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A MULTI-POINT DEGENERATE INTERPOLATION
PROBLEM FOR GENERALIZED SCHUR FUNCTIONS

VLADIMIR BOLOTNIKOV

(Communicated by S. McCullough)

Abstract. The Nevanlinna-Pick-Carathéodory-Fejér interpolation problem with finitely many in-
terpolation conditions is considered in the class .% of meromorphic functions f with x poles
inside the unit disk I and with ||f||;=() < 1. Necessary and sufficient conditions for the exis-
tence and for the uniqueness of a solution are given in terms of the Pick matrix P of the problem
explicitly determined from interpolation data. In particular it is shown that the problem admits
infinitely many solutions if and only if K is not less than the number of nonpositive eigenvalues
of P. For k equal to the number of nonpositive eigenvalues of P, we describe the solution set
of the problem. Also we present necessary and sufficient conditions for the existence of a mero-
morphic function with a given pole multiplicity satisfying interpolation conditions and having
the minimal possible L™ -norm on the unit circle T.

1. Introduction

Let . denote the Schur class of analytic functions mapping the open unit disk I
into the closed unit disk . The functions f from this class are characterized by the
property that the associated kernel

1-f(2) /(&)
l—zg

is positive on D x D which implies that for every choice of an integer k > 0 and of two
k-tuples z = (z1,...,z¢) € DF and n = (ny,...,n;) € N, the Schwarz-Pick matrix

Ky¢(z,0) = (1.1)

1 9" 1—f(2)f(0)

07! 8%85 1-z¢ e
=% d(=0,...n;—1

Pl(z) = (1.2)

ij=1
is positive semidefinite. In fact, it is positive definite unless f is a Blaschke product
of degree k < |n| :=ny + ...+ n in which case rankP] (z) = k. It is convenient to
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represent PJ(z) in the block-matrix form P} (z) = [Pf } and the straightforward

i,j=1
differentiation in (1.2) gives
min{¢,r} ¢ Y 7 Zféfs
|:[,17;:| = Z g( +1r1 ! 1 : Z+r s+1 (1.3)
o 5 —S)S(r—S) (1—-zz))

0
{ r n{a,f} ﬁ § a
(4B —s)! *fi-alz)fp(z))
—§§ § (o —s)!s!(B —s)! (l—zl j)otBos+l

where we have set fj(z;) := f\/)(z;)/,j!. We then observe that the Schwarz-Pick matrix

PI{ (z) is the same for every function f analytic at z;,...,z and such that
() (5
ffszl):cimj for i:l7...,k;j:07...,ni—l (14)
J!

for some preassigned complex numbers ¢;;. Upon substituting (1.4) into (1.3) we con-
clude that this matrix can be written as

Pa= [Pyl (L.5)
where the n; X nj blocks F;; are defined entry-wise by
2] MW (). gz (1.6)
Pi.f tr = .
Cs = (g_s)'s'(r_s) (l_ZZ )€+I’ s+1

0
3% Bl (atpos)t 2 T ol
== & (a—s)st(B—s)! (1—zz;)*th—stl

The positivity of Schwarz-Pick matrices associated to Schur-class functions gives the
necessity part in the following well-known Nevanlinna-Pick type theorem.

THEOREM 1.1. There exists a Schur-class function f subject to interpolation
conditions (1.4) if and only if the matrix Py defined in (1.5), (1.6) is positive semidefi-
nite. Moreover:

1. If P, is positive definite, then there are infinitely many functions f € ./ subject
to conditions (1.4) which can be parametrized by a linear fractional formula with
free parameter running through the class ..

2. If Py > 0 is singular, then there is a unique [ € % subject to (1.4) and this
unique f is a Blaschke product of degree equal to the rank of P,.

The matrix P, completely determined by formulas (1.5), (1.6) from the data set

{zi, niy cij: j=0,...,mi—1;i=1,... k} (1.7)



MULTI-POINT INTERPOLATION 153

of interpolation problem (1.4) is called the Pick matrix of the problem. It is not hard to
verify that it is Hermitian (by construction). Let us observe that the problem of finding
a Schur-class function with preassigned Taylor coefficients at prescribed points is a
combination of the classical Nevanlinna-Pick problem (where n; =1 for i =1,... k)
and of the Carathéodory-Fejér problem (where k = 1).

NOTATION. Before to move on, we fix the following notation.
1. By — the set of all Blaschke products of degree k.
2. B,/ %A, —the set of all coprime quotients g = b/6 with b € %, and 0 € %,.

3. n(P), v(P), 8(P) — respectively the numbers of positive, negative and zero
eigenvalues, counted with multiplicities, of a Hermitian matrix P.

In case P, has negative eigenvalues, there are no Schur-class functions satisfying con-
ditions (1.4); however the latter conditions can be satisfied by generalized Schur func-
tions. Following [15], we define the generalized Schur class % to be the set of all
meromorphic functions of the form
5(2)

where the numerator s € . and the denominator b € %, have no common zeros.
Formula (1.8) is called the Krein-Langer representation of a generalized Schur function
f; the entries s and b are defined by f uniquely up to a unimodular constant. Via
nontangential boundary limits, the .# -functions can be identified with the functions
from the unit ball of L*(T) which admit meromorphic continuation inside the unit disk
with the total pole multiplicity equal k. The problem of finding functions f € %
analytic and with preassigned Taylor coefficients at prescribed points of the unit disk
will be denoted by IPy:

IP: Given data as in (1.7) and given an integer x > 0, find all functions f €
(if exist) which are analytic at z; and satisfy interpolation conditions (1.4).

The problem IPy is handled in Theorem 1.1. The main objective of this paper is to
get an analog of Theorem 1.1 (that is to obtain the existence and the uniqueness criteria
for solutions in terms of the associated Pick matrix P,) in case Kk > 0. An immediate
necessary condition for the existence of a solution is that k > v(P,). Indeed, the class
%« can be alternatively defined as the class of functions f meromorphic on I and
such that the associated kernel (1.1) has k negative squares on p(f), the domain of
analyticity of f. Therefore, for every f € ., the Schwarz-Pick matrix Pl (z) defined
in (1.2) has at most k negative eigenvalues and since P,‘( (z) = P, for every solution f
to the problem IP,, condition kK > v(P,) follows.

To formulate our first result we need one more definition. For two tuples n and m
in ZX , we will say that

m:(ml,...,mk)<(n1,...,nk):n if m; <n; for iZl,...,k.
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For a matrix P, decomposed in blocks as in (1.5) and a tuple m < n as above, de-
fine the principal submatrix Py = [(Pm)i j}f‘ j—1 of Pn whose block entries (Fm)ij’s are
equal to the leading m; X m; submatrices of the corresponding blocks in P, (the null-
dimensional conventions for m; = 0 are clear):

P = ()]t where  (Bu)ij = [ln, 0] 2, {1’8"]' (1.9)

The matrices Py of the form (1.9) are quite special principal submatrices of P; how-
ever, we will call them just “principal submatrices”, since principal submatrices of other
types will never show up in this paper.

DEFINITION 1.2. We will say that P, of the form (1.5), (1.6) is n-saturated if
for every m < n such that |m| :=mj +...+my =rank(P,), the submatrix Py, of P, is
invertible.

THEOREM 1.3. Let Py be the Pick matrix of the problem IP. Then

1. The problem has infinitely many solutions if and only if

K > V(Pa)+6(Pa). (1.10)

2. The problem has a unique solution if and only if Kk = v(P,) and Py is singular
and n-saturated. This unique solution belongs to By p,)/ By (p,)-

3. Otherwise, the problem has no solutions.

The problem IP, and its matrix-valued generalizations have been studied exten-
sively in recent years; the list of earlier major publications include [1, 3,4, 5, 12, 16, 19].
Most of the authors considered the nondegenerate case where P, is invertible (i.e.,
8(Py) =0). In this case Theorem 1.3 reads:

THEOREM 1.4. If §(P,) =0, then the problem 1Py has infinitely many solutions
if K = v(Py) and it has no solutions otherwise.

The degenerate problem was studied so far for two particular cases. The case of
simple interpolation nodes (i.e., n; =1 for i =1,... k) appears in [9] and earlier in
[20] (in the context of a related to . class 4% of generalized Nevanlinna functions).
In this case P, being saturated means that every d x d principal submatrix of B, is
invertible where d = rank(B,). The single-point problem (i.e., kK = 1) appears in [2]
and earlier in [13]. In this context, P, being saturated means that the d x d principal
submatrix of P, is invertible where d = rank(P,); the latter is easily checked. The next
theorem shows that even in the general multi-point case, there is a simple test to verify
that a structured matrix of the form (1.5), (1.6) is n-saturated.

THEOREM 1.5. Let P, be of the form (1.5), (1.6) and let r = rank(P,). Then P,
is n-saturated if and only if at least one principal submatrix Py of Py with |m|=r+ 1
and rank(Py,) = r, is m-saturated.



MULTI-POINT INTERPOLATION 155

According to this theorem, in order to verify that P, is n-saturated, it suffices to
pick any principal submatrix Py of P, with |m|=r+1 and rank(Py) = r and to verify
invertibility of its r x r principal submatrices P; where £ <m and |[£| = |m| — 1 (the
total number of such submatrices does not exceed k). Theorems 1.3 and 1.5 will be
proved in Section 4.

Another issue discussed in the paper is the parametrization of all solutions of
the problem IP, for each fixed k subject to inequality (1.10). In the nodegenerate
case such a parametrization can be given in terms of a linear fractional transformation
with the parameter running through the generalized Schur class ., (p,) and satisfy-
ing certain mild restrictions which will be recalled in Theorem 3.1 below. In fact all
known methods working for the classical Schur-class interpolation problem IPj can
be modified to the indefinite setting of the nondegenerate IP, for k > 0. In [14], a
suitable degenerate modification of the Krein-Langer method of generalized resolvents
was applied to show that the solution set of the Nevanlinna-Pick problem for gener-
alized Nevanlinna functions f € .4 whose Pick matrix is singular and saturated (in
our present terminology), can be parametrized by a linear fractional formula. This re-
markable result has certain deficiencies from computational point of view. One of the
entries (coefficients) in the linear fractional formula is given in terms of certain defect
elements of a symmetric operator associated to the data set of the problem and the ex-
plicit formula is obtained only in case 6 (P,) = 1. On the other hand, the parameters in
the parametrizing formula vary over certain subset of .4}, (p,) and it is not clear how
to generate effectively the functions from this subset.

In [9] we used the Schur reduction method to reduce the degenerate (not necessar-
ily “saturated”) Nevanlinna-Pick problem for generalized Schur functions to a similar
problem with fewer interpolation conditions and with the Pick matrix equal to the zero
matrix. This allowed us to parametrize the solution set of the original problem in terms
of a family of linear fractional transformations with disjoint ranges. On this way, we
got very explicit formulas for coefficient functions and parameters varying over the
whole generalized Schur class . y(p,)—5(r,) - It can be shown that the same approach
handles the problem IP, with n; <2 for i = 1,...,k. In Section 3 the Schur reduc-
tion will be applied to the general IP, (Theorem 3.5). Although this reduction is not
that efficient in the general framework, the results obtained in Section 3 will imply
parts (2) and (3) in Theorem 1.3. To prove part (1), it suffices to find numbers ¢;; for
j=mnj....,nj+¥¢;—1 and i = 1,... k so that the Pick matrix P,., of the extended
interpolation problem with interpolation conditions

@) =jleij  (i=1,..k j=0,...,ni+£i—1) (1.11)

is invertible and has v(P,) + 0(P,) negative eigenvalues. Then the desired statement
will follow from the nondegenerate result in Theorem 1.4. In the next section we will
show that such an extension always exists. Moreover, in Section 5 we will describe
all extended interpolation problems of the form (1.11) with invertible Pick matrices
having v(P,) + 6 (Pa) negative eigenvalues so that the disjoint union of their solution
sets will be equal to the solution set of the original problem IPy for k = V(P,)+0(Py).
Finally, in Section 6 we will discuss the existence of solutions of the problem IP, with
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the minimal possible L™ -norm.

