Z, is defined as usual with A%=7 and Al = A.
Observe that

ACB=A"CB" (2.3)

Clearly for each n € Ny the following inclusions hold
domA""! c domA”, ranA""! C ranA”, (2.4)

and
ker A" C kerA"!,  mulA” C mulA"H!. (2.5)

A combination of (2.4) and (2.5) leads to

kerA" C domA™, mulA” C ranA", n,meN. (2.6)

2.2. Some results about component-wise and operator-wise sums

Let the linear space $) have the direct sum decomposition = $H;+ 92, H;NH2 =
{0}. A linear relation A in §) is said to be completely reduced by the pair $; and 9,
if

A=A FA,, directsum, 2.7
where A; =AN(9H; x i), i = 1,2, cf. [18, Section 8]. Then

domA =domA;| +domA;, ranA =ranA;-+ranA,, (2.8)

mulA = mulA; + mulA,, kerA =kerA;-+XkerA,. (2.9)

The following lemma shows a connection between the component-wise sum and the
operator-wise sum of relations.

LEMMA 2.1. Let the relation A be completely reduced by the pair $H; and $, as
in (2.7). Let P, and P, be the corresponding parallel projections onto $1 and $;.
Then A allows an operator-wise sum decomposition

A=A\P, + AP, (2.10)

in which case
ranA =ranA; P, +ranAP,. (2.11)
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Proof. Let {x,y} € A, then by (2.7)

{x,y}z{s,t}+{u,v}7 {S,I}GAI, {M7V}GA2

where s = Pyx and u = Pyx. Hence, {x,y} = {x,t+v} and {x,1} € A1 P, {x,v} € A2P>.
This shows A C AP, + AxP,. Conversely, let {x,y} € A|P; +AxP,. Then

{x7y} = {X,l‘i‘v}, {X,l} € APy, {x,v} € AP,

Let s = Pix and u = Pax, then {s,t} € A} and {u,v} € Ay with u = P,x. Hence
{x,y} = {s,t} + {u,v} € A; + Ay = A. This shows AP| + AP, C A. Thus (2.10)
has been shown. Now note that ranA;P; = ranA;, i = 1,2, so that (2.11) follows from
(2.8). O

COROLLARY 2.2. Let the relation A be completely reduced by the pair 1 and
92 as in (2.7). Let Py and P> be the corresponding parallel projections onto $1 and
2. Then for each j € N

A =A] T AL, direct sum. (2.12)
In particular, A7 allows an operator-wise sum decomposition
Al =AlP + APy, (2.13)

so that . ' '
ranA’ = ranA{P| + ranA}P;. (2.14)

Furthermore, A{Pl = (A\P)’ and AéPz = (AyP>)/, jEN.
Proof. First it is shown that (2.7) implies (2.12). Clearly, since A; and A, are
contained in A, the righthand side of (2.12) is contained in the lefthand side; cf. (2.3).

To see the reverse inclusion, let {x,y} € A/. Then with xo = x and xj =y there exist
elements x; € $ such that

{xo,x1}, {x1,x2}, ..., {xj—1,x;} €A,
Apply the direct sum decomposition (2.7) to each {x;_,x;}:
{xic, %} ={uim,ui} + {vie,vi}, i=1,...,7,
with {u;—1,u;} € Ay and {v;_1,v;} € A>. Then {x,y} = {uo,u;} + {vo,v;} and
{uo,uj} € Al, {vo,vj} €A,

which implies the reverse inclusion.

The identities (2.13) and (2.14) follow from (2.12) and Lemma 2.1. Finally, the
identities A/P; = (A;P,)’ follow from the fact that Px = x, x € );, i = 1,2. This
completes the proof. [
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The component-wise decomposition (2.7) and the corresponding operator-wise de-
composition (2.10) occur frequently in this paper. Sometimes it happens that one of the
components, say A>P», is an everywhere defined operator, which can then be inter-
preted as a perturbation of the component A P . In special cases the domain and multi-
valued part of powers of such perturbations can be described explicitly. The following
lemma turns out to be very useful.

LEMMA 2.3. Let $ be a linear space, let D be a linear relation in $), and let T
be an everywhere defined linear operator in ).

(1) If ranT C ker D, then

dom(D+T)"=domD", neN. (2.15)

(i) If ranD C ker T, then
mul(D+T)" =mulD", neN. (2.16)
Proof. (i) Clearly, the identity in (2.15) is true for n =0 and n = 1. Now assume
that n > 2 and let xyg € dom(D+ T)", so that
{xi,xip1} €D+T, 0<i<n—1,
for some x; € $, 1 <i<n. Then
{xiyxip1 —Txi} €D, 0<i<n—1. (2.17)
Furthermore, the hypothesis implies that
{Tx;,0} €D, 0<i<n—2. (2.18)
It follows from (2.17) and (2.18) that
{xi—Txi—1, %01 —Txi} = {xi,xis1 — Txi} —{Tx;—1,0} €D, 1<i<n—1,
which together with {xo,x; — Txo} € D implies that {xo,x, — Tx,—1 } € D". This shows
that dom (D+T)" C domD". A similar argument leads to the reverse inclusion, namely
domD" C dom(D+T)". Thus (2.15) has been shown.

(i) It is easily seen that the identity in (2.16) is true for n =0 and n = 1. Now
assume that n > 2 and let m, € mul(D+ T)", so that

{mi,mi+1}6D+T, Oglgn_17
for some m; € $H, 0 <i<n—1 with mg =0. Then

{mi,miyy —Tm;} €D, 0<i<n—1. (2.19)
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Using the hypothesis it follows that m; € mulD C ranD C ker T', which shows that
my =my —Tmy €ranD C ker T.
It can be shown inductively that
miekerT, 1<i<n—1. (2.20)
A combination of (2.19) and (2.20) leads to
{mj,mi;1} €D, 0<i<n—1,
so that m, € mulD". This shows that mul (D + T)" C mulD". A similar argument

leads to the reverse inclusion, namely mulD” C mul(D+ T)". Thus (2.16) has been
shown. O

2.3. The degree of a relation in a linear space

Let A be a relation in a linear space space §). Then ranA"*! C ranA” for all
n € Ny, cf. (2.4). As soon as there is equality for some n, there is equality for all larger
n. The smallest n with this property is said to be the descent of A; cf. [18]. In this
paper a modification of this notion is considered. For this purpose, define
A(A)={neN :ranA"NkerA =ranA" NkerAforallm >n}

for a relation A in a linear space $). This leads to the definition of the degree of a
relation.

DEFINITION 2.4. Let A be a relation in a linear space space ). The degree 6(A)
of A, is defined as

S(A) =minA(A) if A(A)#0, and S(A)=co if A(A)=0.

LEMMA 2.5. Let A be a relation in a linear space §). Then the following state-
ments are equivalent:

(i) de€AA);
(ii) ker A C ker A4 +ranA” forall m,n € N;
(iii) ker A™ C ker A? 4-ranA for all m € N;
(iv) ranA? Nker A" C ranA” Nker A” for all m,n € N;

(v) ranA?Nker A C ranA™ Nker A for all m € N.
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Proof. (1) = (ii) If m < d and n € N, then clearly
ker A™ C ker A? C ker A 4+ ranA".
Now assume the statement is true for some m > d and n € N:
ker A™ C ker AY +ranA",

and proceed by induction. Let u € ker A", so that {u,v} € A” and {v,0} € A for
some v € §). Therefore, since m > d,

vEranA™Nker A = ranA"" Nker A,

so that {w,v} € A"™*" for some w € domA™"". But then {w,z} € A" and {z,v} € A™
for some z € ranA". Hence

{M—Z,O}: {u7v}_{z7v}€Am»

implies that u — z € ker A", so that u € ker A” +ranA”" C ker A? 4+ ranA” (by the in-
duction hypothesis). Hence,

ker A"+  ker A? +ranA”,

which proves (ii).
(i) = (iii) Put n =1 in (ii).
(iii)) = (@v) If m < d then (iv) is clearly satisfied. It is sufficient to show that for
any m >d and n € N:
ranA” Nker A" C ranA"™ ! Nker A”.

Let u € ranA™ Nker A", so that {#,0} € A" and {v,u} € A™ for some v € §). Therefore
{v,0} € A”™*" and thus by (iii)

v € ker A" C ker A +ranA,

so that v = v; 4 v, for some v; € ker A and v, € ranA. Hence {w,v,} € A for some
w € $, and as m > d it follows that {v;,0} € A™ so that

{vo,u} ={v,u} — {v1,0} € A™.

The last relation and the fact that {w,v,} € A imply that {w,u} € A", so that u €
ranA"*! . Therefore ranA™ Nker A” C ranA™*! and (iv) follows.

@iv) = (v) Put n=1 in (iv).

(v) = (1) The relation (v) implies that

ranA Nker A = ranA" NkerA, m>d,

and d € A(A) follows by definition. [J



THE KATO DECOMPOSITION OF QUASI-FREDHOLM RELATIONS 9

COROLLARY 2.6. Let A be a relation in a linear space ). If §(A) < oo, then for
all m,n € Ny:

(i) ker A%@) 4 ranA”" = ker A" T94) 4 ranA”;
(i) ranA%@) Nker A" = ranA™%(4) Nker A”.
Proof. If 8(A) < oo the the equivalent statements of Lemma 2.5 are valid with

d=5(A).

(i) Observe that (ii) of Lemma 2.5 and the second inclusion in (2.5) give
ker A”F9A) 4 ranA”™  ker A5 4 ranA” C ker A9 4 ranA”,

so that equality prevails.
(i1) Observe that (iii) of Lemma 2.5 and the first inclusion in (2.4) give

ranA®? NranA” C ranA” %) NranA” C ranA%™) + ranA”,

so that equality prevails. [J

It follows from the definition that 6(A) = 0 if and only if A(A) = Ny. Useful
equivalent statements are given in the following lemma.

LEMMA 2.7. Let A be a relation in a linear space §). The following statements
are equivalent:

(i) 6(A)=0;
(i) ker A C ranA™ for all m € Ny;
(iii) ker A” C ranA forall n € Ny;

@iv) ker A" C ranA™ forall n,m € Ny.

Proof. (i) = (ii) Assume that 6(A) = 0, so that A(A) = Ny. Then
ranA” Nker A = ranA° Nker A = ker A,

for all m € Ny. In other words, ker A C ranA™ for all m € Nj.

(i) = (iii) This implication is proved by induction. The case n = 0 is trivial and
the case n =1 is a direct consequence of (ii). Assume now that (iii) is valid for n = k.
Let u € ker A¥*!, so that {u,v} € AF and {v,0} € A. Therefore v € ker A C ranA*+!
by (ii), so that {w,v} € AL for some w € §. Hence, there exists z € § such that
{w,z} € A and {z,v} € A*. Clearly,

{u—2,0} = {u,v} — {z,v} € A%,

and then u — z € ker A C ranA. Since z € ranA, it follows that u € ranA. Therefore
ker A“*1 C ranA, and the induction step has been shown.
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(iii) = (iv) The case m = 0 is obvious and the case m = 1 follows from (iii).
Now assume that (iv)is valid for m = k. Let u € ker A”. It follows from (iii) that
u € ranA, so that {v,u} € A, which implies v € ker A"*!. By induction hypothesis
ker A"t! C ranA¥ so v € ranA¥. Since {v,u} € A, it follows that u € ranA**!. Hence
(iv) holds with m =k + 1.

(iv) = (i) Take n =1 in (iv), so that ker A C ranA” for all m € N. Therefore
ker ANranA™ = ker A for all m € Ny. In other words, A(A) = Ny and, hence, 6(A) =
0. O

3. Range subspaces of Hilbert spaces

This section provides a concise introduction to the notion of range subspaces of
a Hilbert space. In the following a subspace of a Hilbert space is a linear manifold
which is not necessarily closed. The closure of a subspace 9t will be denoted by
clos. The notion of range subspace is a useful generalization of the notion of closed
subspace. Whereas the sum of two closed subspaces need not be closed, the sum of two
range subspaces is again a range subspace. All results in this section can be found in
[31, [9]; the present exposition is mostly self-contained and is meant to give the reader
a smooth introduction to the subject.

When 9t and 91 are subspaces of a Hilbert space, then the subspaces 9t and
M+ are automatically closed. Recall the following well-known result.

LEMMA 3.1. Let 9 and N be (not necessarily closed) subspaces of a Hilbert
space ). Then the following statements are equivalent:

1) M+ N is closed;
(i) M+N= M NNt

Proof. (i) = (ii) For not necessarily closed subspaces 9t and O it follows that
(M4 N)L =M NN, and, consequently, clos (M + ) = (M- NN+)L. The as-
sumption that 9t 4 D1 is closed leads to the identity in (ii).

