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SOME QUADRATIC CORRECT EXTENSIONS
OF MINIMAL OPERATORS IN BANACH SPACES

1. N. PARASIDIS AND | P. C. TSEKREKOS

(Communicated by B. Jacob)

Abstract. Let Ag be a minimal operator from a complex Banach space X into X with finite de-
fect, def Ay = m, and A is a linear correct extension of Ag. Let EC(AO,X) ( resp. E. (A%,;\\Z))
denote the set of all correct extensions B of Ay with domain D(B) = D(g) (resp. B; of A(z)
with D(B;) = D(A\z)) and let E™(Ag,A) ( resp. E;”*k(A%,A\Z).,k <m, k,m € N) denote the

subset of E.(Ag,A) (resp. EE(A%,A\Z) consisting of all B € E.(Ag,A) (resp. EE(A%,A\Z) )
such that dimR(B —A) = m (resp. dimR(B, —A%) =m+ k). In this paper:

1. we characterize the set of all operators By € E/** (A%A\z) with the help of A and
some vectors S and G and give the solution of the problem Bjx = f,

2. we describe the subset E%:”(A%,A\Z) of all operators By € E2" (A%,A\Z) such that
Bs = B?, where B is an operator of E!" (Ao,g) corresponding to By,

3. we give the solution of problems Byx = f.

1. Introduction

An important tool in creating correct operators and solving boundary value prob-
lems containing differential or integro-differential equations is the correct extensions
of minimal operators. Correct extensions of densely defined minimal operators in Ba-
nach and Hilbert spaces have been investigated by M. 1. Vishik [6], A. A. Dezin [5],
M. Otelbaev [13], R. Oinarov [1] and many others. Self-adjoint extensions of a densely
defined minimal symmetric operator Ay have been studied by a number of authors as
Neumann J. Von [2], E. A. Coddington, A. Dijksma [8], A. N. Kochubei [10], V. A.
Mikhailets [12], V. I. Gorbachuk and M. L. Gorbachuk [3]. Often they described the
extensions as restrictions of some operators, usually of the adjoint operator Aj of Ag.
In [7] and [11] have been studied extensions of nondensely defined symmetric opera-
tors. The correct restrictions B of some maximal operator A, when B is a product of
correct restrictions By,B; of A, have been investigated by Shynibekov [14]. Our cor-
rect extensions are not, generally, restrictions of some maximal operator. The essential
ingredient in our approach is the extension of the main idea in [1].
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The paper is organized as follows. In Section 2 we recall some basic terminology
and notation about operators. In Sections 3, 4 we prove the main general results. Fi-
nally, in Section 5 we discuss some examples of integro-differential equations which
are of mathematical interest and show the usefulness of our results.

2. Terminology and notation

Let X be a complex Banach space and X* its adjoint space, i.e. the set of all
complex-valued linear and bounded functionals on X . We denote by f(x) the value of
f on x orin scalar product form (f,x)x, where f € X*, x € X. So we have (f,x)x =
f(x) asin[16, p.191]. We consider f to be linear on x and x to be anti-linear on f,
i.e. we have

(fraixi +ax2)x = ai(f,x1)x +ax(f,x2)x = aif(x1) +arf(x2),
(b1fi +bafr,x)x = b1(f1,X)x + ba(fo,x)x = b1 fi(x) + bafo(x),

where a1,as,b1,b, are complex numbers and b1, b, are complex conjugates.

We note that in [9, p.11] (f,x) is defined by (f,x) = f(x).

We write D(A) and R(A) for the domain and the range of the operator A, respec-
tively. An operator A; is said to be an extension of an operator A, or A; is said to
be a restriction of A,, in symbol A} C A,, if D(A;) D D(A;) and Ajx = Ayx, for all
x € D(Ay). An operator A : X — X is called closed if for every sequence x, in D(A)
converging to xo with Ax, — fp, it follows that xo € D(A) and Axg = fy. A closed op-
erator Ao : X — X is called minimal if R(A) # X and the inverse A, exists on R(A¢)
and is continuous. A is called maximal if R(A) =X and kerA # {0}. An operator Ais
called correct if R (g) — X and the inverse A~! exists and is continuous. An operator A
is called a correct extension (resp. restriction) of the minimal (resp. maximal) operator
Ap (resp. A) ifitis a correct operator and Ag C A (resp. A C A).

Let A be an operator from X into X with domain D(A) dense in X. The ad-
joint operator A* : X* — X* of A with domain D(A*) is defined by the equation
(A*y,x)x = (y,Ax)x for every x € D(A) and every y € D(A*). The domain D(A*) of
A* consists of all y € X* for which the functional x — (y,Ax)x is continuous on D(A).
The defect, def Ay, of an operator Ay is the dimension of the annihilator R (Ao)l cX*
of its range R(Ay).

If ®; € X*,i=1,...,m, then we will write ® = (®y,...,D,,), P = (Dy,..., D),
k<m, (" =®), F = (A0 d) = (A 1D),... A D Dy,....D,), k<m
and A2 = (A~1)2. We will also write @ and (®',Ax)yn for the column vectors
col(®y,...,®,) and col ((®1,Ax)x, ..., (Pm,Ax)x), respectively. Let G= (Gy,...,Gn)
be a vector of X™. We will denote by M’ the transpose matrix of M and by (®,G)xm
the m x m matrix whose i, j-th entry is the value of functional ®; on element G; and
by ((I)kt7 G)xim the k x m matrix whose i, j-th entry is the value of ®; on G;. We will
also denote by I, and [0],, the identity m x m and the zero m x m matrices, respec-
tively. By 0 we will denote the zero vector.