2. Structured extensions of Pick matrices

Let us associate with the given tuples n = (nj,...,n;) and z = (z,...,2) the
matrices
‘]"l(zl) Ey,
Th = and E,= s 2.1
Jnk(zk) Enk

where we denote by J,(z) and E, respectively the n x n Jordan block with z € C on
the main diagonal and the vector of the length n with the first coordinate equals one
and other coordinates equal zero:

z0..0 1
1z

h@=|"° |, E=|.] (2.2)
0 l z 0

The numbers ¢;; from (1.7) will be arranged in the column

Cl:nl Ci0
Cp= : , where Ci, = (2.3)

Ciny Cini—1

for which we will use a more compact notation Cy = Col,_,, Col,_,_, _, cij. The
Pick matrix P, defined in (1.5), (1.6) might be introduced in a more compact (but less

explicit) way as a unique matrix satisfying the Stein identity
Py — TaPaT; = EqE; — CoCy. (2.4)

Verification of (2.4) for the P, of the form (1.5), (1.6) is straightforward, while the
uniqueness follows since all the eigenvalues of T;, are in D. The tuple z=(z1,...,2) €
¥ is fixed throughout the paper, so the matrix Ty, and the vector Ey, are defined by
formulas (2.1), (2.2) for every tuple m € Zﬁ. Furthermore, the spectrum of Ty, is a

subset of {zj,...,z} C D and therefore, for every vector
Bm = Col,_,_, Bim = Col,__ Col,__,  b;;eC™, (2.5)
the Stein equation
S — TmSTy = EmE;, — BmBiy (2.6)

has a unique solution S which will be denoted by S(By,) (notation makes sense, since
the matrix is uniquely determined by m and Bp ). The Stein identity (2.6) (some-
times referred to as to the displacement rank identity) imposes certain structure on S
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for which reason such matrices are often called the structured matrices. The explicit
formula for S(Bm) in terms of By and z is similar to (1.6). In what follows, the matrix
S = S(Bm) and the vector By will be called associated to each other. In this notation,
the Pick matrix P, of the problem IP, equals S(Cy,) and the principal submatrix Py,
defined in (1.9) is just S(Cm ), where Cy, is defined via formula (2.3) for a tuple m < n.
Structured extensions of P, are defined as follows: given a tuple £ = ({1,...,6) € Zk ,
let us extend the vector Cy, to

Chre = Col Col 2.7

1<i<k ~ o< j<nre-1 CinJ

and define P,.¢ to be S(Cy.y¢). Clearly, P, is a principal submatrix of P,y which in
turn, is the Pick matrix of the extended interpolation problem (1.11). For the reason
explained in the previous section, we desire to show that given a matrix P, = S(Cp)
always admits a structured invertible extension Py.p with v(Pyyg) = V(Pa) + 8(Pa).-
This will be done in Theorem 2.13 below. To control inertia of structured extensions,
it is also desired to have explicit formulas for inertia of the matrix S(By) in terms of
the associated vector By, . Such formulas were obtained in [7] for quite special By, and
S(Bm)-

DEFINITION 2.1. We will say that the matrix P = S(Bp,) is m-singular if for
every k < m the submatrix S(Bx) of P is singular.

Characterization of m-singular matrices in terms of the associated vectors is given
below (see [7, Proposition 2.1] for the proof).

THEOREM 2.2. Let By be of the form (2.5). Then the matrix S(Bpy) is m-
singular if and only if

bio=byo=...=bo=7v, |y|=1 (2.8)
and m
bij=0 forevery i=1,...,k andlgjg[é},

where [a] stands for the greatest integer less than or equal to a € R.

For By, of the form (2.5), let r;(Bm) be the index of the first nonzero entry in the
block B, other than the top one:

r,-(Bm):min{je{l,...,mi—l}: b,‘7j7é0}. (2.9)

We extend this definition to the cases where m; < 1 or where b; ; = 0 for all j =
1,...,m; — 1 just by letting r;(Bm) = m;. We then introduce the tuple

I’(Bm) = (rl (Bm>7---ark(Bm)) € Zli

and let as usual, [r(Bm)|:= Y%, r{(Bm). Another result from [7] (see Theorem 2.2 and
Corollary 2.3 there) relates the numbers (2.9) to inertia of S(Bp,).
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THEOREM 2.3. Let m = {my,...,m;} € ZX , let the entries b; of the vector Bm
(2.5) satisfy (2.8) and let us assume that

ri(Bm)Z% for i=1,... .k (2.10)

where the numbers ri(Bm) are defined in (2.9). Let S(Bm) be the matrix associated
with By. Then

7(S(Bm)) = v(S(Bm)) = [m| —[r(Bm)| and §(S(Bm)) = 2[r(Bm)| — |m].

Furthermore, for each one of the n; x n; diagonal blocks S;; of S(Bm) = [S,-j}fj:l, we
have
E(Sil‘) = V(Sii) =m;— Vi(Bm) and S(S”) = 27‘,‘(Bm) — mi. (211)

REMARK 2.4. Theorem 2.2 states that S(By) is m-singular if and only if con-
ditions (2.8) are satisfied and r;(Bm) > % for every i such that m; > 0. Therefore,
Theorem 2.3 applies in particular, to m-singular matrices.

In Proposition 2.12 below we will get an analog of Theorem 2.3 for structured
matrices S(Bm) with no restrictions (2.8) and (2.10) imposed (to an extent fitting the
objectives of this paper). As we will show, the general case reduces to the m-singular
one via standard Schur complement arguments. In the following subsection we discuss
the Schur complements of structured matrices S(By,) in some detail.

2.1. Schur complements

Let P, =S(Cy) be a unique solution of the Stein equation (2.4), let d = (d; . .. . ,dy)
€ Zﬁ be a tuple such that d < n and let Py be a principal submatrix of P, defined
according to (1.9). Let U be the |n| X |n| permutation matrix defined by U = gl]

2
where U; and U, are diagonal block matrices with the i-th diagonal blocks

Ul,i = [Id'. 0] S (Cd,-><n,- and U27i = [0 In,-—d,-] S (C(ni_di)xm- (212)
Then it is easily verified that

Py

¥ T (2.13)

URU" = [

] and UTnU*:{Td 0]

R Th-a

where the matrices Ty and T, g are defined via formula (2.1) and where R is the
diagonal block matrix with the diagonal blocks

0...01
0...00
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The first formula in (2.13) means that the permutation U ensembles the submatrix Py
in the left upper corner of P,. If we decompose the vectors E,, and C;,, from (2.1)
and (2.3) conformally with (2.13) as

Cia E; )
Ci,n;:[éj':|, E"":[Ej?] for i=1,...,k

and define the columns C = Col C~‘, and E = Col E- then it is readily seen that

1<i<k

e _ |Ea
UCp = [5} UE, = {E] (2.14)

1<i<k

Multiplying both parts in (2.4) by U on the left and by U* on the right and making use
of (2.13), (2.14) we get

Y- )5 ) - ee

which amounts to
Py=S(Cq), Y- Ty a¥Tj —RPiT; = EE; —CC}, (2.15)

[ —Ty_al'Ty — RP4R* — Tp_g¥R* — RYT, 4= EE*—CC". (2.16)

If Py is invertible, then the matrix
CIPEES R

is called the Schur complement of Pq in P,. The matrix S;,_q can be decomposed in
blocks
Sna=[Syl{;_; with S;;eClmdx=dj, (2.17)

If d; = n;, then the blocks S;; and Sj; in (2.17) are null-dimensional; however, for the
sake of uniformity, we will keep the k x k-block structure of S;,_q disregarding in what
follows, equalities of null-dimensional matrices as trivial. Also it is convenient to break
the index set .# = {1,...,k} into

f():{ietﬂ: d,‘zn,‘} and flz{ietﬂi d,‘<n,‘}, (2.18)
so that all positive-dimensional blocks S;; in (2.17) correspond to i, j € .#;. The next

proposition asserting that Schur complements preserve the structure imposed by Stein
identities is well known.

PROPOSITION 2.5. Let Py be an invertible principal submatrix of P,. Then its
Schur complement Sy_q satisfies the Stein identity

Sn-a— Tn—dSn—dTIiLd = Gn—dG;FFd - Yn—dYIi:d; (2.19)
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where the vectors

Gn—a =Col__, COIOgjgn,-—d,-—l gij and Yn_q=Col__, Cologj@ﬁdﬂyi,j (2.20)
are defined in terms of decompositions (2.13), (2.14) as
Goa =E+ (R—(I—Ty—a)¥Py ") (I - Ta) 'Eq,
(2.21)

Yo-a =C+ (R—(I—Tna)¥Py") (I - Ta)~'Ca.

For the proof, it suffices to multiply both parts of identity (2.4) by the matrix
[—‘{‘Pd_ ! I] on the left, by its adjoint on the right and then to invoke relations (2.15),
(2.16); computations are long but quite straightforward (see e.g., [11, Theorem 2.5] for
details).

REMARK 2.6. Let us assume that Py is invertible and apply formulas (2.21) to
a tuple m such that d < m =< n to define the vectors Gm—g and ¥m-q (note that in
this formula, the entries £, C, ¥ and R depend on the tuple m). Due to the Jordan
structure of Ty, and Ty, it is readily seen from formulas (2.21) that G—q and Yiy—q
are “structured subvectors” of G,_q and Y;,_q respectively:

Gm-a= COllgigk COIOgjgmi—di—l 8i,j = [and]mfd»

Yma = COllgigk COIOgjgmi—di—l Yij = [Ynfd}mfd-

The top entries g;o and y; ¢ from the block entries of Gy_q and ¥,_q will play a
special role in the subsequent analysis. It is helpful to have explicit formulas for them.

PROPOSITION 2.7. The formulas for the entries g;o and y;q in (2.20) are:

gi0 = (E,-Pd(l —TH) 4 (1 zi)c,-7diC§> TEq,

~ if 0 <d; <n;, (2.22)
Yi0 = Cig; + (EiPd(I —Ig)+(1- Zi)Cud,-Cé) I'iCa,
and
gio =1+ (1—2z)(cioCy — E})TiEq,
l ¢ @ ifdi=0, (2.23)
yio = cio+ (1 —2z)(cioCq — E3)TiCa,
where

is the row of the length |d| with 1 in the (dy+ ...+ d;)-th slot and where

Ti=(—zTf) 'Py (1—Ta) . (2.25)
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Proof. Formulas (2.21) hold for any tuple n > d. Let us apply it to n =d +e;,
where e; stands for the k-tuple with the i-th entry equals one and all other entries equal
zero. In this case,

Gn-a =280, Ya-a=Yio, Tha=2, C=cig (2.26)
and we can solve the second equality in (2.15) for ¥ to get
¥ = (RPT; +EEj —¢; 0.Ci) (I —ziT§) 7" (2.27)

If d; >0, then E =0 (see (2.14)) and R = E,- which being substituted together with
(2.26) and (2.27) into (2.21) gives (2.22). Formulas~(2.23) follow from (2.21) in much
the same way once we observe thatif d; =0,then E=1and R=0. U

Now we let G_q to be the block diagonal matrix with block entries equal to lower
triangular toeplitz matrices defined in terms of the entries g; ; of the vector G_q as

8i,0 0O ... 0
G 0 . .
Gy a= . Gj=| &b &0 (2.28)
0 (e : o 0
8ini—di—1 --- 8i,1 &i,0
and observe that
Gn-daTn-a =Th-dGn-a and Gp_gEn-a=Gn-a, (2.29)

where the commutation relation follows due to the toeplitz structure of the diagonal
blocks G; of Gp_q and the second relation is readily seen from definitions (2.1) and
(2.20) of Ey—q and Gy_q, respectively. If g;o # 0 for every i € .#;, then the matrix
Gp_q is invertible, in which case we let

Xn—a =Gy q¥a—a = Col,_,_, Col x;; € C=d (2.30)

0<j<nj—dj—1

and

P= By fj—l =G S Gty = G (T — WPy WG, 2.31)

The matrix P is decomposed in blocks conformally with (2.17) so that l";, S
Cri=di)x(nj=dj) ~With a slight abuse of classical notation, we will call the matrix P
(along with the matrix Sy_q) the Schur complement of Py in P, and we will use nota-
tion P:= P, /Pq.