(i) = (@) Thisis clear. [

If 9 and 91 in Lemma 3.1 are replaced by ML and DML, then it follows that
ML + N s closed if and only if M+ + N+ = (closM NclosN)*. Furthermore,
recall that when 2T and N are closed subspaces, then the subspace 2T+ N is closed
if and only if the subspace ML + 9 is closed; cf. [8, Chapter IV, Theorem 4.8.],
[9, Proposition 1.3.1, Corollaire 1.3.2]. These observations and Lemma 3.1 lead to the
following useful proposition.

PROPOSITION 3.2. Let 9 and N be closed subspaces of a Hilbert space $).
Then the following statements are equivalent:

1) M+ N is closed;
(i) M+N= M NN,
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(iii) M-+ Nt is closed;
(v) M-+t = (MNN)*.

A pair of closed subspaces 9t and Ot of § of a Hilbert space § is said to be
complementary when $ = 9+ and M NN = {0}. For each pair of complementary
subspaces 9t and DN there exists a pair of bounded linear projections Pyy and Py
onto M and N, respectively. Note that when the closed subspaces 91 and N are
complementary, then also the closed subspaces 9 and 91' are complementary.

DEFINITION 3.3. A subspace 2t of a Hilbert space $) is said to be a range sub-
space of §) if there exist a Hilbert space & and an operator A € L(&,$) such that
M =ranA.

If A€ L(R,9) is injective, then P =ranA is easily seen to be a Hilbert space,
when the space 9 is equipped with the inner product

(AX»A)’)SD? = (xay)fh X,y € A

In fact, it is no loss of generality to assume in Definition 3.3 that ker A = {0}; just
replace 8 by RS kerA.

Assume that also 9T = ranA; with A] € L(R;,$) with a Hilbert space K, and
ker A} = {0}. Then the injective operators A; and A have the same range. Hence, by
Douglas’ lemma, there is an invertible operator B € L(£;, ) such that A; = AB; cf.
[3]. This shows that the topologies induced on 20t by A; and A are equivalent.

Furthermore, if A € L(R,$) is injective, then there is an estimate for the corre-
sponding norms:

1
1A]]

This estimate is a motivation for the following useful characterization. For further
equivalent statements, see [3].

|Ax||on > |Ax|lg, x€ &

PROPOSITION 3.4. Let M be a subspace of a Hilbert space $. Then M is a
range subspace of §) if and only if there is an inner product (-,-)+ on M, such that

(i) O is a Hilbert space when equipped with (-,-)+;

@) |ull+ = cllullg, u € M, for some ¢ > 0.

REMARK 3.5. In particular, if 907 is a Hilbert space with a continuous injection t
in 9, then 1(9N) is a range subspace of . Any closed subspace of a Hilbert space )
is a range subspace of §.

COROLLARY 3.6. Let 9 and Nt be subspaces of a Hilbert space $. If M is a
range subspace and N is a closed subspace, then M NN is a closed subspace of M
as a range subspace.
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Proof. Let (x;) be a sequence in 2T NDT which converges to x € 9t with respect
to the range space topology of 2t. As the range space topology is stronger than the
topology on 91 induced by $), and since I is closed in §, it follows that x € 1.
Hence, x € MM NIT. Thus M NI is a closed subspace of I as a range subspace. [

COROLLARY 3.7. Let M and N be subspaces of a Hilbert space $. If N is a
range subspace of $) (so that N is a Hilbert space in its own topology), and M is a
range subspace of N, then M is a range subspace of §.

The Cartesian product §) x $ of § with itself will be provided with the component-
wise inner product, so that $ x §) is a Hilbert space itself.

COROLLARY 3.8. If 9 and Nt are range subspaces of a Hilbert space ), then
M XN is a range subspace of $H X $. Moreover, if M and N are subspaces of a
Hilbert space $), and M x N is a range subspace of H x 9, then M and N are range
subspaces of M.

The following proposition implies that the range subspaces of a Hilbert space
form a lattice; cf. [3], [9, Proposition 2.1.2].

PROPOSITION 3.9. Let 9 and N be range subspaces of a Hilbert space $).
Then:

(1) M+ N is a range subspace of H;

(i) MNN is a range subspace of 9.

Proof. (i) The mapping @ : M x N — M+ N defined by
O({u,v})=u+v, ueMveMN,

is a continuous linear mapping onto 9t + 1.
(ii) Provide the space MM NNt with the sum inner product

(M7V)9ﬁﬁ‘ﬁ = (u,V)gﬁ + (M7V)‘ﬁa uc ma veN.

It is straightforward to check that 9t N1 is a Hilbert space and that, in fact, M NN is
arange space in 9 andin N. O

PROPOSITION 3.10. "Neubauer’s lemma’) Let 9 and N be range subspaces of
a Hilbert space ). If the range subspaces M+ N and MNN are closed in $H, then
M and N are closed subspaces of $.

Proof. First consider the case MN N = {0} ; cf. [3]. Let the mapping

O MxMCHYXH—=M+NCH
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be defined by
O{u,v})=u+v, ueMveN

Then @ is continuous onto the closed subspace 9+ 1. The assumption M NI = {0}
implies that @ is one-to-one. Hence, by Banach’s open mapping theorem, @ is an open
mapping from 9t x N onto MW+ 1. Hence

M=>D(Mx {0}), N=>({0}xMN),

are closed in 9 + N, and, therefore, in §.
Now consider the general case, cf. [9, Proposition 2.1.1]. Define the subspaces
M’ and N by
M =MNOMNN)L, N =NnMNN)*,

so that M’ and YV are range subspaces by Corollary 3.6. Moreover, clearly,
M AN = (@MNAN)NEMAN)E, M+ = (M+M) N (MMNN)*

so that ' NN = {0} and M’ + 9V is closed. It follows that M’ and N’ are closed by
the first part of the proof. As M =M & (MNN) and N =N (MNN), orthogonal
sums, it is shown that 9t and N are closed. [

Proposition 3.10 is very useful: it gives special circumstances under which one
can conclude the closedness of range subspaces. The following corollary is a weakened
form of Proposition 3.10; cf. [9, Proposition 2.3.1].

COROLLARY 3.11. Let M and N be range subspaces of a Hilbert space $).
Assume that M+ N is closed in H and that MNN is closed in M with its own
topology. Then N is closed in $).

Proof. Let M be the orthogonal complement of MNNT in M, so that
M = (MNN) [+] Mo,
since MN N is closed in M. Clearly, Ty NN C MyNM NN = {0}. Furthermore
Mo +NCTIM+INC M+ N,

which shows that 2y 4+ 91 = M 491 is closed. Hence by Proposition 3.10 it follows
that 9t isclosedin $H. O

The next corollary is taken from [9, Proposition 2.3.3]; it contains [9, Proposition
2.2.1].

COROLLARY 3.12. Let 9 and N be range subspaces of a Hilbert space $) and
assume that M +N is closed in $. Then

(i) clos =M+ clos(MNN) NI = M +clos(MNN);
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(i) closO =9+ clos (MNI) NPt = N +clos(MNN);
(iii) (closIM) NN =clos(MNN) NN, PN (closN) = clos (PWMNN) NM;
(iv) (clos9) N (closN) = (clos M) NN+ M N (closN) = clos (M NN).

Proof. Define My = M+ (clos (M ND)) NN, Then it is clear that
Mo+ N=M+N, DMyNN C (clos(MNN)) NI C Wy NN,

Thus 9o+ N is closed since M+ D1 is assumed to be closed; furthermore Ny NN is
closed in 9t with its own topology, due to 9t NIt = (clos (M NN)) NN and Corol-
lary 3.6. Hence 91 is closed by Proposition 3.10. The inclusion 9t C 9y C closIN
now implies that 2ty = closM. This gives (i) and (ii) follows by symmetry. The first
identity in (iii) follows from 9t NN = (clos (M N N)) NN and My = closMi. The
second identity in (iii) follows by symmetry. Finally observe that

(closM) N (closN) C (M N (closN)) + (clos (MNN)) NN
C MN (closD) + (closM) NN,

where the first inclusion follows from iy = clos It and the second inclusion is trivial.
It follows from (iii) that

M N (closN) + (clos M) NN C clos (M N C (clos) N (closN).

Now (iv) is clear. [J

The next corollary is taken from [9, Corollaire 2.3.1]; see also [9, Proposition
2.3.1].

COROLLARY 3.13. Let MM and N be range subspaces of a Hilbert space $) and
assume that MM+ N is closed. Then

(MOt =m0t
In particular, ML + 9L is closed.
Proof. The assumption that 90t + 91 is closed leads to
M+ N C closMt+clos I C clos (WM +N) = M+ .

Thus (clos9M) + (closD) is closed. Hence Proposition 3.2 and Corollary 3.12 may be
applied to obtain

ML+ N = (closM)* + (closN) L = ((closIM) N (closN))*
= ((clos (MNMN))*+ = (MNN)*,

which gives the identity. [J
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COROLLARY 3.14. Let 9 and N be range subspaces of a Hilbert space $) and
let M+ N be closed in $. If M and N are dense in H, then also MNN is dense in
9.

PROPOSITION 3.15. Let IM;, j € N, be range subspaces of a Hilbert space $)
with M; C M1y for all j €N, such that J;_;IM; = $. Then there exists jo € N
such that M, = §.

Proof. See [9, Proposition 2.2.4]. O

4. Linear relations in Hilbert spaces

In this section linear relations are considered in Hilbert spaces. The concept of
range space relation is introduced and an important observation of C. Foiag for range
space operators is placed in the context of range space relations, see [3, p. 258]. The
concept of adjoint relation is defined and studied for range space relations. Finally,
sufficient conditions are given for a range space relation A such that ranA” 4 ker A™ is
closed.

4.1. Range space operators and relations

An operator or a relation A in a Hilbert space $) is said to be closed if A as a
subspace of § x §) is closed. The following definition gives a useful extension of this
concept.

DEFINITION 4.1. An operator or a relation A in § is said to be a range space
operator or range space relation if its graph A is a range subspace of § x §).

In particular, a closed relation in a Hilbert space $) is a range space relation in
$. Clearly, with A also A~! is a range space relation. Range space operators were
considered in [3] and [9]. The concept of range space relation seems to be new; cf.
[10].

LEMMA 4.2. Let A be a range space relation in a Hilbert space $). Then domA,
ranA, ker A, and mulA are range subspaces of .

Proof. The subspaces ) x {0} and {0} x $ are closed in $ x §. Hence, if A is
a range space relation, then it follows from Proposition 3.9 and the identities (2.1) and
(2.2) that domA, ranA, ker A, and mulA are range subspaces of . [

If A is a range space operator or range space relation then the subset A of the
Cartesian product $) x $) equals ran F', where F is a bounded injective linear mapping
from a Hilbert space £ to $) x $). Then A has its own inner product, denoted by (-,-)a
and clearly there exists a constant ¢ > 0, so that

{uv}la = e(lul+1vl),  {uv}eAa, (4.1)
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cf. Proposition 3.4.
Let A be a range space relation in a Hilbert space ). Define the relation J from
A to domA by
J={{{u,v},u}: {uv} A}, 4.2)

so that J is (the graph of) an operator from A onto domA C §).

PROPOSITION 4.3. Let A be a range space relation in a Hilbert space $). Then
the operator J in (4.2) from A onto domA C §) is bounded. Moreover, if domA is
closed, then J is an open mapping.

Proof. Let A be a range space relation with inner product (-,-)4, so that A C
9 x $. It follows from (4.1) that

[{u,vila = e (lull +[vl) = cllull, - {u,v} € A.

This shows that J is a bounded operator from A onto domA C . If domA is closed,
then the open mapping theorem shows that J is an open mapping. [l

Proposition 4.3 is an extension of an observation by C. Foias, see [3, p. 258] and
[9, Proposition 2.1.5]. The original observation is the following corollary.

COROLLARY 4.4. (Foiag) Let A be a range space operator in a Hilbert space $).
If domA is closed in ), then A is bounded and, hence, closed.

Proof. When A is an operator, the mapping J is injective. Since it is surjective as
well, the open mapping may be applied to conclude that J~! is bounded, implying that

c([ull+ v < [{u,v}[a < dllul], u€ domA.
In other words, with v = Au, it follows that
[Aul| < Cllull, u € domA.

This completes the proof. [l

COROLLARY 4.5. Let A be a range space relation in a Hilbert space $). Then:
(1) if domA is closed, then ker A is closed;

(i) if ranA is closed, then mulA is closed.