It is evident that for m x m matrix C holds (®",GC)xn = (®',G)xnC.
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3. Some correct extensions of minimal operators in Banach spaces

We begin with the following lemma

LEMMA 3.1. Let X be a complex Banach space and A:X —X acorrect, densely
defined operator. R

(i) The operator Ay C A is minimal with def Ag = dimR(Ag)* = m if and only if
there exist linearly independent elements ®1,..., D, of X* such that

-~

D(Ag) ={xeD(A): (@, Ax)xm =0}, (3.1)

where ® = (Dy,...,Dy).
(ii) The adjoint operator A* : X* — X* is correct.

Proof. (i) First we show the “if” part of the theorem. From A C A, kerA = {O} ,
R(A) =X and (3 1) it follows easily that kerAg = {0}, the inverse operator A" is a
restriction of A~! and

m

R(Ao) ={f €X: (P, f)xn =0} or R(Ag)=()ker®;. (3.2)
i=1

From (3.2) and the linear independence of @1, ..., ®,, it follows that defAg = dimR(Ag)*
=m and ®,...,®,, is a basis of R(A4g)". Now we show that Aq is a closed op-
erator. Let x, € D(Ao), x, — xo and Agx, — fo. We put f, = Apx,. Then f, —
fo,xn = A, L = Al fn — - The operator A1 is closed because A is correct.
So A Yo=x0 ie. _fo= Axo. From (3.1) and Agx, — fo = Axo it follows that
(@ Axn)Xm — (@ Axo)xm =0, so x € D(Ao). Hence Agxo = fo and so Ag is a
closed operator. The boundedness of A~! and that Ay At imply the boundedness
of Ay ! Hence Ap is minimal.

Now we show the “only if” part of the theorem. Let ®q,...,®,, a basis of
R(Ao)*. We will show (3.1). Let x € D(Ag). Then (®,Agx)xn = 0 and, since Ay C
A, (@', Ax)xn =0. Let now x € D(A) such that (@, Ax)x» = 0. Then Ax € R(Aq)*+.
By the Bipolar theorem R(Ag)** = R(Ag) = R(Ao), since R(Ag) is closed. Hence
B D(A())

(ii) It has been proved in [4, Theorem 5.3]

Throughout this paper A will denote a correct densely defined operator on a com-
plex Banach space X and Ag a minimal restriction of A with finite defect, def A9 =m

Our first Theorem 3.6 is implied from the following two Theorems 3.2, 3.4 proved
in [1] [ Theorem 2 and Theorem 3,i=2 respectively], which we present hear without
proof. At first few words about the notation in these theorems. X,Y are complex
Banach spaces, Ag,Ap,A:X — Y stand for, respectively, a minimal, a correct and a
maximal operator. It holds that A CA, C A and

=R(Ao)+M,  R(Ao)[ M ={0}, (3.3)
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where dimM = n. For the operator A, holds
D(Ap) ={x:xe€D(A),I'x=0}, (3.4)

where T is a closed linear operator from D(I") C X into the boundary values space Z
with D(T') D D(A). The elements Fi,...,F, € Y* is a biorthogonal system to a basis
¢1,...,0, of M. The symbol R,(Ag,A) denotes the set of all correct extensions of
Ao with domain in D(A) and ¥ is the set of the vectors v = (y1,...,¥,) € D(A)"
satisfying the condition « :

TyF(f) = (3.5)
L+ F(AY)F(f)=0 or dF(f)=0 (3.6)
implies F(f) =0, where F = col(Fy, ..., F,).
THEOREM 3.2. Let Ag be a minimal operator satisfying (3.3). Then:
(i) For every Ay € R.(Ag,A), there exists a vector y € ¥ such that
A f=A f+wE(f), fev, 3.7)

where F = col(Fy,...,F,), F; €Y*, N\ kerF; = R(Ay).
(ii) Conversely, for every y € ¥, there exists an operator Ay € R.(Ag,A) such
that (3.7) holds.

REMARK 3.3. The vector ¥ € ¥ in Theorem 3.2 (i) is unique. Indeed, suppose
that for an Ay € R.(Ag,A) and two vectors v, y@ e ¥ holds Aq’,lf = A;1f+
yWF(f)=A1 f+y@F(f),VfeY. Then (y) — y)F(f) =0, forevery f €Y.
The last, since the components of the vector F are linearly independent, implies y(!) =

2
VASZS

By virtue of the previous theorem the following set is defined R2(Ag,A) e {Ay €

Ri(A0,A): Ay f S AL f 1 WF(f), w € Wa, f €Y}, where W, = { € ¥ det[l, +

F(Ay)] = detd #0} [1, p.44].
Next theorem is Theorem 3 of [1] for i=2.

THEOREM 3.4. (i) For every Ay € R%(Ag,A), there exists a vector y € ¥, such

that
Ayx=Ax—Ayd 'F(Ax), x€D(Ay), (3.8)
D(Ay) ={x€D(A) : Tx =Tyd 'F(Ax)}. (3.9)

(ii) Conversely, for every y € W, the operator Ay defined by (3.9) and (3.8)
belongs to R?(Ag,A).