By construction, the matrix P, /Py exists if and only if Py and Gy_q are invertible.
By the structure (2.28) of Gy—q, its invertibility is equivalent to the numbers g; de-
fined in (2.22) and (2.23) be nonzero for every i € .#|. The formulas (2.22) and (2.23)
are too heavy to verify inequalities g; # O directly. The next proposition provides
simple sufficient conditions for these inequalities to hold.
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PROPOSITION 2.8. Let Pyq be invertible and let us assume that
det(Pgye,) =0 (2.32)
#0.

Proof. As in the proof of Proposition 2.7, we apply Proposition 2.5 to the tuple
n = d +e;. Identity (2.19) then takes the form

where e; is the i-th “coordinate” tuple in Z’i. Then |giol = |yio

Se, — [2il*Se, = Igi0l* — yiol*, (2.33)

where S, is the Schur complement of Py in Py, . It follows from (2.32) that S, =0
which together with (2.33) implies |g; 0| = |yio|. Let us assume that

8io="Yi0=0. (2.34)
If d; = 0, then we have from (2.23) and on account of (2.34), (2.15) and (2.25) that
0 = gioEq —yioCq
= E; — C,‘70CE + (1 — Zi) (C,‘70CE — E;)Fi(EdEE — CdC:i)

= (C,‘7()Cé — Eé) [1 + (l — Zi)Fi(Pd — TdeTJ)}
— (e10C — E§Ti(al — Ta)P(I—TJ). (2.35)

Since d; = 0, it follows that z; ¢ spec(7y). Therefore the matrix I';(z;/ — Tq)P(I — Ty)
is invertible and we conclude from (2.35) that

C,'7()C:i — E&k =0.

But then the first formula in (2.23) gives g;o = 1 which contradicts (2.34). The case
where d; > 0 is handled similarly: assuming (2.34) to be in force we get from (2.22)

0 = gioEq —YioCa
= —ciqCi+ (E,-Pd(z T4 (1— z,-)c,,dic;) T(E4ES — CaCy)
= —cigCat (E’Pd(l —Ty)+(1- Zi)Cud,-Cé‘) Ti(Pa — TaPaTy)
= —¢; 4, CaTilzil — Ta)Pa(I — T§) + E;Pali(Pa — TaPaTy).

Multiplying both parts of the latter equality by (I —T;)~'P;'(I—Tq)~! on the right
we get
0= —cig,Ci(I—zTy) Py Nzl — Ta)
HEPy(1—5T8) " [Py — T4 Py ' T4
= (EPaTy — ¢ 0.C) (I — 2Ty ) "' Py Nzl — Tq) + E. (2.36)

Since d; > 0, it follows that Ty contains the nontrivial block J,(z;) and thus, all the
entries in the (dj + ...+ d;)-th column of the matrix z;I — Tq equal zero. Then by
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definition (2.24) of E;, the (dy + ...+ d;)-th entry in the row vector on the right hand
side of (2.36) equals one which contradicts (2.36). Thus, equalities (2.34) cannot hold
and since |g;o| = |yiol, the desired statement follows. [

For the rest of the section, we fix a tuple d = (dy,...,d;) =< n such that the corre-
sponding Py is an invertible maximal submatrix of P, in the sense that

detPg4#0 and detPyn=0 forevery d<m=<n. (2.37)

The matrix P, for which the only tuple d satisfying (2.37) is the zero tuple, is n-
singular (see Definition 2.1). It is clear that a maximal invertible principal submatrix
is not unique in general. We leave open the two following questions: Do all maximal
invertible principal submatrices have the same dimension (that is, does the property
(2.37) imply that det P = 0 for every m < n with |m| > |d|) and if yes, do they have
the same inertia?

PROPOSITION 2.9. Let Pq be a maximal invertible principal submatrix of Py.
Then

(1) The Schur complement P = Py /Py exists and is (n— d)-singular.
(2) The matrix P satisfies the Stein identity
P—Ty aPT} g =En aEi q—Xn_-aX) q (ie, P=S(Xpn_q)), (2.38)
where Xn_q is the vector given by (2.30). Furthermore,
n(P) =n(Pa) — m(Pa), V(P)=v(R)—V(Pa), S(P)=5(R). (2.39)
(3) The entries x;o in Xy_q are subject to

xio=vy (ly|=1) forevery ic 9. (2.40)

Proof. By the maximality assumption (2.37), condition (2.32) is satisfied for every
i € .71 and therefore g; o # 0 for every i € .7, by Proposition 2.8. Therefore the matrix
Gn-q given in (2.28) is invertible, and the matrix P=P, /Pa exists (by formula (2.31)).
Let us assume that P is not (n—d)-singular, i.e., that there ex1sts atuple m <n—d
such that the principal submatrix Py of P is invertible. Since G 'y is block diagonal

with lower triangular diagonal blocks, it follows from (2.39) that Pm is congruent to
the principal submatrix [Sp_d]m of Sp—q which therefore, is also invertible. Since
[Sh—d]m is the Schur complement of the block Py in the matrix Pgim, it then follows
that the principal submatrix Pgym of P, is invertible which contradicts the maximality
assumption (2.37). This completes the proof of part D).

Multiplying the Stein identity (2.19) by G _q on the left and by its adjoint on
the right we get (2.38), due to relations (2.29) and definitions (2.30) and (2.31). Since
the matrices P and Sn—a are congruent, their inertia coincide and then relations (2.39)
follow from well known formulas for inertia of the Schur complement Sy,_q. This con-
pletes the proof of part (2). The last statement follows from Theorem 2.2 and Remark
2.4,since P=S(Xy_4) is (n—d)-singular. [
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REMARK 2.10. The number y from (2.40) can be defined explicitly as follows:

cio+ (1 —zi)(cioCq — Eg)TiCa ;
* * l‘f di =0,
1+ (1 —z)(cioCy — E3)TiEq
. A * * (2.41)
Cig; + (Eiba(I = Tq) + (1 — zi)ci g, Co)TiCa if di>1
(E:all —Tg) + (1 — )1 Ca)TiEa o

where E,- and T; are given in (2.24), (2.25), and where i is any index from 9.

Indeed, by definition (2.30), x; 0 = yi0/gi0 and formulas (2.41) follow from (2.22)
and (2.23). We next justify the existence of certain Schur complements which will
appear below.

PROPOSITION 2.11. Let Py be a maximal invertible principal submatrix of Py,
let s=(s1,...,8) € Zﬁ be a tuple such that s; =0 for every i € Yy and let Pyis be a
structured extension of P,. Then

(1) The Schur complement Py /Py exists.
(2) The Schur complement Pyis/Pa exists and extends Py/Pq.

Proof. By Proposition 2.9, the Schur complement P=P, /Pa exists and therefore,
8i0 7 0 forevery i € .#; . Since we have assumed that s; = 0 forevery i € .9, it follows
that g; o # O for every i such that s; > 0, that is, for every i such that d; < d; +s;. But
the latter condition is necessary and sufficient for the matrix Pyys/Py to exist.

To prove the second statement, note that the tuple s’ = (s},...,s;) :=n—d+s
also satisfies s; = 0 for every i € .%, (by definition (2.18) of .%). Therefore, the
matrix Pg,y/Pq = Pats/Pa exists, by part (1). To show that Py1s/Pq extends P,/Pq,
we first apply formula (2.21) to the tuples d and n+r to get the vectors Gpir—q and
Ynir—a. By Remark 2.6 applied to the tuples d < n < n+s we conclude that G154
and Yj4s—q extend the vectors G, and Y; respectively:

Gn—d = [Gn-&-s—d}n—d; Yn—d = [Yn+s—d}n—d-

Therefore, the block diagonal matrix Gp4s—q constructed from the vector Gpi¢_q Vvia
formulas (2.28) extends the matrix Gy,_q:

Gpa= [Gn+sfd}n7d~ (2.42)

Since the Schur complement P,1s/Pqg exists, the matrix Gpis_q is invertible and we
can define the vector
-1
Xnis—d = Gn+s,dYn+s—d (2.43)

associated to Py1s/Pq. By the lower triangular structure of diagonal blocks in Gpis_d

and also by (2.42), we have G, 1 a=1G, isf aln—a. The latter formula and (2.43) imply

that Xps_q extends the vector X, _q associated with B, /Py and therefore Pyis/Pg =
S(Xn+r—da) extends the matrix P,/Py = S(Xp—q). O
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For a maximal invertible principal submatrix Py of P,, we define the tuple
L= (ly,....4), where li:=06(Pat(n—dy)e;) (2.44)
and where by definition of the “coordinate” tuple e;,
d+ (n;—di)e; = (dy,...,di—1,ni,dit1,...,dy).

The tuple s = d + (n; —d;)e; meets the conditions of Proposition 2.11 by part (2) of
which we then conclude that the Schur complement Py (;,—q4,)e;/Fa €xists. It is not

hard to see from (2.31), that this Schur complement equals the i-th diagonal block }N’,-,-
of P = Pn/Py. Thus, Py, (s,—4,)e;/Pa = Pii and therefore,

S(Pi)=4t; for i=1,... .k, (2.45)
by (2.44) and Proposition 2.9. In particular,
G<ni—d; (i=1,...k). (2.46)
We now break the set .#; from (2.18) into two parts:
Sl ={ie A : li<n—d} and A ={i€ A : li=n—d}, (2.47)
assigning to .#| (.#") all indices i for which P; is a nonzero matrix (the zero matrix).

PROPOSITION 2.12. Let Py be a maximal invertible principal submatrix of Pa =
S(Cn), so that the Schur complement P = P,/ Pq exists (by Proposition 2.11) and equals
S(Xn—d) (by Proposition 2.9) where Xy_q is defined in (2.30). Let £ € Z’i be the tuple
defined in (2.44). Then

n(P)=v(P)=|n—d—£|/2, 8(P)=35(P)=|¢ (2.48)
and S
i -a) = TS (=1 K, (2.49)

where the integers ri(Xn—q) are defined via formula (2.9). Consequently,
V(Pa)=V(Pa)+n—d—¢|/2 and n(P,)=n(Pa)+n—d—~£|/2. (2.50)

Proof. By Proposition 2.9, the matrix P = S(X,_q) is (n —d)-singular. Then it
follows by Remark 2.4 that Theorem 2.3 applies to By = Xp—q and gives in particular
(see the second equality in (2.11)),

S(H,-):Zr,-(Xn,d)—(n,-—d,-) for i:l7...,k.