Proof. (i) Observe that J maps AN () x {0}) = ker A x {0} one-to-one onto
ker A. The space AN ($ x {0}) is a closed subspace of the range space A by Corollary
3.6. According to Proposition 4.3 the mapping J is open, so that the image space ker A
is closed in domA.

(i) If ranA is closed, then A~! is a range space relation for which ranA =
domA~!. The conclusion now follows from (i) and mulA =kerA~!. O
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LEMMA 4.6. Let A be a range space relation in a Hilbert space $). Then:
(1) if ker A and ranA are closed, then A is closed;

(i) if mulA and domA are closed, then A is closed.

Proof. Assume the conditions in (i). It follows from (2.1) that AN ($) x {0}) and
A ¥ ($ x {0}) are closed. The conclusion now follows from Proposition 3.10. The
statement in (ii) follows likewise from (2.2). [

Let A and B be range space relations in a Hilbert space §). It follows from Propo-
sition 3.9 that the component-wise sum A + B is a range space relation.

PROPOSITION 4.7. Let A and B be range space relations in a Hilbert space ).
Then the operator-wise sum A+ B is a range space relationin H@ §.

Proof. Denote by S the continuous mapping of A® B into H S HE H given by

({)@y}, {S7t}) = {x7x_s7y+t}'

It follows from Remark 3.5 that ran$ is a range subspace in $ & $H & ), and therefore
sois ranSN (H P {0} & $H) which is isomorphicto A+B. O

PROPOSITION 4.8. Let A and B be range space relations in a Hilbert space §).
Then the product BA is a range space relation in §).

Proof. Denote by T the continuous mapping of A X B into B H B § given by

({x,y}, {S7t}) = {x7y—s7t}

Then from Remark 3.5 it follows that ran7 is a range subspace in H D H P H, and
therefore so is ran7 N (H & {0} & $H) which is isomorphic to BA. O

COROLLARY 4.9. If A is a range space relation then A" is a range space relation
forall ne N.

Suitable restrictions of range space relations are again range space relations.

LEMMA 4.10. Let A be a range space relation in a Hilbert space $ and let I
and N be range subspaces of §). Then

(1) Agnxm is a range space relation;
(ii)) domAgy «n and ranAgy «sn are range subspaces;

(iii) ker Agn xm and mulAgy «m are range subspaces.
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Proof. If 9t and N are range subspaces of §, then M x N is a range subspace of
£ % $), by (iii) of Proposition 3.9. Clearly, Agy o1 = AN (M x N) is a range subspace
of H x 9 by (i) of Proposition 3.9. This shows (i); the items (ii) and (iii) are now
straightforward consequences of (i). [

PROPOSITION 4.11. Let A be a range space relation in a Hilbert space $. Then
(i) if ranA is closed, then closA = A T (kerA x {0});
(ii) if domA is closed, then closA = A F ({0} x mulA).

Proof. Observe that
AT (Hx{0})=9Hxrand, AN(Hx{0})=kerA x {0}.

If ranA is closed, then apply Corollary 3.12 with 9t = A and 91 = §) x {0} to obtain
the identity in (i). The identity in (ii) can be shown in a similar way. [

If A is arange space operator and ranA is closed, then closA is (the graph of) an
operator if and only if domA NkerA = {0}, cf. [9, Proposition 2.2.2].
4.2. Adjoint relations in Hilbert spaces

Let A be arelation in a Hilbert space ). The adjoint A* of A is the closed (linear)
relation defined by

A ={{f,feHx9: (f,h)=(f})forall {h,h'} €A},

so that A* is a range space relation. Note that A** is the closure of A. The following
identities are straightforward:

(domA)* = mulA*, (ranA)‘ =kerA*, 4.3)

or, equivalently,
domA = (mulA*)t, fanA = (kerA*)*.

If the relation A is closed, then
(ker A)* =tanA*, (mulAd)’ =domA*, (4.4)

or, equivalently, L L
kerA = (ranA*)*, mulA = (domA*)*.

The next result is a slight extension of a well-known result. The operator version of this
result can be found in [9, Proposition 2.3.2].

LEMMA 4.12. Let A be a range space relation in a Hilbert space §). Then

(i) if domA is closed, then domA* = (mulA)*, so that domA* is closed;



THE KATO DECOMPOSITION OF QUASI-FREDHOLM RELATIONS 19

(i1) if domA* is closed, then domA** = (mulA*)L, so that domA** is closed;
(iii) if ranA is closed, then ranA* = (ker A)L, so that ranA* is closed;

(iv) if ranA* is closed, then ranA*™* = (ker A*)*, so that ranA** is closed.

Proof. (i) Let the operator K be defined by K{u,v} = {v,—u}, so that A* =
(KA)™*. Clearly, the relation KA is a range space relation. Moreover, the subspace

(KA) ¥ (9 x {0}) = © x domA
is closed in §) x §, since domA is closed. Furthermore, the intersection is given by
(KA)N($H x {0}) = mulA x {0}

(which is closed in the range space KA, due to Corollary 3.6). Now apply Corollary
3.13 with 9t = KA and 9= § x {0} as subspaces of § x §). Then

(muld)t x 6§ = (MNN)L =t TNt =A4* T ({0} x H) = domA* x §.

This implies that domA* = (mulA)* and domA* is closed.

(ii) This follows from (i) by going from A to A* and observing that A* is closed,
so that A* is a range space relation.

(iii) This follows from (i) by going from A to A~! and observing that A~! is also
arange space relation.

(iv) This follows from (iii) by going from A to A* and observing that A* is closed,
so that A* is a range space relation. [

COROLLARY 4.13. Let A be a closed linear relation in a Hilbert space $. Then
(1) domA is closed if and only if domA* is closed;

(ii) ranA is closed if and only if ranA* is closed.

The behaviour of the adjoint in sums and products is given in the following lemma.
Of course, equality can be shown under less strict conditions.

LEMMA 4.14. Let A and B be relations in a Hilbert space §). Then
A*+B*C(A+B)*, B*A* C (AB)". 4.5)
If A is a bounded everywhere defined operator, then
(A+B)"=A"+B*, B'A"=(AB)". (4.6)

In particular, note that
AT C A", 4.7
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4.3. Some auxiliary results

This subsection contains some results of a technical nature, which will be used in
Section 7. The following construction is an extension of the construction of Labrousse
[9, p. 210] to the context of relations. Recall that for a closed relation A in a Hilbert
space §) the subspaces ker A and mulA are closed.

LEMMA 4.15. Let A be a closed relation in a Hilbert space $. Let m € N,
m > 2, and assume that

mulA’ s closedfor i=2,...,m.
Then for each x € ker A™ there exist unique vectors xi,...,X,—1 € $), such that
{xrxl}a{xirxi+l}a{xm—l70} EA, 1 glgm_27

and such that '
x;i LmulA'NkerA, 1<i<m-1.

In particular, the subspace ker A™ provided with the norm

1 5

e

l|lxX|lm = <x||2+ 2 ||Xi||2> , x€kerA™,
-1

is a range subspace of the Hilbert space §).

Proof. For x € ker A™ there exists a sequence yi,...,Vu—1 € $ such that {x,y},
{vi,yir1}, 1 <i<m—2, and {yn_1,0} belong to A. Let z,—; be the orthogonal
projection of y,,_; into mulA” ' NkerA. Then there exists a sequence of vectors
Z1,--+,Zm—2 such that {0,z1}, {z,ziz1}, i=1,...,m—2, and {z,,_1,0} belongto A.
It follows that {x7y1 —Zl}, {yi_zi,yiJrl _Zi+l} for 1<i<m—2,and {ym,1 _meho}
belong to A. Let X,,—1 = Yu—1 — Zm—1, then x,,_; L mulA” "' Nker A. To continue in
an inductive way, assume that for some n < m — 1 the vectors {x,y1}, {yi,yit+1} for
1<i<n—1,and {y,,x,+1} belong to A with x,; L mulA""!NkerA. If z, is the
orthogonal projection of y, into mulA” Nker A, then x, =y, — z, is orthogonal to
mulA” Nker A, and there exist as above vectors {x,y}}, {y},y} for 1 <i<n-2,
{y,_1,xn} and {x,,x,11} belongingto A.

To show the uniqueness of the sequence xi,...,x,;—1, assume that the elements
{xxd, {xixie1}s {6n-1,0} and {x,x1}, {x,xi, 1}, {x}, 1,0} belongto A, and both
x; and x; are orthogonal to mulA’ Nker A. Then {0,x; —x}, {x; —x\,xip1 —x},},
{Xm—1—x_,,0} belong to A, and thus x,_; —x, , € mulA" ' NkerA. Hence,
Xm—1 = X,,_; . The continuation of this argument shows that x; = x; for 1 <i<m—1.

To see that ker A™ is complete with respect to the norm || - ||,;, note that A is
closed, and if (x") is a Cauchy sequence in ker A” with respectto |- ||, then ({x},x}  }
is a Cauchy sequence with respect to the graph norm. The inequality ||- ||, > || - || shows
that ker A™ is a range subspace of . U

The following proposition gives sufficient conditions so that subspaces of the form
ranA”" +ker A™ are closed.
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PROPOSITION 4.16. Let A be a closed relation in a Hilbert space §). Assume
that
(i) deAA);
(i) ranA+kerA? is closed in $;
(iii)) mulA” is closed for all n € Ny.
Then ranA™ +ker A™ is closed for all m,n € Ny such that m+n>d.
Proof. The proof involves range subspace arguments. It will be given in three

steps for different ranges of the values of the parameters m and n.
Step 1. In this step it will be shown that

ranA” +ker A% s closed. (4.8)

The proof is done by induction. If n =0 then ranA® = §) and the result is obvious, and
for n =1 it holds by assumption. Now assume that ranA” 4 ker A¢ is closed in §) for
some n € Ny. Define the subspace 9 of domA” by

<M = domA” N [ranA + ker A?].

Since A is closed, it is a range space relation and it follows that domA” is a range
subspace of $). Furthermore, 91 is a closed subspace of domA” endowed with its
range space topology; cf. Corollary 3.6. Let 9’ be the orthogonal complement of 97t
in domA” in the range space topology, so that

domA” = M [+] M.
Introduce the domain restriction B of A" by
B=A"N(M x 9).

Clearly B is a range space relation, so that also ranB is a range subspace of ). Ob-
serve that ranA"*! and ker A? are also range subspaces. It will be proved that the
range subspaces ranA” ! +ker A? and ranB are closed by showing that they satisfy
the conditions of Proposition 3.10.

First it will be shown that

ranA" ' 4+ ker A? + ran B = ranA" + ker A“. (4.9)

Clearly, the lefthand side of (4.9) is included in the lefthand side. For the converse
inclusion, let u € ranA”", so that {v,u} € A" for some v € domA”. Then v =w+ z for
some w € M’ and some z € M, so that z € domA” and z = z; +z, for some z; € ranA
and 75 € ker A?. Since ker AY ¢ domA”, cf. (2.6), it follows that z; € ranA NdomA”.
Clearly, z> € ker A%*" . Hence there exist s, ¢ € §) such that {z;,s} € A", and {z2,} €
A" so that s € ranA"t! and 7 € ker A?. Therefore

{z,s+1} ={z1,5} +{z2,1} € A",
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and since {w+z,u} = {v,u} € A", this implies that {w,u —s —7} € A" or in other
words that u —s —t € ranB. Consequently, u € ranA"t! +ker A +ranB, so that (4.9)
is proved.

Next it will be shown that

[ranA" ™ + ker A9] Nran B = mulA". (4.10)

Since mulA” C ranA™t! and mulA” C ranB it follows that the righthand side of (4.10)
is included in its lefthand side. Conversely, let u € [ranA"*! +ker AY] NranB, so that
{v,u} € A" for some v € M’ C domA”. Furthermore, u = w+y with w € ranA""!
and y € ker A?. Hence, there exists w' € domA"*! such that {w',w} € A", Since
u € ranA" and w € ranA"™t! C ranA”, it follows that y = u — w € ranA” Nker A?.
Therefore {z,y} € A" with z € ker A"*?. Also note that there is an element w” such
that {w,w"} € A and {w",w} € A";i.e., w” € ranANdomA”. Then

{V—Z—W//70} = {v7w+y} - {Z7y} - {W”,W} 6An7
so that x =v —z—w" € ker A". Thus,
v=z+w'+xcker A" +ranA +ker A" = ranA + ker A"+,

so that v € ranA Nker A? by (ii) of Lemma 2.5. Together with v € domA” this shows
that v € 9. Therefore, v € MNIM’ = {0} which implies that v = 0 and hence that
u € mulA”, so that (4.10) is proved.