We define

R2(Ao,Ap) = {Ay € RX(Ag,A) : D(Ay) =D(A,)}
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and et
Wy(A,) E{yeW¥a:y€D(A,)"}.
It is evident that

R*(Ao,A,) C R*(Ag,A) C R,(Ag,A) and Wa(A,) C ¥, C V. (3.10)
From Theorem 3.4 follows the next corollary

COROLLARY 3.5. (i) Forevery Ay € R2(Ag,A,), there exists avector y € ¥2(A,)
such that
Ayx=Apx—Awd 'F(Ax) = f, D(A,)=D(A,). (3.11)

(ii) Conversely, for every y € W2(A,), the operator Ay, defined by (3.11) belongs
to R} (Ao, Ap).
(iii) The unique solution of (3.11), when B is correct, is given by

x=A'f+yF(f), fev. (3.12)

Proof. (i) Let Ay € R}(Ag,A,). Then D(Ay) = D(A,) and, since (3.10), Ay €
R?(Ag,A). By Theorem 3.4, there exists the vector y € ¥, such that (3.8), (3.9) hold.
From (3.9), since D(A) = D(A,), and (3.4), it follows that 'yd~'F(Ax) = 0. This,
since the components of the vector F are linearly independent elements and R(A) =Y,
implies 'y = 0. Hence v € D(A,)" and so y € W»(A,). From (3.8) follows easily
(3.11).

(i) Let w € Wa(A,). Then y € ¥2ND(A,)", Ty = 0. By Theorem 3.4, the
corresponding operator Ay, defined by (3.8), (3.9) belongs to R%(A07A). Also (3.9)
implies D(Ay) = D(A,). This equality and (3.8) imply (3.11) and so Ay, € R*(A¢,A,).

(iii) Let Ay € R*(Ag,Ap) and Ayx=f. Then x :Au’,lf. By Theorem 3.2 and
Remark 3.3, there exists the unique vector y € ¥ such that (3.7) holds. So the unique
solution of (3.11) is given by (3.12).

If in the above corollary instead of Ay,A,,F,Y and R%(Ap,A p) we use the sym-

bols B,Z ,®,X and E. (AO,K) respectively, then we get the next theorem.

THEOREM 3.6. Suppose that ®, Ay, A are as in Lemma 3.1. Then:
(i) For every B € E.(Ag,A), there exists a vector W = (Y1,...,Yy) with y; €
D(A),i=1,...,m such that

detd = det 1m+(q>’,/§w)xm} £0, (3.13)

Bx=Ax—Ayd~ (@' Ax)xn = f, D(B)=D(A), f €X. (3.14)

)=
(ii) Conversely, for every vector W = (Y1,...,Yn) with y; € D(A ) i=1,....m
which satisfies (3.13), the operator B defined by (3.14) belongs to Ec(Ag,A).

(iii) If B is correct, then the unique solution of (3.14) is given by

=B f=A (@, fxm. (3.15)
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From this theorem follows the next one:

THEOREM 3.7. We suppose that ®, Ay, A are as in Lemma 3.1. Then:
(i) For every B € E"(Ao,A ) there exists a unique vector G = (g1,...,8m), where

g1,.--,8m are linearly independent elements of X, such that
detW = det Im—(cI>’7G)Xm] £0, (3.16)
Bx=Ax—G(®',Ax)xn = f, D(B) =D(A), f €X. (3.17)

(ii) Conversely, for every vector G = (g1,...,8m), &1;---,8m € X which satisfies
(3.16) and has exactly n linearly independent components (n < m), the operator B
defined by (3.17) belongs to E'(Ag,A).

(iii) The unique solution of (3.17), when B is correct, is given by

x=B" f A f+( IG)[I —(CD G)Xm:| l(CDt,f)Xm. (318)

Proof. (i) Let BE E™ (AO,X) . Then, by Theorem 3.6, there exists a vector y such
that (3.13) and (3.14) hold true. We put G=Awd~!. Then (@' ,G)ym = (®',Ay)xmd !
= (@ Ay)xn -+ 1) =L d " = (d=L)d ™ =Ly =d " Then d ™" = Ly~ (@, G)xn

=W and detW # 0. From (3.14), by putting de‘l = G, we obtain (3.17) or (B—
A)x=—G(®',Ax)xn forall x € D(A). Since dimR(B—A) = m, the elements @ ..., d,,
are linearly independent and A is correct, it follows that the elements 81;---,8m are
linearly independent. Suppose now there exist two vectors G; and Gy such that
Bx=Ax— G (9 Ax)Xm =Ax— Gy (' Ax)Xm. Then (G| — G3)(®',Ax)xm = 0 for all
X € D(X), which implies, since the vector @ has m linearly independent components
and R(A) =X, G, =G,.

(ii) Conversely, let G be a vector defined as in (ii) such that detW £ 0. Since
R(A) X, there exists a vector W = (Y1, ..., W,) with y; € D(A),i=1,...,m such that
Ay =GWw! Thend L+ (@, Ay)xm = I+ (P, G)xnW ! = m+(1 —W)W—
W~!. Hence d = W~! and detd # 0. Then G = AyW = Ayd . If we substitute G
in (3.17) we take (3.14) and, by Theorem 3.6, the operator B is correct. Now using the
proof of (i) it is easy to see that dimR(B — A) =n.

(iii) From G = AI//W we get W = ( ~“1G)W~! and if substitute this in (3.15) we
get (3.18). The theorem has been proved.

Next theorem gives a criterion of correctness and is useful in applications.

THEOREM 3.8. Let A be a correct operator on X, the components of the vector
O = (Dy,...,D,) be linearly independent elements of X* and G = (g1,...,8m) € X™.
Then:

(i) The operator B defined by (3.17) is correct if and only if (3.16) holds true.

(ii) If B is correct, then dimR(B — A) =n < m iff the vector G has exactly n
linearly independent components (n < m).

(iii) If B is correct, then the unique solution of (3.17) is given by (3.18).
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Proof. (i) Let the operator B defined by (3.17) is correct. We define for the prob-
lem (3.17) the minimal operator Ay by (3.1).

If n = m, then the theorem is true by Theorem 3.7.

If n < m, then by using (3.17) we have

(@, f)xm = (@', Ax)xn — (¥, G)xn (@', Ax)
= [Im — (q)t,G)Xm] (q)t,Ax)Xm
or R
[In = (@', G)xn] (O, Ax)xm = (@', f)xm, forall feX.