Combining the latter formulas with (2.45) gives (2.49). Now equalities (2.48) follow
from (2.49) again by Theorem 2.3 applied to By = X,—q. Finally, equalities (2.50)
follow from (2.48) and (2.39). [
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2.2. Structured extensions of the Pick matrix
We now apply the preceding results to estimate the inertia of some special struc-

tured extensions of the Pick matrix P, .

THEOREM 2.13. Let Py be a maximal invertible principal submatrix of P, =
S(Cn), let £ € ZX be the tuple defined in (2.44) and let 9] and 9|’ be defined as
in (2.47). Let Cyyg of the form (2.7) be an extension of Cy and let Py g = S(Cyi¢) be
the corresponding extension of Py. Then

1. 8(Pas(n—di+1)e;) = Li— 1 forevery i € 9].
2. Forevery i € S, the number &Py (n,—a;1)e;) equals either {;—1 or £;i+1.
3. The following are equivalent:

(a) Pyig is invertible, i.e., 8(Pyiq) = 0.
(b) v(Pare) = V(Pa) +6(Pn).

(c) Forevery i € J|', the extending number c;,, is such that
O (Pas(n—di+1)e;) = Li— 1. (2.51)

Proof. We will prove the statements of the theorem in the revgrsed order, thus
starting with part (3). By Proposition 2.9, the Schur complement P = P, /Py exists
and equalities (2.39) hold. The tuple £ defined in (2.44) meets the assumptions of
Proposition 2.11 and therefore, the Schur complement P, ¢/Pq exists and

V(Pate) = V(Pase/FPa) + V(Fa), O6(Pare) = 6(Pate/Fa)- (2.52)
Making subsequent use of the first relation in (2.52) and then of (2.39) we get

V(Pase/Pa) — V(P) — 8(P) = v(Paye) — v(Pa) — v(P) — 8 (P)
= V(Pase) — V(Pa) — 6(Pa). (2.53)

In order to prove the equivalence (a) < (b), it suffices to show that

(@) 8(Pare/Pa) =0 <= (V') v(Pare/Pa) = Vv(P)+5(P), (2.54)

since statements (a) and (b) are equivalent respectively to statements (a') and (b'),

by (2.52) and (2.53). Let X,_q and X;,¢_q be the vectors corresponding to P and
Poye/ Py, respectively, so that

P=SXa-a); Paie/Pa=SXnsre_q). (2.55)

We know from Proposition 2.11 that X, ¢_q extends X, g and P,.¢/Pgq extends p.
Equalities (2.40), (2.49) and (2.48) hold by Propositions 2.9 and 2.12. For the extended



MULTI-POINT INTERPOLATION 167

vector Xp_g.+¢ we have (by definition (2.9)), ri(Xn—q+¢) = ri(Xn—a) with equality hold-
ing if and only if either i € £ U or i € .#|" and x;,,_q, # 0. Then it follows from
(2.49) that

Ir(Xn—d+e)| = [r(Xn)| = n—d+¢|/2 (2.56)

with equality holding if and only x; ,,_4, # 0 for every i € .#{". Now we get by Theorem
2.3 (applied to Bm = Xy —g+¢) and in view of (2.55), (2.56) and (2.48) that

V(PnJrl/Pd) = ‘n_d+£| - |r(and+l)|

< In—d+¢)/2=v(P)+5(P) 2.57)

and
O(Pyse/Pa) =2Ir(Xn_gre)| —Im—d+£/ >0 (2.58)

with equalities holding in (2.57) and (2.58) if and only x; ,,_4, # O for every i € .#/".
This proves (2.54) and therefore, the equivalence (a) < (b) in part (3) of the theorem.
To complete the proof of part (3), it suffices to verify that condition (2.51) holds if and
only if x; 4, 7 0. To this end, note that Py is the maximal invertible submatrix of
Pyt (ni—d;)e; @nd by Proposition 2.11 (which now applies to the tuple s = (n; — d;)e;),
the Schur complement

Pat (ni—di+1)e;/ Pa = S(X(n;—d;+1)e;) (2.59)
exists and extends Pay (n,_a)e;/Pa = Pii = S(X(n,_ay)e;) - Since i € 7', we have Py =
0 and therefore, the entries of the associated vector X, gz, = COlogjgni—di—l Xx;j are
subject to

|x,-70| =1, xj1=...=Xip—a-1=0. (2.60)

The vector X(,,—q,+1)e; €xtends X, _g,)e; by the bottom entry x; ,,—q; which is either
zero or nonzero. By definition (2.9), we have

ni—di+1,if x;,_q, =0,
ri(X(”i—di+1)ei) - { lni —ldi if x?:-fd #0.

Now we apply Theorem 2.3 to the matrix (2.59) and make use of equalities n; —d; = ¢;
(by definition (2.47) of .#]") to conclude that

8 (Pat(n—di+1)e;) = O (Pat(n—dy+1)e;/ Pa) = O (S(X(ny—dy41)e;))
=2ri(X(n—di+1)e;) — (i —di+ 1)

_ { €t+ L, if Xini—d; = 0,

. "
li— 1 if xim g 70, for ie. 7. (2.61)

Thus, condition (2.51) holds if and only if x;,,_4 7 0 which completes the proof of
statement (3) of the theorem. Statement (2) also follows from (2.61). Finally, if i € .#’
so that ¢; < ny — d;, then the vector X(nrdi)ei already contains a nonzero entry (besides
x;0) and therefore

T (X(n,-—di+1)e,- =T (X(n,-—d,-)e,- =T (Xn—d) = (ni - di + el)/z (262)
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where the last equality follows from (2.49). Making use of (2.62) we repeat calculation
(2.61):

6(Pd+(ni7di+l)ei) = 2ri(X(ni*di+1)ei) - (ni —di+ l)
= (ni—di-l-f,-)—(n,-—di-i-l) =/;—1

which proves statement (1) and completes the proof of the theorem. [J

We now use the numbers ¢; from (2.44) to define the tuples

£/: 2 E,-e,- and gl/: Z Eie,-7 (263)

ie.7] ie.s]

that is, the tuples €' = (¢{,...,¢;) and £" = (¢],...,¢]) where

1

BET R ! .1 g "
{ﬂ,,lfle“ //:{gtvlflejl? (2.64)

0, otherwise, i 0, otherwise.

THEOREM 2.14. Let Py be a maximal invertible principal submatrix of P, let
the tuples £, €' and £" be defined as in (2.44) and (2.64). Then

1. For every extension Py, g of Py,

V(Pyig)=Vv(Pa)+In—d+€ —2"|/2,  §(P,.p)=L"]. (2.65)

2. The matrix Py p_g is an invertible principal submatrix of P,y and

Povy/Pare_pr =0 (2.66)

Proof. Define analogously to (2.63),

=Y ne, 0= ne, &= die, d'= de,

ied] ies) i€t ies)
and observe that by definitions (2.47) and (2.64), £’ =n” —d” so that
n+¢ —¢"'=d+n’'—d+7.
By Proposition 2.11, the Schur complements
Po/Pa=5Xn-a), Parw-a/Fa=SXw-a), Pore/Pa=SXy qre)

and

Porg_¢/Pa=Payw-ae/Pa=SXy_a¢)
exist and relations (2.40) hold (by the proof of Theorem 2.13). By formula (2.49),
ri(Xn—qa) <n;—d; forevery i € f{. Since X,, 4. is obtained from X, g4 by extending

the blocks Col,_,_, _, , Xi,j Which already contain nonzero entries (besides x;), the
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positions of these nonzero entries in the extended vector X, 4, (counted from the
top) remain the same. Therefore, r(X,_q,¢) = r(Xn_q). By formulas (2.49),

ni—di+/4; .
ri(Xn7d+£/):f for lejh

and in view of (2.40), Theorem 2.3 applies to Bm = X, 4, producing equalities
V(Pyrg/Pa)=In—d+¢|—n—d+£/2=|n—-d+ ¢ —1¢"|/2,
which in turn, imply (2.65) since
V(Pyrg) = V(Pa) +V(Pyg/Pa) and S(Pyy) =+ 2| —7(Pyg) = V(Pyre)-
The same arguments apply to the extension Xy g, o of Xpy_g:

it
r,-(Xn/_d/H/) = Vi(Xn’—d’) = nlfl—’_l for ic j{)

and by Theorem 2.3, §(P,, p_g7/Pa) =0. Therefore, 6 (P, y_p) =0 sothat Py, y_,»
is invertible. The Schur complement B,y /P, ¢ _ exists by Proposition 2.11 and we
conclude from the second relation in (2.65) that

S(Pore/Pore_o) =(Pyrg) =1£".

Since P, g /Py g_gr isan [€”| x |€"| matrix, the latter equality implies (2.66). [

REMARK 2.15. [€/| =0 (i.e, £ is the zero tuple) if and only if rank(Py) =
rank (P, ).

Proof. Equality rank(P;) = rank(P,) is equivalent to the Schur complement P =
Pa/Ps be the n—d| x [n—d| zero matrix, so that §(P) = [n —d|. Comparing this
equality with the second equality in (2.48) gives |£| = |n — d| which in view of (2.46),
is equivalent to ¢; = n; — d; for every i € .. The latter means that the set f{ defined
in (2.47) is empty , so that £’ is the zero tuple, by definition (2.64). O

REMARK 2.16. It is obvious that in case n; = 1 for i = 1,...,k (i.e., when the
problem IP, amonts to the Nevanlinn-Pick problem), rank (Py) = rank(P,) for every
maximal invertible submatrix Pg of P,. It is somewhat less obvious that the same
holds in case n; <1 for i =1,...,k. Indeed, for each i € f{ we have d; < n; and
¢; < n;—d;. Since n; <2, then we have d; = /; = 0. Then £ is the zero tuple and
rank (Pg) = rank(P,) by Remark 2.15.
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3. Reduction to an n-singular case

In case the Pick matrix P, is invertible and k > v(P,), all solutions of the problem
IP, can be parametrized by a linear fractional formula. If P, is singular and not n-
singular, we can pick an invertible principal submatrix Py of P, (for some tuple d =
(dy,-..,d;) 2 n) which is the Pick matrix of the nondegenerate subproblem

@) =jle;  (i=1,....k j=0,....di—1). (3.1)

Itis convenient to let d; to be nonnegative integers with the understanding that if d; =0,
there are no interpolation conditions in (3.1) at the corresponding point z;. With the
subproblem (3.1), we associate the 2 x 2 matrix valued function

_ [©11(z) B12(z)
0= o130

)| | U<t B - T [Ba Gl

where Tgq, Eq and Cg are defined via formulas (2.1) and (2.3). The following result
can be found in [8] (see also [3]-[5] for the case Kk = v(Py)).

THEOREM 3.1. If Py is invertible and Kk > v(Pa), then all functions f € S
satisfying interpolation conditions (3.1) are parametrized by the formula
_015+0;,B

= 3.3
0,5+ OB (3-3)

where the parameters S € . and B € By_p,) do not have common zeros and satisfy
conditions
©21(zi)S(zi) +O22(zi)B(zi) # 0 (3.4)

forevery i€ {1,...,k} such that d; > 0. Furthermore, the correspondence f % is
one-to-one and f is unimodular on T if and only if S is.

Also we will need some results on zero cancellation in linear fractional formula
(3.3). Let Us g and Vs g denote respectively the numerator and the denominator on the
right hand side of (3.3):

Usp =018+ OB, Vsp(z) =025+ 0B (3.5
and let N{g} stand for the total number of zeroes of a function g that fall inside D.