According to the induction hypothesis ranA” + ker A? is closed in $ and accord-
ing to assumption (ii) mulA” is closed in $. Hence (4.9) and (4.10) together with
Proposition 3.10 show that ranA"t! + ker A? and ranB are closed in §. In particular,
this completes the induction argument.

Step 2. The present step is concerned with a first simple extension of the range of
values for which ranA” +ker A? is closed. It is based on the identity

ranA" + ker AY = ranA" + ker A" nme Ny, deA(A), 4.11)
cf. Corollary 2.6. Hence (4.8) and (4.11) show that
ranA" +ker AT is closed, n,meN,
in other words for m > d one has that
ranA” +ker A" is closed. (4.12)

Step 3. Assume now that the statement in (4.12) is valid for n and m, n+m > d.
Then the statement will be shown for n+ 1 and m — 1 if 1 < m < d. For this purpose
the space ker A”™ will be provided with the inner product in Lemma 4.15, so that ker A™
is a range subspace of §).

Define the following subspace of ker A™:

M = [ranA""! 4 ker A" 1] Nker A™. (4.13)
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It is trivial to check that (4.13) leads to
M = [ranA" ! Nker A™] 4 ker A" 1. (4.14)

Now let u € ker A, and let uy,...,u,_; be the unique sequence in Lemma 4.15 be-
longing to u. It will be shown that

UEM <= u,_; €ranA™™"NkerA. (4.15)

Observe that u belongs to 91 if and only if u = v+ w with v € ranA"*! Nker A™ and
wekerA" ! cf. (4.14). Let vq,...,vu—1 and wy,...,w,_» be the unique sequences
in Lemma 4.15 belonging to v and w; furthermore put w,_; = 0. Then Lemma 4.15
implies that u; = v;+w; for 1 <i<m—2 and u,_| = v, . It follows that u,,_; €
ranA"" Nker A. Conversely, let u € ker A" be such that u,,_| € ranA"™ ™ NkerA.
Then there exists some v € ranA"*! such that {v,u,,_1} € A" ! and v € ker A™. Note
that by construction {u,u,_1} € A" !, so that {u—v,0} € A"~!. Let w=u—v, then
u =v+w shows that u € 91, as v € ranA"t Nker A” and w € ker A"~ 1; cf. (4.14).

The space 2 is closed in the topology of ker A™. In order to prove this, let (x")
be a sequence from 91 such that x* converges to x € ker A™ in the topology of ker A™.
Decompose each of these elements as in Lemma 4.15. In particular, it follows that
X! —Xp—1 in $, and as x| € ranA" " Nker A (see (4.15)), and ranA""" Nker A
is closed in § because of m+n > d, one finds that x,,_; € ranA”™ NkerA. This
implies that x € 91 (see (4.15)).

Since the space 21 is closed in the topology of ker A™, there is the following
orthogonal decomposition

ker A" = 9 [+] 900, (4.16)

where 90U is the orthogonal complement of 9t in ker A™, with respect to its own inner
product.

The proof of the statement for n+1 and m —1 if 1 < m < d is now based on
Proposition 3.10, once two identities have been shown. First observe that the following
identity

ranA" ! £ ker A"+ 9 = ranA"t! 4 ker A 4.17)

is satisfied. Clearly, the lefthand side of (4.17) is included in the righthand side of
(4.17). For the converse inclusion, it suffices to show that ker A” is included in the
lefthand side. Let u € ker A™, so that by the decomposition (4.16) u = v+ w for some
v € M and for some w € M. It follows from (4.14) that 9 C ranA”"T! + ker A" !,
from which the desired inclusion follows. Next observe that

[ran A" ker A" NN C [ranA"! 4 ker A" Nker A = 9N,
so that the following identity is clear:
[ranA"™ +ker A" N0 c M9 = {0}. (4.18)

The induction hypothesis implies that the righthand side of (4.17) is closed. It follows
from the identities (4.17) and (4.18), and Proposition 3.10 that ranA"*! +ker A”~! and
M’ are closed in §). This completes the induction argument. ]
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REMARK 4.17. Lemma 4.15 and Proposition 4.16 were stated for the case of
closed relations A. This required some assumptions on the closedness of mulA/. These
requirements are of course superfluous in the case of operators, cf. [9].

5. Quasi-Fredholm relations

The following definition of quasi-Fredholm relations is formulated for range space
relations. It will be shown in Theorem 5.2 below that any quasi-Fredholm relation is
automatically closed.

DEFINITION 5.1. A relation A in a Hilbert space §) is said to be quasi-Fredholm
if A is a range space relation and if there exists an integer d € Ny for which:

Q1) 8(4)=d;

(Q2) ranA%nNkerA is closedin 9;

(Q3) ranA +kerA? is closed in ).

In this case the relation A is said to be a quasi-Fredholm relation of degree d.

A range space relation A in a Hilbert space $) is a quasi-Fredholm relation of
degree O if and only if the following conditions are satisfied:

(N1) kerA C ranA™, m € N;
(N2) ker A is closed in $;
(N3) ranA isclosedin $;

cf. Lemma 2.7. In fact, the condition in (i) can be replaced by any of the equivalent
conditions (iii) or (iv) in Lemma 2.7. It is an immediate consequence of Lemma 4.6
that a quasi-Fredholm relation of degree O is closed.

The following decomposition result goes back to Kato [7] for semi-Fredholm op-
erators in the setting of pairs of operators; it was extended to the case of quasi-Fredholm
operators by Labrousse [9].

THEOREM 5.2. Let A be a range space relation in a Hilbert space $), which
is quasi-Fredholm of degree d € No. Then A is closed and there exist two closed
subspaces M and N of $H such that:

i) H=M+N, MNN={0};
(ii) ranA? C M;
(iii) M CkerA? and, ifd >1, M ¢ ker A4 ;

(iv) A =Agxom + Aqxm, direct sum;
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(V) Aspxon is a quasi-Fredholm relation of degree O with Agyxon = Amx s and, in
particular, mulAgy «9n = mulA;

(vi) Amxo is a bounded operator defined on all of M with (Agrxm)? = N x {0}.

Proof. Observe that for d = 0 one can choose 9t = § and 91 = {0}. Hence in
the rest of the proof it is assumed that d € N.

The proof consists of four steps. In the first step the range subspace 91 of $
will be constructed inductively. In the second step the range subspace 91 of §) will be
constructed inductively. In the third step it will be shown that $) has a decomposition
in terms of 9 and . The last step is to show that A is closed.

Step 1. Construction of the space . Define the following sequence of subspaces
M; of $H for j € Ny:

Mo=9H, M1 = (ranA+ker At +{v: {uv} €A, uem;}. (5.1)

These spaces 9; are all range subspacesin ). For j =0 this is clear. Assume that 90;
is a range subspace for j =m. Then AN (M x §) is a range relation and its range is a
range subspace; cf. Lemma 4.10. Furthermore, (ranA + ker A%) is a closed subspace
and, hence, a range subspace. Since the sum of two range subspaces is again a range
subspace (see Proposition 3.9), it follows from (5.1) that 91; is a range subspace for
j=m+1.

These linear subspaces 9i; form a decreasing sequence:

‘Jﬁj C ?Inj_l, je N. (5.2)

The case j =1 is clear. Assume now that the inclusion is true for j = m; it will be
proved for j =m+1. Let x € 9, |, then x =w+v, where w € (ranA + ker A?)* and
{u,v} € A for some u € 9M,,. By induction hypothesis u € M,,_;, but then x € My,
Hence (5.2) is proved.

Furthermore, the linear subspaces 91; satisfy the inclusions:

ranA’ C {v: {uv} €A, ueM;_ } CM;, jeN. (5.3)

The second inclusion is clear from (5.1). It suffices to prove the first inclusion. The case
j =1 is clear. Now assume that the first inclusion holds for j = m. Let v € ranA™*!
so that {w,v} € A" for some w € §. Then there exists an element u such that
{w,u} € A" and {u,v} € A. By the induction hypothesis u € 9,,. Hence the first
inclusion in (5.3) has been proved for j =m+1.

The linear subspaces 9; satisfy the following stability property:

{vi{uv} €A ueM;} +kerA? =ranA+kerA?, jeN. (5.4)
Clearly, the lefthand side is contained in the righthand side, so it suffices to show that

ranA C ranAgg; x5 +ker A, jeN. (5.5
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The case j =0 is obvious. Assume that (5.5) holds true for j = m and let v € ranA.
Therefore {u,v} € A for some u € domA. The assumption (Q3) leads to the following
orthogonal decomposition

u=x+y, x€(ranA+kerA)t, ycranA+kerA?.

Note that y = ¢ +s with # € ranA and s € ker A?. It follows from the induction hy-
pothesis (5.5) with j = m that ¢ € ranAgy,, «s. Define w =x+¢. Then w € M,
and

w=u—s¢€domA +kerA? C domA,

so that {w,w'} € A for some w' € §. In fact, w’ € ranAgy, .« . Since {w,w'} € A
and {u,v} € A it follows that

{s,y—=w'} ={u,v} — {w,w'} € A.
Furthermore, s € ker A% implies that {s,#'} € A for some #’ € ker AY~! C ker A?. Now,
{0,v—w =t} ={s,v—w}—{s,f'} €A

shows that v —w' —¢' € mulA, and hence,

v Erandgy, | + ker A + mulA = ranAgy, | + ker A?,
which leads to (5.5).
The space § allows the following decomposition:
M;+kerA? =9, jeN,. (5.6)

The statement (5.6) is clear for j = 0. It follows from the assumption (Q3) and the
identity (5.4) that:
$ = (ranA +ker A)* + (ranA + ker AY)
= (ranA+ker AY)* + {v: {u,v} € A,u € M; } +ker A?
:E)J?j+1+kerAd, jeN,
which leads to (5.6) with j € N.
The decomposition in (5.6) is not direct in general. In fact one has the following

identity: '
M; Nker A* = ranA/ Nker A¥,  j, k € No. (5.7)

Indeed, ranA/ Nker A C 9 j Nker AF is obvious for j =0 and follows from (5.3) for
Jj € N and any k € Ny. The converse inclusion,

Wﬂ,ﬂkerAk C ranA’ ﬂkerAk, J.k € Np. (5.8)

will be proved by induction. The case j = 0 is clear for all k£ € Ny. Now assume that
(5.8) holds for j =m and for all k. Let u € 9, | Nker AF so that u =w+' for some
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w € (ranA +ker A9)* and {v,v'} € A with v € M,,. Using Lemma 2.5 (ii), it follows
that
w=u— €ranA +ker AF C ranA + ker A?,

so that
w € (ranA 4 ker A?)1 N (ranA + ker A9),

which shows that w = 0. Therefore v/ = u, and since u € ker A¥, it follows that v €

ker A¥*1. Now v € 911,, and the assumption (5.8) shows that v € ranA” NranA**! . In

particular, it follows that u € ranA™ ! . Hence (5.8) is valid for j=m+1 andall k.
The sequence of linear subspaces 91; is eventually stable:

M; =My, j=d. (5.9)
Indeed, it follows from (5.2) that 91; C My, j > d. Hence, it suffices to show that
My CM;, j=d. (5.10)
Let u € M, . The decomposition (5.6) implies that
u=v+w, ved; we ker A?.
Observe that v € 9; C 9, . Hence, (5.7) and Lemma 2.5 (iii) imply that
wW=u—ve EmdﬁkerAd = ranA? Nker A% C ranA’ Nker AZ.

Therefore w € ranA’ and, by (5.3), w € 9M;, so that u € ;. Hence (5.10) is now
proved and therefore (5.9) has been shown.
The eventual stability of the sequence 9; leads to the following definition:

M =My, (5.11)

and the above construction shows that 97 is a range subspace in ). The definitions
(5.1) and (5.11) show that

M = (ranA +ker AL +{v: {uv} €A, ucm}. (5.12)
It follows from (5.1) and (5.3) that
ranA? C M, ranAgnyg C M, (5.13)

and from (5.4) that
ranAgy ¢ + ker AY = ranA + ker AY. (5.14)

Furthermore, it follows from (5.6) that
M+ker A = §. (5.15)
Finally, it follows from (5.7) that

9 Nker A* = ranA? Nker AF. (5.16)
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Step 2. Construction of the space . Define the following sequence of subspaces
N; of § for j € Np:

Mo = {0}, Njpy = {u € (ranA? Nker A)- 1 {u,v} €A, vEN; } (5.17)

These spaces 9; are all range subspaces in $). For j =0 this is clear. Now assume
that 9; is a range subspace for j = m. The space (ranA? Nker A)* is closed, and
hence a range subspace. Therefore, also (ranA? Nker A)- x I, is a range subspace by
Proposition 3.9. Hence, M+ = AN ((ranA9 Nker A)* x 0M,,) is a range relation by
Lemma 4.10.