Let zi,...,zn biorthogonalto ®@y,...,®,,,ie. (®;,zj)) =0;;,i,j=1,...,mand W =
Iy — (9',G)xn. Suppose that rank W = k < m and that the first & lines of the matrix W
are linearly independent. Then for f = z;41 the system W (®',Ax)xn = (@', f)x» has
no solution since the rank of the augmented matrix is k+ 1 # k. Then Bx = z;4; has
no solution and R(B) # X . Consequently B is not a correct operator. So (3.16) holds

true.
Conversely, let detW # 0 and that G has n linearly independent components,

-~

n < m. Then, by Theorem 3.7, B € E"(Ao,A).

The cases (ii) and (iii) are proved as in Theorem 3.7.

If the elements @y, ..., D,, are not linearly independent, then we have the follow-
ing theorem.

THEOREM 3.9. Let the operator B be defined by (3.17), where ® € X*™ G €
X™. We suppose that the components of ® = (®y,...,®;) (k < m) are linearly in-
dependent elements and the components of ®,,_; = (®y11,...,Dy,) are linear combi-
nations of ®1,...,®. Let ® = (O, ®,,_), G = (G*,G,—r) and My, the matrix
such that @, = Mm,kkd)kt. Then:

(i) Bx=Ax— G\, (@ Ax) = f,  D(B)=D(A), (3.19)

where G, = G* + Gy My i k.-
(ii) B is correct if and only if (3.16) holds true, or equivalently

det W, = det [Ik . (cp"’,G@)Xk} £0. (3.20)

(iii) If B is correct, then the unique solution of (3.17) or (3.19) is given by (3.18),
or by

x=Blf=A"'f+(A7'GY) [Ik — (@, G@)Xk} - (@ f) . (3.21)

Proof. (i) Using the symbolism ® = (&, ®,,_;), G = (G¥,G,,_;) we obtain

G(q)’,gx)xm = Gk(QJkl,Zx)Xk + Gm,kﬁm,hk(q)kt,gx)xk
= (G 4 Gy iMoo ) (DM Ax) g = Gl (@ Ax) .
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Hence, by substituting in (3.17) G(®',Ax)xn by GX, (@, Ax)yx , we get (3.19).
(ii) Using again the symbolism ® = (&% @, ), G = (G*,G,,_;), we find:

detW = det [I,, — (@', G)xn]

= (_l)mdet ( (q)k[’Gk)Xk _Ik (q)kthm—k)Xk,m—k )
((I)l;n—k’Gk)Xm*kJ‘ ((I)gn_kaGm—k)Xm—k - Im—k
! t
= (_l)mdet ( (q)k ’Gk)xk _Ik (q)k aGmfk)XkA,m—k ) .

t —_— t
M1 i (PF G ymick Mgt (DX, G )yt — I

Multiplying from the left the first line of the last determinant by the matrix —Mm,kk
and adding to the second line of the determinant, we take

t t
detW = (~1)" det ((cbk G)ye — I (@ 7Gm_k>xk‘mk>

Mk —Ly
(1) det ((cbk’, GM) i — I+ (O, Gt gk A Mo (cbk’,Gmk)Xkﬁmk)
[0],n—r & —lLy—i
= det [l — (@, GF) i — (O, Gy ) xron s Mo 14
= det [l — (¥, G* + G My 1 4) x| = det [ — (DX GYp) ] = detW.

By Theorem 3.8 (i), since ®y,...,®; are linearly independent and G(@’,Xx)xm =
Gk, (D", Ax) i, detW = detW,, the operator B defined by (3.19) is correct iff det Wy,
0 and

(iii) then the unique solution of (3.19) is given by (3.21).

REMARK 3.10.

1. If ®y,...,D,, are linearly dependent, then the operator B, as we saw in the pre-
vious theorem, can be defined either by (3.17) or by (3.19). Since the solution of
Bx = f is unique, it follows, by comparing (3.18) and (3.21), that

A'GW (@, f)xn = (A i)W (@, f) .

2. The previous theorem shows that the correctness of the operator B and the so-
lution of Bx = f do not depend on the linear independence of the elements
®@y,..., Dy, . The correctness condition of Bx = f is detW #0 or detW; # 0. The

linear independence of ®y,...,®,, is needed to determine the dimR(B — A) and
to prove the existence of the unique vector G for every operator B € E(Ag,A).

3. The determinant detW; and the solution (3.21) are simpler than detW and the
solution (3.18) respectively.

From Theorems 3.8, 3.9, since detW = detW and G(®’ ,Xx)xm = Gﬁl(d)k’ ,Zx) Xk
it follows (see Remark 3.10 (2)) next corollary, where the components of the vectors @
and G are arbitrary elements of X* and X respectively.
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COROLLARY 3.11. Let A be a correct operator on X and the components of
the vectors ® = (®y,...,®,), G=1(g1,...,8m) are arbitrary elements of X* and X
respectively. Then the operator B defined by (3.17) is correct if and only if (3.16)
holds true. If B is correct, then the unique solution of (3.17) is given by (3.18).

4. Some quadratic correct extensions of minimal operators in Banach spaces

Next lemma holds true for any minimal operator Ay and its correct extension A.

LEMMA 4.1. Let Ay : X — X be a minimal operator and A a correct extension
of Ag. Then:

(i) A(2) is a minimal operator on X .

(ii) A2 is a correct extension of A(2) on X.