THEOREM 3.2. Let Py be invertible, let S € ., B € By, let O, Usp and Vsp
be given as in (3.2) and (3.5), and let % = {z;: d; > 0}. Then

1. N{Vsp} = v(Pa)+ K. If, in addition, S is a finite Blaschke product of degree m
(i.e., if S € By ) then N{Usp} = nt(Pa) +m.

2. Usp and Vs g do not have common zeros in D\ Z .
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3. If Vs g has zero of multiplicity m; < d; at z; € Z, then Usp has zero of multi-
plicity at least m; at z;. In this case the function f of the form (3.3) still satisfies
interpolation conditions

f(J)(Zl>:]'Cl,j for jZO,...,dj—mi_1~

4. If Vs p has the zero of multiplicity m; > d; at z; € 2, then Us g has the zero of
multiplicity d; at z;.

REMARK 3.3. Parametrization (3.3) from Theorem 3.1 can be reformulated in

terms of the ratio g

&= E S yK—V(Pd) (3.6)
as follows: f must be of the form
0118 +01,
= T @@ = Y 3.7
f=Tel&] 021 1 O (3.7)
where the parameter & € Sy (p) either satisfies condition
021(zi)& (2i) +On(zi) #0 (3.8)

or has a pole at z; in case ©71(z;) # ©22(z;) = 0. The possibility of & to have a pole
at an interpolation node (see [9] for an example) makes the projective description (3.3)
more convenient.

In order for f of the form (3.3) to satisfy the remaining |n —d| conditions
@) =jle;  (i=1,....k j=di...,ni—1) (3.9)

from (1.4) (with understanding that if d; = n;, then there are no conditions at z; in
(3.9)), the parameter & must satisfy certain conditions which are specified in Theorem
3.5 below. For the proof, it is convenient to write interpolation conditions (1.4) in the
residue form [18], [4].

REMARK 3.4. For T, and E, of the form (2.1), it follows by residue calculus that

for every function f analytic at zp,...,z,
k D (7
_ fY (Zl)
Y Res¢_ (§1—To) " 'Enf($) =Col,_,, Colye e T
i=1 !

Thus, the problem IP, can be formulated in the residue form as follows: Find all
functions f € S analytic at z1, ...,z and such that

k
ZRCSC=Z,-(€I_ Tn)_lEnf(g) = Cy.
i=1



172 VLADIMIR BOLOTNIKOV

THEOREM 3.5. Let Pq be a maximal (in the sense of (2.37)) invertible principal
submatrix of Py and let the index set .| be defined as in (2.18). A function f of the
Sform (3.3) is a solution of the problem 1P if and only if parameters S € .¥ and B €
PBr_v(py) meet conditions (3.4) for every i =1,... ,k and the ratio & = S/B satisfies
interpolation conditions

EV(Z) = jxi (ie #;j=0,....n;—d;i—1) (3.10)

where the vector X = Col Col Xij € Cl=dl s defined in (2.30).

1<ik 0<j<nj—dj—1

Proof. Let us assume that f of the form (3.7) (or equivalently, of the form (3.3))
is a solution of the problem IP, . Then conditions (3.4) are met for every i = 1,...,k.
Indeed, if d; > 0, this follows from Theorem 3.1. If d; = 0, then z; & spec(Tq) and

since )
— . 1 = i
o~ [ (Lo0-5)
zjEspec(Ty) (I—zz;)(1—2z)
(see e.g., [6] for the proof), it follows that
det®(z;) #0 if d;=0. (3.11)

Assuming that (3.4) fails, i.e., that the denominator in (3.3) vanishes at z; we con-
clude that the numerator vanishes at z; as well, since f is analytic at z;. But then

B(z)

is singular which contradicts (3.11).

0O(zi) [S(z,-)} =0 and since S and B do not share common zeroes, it follows that ©(z;)

By Remark 3.4, interpolation conditions (1.4) can be written as

k
Y Res¢_ ({1 —Ta) ™ (Enf($) — Ca) =0, (3.12)
i=1
where T,, En, and G, are given by (2.1) and (2.3). Since conditions (3.4) are met,
equality (3.12) is equivalent to
k
Resc_ (C1—Ta) " (Eaf($) — Cn)(©21(£)S($) +©22(L)B({)) =0.  (3.13)

1

1

It is readily checked that for an f of the form (3.3),
S
(Enf —Cn)(©21S+©20B) = [En —Ca] © [ ] (3.14)

which allows us to rewrite (3.13) as

k
_({I-T) 7" [Ea —Gu] ©® M=o, 15
;Re%_zl(gl ' [E 1e() {B(C)] 0 (3.15)
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Now we observe the identity

U1 [Ea =Gl 00 = | ) g 1Ty gy | FOE G0

holding for every § € C\{z1,...,z}, where U is the permutation matrix constructed
in (2.12), Gy—q and Y,_q are the vectors given by (2.21), T,_q is defined as in (2.1)
and where

O A R A T R R ' I R )

To verify (3.16), it suffices to plug in the formula (3.3) for ®, decompositions (2.13),
(2.14) and

(2 —Tq)~! 0
(2 —Taa) 'R(2d — Tg) ™" (2 — Ty_a)™"

into the left hand side part of (3.16) and then to invoke equalities (2.15). Note that ¢
defined in (3.17) is a rational matrix function analytic on I and therefore

S S(¢)
Res;_,. =0. 3.18
2903 19

Multiplying both parts in (3.16) by [228] on the right and taking the residues we

Uzl —Ty) 'U* = [

obtain, on account of (3.15) and (3.18),

Y Rese_,(81—Ta-a) " (Gu-aS({) — Ya_aB({)) = 0. (3.19)

ziespec(Th—q)
The latter equality implies in particular, that
B(zi) #0 forevery z; € spec(Tph—q). (3.20)
Indeed, by the Jordan structure of 7;,_g4, it follows that

Resy_,.(C—z) " (8i0S($) —vioB(£)) =0

for every z; € spec(Tp—a) which is equivalent to g; 0S(z;) = yioB(z;). Assuming that
B(z;) = 0 we get from the latter equality and (2.37) that S(z;) = 0 which is impossi-
ble since S and B have no common zeros. On account of (3.20), equality (3.19) is
equivalent to

> Resc ((1—Taa) ' (Gaaé(8)—Yaa)=0

zi€spec(Ty—a)

where & = S/B. Multiplying the last equality by the matrix G _q on the left and
making use of (2.29), (2.30), we arrive at

3 Resq—. (81— Taa) ' (Ea—a&(L) —Xn_a) =0 3.21)

siespeclTna)
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which is equivalent to (3.10).

To prove the converse statement, we reverse the preceding arguments. Let us
assume that & satisfies interpolation conditions (3.10) which can be written in the
residue form (3.21). Multiplying both parts in (3.21) by the matrix Gp_q and mak-
ing use of (2.29) and (2.30) we get (3.19). Equality (3.15) now follows from (3.16),
(3.18) and (3.19). If f is defined by (3.7) (or equivalently, by (3.3)) we use formula
(3.14) to rewrite (3.15) in the form (3.13). Since conditions (3.4) are satisfied for every
i=1,...,k,condition (3.13) is equivalent to (3.12) which means that f is a solution of
the problem IP,. [

COROLLARY 3.6. Let Py be an invertible principal submatrix of Py such that
rank(Py) = rank(P). (3.22)

A function f of the form (3.3) is a solution of the problem 1P if and only if parame-
ters S € . and B € By._(p,) meet conditions (3.4) for every i = 1,....k and satisfy
interpolation conditions

SU(z) =yBI(z) forall i€ % and j=0,...,n;—d;—1, (3.23)
where Y is the unimodular number defined in (2.41).

Proof. Conditions (3.23) can be written in terms of the function & = S/B as fol-
lows:

Ez)=v and &EY(z)=0 forie S and j=1,....nj—di—1.  (3.24)

Observe that condition (3.22) guarantees that Py is a maximal invertible principal sub-
matrix of P (in the sense of (2.37)). Thus, the statement will follow from Theorem 3.5
once we will show that x;g =y and x; ; =0 forevery i € #; and j=1,...,n;—d;—1
or equivalently, that Xn-d =YEn—q. To this end, we observe that by assumption (3.22),
the Schur complement P = P, /Py equals the zero matrix. Then it follows from (2.38)
that Ey_qE,;_4 = Xn—aX,,_4 and therefore, X;,_q = YEy_q for some unimodular num-
ber y. Comparing the nonzero entries in the latter equality we conclude that y equals
x;o (forevery i € #1) and therefore, it is defined by formula (2.41). O

4. Proof of Theorem 1.3

The matrix P defined in (2.31) is the Pick matrix of the interpolation problem
(3.10). Indeed, the Pick matrix of this problem can be defined as a unique solution of
the Stein equation (2.38) and the matrix (2.31) satisfies this equation by Proposition
2.9. Let us say that a function & is a solution of the associated (with the problem IPy
and a particular choice of the maximal invertible submatrix Pq of P,) problem AP, if
&€ L vir)>
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(1) éV(z) = jlx;; for i€ # and j=0,....,n—d;i—1. (4.1)

(2) Condition (3.8) holds for every i € 7.

(3) For every i € %, either condition (3.8) holds or & has a pole at z; in case
©21(zi) # O22(z;) = 0.

By Theorem 3.5, the problem IP, has a solution if and only if the associated problem
AP, does. In this section we will explore this result to prove Theorem 1.3. As was
mentioned in introduction, the problem IP, has no solutions if the Pick matrix P, has
more than K negative eigenvalues. The following proposition completes the proof of
part (3) in Theorem 1.3.

PROPOSITION 4.1. If V(Py) < K < V(Py) + 0(Py), then the problem TPy has no
solutions.

Proof. Let us assume that the problem IP, has a solution f which is necessarily
of the form (3.7) for some solution & € ., (p,) of the problem AP. Since Kk —
v(Pg) > 0, & is not a constant function. By (2.40) and definition (2.9) of integers
ri(Xn—a), the function & satisfies interpolation conditions

Ez)=y and &Y (z)=0 for ie.#, and j=1,....,ri(Xp_a)—1, (42)

which can be equivalently written in terms of the Krein-Langer representation (3.6) for
& as
SD(z)=yBY(z) for i€.# and j=0,....r(Xpqa)—1.  (4.3)

Thus, the Schur class function ¥S (recall that |y| = 1) coincides with B € #,_,p,)
(which is not constant since kK — v(Pq) > 0) at |r(Xn—da)| points counted with multi-
plicities. Since by (2.48), (2.49), (2.39) and the assumption that Kk < V(Py) + 0 (Py),

[r(Xn-a)| = In—d+£]/2

=V(P)+8(Pu) =V(Pa) — V(Pa) + 6(Pa) > K— v(Pq) = deg B,

it follows that yS is equal to B identically. Therefore & = S/B is a constant which is
a contradiction. [J

The next proposition supplements Theorem 1.3 showing that the number 7(P,)
controls the degree of numerators of unimodular rational solutions to the problem IP,
(for the Nevanlinna-Pick problem this result was established in [20]).