The linear subspaces 91; form an increasing sequence:

‘ﬂjc‘ﬁjﬂ, Jj € Np. (5.18)

The inclusion is clearly true for j = 0. Assume now that the inclusion is true for j =m;

it will be proved for j =m+ 1. Let u € M, 1, then u € (ranA? Nker A)* and there

exists an element v € 91, such that {u,v} € A. Since, by assumption 9%, C M, 1, it

follows that v € M,,11, and, hence, u € N,,+». Thus (5.18) has been shown.
Furthermore, the linear subspaces 91; satisfy the inclusions:

N; CkerA/, jeN. (5.19)

This is clear for j = 0. Assume now that the inclusion is true for j = m; it will be
proved for j =m+ 1. Let u € My, 11, so that there exists v € Ny, such that {u,v} €A,
ie., {u,v} €A and {v,0} € A™, since M,, C ker A™. Hence, {u,0} € A™"!. Thus
(5.19) has been shown.

The linear subspaces 91; satisfy the following stability property:

ker A7 = M; + (ranA9 Nker A7), j € No. (5.20)

It follows from (5.19) that the righthand side is contained in the lefthand side. So it
suffices to show that

ker A7 C M; + (ranA9 Nker A7), j € No. (5.21)

For j =0 this is clear. To see the case j =1, let u € ker A. Then the assumption (Q2)
leads to the following orthogonal decomposition:

u=u +uy, u€ (ranAdﬂkerA)L, uy € ranA? Nker A.

Since u, u € ker A, it follows that u; € ker A, which gives u; € 91; by definition, cf.
(5.17). Hence, (5.21) has been shown for the case j = 1. Assume now that (5.21) is
true for j =m > 1. Let u € ker A"*! so that {u,v} € A and {v,0} € A" for some
vE . Thus v € ker A" and by (5.21) with j = m there is a decomposition

v=vi+v2, v EMm vy ranA?NkerA™.
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Clearly, vi =v—v, €ranA. Hence {u,v|} € A for some u € §). The assumption (Q2)
leads to the following orthogonal decomposition:

u=u;+uy, u€ (ranAdﬂkerA){ u € ranA? Nker A.

Since {u,0} € A it follows that {u;,v;} € A. Now v; € 91, implies by (5.17) that u; €
MNypi1. Now v € ranA? Nker A™ and Lemma 2.5 (iii) lead to v, € ranA?*! Nker A™.
Because of v, € ranA9*! there is an element w such that {w,v,} € A9*! which implies
the existence of an element u, such that {w,up} € AY and {up,v,} € A. Moreover,
vy € ker A™ implies that uy € ker A”*1, and hence u» € ranA? Nker A”+!. Now the
decomposition

{u,vy = {ur,vi} {2, va} +{u3,0},  uz =u— (uy+uy),

and {u,v},{u,v1},{uz,v2} € A show that {u3,0} € A. Furthermore, (5.21) with j =
1,(5.18), and ker A C ker A”*! | imply that

usz € ker A =Ny + (ranA?Nker A) € My 1 + (ranA? Nker A™ ).
As u; € Ny1 and uy € ranA? Nker A”F1 | it follows that
u=uy+uy+u3 € Ny + (ranA? Nker A1),

Therefore (5.21) with j = m+ 1 has been proved.
The decomposition in (5.20) is direct:

;N (ranA? Nker A7) = {0}, j€No. (5.22)

The case j =0 is obvious and so is the case j = 1. Proceed by induction on j and
assume that (5.22) holds true for j=m > 1. Let u € M, N (ranAd Nker A™H1),
Since u € My, it follows that {u,v} € A for some v € M,,. Furthermore, (5.19)
implies that v € ker A™. Since u € ranA?, it is clear that v € ranA“*!. Hence, v €
ranA%+! Nker A™ = ranA? Nker A™ according to Lemma 2.5 (ii). Therefore,

v € N,y NranA? Nker A™ = {0},
which implies that u € ker A. Since u € M,,41 C (ranA¢ Nker A)*, it follows that
u € (ranA? Nker A) N (ranA? Nker A)*,

which implies that u = 0. Hence M1 N (ranA¢ Nker A™1) = {0}, and (5.22) is
proved. Note that (5.22) is equivalent to

9M;NranA? = {0}, je€ N, (5.23)

which follows from (5.19).
The sequence of linear subspaces 9; is eventually stable:

N, =Ny, Jj>d. (5.24)
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The relation (5.18) implies that 9; C N;. To show the converse inclusion, note that
(5.19) and Lemma 2.5 (ii) lead to

N; C ker A/ C ker A +ranA?,
and, since ker A? C ker A/, this in turn leads to
N; C ker A7 + (ranA? Nker A7).
Now substitute (5.20) with j = d for the first term on the righthand side, so that
N; C Ny + (ranA? Nker A?) + (ranA? Nker A7) € Ny + (ranA? Nker A7).
Since 9y C N; and N; N (ranA? Nker A7) = {0} (by (5.22)), this shows that N; C N,
Hence, (5.24) has been shown.
The eventual stability of the sequence 9; leads to the following definition:
N =N, (5.25)

and the above construction shows that 91 is a range subspace in §). The definitions
(5.17) and (5.25) show that

N={uc (ranA?NkerA)*: {u,v} €A, veN}. (5.26)
It follows from (5.19) that
M C ker AY, (5.27)
and it follows from (5.23) that
MNranA? = {0}. (5.28)

Furthermore, (5.20) and (5.27) show that
ker A? +ranA? € M+ ranA? C ker A? + ranA?,
and now (5.28) leads to the direct sum decomposition
ker A + ranA? = M+ ranA¢,  direct sum. (5.29)
Step 3. Decomposition by means of the spaces 9 and . The linear subspaces
I and D have been defined in (5.11) and (5.25). Both 21 and 91 are range subspaces
of §. The first inclusion in (5.13), (5.29), and (5.15) lead to

M+ N =M +ranA +N
= M +ranA? + ker A?
= 9+ ker A4 =9.
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Furthermore, (5.19), (5.16), and (5.28) imply that

MAN = MNker A4 NN
=ranA? Nker A NN
=ranA? NN = {0}.

Hence, there is a direct sum decomposition ) = MM+ MN, MNN = {0}, and the sum-
mands are range subspaces.

By Proposition 3.10 it follows that both 21 and 9t are closed subspaces of §).
The inclusions ranA? C 9t and 9N C ker A¢ have been shown in (5.27) and the first
identity in (5.13). Hence (i), (ii), and the first part of (iii) of the theorem have been
demonstrated.

The second identity in (5.13) shows that Aoy ¢ C Agnxon, and the reverse in-
clusion is obvious. Hence, the part of the statement (v) of the theorem concerning
Asnx g = Aomxon has been shown.

The identity (5.26) implies that domAg,on = 9. It follows from (5.12) that
mulA C 9. Hence Agx o is an operator. The identity (5.28) implies that ran (Agy o )¢
= ranAY N M = {0}, that is

(Agrxm)? = 9 x {0}, (5.30)

which completes the proof of (vi).
Next it will be shown that A satisfies the decomposition in (iv). To show the
decomposition, it suffices to show that

A C Agixon + Asxon, (5.31)

as the reverse inclusion is obvious. Assume that {u,v} € A. Then there is a unique
decomposition u = uj +uy with u; € 9t and uy € N. Since N =domAgy .y C domA,
it follows that also u; = u —up € domA. Moreover, since Ay 1S an operator, there
is a unique vy € M such that {us,v2} € Amxm. Let vi = v —vy, then {u,v;} =
{u,v} —{uz,v2} € Agnw5s = Ao xom - Hence,

{u,v} = {ur,vi} + {u2,v2} € Agmyom + Amxon,
and (5.31) follows. To show that the sum in (iv) is direct, note that
Agiiscom NAgxon C (M X I N (M x N) = {0,0}.

Hence, the decomposition in (iv) has been shown.
Now it will be shown that Agy 9y is quasi-Fredholm of degree 0. Observe that it
is an easy consequence of the decomposition (5.31) that

MNdomA = domAgyr,g, MMNranA =ranAgp.g. (5.32)

The first identity is trivial. As to the second identity, note that the inclusion ranAgy ¢ C
I NranA is clear. To see the converse inclusion, let v € 9t NranA. Hence there is an
element u such that {u,v} € A and decompose {u,v} according to (5.31):

{u,v} ={ur,vi} +{uz, v}, {u,vi} € Asmwom,  {u2, v} € Amym.



32 J.-PH. LABROUSSE, A. SANDOVICI, H. S. V. DE SNOO AND H. WINKLER

Since v € 91 and v; € M it follows that vo = 0. This implies that v =v| € ranAgy <oy -
In particular, (5.32) gives the inclusion

ranA? C ranAsyy g. (5.33)

Note that ranA? C ranA and according to (5.13) ranA? C 901. It follows that ranA? C
I NranA, so that (5.32) leads to (5.33).
Hence with (5.33), (5.29), and (5.14) it follows that

ranAgns + M = ranAgy ¢ +ranA? + N (5.34)
= ranAsgnx g + ranA¢ + ker A?
= ranAgy s + ker A
= ranA +ker A%,

which is closed by assumption (Q3). Furthermore, observe that
ranAgny e NN C MNN = {0}. (5.35)
It follows from (5.34), (5.35), and Proposition 3.10 that
ranAsgpx g is closed. (5.36)
Taking £ =1 in (5.16) it follows that
ker Agnx g =ker AN = ker A NranA?. (5.37)
Hence, it follows from assumption (Q2) and (5.37) that
ker Agpx g is closed. (5.38)
Furthermore, (5.37) leads to
ker Agnx g =ker A NranA’ C ranA/, j=d. (5.39)
The decomposition result in (iv) remains valid for powers of the relation A:
Al = (Agnwon)’ F (Aqxm)’, directsum, j>1, (5.40)

cf. Corollary 2.2.
From (5.30) and (5.40) it follows that

ran (Agy,on )’ =ranA’/,  j>d. (5.41)
Now, (5.39) and (5.41) imply that
ker Agnxsy C ranAly on. j > d. (5.42)

Due to the shrinking of the powers of the ranges (see (2.5)) it follows from (5.36),
(5.38), and (5.42) that Agp «9n is a quasi-Fredholm relation of degree 0. This completes
the proof of (iv).
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It remains to show that 9t ¢ ker A?~!. To see this, assume that 9 C ker A%~ It
will be proved that this implies that

ranA“ ! Nker A C ranA? Nker A, (5.43)

so that there is actually equality. This leads to d — 1 € A(A), which is a contradiction,
since A is a quasi-Fredholm relation of degree d . In order to demonstrate (5.43), let y €
ranA?"!Nker A, so that {x,y} € A%"! and {y,0} € A. According to the decomposition
(5.40) with j =d — 1, there exist elements

{xon, v} € (Aonxon)? ™", {xov,ym} € (Amxm)? Y,

such that
{xvy} = {xm7y9ﬁ} + {x‘ﬁvy‘ﬁ}' (544)
The fact that {y,0} € A implies that
{yom, =z} €Amxom,  {ym.2} € Ao,

for some z € §). Since MNN = {0} it follows that z = 0. Therefore, the elements in
the decomposition (5.44) satisfy

{yom,0} € Agpcom,  {ym,0} € Apum. (5.45)

Since x; € N, the assumption N C ker AY~! implies that {xg,0} € A1, 5o that, in
fact, according to the decomposition (5.40) with j =d — 1:

{xo1,0} € (Aqxon)* . (5.46)
Now (5.44) and (5.46) show that
{0,ym} € (Agqum)* . (5.47)

Since Aqxon 1S an operator, (5.47) implies that ys; = 0. Thus, by (5.44) and (5.45),
y = yon € ker Agpyom C ran (Agnyon )¢ ; recall that Agy . on is a quasi-Fredholm relation
of degree 0. In particular, y € ranA?. Consequently, y € ranA? Nker A, which proves
(5.43). Hence part (v) has been completely shown.