Proof. (i) First we show that A(z) is a closed operator. Suppose that x, — x and
A3x, = f, — f, where x, € D(A3), f, € R(A}) and x, f € X, n € N. We denote by y, =
Aoxn = Ay f, where y, € D(Ag). Since A, is bounded and (f,)7°_; is a convergent
sequence, y, converges to some y € X. But Ay is closed, therefore x € D(Ag) and
Aox =y. Then we have y, — y, A(z)x,, = Agy, — f. Since Ag is closed, it follows
y € D(Ag) and Agy = f or x € D(A3) and AZx = f. Hence A3 is a closed operator. Now
we show that R(A3) # X and that there exists the inverse operator (A3)~!, denoted by
Ay 2, and that this is a bounded operator. From the evident inclusion R(A2) C R(A) and
R(Ao) # X it follows that R(Az) #X . From A}x = f, where x € D(A3), f € R(A3), we
have Agx = A, ' f and x = (A, ')?f, which is the unique solution of A3x = f. Hence,
there exists the operator (A2) on R(A2) and is equal (A,")?. The operator A,? is
bounded since (Aa 12 is bounded and so A is minimal

(i1) Since Aisa correct operator, the equation A A2y = f, for each f € X, has the
unique solution u = ( 2f = A2f. Then R(;P) X and A2 is bounded on X.
Hence A2 is correct. Let x € D(A}). Then x € D(A ) and since Ay C A we obtain
A2x = A%x. Hence A2 C A%. So the lemma has been proved.

REMARK 4.2. From the proof of (ii) it is evident that if A is correct on X, then
A2 is also correct.

Let the operators A and Ag and vector @ be defined as in Lemma 3.1, k < m and
the elements

A Dy, AT D, € L(D,. L D AT Dy AT D). 4.1)

In the sequel we will make use of the following condition (LI): the components of the
vector

T = A T10k @) = (A Dy, AT Dy, D) k< m

N

are linearly independent elements of R(A3)* C X*.
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From (3.1) and (4.1) it follows that
D(A}) = {xeD(@A?): (D" Ax)yx =0, (P A%)xn =0} 4.2)

or
D(AJ) ={x€ D(A%): (F],A%)xirn =0}, 4.3)

Then R(A2) = {f € X : (F!,f)xksm = 0}. It is evident that defA2 = dimR(A3)" =
m+k and that the components of the vector .7 is a basis of R(A3)* C X*. From
Lemma4.1 it follows that the operator A(z) is a minimal restriction of the correct operator
A2 Then, by Theorem 3.7, we can easily describe the set EX+" (A%JP) of all correct
extensions B of the minimal operator A% using its correct extension A2 . We have the
following theorem.

THEOREM 4.3. We suppose that Ao,g are as in Lemma 3.1, A(z) is defined by
(4.3) and % satisfies condition (LI). Then:

(i) For every B; € Ef*m(A%,A\z), there exists a unique vector 4 € X*t™ with
linearly independent components of X, such that

det W] =det [Ik+m - (ﬂf7g)xk+m:| # 07 (44)

Bix =A%~ 4 (F,A%) giem = f, D(B1) =D(A%), f€X. (4.5)

(ii) Conversely, for every vector 4 € X**™ which satisfies (4.4) and has exactly
n linearly independent components (n < k+m), the operator B defined by (4.5)
belongs to E! (A%,A\Z).

(iii) If By is correct, then the unique solution of (4.5) is given by

x=B'f = A2+ (A2Y) [liym— (FL D) i) (Fh f)xiim.  (46)

From the above theorem it follows the next one which shows that every operator
By € EX(A2 A?) can be uniquely determined by two vectors S and G of length &
and m respectively. The solution of Bjx = f is also obtained.

THEOREM 4.4. We suppose that AO,A\ are as in Lemma 3.1, A% is defined by
(4.3) and %, satisfies condition (LI). Then:

(i) For every By € EX+ (A%,A\Z), there exists a unique pair of vectors S = (s,...,;),
G=1(g1,---,8m), With s1,...,5k, 81,--.,8m (k< m) linearly independent elements of
X such that

(@A) gk — I (DK, ATG) gt
detW; = det( (OF,$) ot (@, G)xn — I, #0 4.7
and for all x € D(B;) = D(A?) we have

Bix =A% — S(®F Ax)yx — G(®, A2x)xm = f. (4.8)
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(ii) Conversely, for every pair of vectors S = (s1,...,5¢), G=(g1,-..,8m) With
components from X and such that the vector 4 = (S,G) = (s1,...,5:&1,---,8m) sat-
isfies (4.7) and has exactly n linearly independent elements, n < k+m, the operator
B defined by (4.8) belongs to EZ(A%,;\\Z).

(iii) If By is correct, then the unique solution of (4.8), for every f € X, is given
by

x=A2f—A%S,G) (4.9)

—~ —~ -1 —~
(@A) i — I (P, ATIG) (@A~ )
(@, 8)xm  (P,G)xm — I (P, f)xm

Proof. (i) From Theorem 4.3, there exists a unique vector ¢ € X*t" with linearly
independent components such that (4.4) and (4.5) hold true. If we put 4 = (S,G) =
(S1,---+8%,81,---,8m) We obtain for the matrix W; in (4.4)

N1kt Skt
= (F1Dm == (A7 & e~ (8 O

(D, S) yme (@', G)xm — I,

Since A is a correct operator, we have AL = A1 [15]. Taking this into account the
above equality is written in the form

r r
ot _ (@A) — I (@K, ATLG) g
Ik+m (J] 7g)Xk+m - ( (d)’,S)ka (q)[,G)Xm _ Im ) (410)

which shows that (4.4) is equivalent to (4.7). Since % (.Z!,A%x) yiem = S(PF, Ax) i +
G(P' 721\2x) xm, (4.5) implies (4.8) and conversely. The uniqueness of the vectors S, G
follows immediately from the uniqueness of the vector & (Theorem 4.3).