PROPOSITION 4.2. The problem TPy has no solutions in By,| By for T(Py) <

Proof. Let us assume that the problem IPy has a solution f € %,/ % which is
necessarily of the form (3.7) for some solution & € . _p,) of the problem APy.
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Since f is rational and unimodular on T, the function & has the same properties and
therefore it is a ratio of two finite Blaschke products, i.e., the numerator S in (3.6) is
a finite Blaschke product. As in the proof of Proposition 4.2, we conclude that S and
B satisfy conditions (4.3). Now we take f in the form (3.3) (which is equivalent to
(3.7)) and note that the denominator in this representation does not vanish at zy,. ..,z
by (3.4) (which is equivalent to constraints (2) and (3) in the problem APy ). Since
the numerator and the denominator in this representation do not have common zeros
outside {zi,...,z} (by part (2) of Theorem 3.2), they do not have common zeros at
all. By part (1) in Theorem 3.2, the numerator in (3.3) has deg S+ 7 (Py) zeroes. Since
there is no zero cancellation in (3.3) and since f € %,/ Py, we have m = deg S +
n(Pg). By (4.3), the Schur-class function yB coincides with S € %, at |r(Xp_q)|
points counted with multiplicities. Since by (2.48), (2.49), (2.39) and the assumption
that m < (Py) + 0 (Pa),

[r(Xn-a)| = [In—d+£]/2

=7(P)+ 8(Pa) = 7(Pa) — (Pa) + 6 (Pa) > m— v(Pgq) = deg S,

it follows that S is equal to yB identically. Therefore & = S/B is a constant and
therefore S is constant which is a contradiction since deg S =m —m(P,) >0. O

In order to proceed, we need the following result concerning Schwarz-Pick matri-
ces (see formula (1.2) for definition) which perhaps is known. For the reader’s conve-
nience, we include the proof in Section 6.

THEOREM 4.3. Let [ € B,/ By be a ratio of two finite Blaschke products, let
21, ..,2x be distinct points in DNp(f), and let n = (ny,...,n;) € NF. If |n| = k +m,
then the Schwarz-Pick matrix P} (z) is invertible. Moreover, if |n| > K +m, then

v(PL(2)) =Kk and n(P(z))

m.

COROLLARY 4.4. If f belongs to By,| By, then the Schwarz-Pick matrix P,'((z)
is m-saturated for every m € N¥ such that |n| > k +m and any points z1,...,2, €

DNp(f).

Proof. By Theorem 4.3, r := rank(P{ (z)) = k + m. On the other hand, any prin-
cipal submatrix [P (z)lm = Ph(z) of P (z) (with |m| = r) is itself a Schwarz-Pick
matrix for f and then again by Theorem 4.3, rank(P,{,(z)) =r, so that P,{,(z) is invert-
ible. Therefore, P (z) is n-saturated by Definition 1.2. O

PROPOSITION 4.5. If k = v(P,), and P, is singular, then the problem 1Py has
at most one solution.

Proof. We fix the maximal invertiple principal submatrix Py of P, and let .7/ to
be the set defined in (2.47). We first show that if k¥ = v(B,) and there exists an f € %
satisfying conditions (1.4), then the set .#] is empty. To this end, observe that the
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Schwarz-Pick matrix P, := PI{ o (z) has at most k negative eigenvalues (being an
extension of B,, it has in fact exactly k negative eigenvalues). On the other hand, it
follows from the first equalities in (2.65) and (2.50) that

v(P,

n

o) —K=V(Pa)—Vv(P)+n—d+£—-2"|/2
—n—dtl 02— n—d—f]/2= ],

where the last equality holds since £ = € 4 £”. Thus V(Pr{ ¢(2)) > Kk (which is a
contradiction) unless |¢'| = 0. In this case rank(Pyq) = rank(P,), by Remark 2.16, and in
particular, v(Pg) = v(Pa) = k. Then by Corollary 3.6, every solution f of the problem
IP, is necessarily of the form (3.7) with a function & € 7y _,(p,) = 7 satisfying
conditions (3.24). Since |y| = 1, it follows by the maximum modulus principle that the
only & € . satisfying (3.24) is the constant function & = y. Substituting this & into
(3.24) leads us to the function

_ On(@y+01(z)
) = 021(2)Y+02(z)

which is the only possible solution of the problem IP,, by Theorem 3.5. [

(4.4)

REMARK 4.6. f° of the form (4.4) is a ratio of two finite Blaschke products.

Indeed, since |y| = 1 and © is rational, it follows that f° is rational and unimod-
ular on T. Therefore O is a ratio of two finite Blaschke products.

REMARK 4.7. If f° of the form (4.4) is a solution to the problem TPy, then f° €
r%TE(PH)/'%V(PM :

Proof. If 0 is a solution to the problem IPy, then the function & = ¥ is a solution
of the problem AP, (by Theorem 3.1). Constraints (2) and (3) in AP, guarantee that
0,17+ Oy, does not vanish at zy, ...,z . Therefore, by Theorem 3.2 (part (2)), there is
no zero cancellation in (4.4). By Theorem 3.2 (part (1)) appliedto S=y and B=1,

N{@ll’)/-l-@]z} = 7T(Pd) and N{®21'}/+®22} = V(Pd) (45)

and therefore, f° € Br(pa) PBu(py) - Since & =y satisfies conditions (4.1), all the
numbers x; ; (j > 1) are zeros. Then Xp_q = YEy—_q and the unique solution P of the
Stein equation (2.38) is the zero matrix. Then it follows from (2.39) that 7(P,) = 7(Pqa)
and v(P,) = v(Py) and the statement follows. [J

PROPOSITION 4.8. fV of the form (4.4) satisfies conditions (1.4) for every i €
A.

Proof. By Theorem 3.1 (or by part (3) in Theorem 3.2), it suffices to show that
the function & = y satisfies conditions (3.8) for every i € .#| . We will prove this for a
fixed i € .#| separating the cases where d; > 0 and where d; = 0.
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If d; > 0, we have relations (4.5) by Theorem 3.2 (part (1)). Let us assume that
01 (zi)y +O2(z) =0.

Then ©11(z;)Y + O12(z;) = 0 by Theorem 3.2 (parts (3) and (4)) and after zero cancel-
lation at z; in (4.4) we conclude that f© € %,/ %, for some m < m(Py) and r < v(Py).

0
Then the Schwarz-Pick matrix P] (z) defined via formula (1.2) is singular by Theorem
4.3. On the other hand, since ﬁ satisfies interpolation conditions (4.1) (by Theorem
0
3.1), the matrix P({ (z) is equal to the Pick matrix of the problem (4.1) which is Pq and
therefore, it is invertible. This contradiction completes the proof of the first case.

For the case d; = 0, we will use formulas (2.23) which can be written in terms of
© as

[€i0 —yio] = [1 —cio] O(z). (4.6)
By (3.11), the matrix ©(z;) is invertible. Since ¥ =x;¢ = Z—‘g, we have by (4.6),
1 ©22(z) ]
@ . +@ ) = . i —V
21(21)Y +©22(2i) 20 [8i.0 —Vio] [_921(11_)
det@(Z[) _1 |:1:|
= — .11 —cio| O(z)O(z;
D [1 a0 |
_ detO(z;) 20
8i0

which completes the proof. [J

COROLLARY 4.9. The function f° is a solution of the problem TPy if and only if
071(z))Y+©22(zi) 0  forevery i€ .%.

The statement follows immediately from Theorem 3.1, Proposition 4.8 and the
observation that the constant function & = y has no poles.

THEOREM 4.10. The function f° is a solution of the problem 1P, (with Kk =
v(Pa)) if and only if the Pick matrix P, is n-saturated.

Proof. If k = v(P,) and P, is singular, then the problem IP, has at most one
solution by Proposition 4.5. The unique candidate is the function f° defined in (4.4).
If 0 is a solution to problem IP,, then it belongs to Brpy)/ Pvp,) by Remark 4.6.

0
Since fY is a solution to the problem IP,, we have Pl (z) = P, and therefore, P, is
n-saturated by Corollary 4.4.

Now we assume that P, is n-saturated and show that the function f° defined by
(4.4) solves the problem IP,. We first observe that since P, is n-saturated and Py is a
maximal invertible principal submatrix of P, it follows that rank(P,) =rank(Py) = |d|.
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Then we will argue via contradiction as follows. Let the function ©;;y+ ©,; have zero
of multiplicity m; > 0 at z;:

(@1 (z)y+On(z) =0 for j=0,....mi—1;i=1,... k.

Since the case where m; = 0 is not excluded, the latter assumption is not restrictive. By
Theorem 4.8, m; =0 for every i € .#, . Thus, if fO is not a solution to the problem IPy,
then m; > 0 for some i € .. With the tuple m = (my,...,my) € Zﬁ , We associate the
positive integer

k
min{mi,ni} = Zmin{mi,di} >0 4.7
i=1 i=1

k
Um =

where the second equality follows since min{m;,n;} = min{m;,d;} = m; = 0 for every
i € 4 and on the other hand, since n; = d; for every i € ., by the very definition
(2.18) of .#. Inequality um > O follows since at least one of the m;’s is positive. Let
us define the tuple r = (rq,...,r;) by letting

ri =n; (i€f1)7 ri =n;—m; (i€f07 m,-<n,-)7 r,-:O(inm m,-)n,-)

and observe that
r| = 0| — ptm. (4.8)

By Theorem 3.2, there are exactly um zero cancellations in (4.4); therefore, and in view
of (4.5), f0 ¢ Bru(Py)—tim ] P (Pa)—uum - On the other hand £ still satisfies interpolation
conditions

@) =jlei;  (i=1,...k j=0,...,—1)

by part (3) in Theorem 3.2. Therefore, the Schwarz-Pick matrix P'rfO (z) defined via
formula (1.2) is equal to the principal submatrix P of P,. Since by (4.8),

Ir| = n| — tm > |d| — 2Um = 7(Pa) — Um + v(Pa) — Um,

it follows by Theorem 4.3, that

and since f° € By (py)—um/ Bo(Pa)—tim
0
rank(Pr) = rank(P} (z)) = 7(Pa) — tm + V(Pa) — ttm = |d| — 2pim.  (4.9)
If |r| > |d|, then for every tuple T =< r such that [r| = |d|, we have
rank(P;) < rank(P,) = |d| — 2um < |d|. (4.10)

On the other hand, if |r| < |d|, then for every tuple T = r such that [r| = |d|, we have
inequality
rank(F;) < rank(P;) +2(|d| — |r]),

since the dimension of P exceeds the dimension of P by |d| — |r|. Now we substitute
(4.9) and (4.8) into the last inequality to get

rank(Fy) < |d| = 2pm +2(|d| — 0] + pim) = 3[d| — 2n| < |d]. (4.11)
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Recall that rank(P,) = |d|. Inequalities (4.10) and (4.11) show that in any case there
exists a singular |d| x |d| principal submatrix P: of P, which contradicts the assump-
tion that P, is n-saturated. The obtained contradiction completes the proof of the
theorem. [

Now we are ready to prove Theorem 1.3 and Theorem 1.5.