Step 4. The closedness of the relation A. The case d = 0 has been discussed
already. Now consider the case d € N. Let {fy, i} €A convergeto {f,f'} € H x 5.
Due to the decomposition A = Agnxon F Aoy it follows that

{f"?frlz}:{grhg:z}_'_{hmh:z}? {gnag:q}EAﬁﬁth; {hn;h;}EA‘ﬁx‘ﬁ-

Since M x M and T x N are complementary spaces in § X §, each of the sequences
in this decomposition converges. Note Agnxon is closed because it is quasi-Fredholm
of degree 0. The operator Agy o is defined on all of 91 and hence bounded in 9T by
Lemma 4.4, and therefore also closed. Hence,

{grhgi’l} - {g?g/} EAWXQJU {hnah;} - {hah/} EA(ﬁXma

andas {f,f'} ={g,&'} + {h,I} it follows that {f, '} € A and thus A is closed. This
completes the proof [
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REMARK 5.3. Observe that all statements of Theorem 5.2, except the one con-
cerning M ¢ ker A“~!, have been proved under the assumptions that

1. deAA);
2. ranA? Nker A is closedin $;

3. ranA +kerA? is closed in §.
The fact that d = §(A) leads to the *minimality condition’ D ¢ ker A~!.

REMARK 5.4. The spaces 9 and 0 in the decomposition of a quasi-Fredholm
relation A are not, in general, unique. In [12] it is shown that if 90Ty, 91, and 9,, N,
are two decompositions associated with a quasi-Fredholm operator A, then 97;, 9,
and M, , N, are also decompositions associated with the operator A; in [12] there is
also a condition for the uniqueness of the decomposition for the operator case.

REMARK 5.5. The definition of a quasi-Fredholm relation can be extended to the
context of a Banach space, when in Definition 5.1 $ denotes a Banach space and the
conditions (Q2) and (Q3) are replaced by

(Q2’) ranA?Nker A is complemented in $);

(Q3’) ranA +ker A? is complemented in ).

The case of a quasi-Fredholm operator in a Banach space was briefly discussed in a
remark in [9, p. 206]. For a bounded quasi-Fredholm operator in a Banach space the
analog of Theorem 5.2 can be found in [14].

6. Equivalent definitions of quasi-Fredholm relations

There are several ways to characterize quasi-Fredholm relations. It is possible to
characterize such relations without an explicit reference to the degree. Another way
to characterize these relations is via the decomposition as described in Theorem 5.2.
Finally it will be shown that quasi-Fredholm relations can be seen as particular pertur-
bations of quasi-Fredholm relations of degree 1.

6.1. A Baire type characterization of quasi-Fredholm relations

The first way to characterize quasi-Fredholm relations is a direct adaptation of a
result of Labrousse [9, Proposition 3.3.6] for the operator case. Note that the degree
does not explicitly show up in the characterization.

PROPOSITION 6.1. Let A be a range space relation in a Hilbert space $). Then
A is a quasi-Fredholm relation if and only if the spaces

ranA + U kerA’ and kerAnN (ﬂ ranAj> (6.1)

j=1 Jj=1

are closed in $.
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Proof. Observe that for any relation A one has the identities

ranA + U ker A/ = U (ranA—i—kerAj) (6.2)
j=1 j=1
and
kerAN (ﬂ ranAj> = ﬂ (kerAﬂranAj) . (6.3)
=1 =1

(=) Let A be a quasi-Fredholm relation of degree d. Then Lemma 2.5 implies
that ker A/ C ranA +ker A? and it follows from (6.2) that

ranA + U ker A’ = ranA + ker A%. (6.4)
j=1

Furthermore, the sequence ker A NranA’ is decreasing as j € N increases, and, in
addition, ker ANranA’/ = ker ANranA?, j = d. Hence, it follows from (6.3) that

kerAN (ﬂ ranAj> — ker ANranA?. (6.5)
j=1

By definition the spaces ranA + ker A4 and ker A NranA? are closed. Hence (6.4) and
(6.5) show that the spaces in (6.1) are closed.

(<) Let A be a range space relation for which the spaces in (6.1) are closed.
Define the subspace )¢ of $ by the lefthand side of (6.2), so that §)q is closed. Each
space ranA + ker A/ is a range subspace of §)g, and the sequence ranA + ker A" is
increasing in $)o as n € N increases. Therefore it follows from Proposition 3.15 that
there is an index jo such that ranA +ker A% = §). Let d be the smallest index jj for
which this identity holds:

ranA + ker A = 9o.-

As the sequence ranA +ker A” is increasing in ) as n € N increases, the construction
implies that for all n > d

ranA +ker A = ranA + ker A" (C $)).

By Lemma 2.5, this leads to 0(A) = d < e=. Again by Lemma 2.5 it is seen that the
identity

ker ANranA¢ = ker AN ( ﬂ ranAj>
j=1

holds. This shows that ker A NranA? is closed. Therefore A is a quasi-Fredholm
relation of degree d. [J
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6.2. Kato decomposable relations

A second way to characterize the decomposition of quasi-Fredholm relations in
Theorem 5.2 is in fact an inverse result.

DEFINITION 6.2. A range space relation A in a Hilbert space $) is said to be Kato
decomposable of degree d if there exist two closed subspaces 2t and 91 of § such
that the properties (i)—(vi) in Theorem 5.2 are satisfied.

LEMMA 6.3. Let A be a Kato decomposable relation in a Hilbert space $. Then
its degree is well defined.

Proof. Let (M1,M1,d;) and (9, My, dy) be two triplets which satisfy Defini-
tion 6.2 and assume that d; < da. It will be shown that 9, C ker A%, leading to a
contradiction. Let u € 9t,. Then the assumption concerning the triplet (9%,,9,d>)
leads to u € ker (Am, xo,)% . Observe that

{M,O} € (Amzxmz)dz = (A‘ﬁzx‘ﬁz)dz_dl X (Amzxmz)dl7

shows that
{u,u’} S (Amzxmz)dl CAd1

for some
u' € ker (Agryxon, )2 C ker A4 C ker A2

Note that, in particular, ' € M,. Therefore, the assumption concerning the triplet
(M,M,d;) leads to u = v+ w for some v € M; and w € N;. Observe that w €
M, C ker A%, so that

'y = {u,u'} — {w,0} € A%,
and, therefore, 1’ € ranA% C 90t . Hence,
W' € 9 Nker A% = ker (Agﬁlxgﬁl)dz,

where the last equality follows from Agy, x5 = Agn, xon, - Since Agn, xox, 1S a quasi-
Fredholm relation of degree O in 91, one has that

ker (Agmlxgml)dz C ran (Agmlxgml)dz C ranA®,

where the first inclusion follows from Lemma 2.7. Hence «’ € ranA% C 90,, which
together with u’ € 91, implies that v’ € 9, NI, = {0}. Thus ' =0 and then u €
ker A%l . Therefore, it follows that 9, C ker A% . The assumption 9%, ¢ ker A2~! then
leads to dy — 1 < dy, so that dp < d;, a contradiction.

In the same way the inequality d; > d; leads to a contradiction. Therefore d; =
d. O
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THEOREM 6.4. Let A be a range space relation A in a Hilbert space $ and let
d > 1. The relation A is Kato decomposable of degree d if and only if A is quasi-
Fredholm of degree d.

Proof. (<) Assume that A is quasi-Fredholm of degree d. Then Theorem 5.2
implies that A is Kato decomposable of degree d .

(=) Assume that A is Kato decomposable of degree d. The decomposition result
remains valid for powers of the relation A as in (5.40); cf. Corollary 2.2:

A™ = (Agnyeon)™ + (Agrxon)™.
Hence it is clear that ranA™ = ran (Agyxon )™ for all m > d. Thus, if m > d, then

ranA™ Nker A = ran (Agn«on )" Nker A

(6.6)
= ran (Agnxom )" Nker Agnxsm = ker Agn <o,

as Agnxon is quasi-Fredholm of degree 0; cf. Lemma 2.7. It follows from (6.6) that
forall m>d

ranA” Nker A = ranA? Nker A,

sothat §(A) <d.

To show that A is quasi-Fredholm of degree §(A), one has to prove that the sub-
spaces ranA%A) Nker A and ranA + ker A5 are closed, cf. Definition 5.1.

In order to show that ranA%@) Nker A is closed, observe that ranAS@) Nker A =

ranA? Nker A. Hence, (6.6) implies that
ranA®@ NkerA = ker Agyrscom -
Since Agnwon is quasi-Fredholm of degree 0 in 9N, the space ker Agyp«on is closed.
Therefore, ranA%A) Nker A is closed.
In order to show that ranA + ker A%4) is closed, observe that Corollary 2.6 gives
ranA + ker A%) = ranA + ker A%.
Hence for the proof it suffices to show that

ranA + ker AY = ranAgy . on + N, 6.7)

and that the righthand side is closed. Clearly the righthand side of (6.7) is contained in
the lefthand side. For the reverse inclusion observe that

ranA C ranAgnxom +ranAmxo C ranAgyn«on + N, (6.8)
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and that
ker AY C (MNker A%) + 9 = ker (Agpxon)? + N C ranAgyon + M. (6.9)

The first inclusion in (6.9) follows from 9 C ker A? and $) = 9t +9N. The last inclusion
follows from Lemma 2.7. The equality in (6.9) follows from

M Nker A = ker (Agpuom)?,

which is clear since Agyy ¢ = Aanxon . Observe that (6.8) and (6.9) complete the proof
of (6.7). Now it will be shown that the righthand side of (6.7) is closed. As Agjxon is
quasi-Fredholm of degree 0 in 1, by definition ranAgy 9y is closed in 91, and hence
closed. Furthermore, 9t and 91 are complementary subspaces of ), which completes
the argument.

It has been shown that A is a quasi-Fredholm relation of degree §(A) < d. Hence,
Theorem 5.2 implies that A is Kato decomposable of degree §(A). The original as-
sumption is that A is Kato decomposable of degree d. It follows from Lemma 6.3 that
O0(A) =d. Hence, A is quasi-Fredholm of degree d. [

6.3. Normally decomposable linear relations

The third way to characterize the decomposition result in Theorem 5.2 is via a
special operator-sum decomposition of the relation A; cf. [18].

DEFINITION 6.5. A range space relation A in a Hilbert space $) is said to be
normally decomposable of degree d if there exist two range space relations D and T
in §) such that:

(i) D is a quasi-Fredholm relation of degree at most 1;
(i) T is an everywhere defined nilpotent operator of degree d;

(iii) A=D+T, TD=domA x {0}, DT = x mulA.

LEMMA 6.6. Let A be a range space relation in a Hilbert space ), which is
normally decomposable as in Definition 6.5. Then

ranT CkerD and ranD CkerT, (6.10)
so that
domA* = dom (D +T)* = domD¥, mulA* = mul (D4 T)* =mulD*,  (6.11)
with k € N. Furthermore,
TD/ =domA’ x {0}, D'T =$ xmuld/, jeN. (6.12)

In particular,
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dom7D’ =domD’ =domA’, mulD/T =mulD/ =muld’/, jeN.

Moreover,
A'=D", n>d. (6.13)

Proof. Let A= D+ T with D and T as in Definition 6.5. Let h € § so that
{h,0} € H xmulA = DT . Then {Th,0} € D so that Th € ker D. Thus ranT C ker D.
Moreover, let d’ € ranD so that {d,d’} € D for some d € domD. Since {d’',Td'} €T
it follows that {d,Td'} € TD = domA x {0} which shows that Td' = 0. Thus d’' €
ker T which means that ranD C ker T . This proves (6.10).

Since (6.10) holds, Lemma 2.3 may be applied. In the operator-wise sum A =
D+T one has domA = dom (D +T) = domD and mulA = mul(D +T) = mulD.
Lemma 2.3 may be applied so that similar identities hold for powers, which leads to
(6.11).

Consider the first identity in (6.12). The case j =1 is clear by hypothesis. Now
assume that TD¥ = domAX x {0} for some k € N. Let {x,y} € TD*"! so that {x,z} €
D and {z,y} € TD* = domA* x {0} = domD* x {0}; cf. (6.11). This implies that
z € domDF and y = 0. Therefore, it follows from {x,z} € D and z € domD¥ that
x € domD*! = domA*+! | This gives

TD*! c doma**! x {0}. (6.14)

Conversely, let x € domA**! = domD**1; cf. (6.11). Then, {x,x"} € D! for some
¥ € §. This implies that {x,x’} € D and {¥',x"} € DX for some x' € §), so that
{x/,Tx"} € TD*. Therefore, Tx" =0 and then {x,0} € TD**!. Thus

domA*t! 5 {0} ¢ TD*L, (6.15)

Now (6.14) and (6.15) lead to the first identity in (6.12), and the induction process is
finished.