(ii) If the vector &4 = (S,G) has n linearly independent components, then, from
the previous theorem, the operator B; defined by (4.5) belongs to E (A(%,XZ).

(ii1) Using (4.10), from (4.6) we get (4.9) .

Below by Bg and Bgg we will denote the operators defined by the vector G and
the pair of vectors (S, G), respectively, by

-~

Bgx =Ax— G(®'  Ax)yn = f,  D(Bg) = D(A), (4.11)

Bsgx = A%x — S(®', Ax)xn — G(®',A%x)xn = f, D(Bsg) = D(A?), (4.12)

where S = (s1,...,5m), G = (g1,.--,8m) € X™, the components of the vector ® =
(®y,...,D,) are linearly independent elements of X* and A is a correct densely de-
fined operator on X . We note that the operator B (resp. Bsg) is an extension of the
minimal operator Ay (resp. A3), where

AgCA, D(A))={xeD(A): (P Ax)xn=0}, (4.13)

A2 C A2, D(A}) = {x € D(A?) : (@' ,Ax)xm =0, (®',A%x)xn = 0}. (4.14)
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‘We define the set

E»(A3,A%) = {B, € E.(A3,A%) : there exists an operator B € E,(Ag,A)
such that B, = B*}. (4.15)

LEMMA 4.5. For the operator Bg, defined by (4.11), hold true the statements:
(i) D(B%) = D(;\\Z) ifand onlyif G € D(A)™.
(ii) If GeD(A )m then the operator B is defined by

Blx = A%x— [AG — G(@' ,AG)xn ] (@', Ax)xn — G(D , A%x)xm. (4.16)
or  Bix=A’x—BgG(d ,Ax)xn — G(D',A%x)xn. 4.17)

Proof. (i) Let x € D(BL) = D(A%). Then Bgx = Ax — G(®',Ax)xn € D(A) and
since the operator A is correct, it follows that G € D(A)™.

Conversely, let G € D(A)". If x € D(B%), then x € D(A) and Bgx = Ax —
G(d', Ax)xm € D(X), which implies x € D(A?).

If x € D(A2), then Bgx € D(A) = D(Bg). So x € D(BZ )

(ii) We find the formula of the operator B%. Let x € D(B%), y = Bgx. Then since
(4.11) and the statement (i) we have D(B%) = D(;\\Z) and

Bix = Bgy = Ay — G(®,Ay)xn = ABGx — G(®' , ABgx)xm
= A[Ax — G(®' ,Ax)xn] — G(® ,A[Ax — G(®' , Ax)xn)) ;.
= A?x —A\G(q)t,;ﬂ\x)xm - G(q)t,;ﬁ\zx)xm + G(q)t,A\G)Xm (q)t ,A\x)xm,

which gives (4.16). It is easy to verify, by using (4.11), that BcG = AG— G(d ,ZG)Xm
From this and (4.16) immediately follows (4.17).

In the next theorem we investigate the relation between B; and Bsg defined by
(4.11) and (4.12) respectively.

THEOREM 4.6. We consider the operators A ,Bg,Bsg : X — X, where A is cor-
rect and densely deﬁned and Bg,Bs are defined by (4. 11) (4.12) respectively. Then:

(i) Bsg = B% ifand only if GeD(A )’" and S=AG—G(¥ ,AG)xn.

(ii) For each GeD(A)" and S=AG—G(P',AG)xn,

Bsg is correct iff Bg is correct iff detW = det [Im — (@, G)Xm] #0.

Proof. (i) Bsg = B% if and only if D(Bsg) = D(A%) = D(B%) and Bsgx = B5x
for each x € D(A?). By Lemma 4.5, the first relation holds true if and only if G €
D(X)’“. By comparing (4.12) with (4.16), it is easy o verify that Bsgx = B%x for each
XE€ D(f/\\z) if and only if G € D(A )m and S=AG-— G(d, AG)Xm since the elements
Dy,...,D, arelinearly independent and A is correct.
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(i1) The operator Bsg can be written in the form

Bsgx = o/ x — %(ﬁg,@)xzm =f, D(Bsg)=D(), (4.18)
where o =A2, 4 = (S,G), F, = (A*~1®,®). By Corollary 3.11 the operator Bsg is
correct iff

det Wy = det [Ly, — (F5,9 ) yom| #0. (4.19)

By substituting in (4.19) & = (S,G), %, = (A*"'®,®), S = AG — G(9',AG)xn and

. A B A+BC B
using the formula det <G D) = det <G+DC D) , where A,B,G,D,C are a m X m

matrices and C = (&', AG)xn, we take

(¥, AG — G(®',AG)xm)xn (¥ ,G)xm —1Iy

— det (q)t’ G)Xm —1In (¢[aA71G)Xm
[0}"1 (q)t’ G)Xm —In

— (det [, — (@', G)xn])’.

! 1 ! _ tr a—1 -
det%:det((@ G—AG(@ AG)xn) y —In (@, A7'G)x )

So detW, = (detW)?, since, from (3.16), W = I,, — (®',G)xn . Now by Theorem 3.8
Bg is correct iff detW #£ 0 iff detW, # 0 iff Bgg is correct.

COROLLARY 4.7. Let A be a correct and densely defined operator on X and
AO,AO,Bg,BSG are defined by (4.13), (4 14), (4.11), (4.12) respectively. Then, for

each G € D(A)" and S=AG—G(®',AG)xn, it holds
Bsg =B, € Ezc(Ao, ) ifand only if Bg € E. (A07A)

Proof. Ttis evident that Bg (resp. Bsg) is an extension of Ag (resp. A(z)). So, by
the previous result, we have Bsg = B € Ej, (A%,ZP) if and only if Bg € EC(AO,Z).