Proof of Theorem 1.3. Since the nodegenerate case is known, it suffices to consider
the case where the Pick matrix P, of the problem IPy is singular. If k¥ < v(P,) or if
V(Pa) < K < V(Pa) + 0 (Pa), then the problem IP, has no solutions by the explanation
given in introduction and by Proposition 4.1. If Kk = v(P,), then the problem has a
solution if and only if P, is n-saturated by Theorem 4.10. If this is the case, the
unique solution is the ratio of two Blaschke products of desired degrees, by Remark 4.7.
Furthermore, by Theorem 2.13, the problem IP, can be extended to a problem (1.11),
whose Pick matrix P, is invertible and has v(P,) + 8(Py) negative eigenvalues. By
virtue of Theorem 3.1, there are infinitely many functions f € .7 satisfying conditions
(1.11) for every kK > v(Py)+ 0(Pa). All these functions are solutions to the problem
IPy. Thus, if Kk > v(P,) + 8(Pa), then the problem IP, has infinitely many solutions.
The “only if” parts in statements (1) and (2) of the theorem are now obvious. [

Proof of Theorem 1.5. The “only if” part is trivial. To prove the “if” part, let us
assume that Py, is an m-saturated principal submatrix of P, with |m| =r+ 1 and such
that rank(Py) = rank(P,) = r. Pick any index i such that m; > 0 and let d = m —e;.
The matrix Py is a maximal invertible principal submatrix of Py, . Since Py, is the Pick
matrix of the subproblem of IP, with interpolation conditions

@) =cij  (i=1,...k j=0,...,m;—1)

and is singular and m-saturated, it follows by Theorem 1.3, that there exists a unique
function f° in the class Z—v(py satisfying (4.7) and this function f0 is given by
formula (4.4). By Theorem 4.10, fO also satisfies conditions (1.4) for every i such that
d; < n;. On the other hand, all conditions in (1.4) corresponding to i’s such that d; = n;
are contained in (4.7). Thus, f° is (a unique) solution of the “whole” problem IP, with
K = v(Py). Therefore P, is equal to the Schwarz-Pick matrix P({ ’ (z) and therefore, it
is n-saturated by Corollary 4.4. [

5. Description of all solutions in case Kk = V(P,) + 0 (Py)

In this section we present a description of all solutions of an indeterminate problem
IP; for the minimally possible k. The description is obtained by combining Theorems
2.13, 3.1 and the following auxiliary result.

THEOREM 5.1. Let f be a solution of the problem TPy with Kk = V(Py) + 8 (Pa)
and 8(P,) > 0, let Py be a fixed maximal invertible principal submatrix of Py and let
27~ be the tuple given in (2.44). Then the Schwarz-Pick matrix PK{ . ¢(z) is invertible.
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Proof. Since f is a solution of the problem IP, we have Pl{ +¢(2) = Py and there-

fore, the matrix Pyi¢:= Pl{ ")

be the vectors associated to the Schur complements P="P, /Pa and P,.¢/Pa. Rela-
tions (2.40) hold by Proposition 2.9. By Theorem 3.5, f is of the form (3.7) for some
& e f,(,v(p‘”) satisfying conditions (3.10). By (2.39), we have

(z) is a structured extension of P,. Let Xp_g and X, ¢ 4

K —V(Pa) = V(Py)+8(Pa) — v(Pa) = v(P)+ 8(P) > 0. (5.1)
Note also that since & is analytic at z; for every i € .#;, we can define the numbers

&V (z
X0 = jf> (52)

forevery i€ 4 and j > 1. If x; ; = 0 for some i € #; and every j > 1, then & =
x;0 =7 and thus, & € 4 which contradicts (5.1). Therefore, for every i € .#;, there
exists an m; > 1 such that x;,, # 0. Define the tuple n = (n11,...,7) by

_ { n; ifie HU.7, (5.3)

i = min{m € N: x;,,_q # 0} if i € 7.

Recall that for every i € .#”, conditions (2.60) hold and thus, 7; > n; forevery i € %" .
Therefore, n > n.

Let us assume that P, is singular. Combining part (3) in Theorem 2.13 with
formula (2.61) we then conclude that x;,,_4 = 0 for some i € .#]" so that for this
particular i, we have 7n; > n;. Therefore |n\ > |n|. Let us consider the column

in 2d = = Col Col Xij

1<i<k VN0 <2 —d;~1

constructed from the numbers (5.2) and let S(X,5_»4) be the associated structured ma-
trix. By definition (2.9) of r;(+) and by (5.3) we have

ri(Xoa-2a) = i — di.
Therefore (and in view of (2.40)), Theorem 2.3 applies to By = Xp;_»q and gives
V(S(Xa-24)) = 20— 2d| — [r(Xp5 24)| = [n—d| > [n—d|.
Since |£| < |n—d|, we further get from (2.48)
In—d| > n—d+¢/2=v(P)+8(P)
and eventually, it follows that
V(S(Xai_24)) > V(P) + 8(P). (5.4)

By (5.2), the matrix S(Xa5_»q) is equal to the Schwarz-Pick matrix P§. , 4(z) and since
by (5.1), & € yv(ﬁ)Jré(I;), it follows that

V(S(Xaii-2a)) = V(P5;_59(2)) < V(P) + 5 (P)
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which contradicts (5.4) and completes the proof of the theorem. O

Now we will present a procedure describing the solution set to the problem IPy in
case K = V(Py)+0(P,) and §(P,) > 0, where P, is the Pick matrix of the problem.

Step 1: Find and fix a maximal invertible principal submatrix Py of Py .

We do not discuss here a computationally efficient way to find an invertible prin-
cipal submatrix Pq of B, which is maximal in the sence of (2.37). An unefficient (but
finite) procedure to get one is the following: compute detPy for all tuples d < n and
pick one of the maximal size, i.e., such that

detPg#0 and detP,=0 forevery r=mn: [r|>]d]. (5.5)

It is clear that every such Py is also maximal in the sense of (2.37).
Step 2: For the chosen Py, compute the tuple £ € 7 via (2.44) and then the sets
S| and | as in (2.47).

DEFINITION 5.2. An extension C,g of C, will be called Py-admissible if the
extending numbers c¢; ,, satisfy condition (2.51) for every i € .7/ .

For every Pg-admissible extension Cp ¢, the matrix Py ¢ :=S(Cyy¢) is invertible
(by part (3) in Theorem 2.13) and its entries can be computed from the formula similar
to (1.6). Then we define the function

_ [©c¢,,,11(2) ®cn+l,12(z)}
Gurel®) = [QC.:[?M(Z) Oc,  ¢22(2) (5.6)

E* N1 _
1) | @20 | =) Pl =T [Ense =G
n-+¢

where Tj,.¢ and E, ¢ are defined via formulas (2.1).

Step 3: Take any Schur-class function & such that

Oc, 421(z)&(zi) +Oc, , ;22(zi) #0  forevery i=1,...k (5.7

n
and compute the function

6] = ®Cn+[,lléa+®Cn+g,l2.
Oc,, ;216 +06c, ;2

n+£> n

f="Te, (5.8)

L

This function f solves the problem IP, and all solutions to the problem can be obtained
in this way. The next theorem justifies this and shows that in fact, the solution set of the
problem IPy is the disjoint union of the ranges of linear fractional fransfornmations
(5.8) where the union is taken over all Pg-admisssible extensions Cyyp of Cy.
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THEOREM 5.3. Let Py be a fixed maximal invertible principal submatrix of the
Pick matrix Py of the problem 1Py and let K = v(Py) + 0(Pa) > V(Pa). Let Qq be the
set of all pairs {Cy1¢,8} consisting of a Py -admissible extension Cy.¢ of Cy and of a
Sfunction & € . satisfying conditions (5.7). Then the correspondence

{Cn+l7@@} = f = T@Cn+£ [@@} (59)
establishes a bijection between Qg and the solution set of the problem 1Py.

Proof. If Cyyp is a Pg-admissible extension of Gy, then the matrix Py ¢:=S(Cpyig)

satisfies
8(Pate) 70 and  v(Pyig) = V(P)+6(P),

by Theorem 2.13 (part (3)). Thus, Kk — V(Py1¢) = 0. Now it follows from Remark
3.3 that for every & € 7y (p, ) = subject to constraints (5.7), the function f =
T®Cn+£ [€] belongs to the class yv(PH )= Y« and satisfies interpolation conditions
(1.11). In particular, f is a solution of the problem IP.

To show that transformation (5.9) is one-to-one, take two pairs {Cn+g7@@ } and
{Cn+g,£} in Qq and let f := T@C 2[ ] and f T@N g[f} If Cprg #Cn%, then

ci,j # ¢;,j for some i € .#; and ] n;. Since f (z,) —]'c,J and f (z,) = jlci; by
Remark 3.3, it follows that f # f. If Cp,¢ = Cp.¢ but & # &, then f # f since trans-
formation & — @)Cn+ p [£] is invertible and therefore, it is one-to-one. Thus, different
pairs in Qg correspond to different solutions of the problem IP .

To show that transformation (5.9) is onto, let f be a solution of the problem IP,.
Then the vector ‘
£ (z)

Chre :=Col m
j!

Col

1<i<k 0< j<nj—1

extends Cy,. By Theorem 5.1, the matrix

Poie:=S(Care) = PI{M(Z)

is invertible. Since P,y is a structured extension of P = P,, we conclude by Theorem
2.13 (part (3)) that v(Pyy¢) = v(P)+ 0(P) = K and that the extension C,.¢ of Gy, is
Py -admissible. The matrix P,y is the Pick matrix of the extended problem (1.11) and
by Remark 3.3, f is of the form (5.8) for some & € .¥ satisfying conditions (5.7). An
additional possibility for & to have a pole at interpolation nodes is not realizable in the
present context since & is a Schur class function. [

In case K > V(P,) + 6(P,), one can modify Theorem 5.3 upon letting the param-
eter & to run through the class ., (p,)_s(p,) (and still satisfying conditions (5.7)).
Then description (5.8) provides infinitely many solutions of the problem IP,, but not
all of them. It is not hard to see from the preceding analysis that formula (5.8) gives
all solutions f of the problem IP, for which the Schwarz-Pick matrix Pl{ 1¢(z) isin-
vertible. Also it is easily seen that for k > v(P,) + 8 (P,), there are solutions f of IPy
with singular Schwarz-Pick matrix Pl{ Le(2).



184 VLADIMIR BOLOTNIKOV

6. Extremal functions

Let H™ be the space of bounded analytic functions on I and let H;” be the set of
all functions f of the form (1.8) where s € H* and b € %) may have common zeros.
From this definition it follows that .7 = (H;”\H;> ) N %L” where ZL* denotes the
unit ball of L=(T). Let

) (5
G = {g: gjﬁ:c,-j for j:O,...,n,-—l;i:l,...,k} 6.1)

be the set of all functions g satisfying interpolation conditions (1.4). Below we consider
the two related questions which originate to [1]:
1. Find the value of p := infeegnpz [|g[|- in terms of interpolation data (1.7).

2. Find necessary and sufficient condition for the existence of an extremal function
8kmin € GNH;” such that || g min||e = L

In Theorem 6.1 below, the answers for these questions will be given in terms of the
matrix pencil Py(A) =A%-S(A~!-C,) defined as a unique solution of the Stein equation

Po(A) — ToPa (AT = A2ELE} — CoC

for every fixed A € R so that the Pick matrix P, defined in (1.5), (1.6) equals Py(1).
The explicit formulas for P,(A) are similar to (1.5), (1.6):

Pa(2) = [P (A)]} (6.2)

ij=1

where the n; X nj blocks P;j(A) are defined entry-wise by

min{/,r} (£ +r— S)' 7S 7ts
- — . : i J
[Plj(l)}f.,r A ZB (g —S)!S!(V—S)! (1 _ Ziz—'j)éJrrf.erl (6'3)

P R B
aof S (a=9)s(B—s)! (1—z;z;)atB-stl

THEOREM 6.1. Let Ag = A1 > ... > Ay, >0 beall positive solutions of the equa-
tion detPy(A) = 0. Let G be the set defined in (6.1) and let A € R \{Ao,A1,...,An}.
Then

1. If & > A, then there exists g € GN(HZ\H ) with ||g]|e < X
2. If A < A, then 7] > A for every h € GNH.

3. Forevery k>0,

. . M ifk<m
= inf o= inf o= ¥ ’ 6.4
i ot el = el { GRS 6
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4. Forevery k>0, there exists a (unique) function g € GNH;" with ||g || = g = A
if and only if the matrix P defined via formulas (6.2), (6.3) is n-saturated.
This extremal function belongs to HZ"\H;” | if and only if either k =0 or A <
A'k—l .