Consider the second identity in (6.12). The case j =1 is clear by hypothesis. Now
assume that D*T = § x mulA*. Let {x,y} € D*''T, so that {x,z} € DT and {z,y} €
D for some z € $). Hence, by assumption, z € mulA¥ = mul D¥, so that {0,z} € D*;
cf. (6.11). Therefore, {0,y} € D', ie., y € mulD*! = mulA**!. Hence {x,y} €
$ x mulA*T!. Thus,

DFIT € 9 x mulA* L, (6.16)

Conversely, let {x,y} €  x mulA**!. This implies that {x,0} € $ x {0} and {0,y} €
D¥TL o that {0,z} € D* and {z,y} € D for some z € §. Then, {0,z} € DT, and
since {x,0} € DT by induction hypotheses, it follows that

{x,2} = {x,0} +{0,z} € D'T,
so that {x,y} € D*¥'T . Thus,

9 x mulAKH! c pFHIT. (6.17)
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Finally, (6.16) and (6.17) lead to the second identity in (6.12), and the induction process
is finished.

Now (6.13) will be shown. Assume that n > d. This implies that 7"x = 0 for all
x € 9. To prove that A" C D" consider {xo,x,} € A", so that {x;,x;11} €A, 0<i<
n—1, for some vectors x; € 9, 1 <i<n— 1. Thisimplies that

{xi,xip1—Txi} €D, 0<i<n—1, (6.18)
which shows that {x;, T (x;+1 — Tx;)} € TD = domA x {0} . This leads to
Txis =T, 0<i<n—1. (6.19)
Since ranT C ker D, it is also known that
{Tx,0teD, 0<i<n. (6.20)
A combination of (6.18) and (6.20) implies that
{xi = Txi—1, %01 — Txi} = {xi,xis1 — Txi} — {Tx;_1,0} € D,
forall 1 <i<n— 1, which together with {xo,x; — Txo} € D leads to
{x0,% — Txy—1} € D". (6.21)
Furthermore, it follows from (6.19) that
Tx,_1=T"xy=0. (6.22)

Then (6.21) and (6.22) imply that {xy,x,} € D", which shows that A" C D".
Conversely, let {yo,y,} € D", so that {y;,yis1} € D, 0 <i<n—1 for some
vectors y; € ), 1 <i< n—1,which implies that

{iyis1+Tyi} €A, 0<i<n—1. (6.23)
Furthermore, {y;,Tyi+1} € TD =domA x {0}, 0 <i<n—1,so that
Ty;=0, 1<i<n. (6.24)
It follows from (6.23) and (6.24) that
{viyiri} €A, 1<i<n—1. (6.25)

Since ranT C ker D, one has {T'yo,0} € D, 1 <i < n— 1, which together with
{Tyo, T yo} € T leads to

{T'yo, T 'y} €A, 1<i<n—1. (6.26)
A combination of (6.25) and (6.26) implies that

i+ T,y + Ty} €A, 1<i<n—1. (6.27)
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It follows from (6.23) that {yo,y; + Tyo} € A and thus (6.27) shows that

{Y0,90+T"yo} € A",

so that {yo,y,} € A". Hence, D" C A". Therefore, A" =D". [

THEOREM 6.7. Let A be a range space relation in a Hilbert space $). Then A is
normally decomposable of degree d if and only if A is quasi-Fredholm of degree d.

Proof. (<) Assume that A is quasi-Fredholm of degree d. If d = 0 it suffices to
consider D =A and T = 0. Now suppose that d > 1 and apply Theorem 5.2. Let 90t
and 91 be closed complementary subspaces as in that theorem and let Pyy and Py be
the projections corresponding to 2t and 1, respectively. Define the linear relations D
and T in $) by

D =AgxomPom, T =AnxnPn, (6.28)

where Agpxon and Am«o are as in Theorem 5.2. The relations D and T are range
space relations, due to Proposition 4.8. It follows from Theorem 5.2 and (6.28) that

D+T =Aguon + At = A, (6.29)

see Corollary 2.2 for the first equality.

Now the identity 7D = domA x {0} will be shown. Let {x,y} € TD, so that
{x,z} € D and {z,y} € T for some z € §. Then, by definition, {Pynx,z} € Agnxom
and {Pnz,y} € Agqixm . Clearly, Pypx € domA, so that x = Pypx+ Pynx € domA; recall
that 91 C domA. Also observe that z € 91, so that Ppz = 0 and, consequently, y = 0.
Hence, TD C domA x {0} . To show the converse inclusion, let {x,0} € domA x {0}.
Then Pypx € domAgy o, so that {Ponx,z} € Agnxon for some z € 9, in other words
{x,z} € D. Furthermore, {z,0} € T as {Pnz,0} = {0,0} € Aprxo. Thus it follows
that, domA x {0} C TD.

Next the identity DT = $ x mulA will be shown. Let {x,y} € DT, so that
{x,z} € T and {z,y} € D for some z € §. By definition, {Pnx,z} € Am,,n and
{Pomz,y} € Agnxon . Now z € M, so that Pypz = 0. Therefore, y € mulAgy«gn = mulA.
Hence, DT C $) x mulA. To show the converse inclusion, let {x,y} € X mulA.
Then Pypx € N, so that {Pyx,z} € Apyxym for some z € N. This implies {Popz,y} =
{0,y} € Agpxom. Therefore, {x,z} € T, {z,y} € D, so that {x,y} € DT. Hence,
H xmulA C DT .

Now it will be shown that D is quasi-Fredholm of degree at most 1. First observe
that

ker D = (M Nker A) 4+ . (6.30)

To see this, let x € ker D, so that {Pynx,0} € A and x = Popx+ Pyx € (ker ANIN) +91.
Conversely, if x = x| +x, with x; € MNker A and x, € N, then {Poyx,0} = {x;,0} €
Agnxon and {x,0} € AgnyxomPom = D. Hence, x € ker D. It follows from (6.30) that
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IMNker D =M Nker A = ker Agnyon C ran (Agy,om)’ CranA’/, jeN, (6.31)

since Agnxon 1s quasi-Fredholm of degree 0. Recall that the decomposition (iv) in
Theorem 5.2 implies the decomposition (5.40), so that by Corollary 2.2

Al = (Agxon)’ P + (Amxm)’ P, j€N. (6.32)

Hence, A’ = (Agyxon)/Pom for j > d; note that (Agnxon)’Pom = (AmixonPm)’, by
Corollary 2.2. Due to (6.28), it follows that

Al=D/ forall j>d. (6.33)
A combination of (6.31) and (6.33) leads to
ranDNker D C M Nker D C ranA’ Nker D = ranD’ Nker D,

for all j > d. Hence ranDNker D = ranD’ Nker D for all Jj = 1. This shows that
3(D) < 1. Observe that A = (Agy,on)?, so that ranA? Nker D = ranA? NkerA.
Therefore,

ranD Nker D = ranD? Nker D = ranA? Nker D = ranA? N ker A,
which shows that ran D Nker D is closed. Furthermore, observe that
ranD 4 ker D =ranAgyp . o +ker Agn g + 9T =ranAgp 5 + .

The righthand side is closed due to (5.34), and hence ranD +ker D is closed. Thus D
is a quasi-Fredholm relation of degree at most 1.

Finally, it will be shown that 7' is nilpotent of degree d. Since 9 C ker A? it
follows that T is nilpotent of degree dy < d. Let j > dy, so that A/ = DJ. This implies
that ranA’ = ran D/ (C 90t), which further leads to

ranA’ Nker A = ranD’ Nker D = ranD Nker D,

since M Nker D = ker Agpwon. Thus, d = §(A) < dp, and therefore d = dy. This
allows to conclude that A is normally decomposable of degree d .

(=) Assume that A is normally decomposable of degree d. First it will be shown
that the identity

ranD’ Nker A = ranD’ Nker D (6.34)

is valid. Let y € ranD’/ Nker A, so that {y,0} € A and {x,y} € D/ for some x € §.
It follows from {y,0} € A that {y,z} € D and {y,—z} € T for some z € §). Then,
{x,—z} € TD’ = domA’ x {0}, so that z= 0. Therefore y € ker D which further leads
to

ranD’ Nker A C ranD’ Nker D. (6.35)
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Conversely, let y € ranD/ Nker D. Then {y,0} € D and {x,y} € D/ for some x € §.
Therefore {x,Ty} € TD/ = domA’/ x {0}. This shows that Ty = 0 so that y € ker A.
Thus

ranD’ Nker D C ran D’ Nker A. (6.36)

A combination of (6.35) and (6.36) leads to (6.34).
Next it follows from Lemma 6.6 and (6.34) that

ranA’ Nker A = ran D’ Nker A = ranD’ Nker D = ranD Nker D

for all j > d, which implies that 6 (A) < d. Moreover, since ranD Nker D is closed in
$ it follows that ranA% Nker A is closed when dy = §(A). Since D is quasi-Fredholm
of degree 1, it follows from Corollary 2.6 that

ranD + ker DY = ranD + ker D. (6.37)

Now A = D+ T implies that ranA C ranD +ranT C ranD + ker D, where the last
inclusion follows from (6.10). Hence ranA C ranD + ker D? . Together with A =D
(cf. (6.13)) this leads to

ranA + ker A C ranD + ker D?. (6.38)

For the converse inclusion, observe that D = A — T leads to
ranD C ranA +ranT C ranA +ker D C ranA + ker D¢ = ranA + ker A?,

where, again, (6.10) and (6.13) have been used. Hence it follows

ranD + ker DY C ranA + ker A?. (6.39)
Therefore, (6.38), (6.39), and (6.37) lead to

ranA + ker AY = ranD + ker D? = ranD + ker D.

As dy = 6(A), it follows from Corollary 2.6 that

ranA + ker A% = ranD + ker D,

so that ranA + ker A% is closed in §. Therefore, A is a quasi-Fredholm relation in $)
of degree dy < d. Now using the first part of the proof it follows that there exist two
range space relations D’ and T’ satisfying the items (i), (ii), and (iii) of Definition 6.5,
with T’ nilpotent of degree dy, and dy > d. This shows that d = dy. This completes
the proof. [

7. Adjoints of quasi-Fredholm relations

Let A be a quasi-Fredholm relation of degree d € N in a Hilbert space $. The
adjoint A* of A is a closed relation and, in particular, a range space relation. It will be
shown that A* is also a quasi-Fredholm relation of degree d, i.e.,
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1. 8(A%) = d:
2. ranA* Nker A* is closed in 9;

3. ranA* +ker A* is closed in ).

For d = 0 the first condition can be replaced by the equivalent condition ker A* C
ranA™, n € N; cf. Lemma 2.7. The cases where d = 0 or d = 1 will be treated first;
the general case follows then by means of the normal decomposability of A.

PROPOSITION 7.1. Let A be a quasi-Fredholm relation of degree d <1 in a
Hilbert space $). Then A* is a quasi-Fredholm relation of degree d. Moreover, for
allne N:

(ker A"t =ranA™, neN, (7.1)

and
(ker A™)* =ranA”, neN. (7.2)

Proof. The proof consists of several steps; in particular, the equality (7.1) will
be proved for the cases d =0 and d = 1 separately. The equality (7.2) follows by
symmetry.

Step 1. First observe that for any relation A in a Hilbert space ) the following
inclusion holds
ranA*" C (kerA")t, neN. (7.3)

Note that the inclusion (7.3) follows from (4.7) and (4.4):
ranA*" C ran (A")* C fan (A")* = (ker A")*, neN.
Hence, in order to show (7.1), in view of (7.3) it suffices to prove that
(ker A")t C ranA™, neN. (7.4)

This will be done by induction for the cases d = 0 and d = 1 respectively.

Step 2. Assume that A is a quasi-Fredholm relation of degree d = 0. Then A is a
range space relation for which ker A and ranA are closed. It follows from Lemma 4.6
that A is closed. The adjoint A* is a closed relation and, in particular, a range space
relation. The fact that A* is closed implies that ker A* is closed, whereas ranA* is
closed due to Lemma 4.12.

The inclusion (7.4) will be shown for the case d = 0. It is clear for n = 0; fur-
thermore, it is clear for n = 1 due to (4.4) and the fact that ranA* is closed. As-
sume that (7.4) is satisfied for some n € N, n > 1, and let u € (ker A""!). Since
ker A" C ker A"*! it follows that u € (ker A”)*, and by the induction hypothesis, that
{v,u} € A* for some v € domA™". Let x € ker A, then {x,0} € A, and ker A C ranA”",
n € N, implies that {y,x} € A" and y € ker A"!. Since {y,x} € A" and {v,u} € A" C
A" (cf. (4.7)), it follows that 0 = (y,u) = (x,v) for all x € kerA. In other words,
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v € (ker A)L =ranA*, which implies u € ranA*("*1) | Hence (7.4) has been proved,
which completes the proof of (7.1).