The next theorem follows from Theorem 4.4 and corollary 4.7 and shows that
every operator By of E5” m (A2 A? ) can be uniquely determined by only one vector G.
It also gives the solutlon of Byx=f.

THEOREM 4.8. We suppose that A is as usually, Ao, A} are defined by (4.13),
(4.14), respectively, and the components of the vector Fp = (X*_ICD}I)) are linearly
independent. Then: R

(i) For every B, € E%Z"(A%,Az), there exists a unique vector G = (g1,...,8m) €
D(A)™ such that the 2m components of the vector (XG— G(®',AG)xn, G) are linearly
independent and hold

detW =det I, — (¥',G)xn| #0 (4.20)
and

Box = A%x — [AG — G(®' ,AG) xn ] (@, Ax)xm — G(®',Ax)xm = f. (4.21)
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(ii) Conversely, for every vector G & D(g)m, such that the vector (XG —
G(D',AG)xn, G) has n (n<2m) exactly lmearly independent components and (4.20)

holds true, the operator By with D(By) = (A2) defined by (4.21) belongs to E}.(A3, A?).
(iii) If By is correct, then the unique solution of (4.21) is given by

x=B,'f=A2f+ [X’2G + AW D, ATG)xm | W@, fxm
+ATGW (DA f)xm. (4.22)

Proof. (i) Let B, € EX"(A3,A%). Then, since (4.15), By € E2"(A3,A?) and there
exists an operator B € E.(Ag,A) such that By = B>. By Theorem 4.4 there exists
a pair of vectors S, G € X™ such that the components of the vector (S,G) are lin-
early independent elements of X and By = Bsg. By Theorem 3.7 there exists G € X™
such that B = Bg, with D(Bg,) = D(A). Hence Bsg = B, and so D(B% ) = D(A?).
The last equation implies that G| € D(A) Then since (4.16) we have BG x=A?
S (@', Ax)xn — G1 (@, A%)xn, where S| = AG) — Gy (®',AG))xn. From Bsg = B,
we take (S—581)(@,Ax)xn + (G — Gy )(¥,A%x)xm =0 or (S—S;,G— G )(Fr,A%x)xn
=0 for all x € D(XZ) By definition, A is correct, the components of .%, are lin-
early independent and this implies S = §1, G = G;. Hence Bg = Bg,, Bsg = Bzc, S=
AG — G(®',AG)xm and by Theorem 4.6, detW = 0.

(i) Conversely, let G € D(A)™, and S = AG — G(®',AG)xn . The vectors S,G
define the operators Bg, Bsg = B2 by (4.11), (4.12) respectively and by Theorem 4.6
Bgg = B%; and Bgg is correct. It is evident that A(% C B, . Now we show that dimR(B, —
A?) = n. The equation (4.21) can be written as (B, — A2)x = —(S, G)(F L A2X) g2,
which since the dimension of (S,G) equal n, R(A%) = X and the components of the
vector .%, are linearly independent elements of X* implies dimR(B, —A?) =n. So
B, € E}.(A2,A%).

(iii) Finally we find the solution of (4.21) by using Theorem 4.4. If we substitute
in the matrix W, (with k =m) of (4.7) § = AG — G(P', AG)Xm we take

X —

W — (@ Gxr — (¥, A7 G)xn (¥, AG)xn — Iy (P, A G
: (@, AG)xn — (¥, G)xn (¥, AG)xn (¥ ,G)xn — 1)

We put M = ((I)’,X‘IG)X,,17N = (q)t7A\G)Xm and recall that (Theorem 3.7) W =1, —
(®,G)xm. Then A7%(S,G) = (A~'G —A"2GN,A~%G). We rewrite the matrix W,
and find its inverse Wfl in terms of W. M ,N .

Wi (WMN M\ w! wlmw!
= wN  —w) "t T A\ NWINW M e w )
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It follows that A=2(S,G)W,”' = —(Y,U), where

Y 2GNW '+ A2GNW T = A lew
U=@A"'"G-A2GN)W 'MW +A2GINW 'MW~ + W)

I
>
Q

|
y )

Hence A~2(S,G)W, ' = —(A"'GW 1 A-'GW 'MW ' + A-2GW ) and substitut-
ing this into (4.9) we obtain (4.22). This completes the proof.

The following corollary contains some of the facts proved in the last theorem in the
case when the components of vector .%, = (A*~!®,®) are not linearly independent.

COROLLARY 4.9. Let the operator Bsg : X — X be defined by
Bsgx = A2x — S(®', Ax)xn — G(®' ,A%x)xn = f, D(Bsg) = D(A?), (4.23)

where A is a correct, densely defined operator on X, S = (s1,...,5m) € X", G =
(g1,---,8m) € D(A)™, S = AG — G(®',AG)xn and the components of the vector ® are
linearly independent elements of X*. Then:

(i) Bsg is a correct operator if and only if (4.20) holds true.

(ii) If Bsc is correct, then the unique solution of (4.23) is given by (4.22).

5. Examples

By V%[a,b][ [16, page 372] we denote the subspace of all functions of bounded
variation on [a,b] which satisfy the conditions that they are zero at x = a and continuous
from the right everywhere on (a,b].