Proof. The scaled matrix A2 - Pa(A) is the Pick matrix of the problem with in-
terpolation conditions

for j=0,....m;—1;i=1,...k, (6.5)

and th~is matrix is invertible, since 7L is not equal to any of A;’s. If 71 > Ag, then
V(Pa(A)) < k and then by Theorem 1.4, there is a function f € .7 satisfying conditions
(6.5). Then the function g = A f satisfies conditions in (1.4) and belongs to H"\H;” ,

with [|g]]e < 2. This proves part (1). On the other hand, if 4 < A, then
V(Pa(A)) 2 k+ L. (6.6)

Assuming that there exists an 7 € GNH;” with ||72]e < 2, we conclude that the function
f=A"1h satisﬁci§ conditions (6.5) and belongs % for some k < k. But then the Pick

matrix A2 - Pa(A) of the problem (6.5) has at most Kk negative eigenvalues. This
contradicts to (6.6) and completes the proof of part (2). For every k < m we have

M < inf w < inf o < A, 6.7
o< ot lelle< o inf el <A (6.7)

where the second inequality is obvious while the first and the third follow by parts (2)
and (1) respectively. Equalities (6.4) (for k < m) follow from (6.7). The case k > m is
proved in much the same way.

We start the proof of the last statement with the case k > m: the function g =0 (the
only function in H;” with ||g|| = ux = 0) belongs to G if and only if all interpolation
conditions are homogeneous, in which case the equation detP,(A) = 0 has no positive
solutions).

Let us now assume that k < m. We seek a function g € GNH;” such that ||g||. =
Ai or equivalently, such that ||g||. < Ag; this equivalence follows by part (2) according
to which ||g[l > A for every g € GNH;”. It is convenient to seek g in the form
g = A f where

feH NAL” and

(5
f _'(Z‘) =Ae; (j=0,..m—1:i=1,..k. (68)
Thus, the extremal function g min With ||gk minll-e = A exists if and only if the inter-
polation problem (6.8) has a solution in .7 for some k < k. The extremal function
belongs to G N H"\H,” , if and only if the problem (6.8) has a solution in .. The
Pick matrix of this problem equals A, 2. Pa(A4) and is singular by the definition of A;’s.
We will consider separately two cases.
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Case 1: Let Ay =... = A;. Then v(Pa(A)) =0 and &(Pa(A)) = k+ 1. By The-
orem 1.3, the problem (6.8) has a unique solution f € .%) and does not have solutions
in .% for k = 1,... k. Thus, the problem has a solution in .% if and only if k =0.

Case 2: Let Ay_; > Ay = ... = A. Then Py(A4) = Pa(As),
V(Pa(M)) =€ and S(Pa(M)) = k—L+1.

By Theorem 1.3, the problem (6.8) has a (unique) solution in .%; if and only if the
matrix Py(Ax) is n-saturated and it does not have solutions in .% for k =¢+1,... k.
Thus, the problem has a solution in .%; if and only if & = ¢ in which case we have
)Lk,1 > )Lk. U

7. Appendix: The proof of Theorem 4.3

In this section we prove Theorem 4.3, showing that saturated Pick matrices (see
Definition 1.2) arise as Schwarz-Pick matrices of ratios of finite Blaschke products of
low degrees. The proof needs some preliminaries. We note that the case where n; = 1
for i =1,...,k was considered in [10, Theorem 3.4]. The present proof is based on
pretty much the same arguments.

Let H? be the Hardy space of square integrable functions on the unit circle T that
admit analytic continuation inside the unit disk. The functions

. 1 1 B t 50 7¢D 1
)= 557\ 10z ) = o U2 0eeD) .

belong to H? for every fixed j >0 and z € D and

1.
(hKj)e = Fh(f)(z) forevery he H>. (7.2)

LEMMA 7.1. Let b(z) = ]‘[le (%) i be a finite Blaschke product of degree K
-y

(Als..., Ar €D are distinct) and let #}, = H*> © bH? be the model space. Then

1. The functions
{kyj: i=1,...,0, j=0,...,rj—1} (7.3)

defined via (7.1), form a basis for J,; therefore, dim K;, = K.
2. A function g belongs to ¢, if and only if it admits a representation

q(t)

[T (1 —124;)"

g(t)

for some polynomial q of degree degq < Kk — 1.
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3. Let 2, denote the orthogonal projection of H* onto %),. Then

197 (wm@

(Zoke ;) (1) = Mo\ 1-1C

) forevery £ €D. (7.5)

To verify the first statement one can check that the functions (7.3) belong to 7,
and that any H? function orthogonal to them has a zero of multiplicity at least 7; at A;.
It follows directly from (7.1) that a function g is a linear combination of the functions
(7.3) if and only if it is of the form (7.4), which proves the second statement. The last
statement follows from the observation that g, + g2 = k¢ ; for every fixed j > 0 and
{ € D, where the functions

_ LT bmp(l) gz(z>_l9_j1—b(t) ©

81(2) = - — = =—— =
1 o 1-1¢ o 1-1¢

belong to bH 2 and Hg, respectively.

LEMMA 7.2. Let b € By and 0 € B, be finite Blaschke products

with no common zeros, let z1,...,z; be distinct points in D and let n = (ny,...,ng) €
Nk If In| = K + m, then the difference of the Schwarz-Pick matrices

Py := Py (z) - P;(2) (7.6)
is invertible. Furthermore, if |n| > K+ m, then
v(iPp) =k and n(Py)=m. (7.7)
Proof. Let 2% be the subspace of H> defined as
H =span{k;;: i=0,...,n;—1, j=1,...,k}. (7.8)

By (7.5) and by the reproducing property (7.2),

(72, p, ﬂhkziﬂ% = ( Pk, p. Koy )

2 H?

1 9P 1-b(2)b(0)

O(!B! azaac_ﬁ l_Zg =23

and thus, by definition of the Schwarz-Pick matrix,

a=0,...,n;—1

PE(z) = H<%kzjﬁ, %kw>m]5=o,...,n_,-—1]i1. (7.9)
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Similarly,

By (z) = H<%kzj,ﬁ7 %kz,-7a>H2}ﬁ=0”"’n"_l}]'C' . (7.10)
b=

o=0,...,nj—1

where 2y stands for the orthogonal projection of H> onto the subspace .7y = H> &
OH? of H?. Therefore, the matrix P, defined as in (7.6) is nonsingular if and only if
the quadratic form

D(x7y) = <‘@9x7 99y>H2 - <’@hxa ’@hy>H2 (711)

is not degenerate on % . Since the spaces %}, and %y are of dimensions kK and m
respectively (by Statement 1 in Lemma 7.2), it follows from (7.9) and (7.10) that for
every n,

rank(P?(z)) <k and rank(P?(z)) <m

and, since the latter Schwarz-Pick matrices are positive semidefinite, we have for their
difference
v(Pp) <k and 7(Py) <m. (7.12)

Let us assume that [n| = kK +m and that the form D is degenerate, i.e., that there exists
X € J¢ such that D(x,y) =0 forevery y € £ . Then we have, by (7.11),

0= <<@6)C, gZBy>H2 - <‘@bx7 <@by>H2
= (Z0x, V)2 = (D%, )2 = ((Po — Pp) X, )2

for every y € 2. Upon letting y =k, ; in the latter equality, we conclude, by the
reproducing property (7.2), that

(Pox—2) ) (zj) =0 for i=0,...nj—1 and j=1,....m.  (7.13)

The functions &,x and HPgx belong to the spaces %}, and #j, respectively, and
therefore, by the second statement in Lemma 7.2, they are of the form

t qlt
(Pp)(t) = g"# and  (Pgx)(1) = % (7.14)
[T (1 —14;)" [Tj— (L —1w;)"
for some polynomials ¢ and g with

degg<x—1 and degg<m-—1. (7.15)

The denominators in (7.14) are polynomials of degree k and K, respectively, and thus,
it follows readily from (7.14) and (7.15)
(Pox)(1) = (Fpx)(1) = o) (7.16)

where p and r are the polynomials whose degrees satisfy

degp=k+m=1n| and degr<k+m—1=|n/—1. (7.17)
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By (7.13), the rational function £ has k distinct zeros of total multiplicity |n| which
together with (7.17) implies that » = 0. Thus, we have from (7.16)

Prx = Pyx. (7.18)

By the first statement in Lemma 7.2, the spaces %}, and % are spanned by functions
(7.3) and by functions

(Kot j=1,...0, i=0,...7—1},

respectively. Since all the functions in (7.3) are linearly independent and since A; # w;
fori=1,..., and j = 17...,57, it follows that %, N %y = {0} . Thus, relation (7.18)
implies

Ppx=0 and Pyx=0
Therefore, x is orthogonal to both of ., and .# and thus, x € bH>NOH?. Since b
and O have no common zeros, it follows that x € (b0)H 2 In particular, x has at least

K 4+ m = |n| zeros (counted with multiplicities). On the other hand, x belongs to ¢
and therefore, by definition (7.8),

— th)"f ’

0=35
&5 -z)t a(l-rz

where ¢ is a polynomial with degq < |n| — 1. Therefore, if x # 0, it cannot have
more than |n| — 1 zeros. Therefore, x =0 and the form D is nondegenerate on ¢ .
Therefore, the matrix P, is invertible. Moreover, we have

K+m = |n| =rank(Py) = v(Py) + 7(Py),

which together with bounds (7.12) implies (7.7) for the case when n = K +m.

Let [n| > Kk +m, let n= (n},...,M,) € N be any tuple such that [n| = kK +m and
n; <njfor j=1,...,m. By the preceding analysis, the matrix

P; := P2(z) — P2(z)

is invertible and v(P5) = k and 7(P5) = m. On the other hand, since P; is a principal
submatrix of P,, we have

V() 2 V(B =k, 7(Pa) > 1(By) =

which together with bounds (7.12) complete the proof of (7.7). U

Proof of Theorem 4.3. Since f belongs to %,/ Py, it is of the form

f2) Z%, degh =k, degh =K. (7.19)
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Since zj,...,2, € p(f), it follows that b(z;) # 0 for i = 1,..., k. We will show that

PY(z) — Pb(z) = ML P (z) (ML) (7.20)

where M2 is the block diagonal matrix with lower triangular toeplitz diagonal blocks

bip 0 ... 0
M0 o
Mb = , where M?= biv big - , (7.21)
0 Mi : .0
bin—1 ... bi1big
) (7 . . .
where we have set g; j = w Indeed, the self-evident identity

1-60(2)0(5)"  1-b(2)b(5)" 1= /@) )—)

= —— =b(2) —=b(¢
1-2z¢ 1-z¢ 1-z¢
can be written in terms of the associated kernels as
Kp(z,8) — Ko(z,8) = b(2)Ky(z,§)b(E). (7.22)

Upon applying # % to both parts of (7.22) and evaluating the obtained equality

7L

at z=z; and ¢ = z; for all needed values if i, j,¢ and r, we get equalities between the
corresponding entries in the matrix equality (7.21). The matrix Mﬁ is invertible, since it
is lower triangular and its diagonal entries B(z;) are all nonzero. Now all the statements
in Theorem 4.3 follow from (7.20) by the corresponding statements in Lemma 7.2. [
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