Since A is a quasi-Fredholm relation of degree 0, it follows from Lemma 2.7 that
ker A" C ranA, n € N, which implies by (4.4) and (7.1) that

ker A* = (ranA)* C (ker A")* =ranA™, ncN.

Hence, A* is a quasi-Fredholm relation of degree 0.

Step 3. Assume that A is a quasi-Fredholm relation of degree d = 1. Then A is a
range space relation for which ranA +ker A and ranA Nker A are closed. Proposition
3.10 implies that ranA and ker A are closed. It follows from Lemma 4.6 that A is
closed. The adjoint A* is a closed relation and, in particular, a range space relation.
The fact that A* is closed implies that ker A* is closed, whereas ranA* is closed due to
Lemma 4.12. In particular it is clear that ranA* Nker A* is closed. Furthermore, since
ranA + ker A is closed, it follows from Proposition 3.2 that also the subspace

ranA* +ker A* = fanA* +kerA* = (ranA)* + (ker A)* (7.5)

is closed; cf. (4.3) and (4.4).

Now the inclusion (7.4) will be shown for the case d = 1. It is clear for n =
0; furthermore, it is clear for n = 1 due to (4.4) and the fact that ranA* is closed.
Assume that (7.4) is satisfied for some n € N, n > 1, and let u € (ker A"*!)*. Since
ker A" C ker A"t it follows that u € (ker A”)*, and by the induction hypothesis, that
{v,u} € A*" for some v € domA™. Let x € ranA" Nker A, so that {x,0} € A and
{y,x} € A" for some y € . Note that y € ker A"*!. Since {y,x} € A" and {v,u} €
A C A™ (cf. (4.7)), it follows that O = (y,u) = (x,v) forall x € ranA" Nker A. Hence
v € (ranA" Nker A)* = (ranANker A)*, where the last equality is by definition, since
d = 1. Observe that

v € clos (tanA* + kerA*) = clos (ranA* + ker A*) = ranA* + ker A*,
cf. (7.5). It follows that v € ranA* +ker A*, so that
v=vi+vy, v E€ranA*, v, €kerA*.

Since {v,,0} € A*", it follows from {v,u} € A*" that {v|,u} € A*". Since v| € ranA*,
it follows that u € ranA*("*1)  Hence (7.4) has been proved, which completes the proof
of (7.1).
Since A is a quasi-Fredholm relation of degree 0, it follows from Corollary 2.6
that
ker A" +ranA = ker A +ranA. (7.6)

The identities (4.3), (7.1), and (7.6) show that

ker A*NranA*™ = (ranA)* N (ker A")* = (ranA + ker A")*
= (ranA +ker A)t =ker A* NranA*.
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Therefore §(A*) < 1. This leads to §(A*) = 1; otherwise d(A*) = 0, which implies
8(A) = 6(A*) =0, a contradiction. Hence, A* is a quasi-Fredholm relation of degree
0.

Step 4. Let A be a quasi-Fredholm relation of degree d < 1. Then A is closed and
A* is a quasi-Fredholm relation of degree d. Hence the statement in (ii) follows from
(i) by replacing A by A*. Hence one may replace A by A* in (7.1) to obtain (7.2). O

COROLLARY 7.2. Let A be a quasi-Fredholm relation of degree d in a Hilbert
space $. Then:

(1) ranA”" is closed forall n > d;

(i) mulA” is closed for all n € Ny;

Proof. Since A is a quasi-Fredholm relation of degree d , it follows from Theorem
6.7 that it is normally decomposable. Therefore, A = D+ T, with D a quasi-Fredholm
relation of degree at most 1 and T a nilpotent operator of degree d. By Proposition
7.1 it follows that ranD" = (ker D*") is closed for all n € N.

(1) For n > d it follows from Lemma 6.6 that A" = D"*. In particular,

ranA"” =ranD", n>d,

is closed. This proves (i).
(ii) It also follows from Lemma 6.6 that

mulA” =mulD", neN.

Recall that ranD", n € N, is closed in §. Hence it follows from Corollary 4.5 that
mulD", n € N, is closed in $. This proves (ii). U

THEOREM 7.3. Let A be a quasi-Fredholm relation of degree d. Then A* is a
quasi-Fredholm relation of degree d.

Proof. Since A is quasi-Fredholm of degree d, it follows from Theorem 6.7 that
it is normally decomposable of the same degree. Therefore A = D+ T with D a quasi-
Fredholm relation of degree at most 1 and 7 a nilpotent operator of degree d, as in
Definition 6.5. Since T is an everywhere defined bounded operator, Lemma 4.14 shows
that A* = D* 4+ T*. According to Proposition 7.1, D* is a quasi-Fredholm relation of
degree at most 1. Furthermore, T* is a bounded everywhere defined nilpotent operator
of degree d. It follows from 7D = domA x {0} and Lemma 4.14 that

D*T* = (TD)* = $§ x mulA*. (7.7)
Moreover, DT = §) x mulA and Lemma 4.14 imply that

T*D* C (DT)* = domA* x {0}. (7.8)
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It is clear that dom7T*D* = domD*; furthermore A* = D* 4+ T* implies that domA* =
domD*. Hence domT*D* = domA*, and it follows from (7.8) that

T*D* = domA* x {0}. (7.9)

The decomposition A* = D* + T* together with (7.7) and (7.9) shows that A* is a nor-
mally decomposable relation of degree dy < d, with dy = §(A*). Therefore, according
to Theorem 6.7, A* is quasi-Fredholm of degree d, which implies that A** = A is
quasi-Fredholm relation of degree d = 0(A) = §(A™) < §(A*) =dp. Thus O6(A) =
O0(A*) and A* is a quasi-Fredholm relation of degree d. O

PROPOSITION 7.4. Let A be a quasi-Fredholm relation of degree d in a Hilbert
space 9. Then:

(ker A"t =1anA™, (kerA™")t =fanA", neN. (7.10)

Moreover, ranA" 4+ ker A™ and ranA™ + ker A*" are closed for all n,m € Ny with
n+m>=d. In fact,

ranA” + ker A" = (ker A" NranA™™)*, (7.11)

ranA*" + ker A*" = (ker A" NranA™)*, (7.12)

forall n, me Ny withn+m>d.

Proof. Step 1. The second identity in (7.10) will be shown. The first identity in
(7.10) will then follow from the fact that A* is quasi-Fredholm and closed.

Assume that A is quasi-Fredholm of degree d. If d = 0 then Proposition 7.1 gives
the result. Now suppose that d > 1 and apply Theorem 5.2. Let 9t and 9t be closed
complementary subspaces as in that theorem and let Pyy and Py be the projections
corresponding to 9t and N, respectively. Define the linear relations D and T in §) by
(6.28) where Agyyon and Agqys are as in Theorem 5.2. The relations D and T are
range space relations, due to Proposition 4.8. It follows from Theorem 5.2 and (6.28)
that the identities (6.29) and (6.32) hold:

A'=D"+T" neN, (7.13)
In particular, due to the special structure of D and T':
ranA" =ranD" +ranT", (7.14)

cf. Lemma 2.1. It follows from the construction that ranD C 9t and ranT C i, so
that
M- C ker D*, N Cker T*.

As =M+, MNN = {0}, it follows from Proposition 3.2 that § = M + N+,
ML NNL = {0} . Hence, this leads to

$) C ker D* +ker T* C ker D" +ker T*",
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so that
ker D' +ker T = §. (7.15)

In particular, the space in the lefthand side of (7.15) is closed. It follows from (7.14),
Proposition 7.1, and the fact that T is an everywhere defined bounded operator, that

(ranA")t = (ranD")* N (ranT")*
= kerD*" Nker T*" (7.16)
= clos (ker D*" Nker T™"),

where Corollary 3.12 and (7.15) have been used in the last equality. Next, observe that
(7.13) leads to A* = D* 4+ T*, cf. (4.6). Hence, clearly,

ker D" Nker T*" C ker A™". (7.17)

Recalll from (4.7) that ker A*" C ker (A")*, so that a combination of (7.16) and (7.17)
leads to
(ranA")* C closker A*" C ker (A")* = (ranA")*.

It follows that
(ranA")* = closker A",

which gives the second identity in (7.10).

Step 2. Since A is a quasi-Fredholm relation of degree d, it is clear that §(A) =
d and that ranA +ker A? is closed (see Definition 5.1). Theorem 5.2 implies that
A is closed. Corollary 7.2 implies that mulA” is closed for all » € N. Hence the
conditions (i), (ii), and (iii) of Proposition 4.16 are satisfied. Therefore the subspace
ranA”" +ker A™ is closed for all m,n € Ny such that m+n > d. By symmetry a similar
statement also follows for the adjoint A*.

Step 3. Observe that ranA”, ker A™, ker A", and ranA™" are all range subspaces.
The fact that ker A*" +ranA*™" is closed for m+n > d and Corollary 3.13 show that

(ker A*" NranA*")t = (ker A™")* + (ranA*™)*.
By (7.10) and Corollary 3.12 it follows that
(ker A*" NranA*™)L = tanA" 4+ kerA™ = clos (ranA" + ker A™).

Now observe that ranA” + ker A” is closed for m+n > d , so that (7.11) follows. The
proof of (7.12) is similar. [

8. Semi-Fredholm relations

Labrousse has shown that semi-Fredholm operators are in fact quasi-Fredholm
operators. A direct proof of this can be found in [9, p. 197]. Now the situation of semi-
Fredholm relations will be considered. A closed linear relation A in a Hilbert space $)
is said to be semi-Fredholm if
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(S1) ranA is closed;
(S2) kerA or $/ranA is finite-dimensional.

Semi-Fredholm relations were studied in [2], [13]. The following result parallels The-
orem 7.3.

PROPOSITION 8.1. Let A be a closed linear relation in a Hilbert space. Then A
is a semi-Fredholm relation if and only if A* is a semi-Fredholm relation.

Proof. Let A be a closed linear relation which is semi-Fredholm. Then ranA is
closed, so that by Corollary 4.13 also ranA* is closed. The identities

kerA* = HOranA, $HOSranA* =kerA,

show that if ker A is finite-dimensional, then $)/ranA* is finite-dimensional, whereas
if $)/ranA is finite-dimensional, then ker A* is finite-dimensional. Hence A* is semi-
Fredholm. The converse statement follows by symmetry. [

The next observation is a simple application of finite-dimensional arguments, see
for instance [17], [18].

LEMMA 8.2. Let A be a closed linear relation in a Hilbert space §), such that
(i) ranA is closed;
(ii) ker A is finite-dimensional.

Then A is a quasi-Fredholm relation.

Proof. Since ker A is finite-dimensional, it follows that dim (ker ANranA") is a
nonincreasing sequence and has therefore a limit. Hence, there is some smallest d € Ny
such that ker A NranA? = ker ANranA9*" for all n € N, and thus (Q1) is satisfied.
The condition (Q2) holds because ker A NranA¢ is finite-dimensional, and as ranA

is closed and dimker A? < ddimker A is finite (see [17], [18]), the condition (03) is
valid too. [

The following result is a straightforward consequence of Lemma 8.2.

LEMMA 8.3. Let A be a closed linear relation in a Hilbert space §), such that
(i) ranA is closed;
(ii) $/ranA is finite-dimensional.

Then A is a quasi-Fredholm relation.
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Proof. The adjoint A* of A is a closed relation by definition. As A is closed and
ranA is closed, it follows from Corollary 4.13 that ranA* is closed. The identity

ker A* = $HSOranA,

shows that ker A* is finite-dimensional, since §)/ranA is finite-dimensional. Now ap-
ply Lemma 8.2 with A replaced by A*. This shows that A* is quasi-Fredholm, and by
Theorem 7.3 it follows that A is quasi-Fredholm. [J

A combination of Lemma 8.2 and Lemma 8.3 leads to the main result of this
section.

PROPOSITION 8.4. Let A be a semi-Fredholm relation in a Hilbert space ).
Then A is a quasi-Fredholm relation.

Hence the decomposition result of Kato for semi-Fredholm operators remains
valid in the context of relations as follows from Theorem 5.2; see also Theorem 6.4.

COROLLARY 8.5. A semi-Fredholm relation in a Hilbert space is Kato decom-
posable.

REMARK 8.6. Parallel to semi-Fredholm relations one can introduce Browder re-
lations and B-Fredholm relations. Results for the operator case can be found in, for
instance, [14], [16].
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