It is easy to see that the operator A : C[0,1] — C[0, 1], defined by

Au=1u'=f, D(A)={u(t)eC'[0,1]:u(0) = ku(1),where constantk #1} (5.1)

is correct and densely defined and the unique solution of the problem (5.1) is given by
the formula

~ 1 1
u(t )= A f = / Fdx+ky / fdx forall feclo,1],  (52)
0 0
where k; = k/(1 — k). Then by the Remark 4.2 the operator A? defined by

Au=u"=f DA ={ucC?0,1]:u(0)=ku(1), ' (0) =ki'(1)} (5.3)

is correct too and the reader can verify that for every f € C[0, 1] the unique solution of
the problem (5.3) is given by the formula

u(t, k) zg_zf:/Ot(t—x)f(x)dx—l-kl/Ol(t—x—f—kl—|—l)f(x)dx. (5.4
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EXAMPLE 5.1. The operator B : C[0,1] — C[0,1] with D(B;) = D(A?) from
(5.3), which corresponds to the problem:

2sinmt

1 1
) / xu' (x)dx — sin nt/ xu” (x)dx = f(t)  (5.5)
0 0

Biu=u"— (ncosnt—i—

is correct, dimR(B; —AZ%) =2 and the unique solution of (5.5) for every f € C[0,1]
is given by the formula

u(t,k):/(:(t—x)f(x)dx—l—kl/ol(t—x+k1+l)f(x)dx

{m — sinzt + mhy (2t + 2k + 1) N (2ky 4+ 1 — cosmt) (2m%ky + %+ 4)
n(r—1) 2n2(m—1)32

1 2ki +1—cosmr (! )
/0 xf(x)dx—f—w/o (l+k1—x )f(x)dx (56)

Proof. We refer to Theorem 4.8 (ii). If we compare equation (5.5) with equa-
tion (4.21), it is natural to take the operator A2 asin (8.3), m=1,G =sinnt. Then
A can be defined by (5.1), (¥,Au)c = [)xu/ (x)dx, (©',A%u)c = [} xu (x)dx and
the functional @, for every u(x) € C[0,1], to be defined by (®,u)c = fol xu(x)dx =
Iy u(x)d(%z) = Jo u(x)dw) (x). From the last relation we take (®,Au)c = [ xu' (x)dx =
u(1) + i u(x)d(—x) = 3 u(x)dwa(x) = (Fu)c, where ws(x) = {;x’ Zj e
It is clear that G € D(X) and wy, wp € VO[0,1]. Then, by Theorem [16, page 373]
®, F € (C[0,1])* and F = A*®. Since w, w, are linearly independent elements
of V°[0,1], the components of the vector AT = ((D,X*d)) are linearly indepen-
dent in (C[0,1])*. With simple calculations we find AG — G(®,AG)cn = mcos 7t +
%(2 sinzrz). This show that the operator B = B, where B, is defined by (4.21).
Also we find (¥',G)c = 1, detW = det[l,, — (®',G)cn] = =L #£0, W = Z..
Then, by Theorem 4.8 (ii), the operator B is correct and dimR(B; —XZ) =2, be-
cause AG — G(9',AG)xn,G linearly independent. Now we find A~!G = %(Zkl +1-—
cosmt), A2G = L [mt — sinqut + 7k, (20 +2k; +1)], (D ,A1G)c = s (272K + 72+
4), (¥, f)c = fo xf(x)dx, (@A f)c = L [ (1 +k — %) f(x)dx. From the above
and (4.22) follows the solution (5.6).

_ Let ﬁ_: {(x,y) € R?:0 < x,y < 1}. It is easy to verify that the operator A:
C(IT) — C(IT), defined by

Au=uy=f, D(A)={ueC):u,eC(),
ey € C(T),  ux(x,0)=0, u(0,y)=v(y)u(1,1)} (5.7)

is correct for each v(y) € C[0, 1], v(1) = 0 and the unique solution of the problem (5.7)
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is given by the formula

~ Xy Lorl —
u=A"lf— / / F(t,5)dsdt +v(y) / / F(t,5)dsdi forallf e C(T). (5.8)
0 Jo 0 Jo
Also by Remark 4.2 the operator A? defined by

AU = tyyy = f(x,y), D(A%) = {u € D(A) : uy, € C(T),
Uxyxy € C(ﬁ)7 uxyx(xvo) =0, uxy(07y) = V(y)uxy(la 1)} (5.9)

is correct too and the reader can verify that for every f € C(IT) the unique solutlon of
the problem (5.9), for each v(y) € C[0, 1], v(1) =0, is given by the formula u = A 2f,
ie.

uz/Ox(x—t)dt/oy(y—s)f(t,s)ds+v(y)/l(l—t)dt/l(l—s)f(t,s)ds

+{x/0 v(s)ds+v(y / ds//ftsdsdt (5.10)

EXAMPLE 5.2. The operator B; : C(TT) — C(TT) with D(B) = D(A?) from (5.9)
which corresponds to the problem

2 11
Bt = Uyyy — (ncos Tx -+ Ey sin nx) / / tugs(t,s)dsdt
0 Jo
1
—ysinrcx/ tugg (2, 1)dt = f(x,y), (5.11)
0
is correct for each v(y) € C[0,1], v(1) = 0 and the unique solution of (5.11), for every

f € C(I0), is given by the formula
2

y

1 {%[ﬁ(nx— sin7x) + v (y)] —|—x/0 v(s)ds

u(vy) =472+
1
+v(y )/ ()ds+ﬁ[ (1 —cosmx) 4+ 2v(y) 4+n +/

//tftsdsdt+ TG (1 —eosm) (5.12)

+2v)][ /O (1—)de /O (1—5)f(1,s))ds+ /O L (s)ds /O 1 /0 1 £(@,5)dsdr].

Proof. We refer to corollary 4.9. If we compare equation (5.11) with equation
(4 23) we are led to take the operator A2 as in (5.9, m=1, ® =0, (®,Au)c =
fo fo tugs(,5)dsdt . So A can be defined by (5.7) and the functional @ for every u(x) €
C(T) by (®,u)c = fy Jy tu(t,s)dsdt . Then with integration by parts and (5.9) we ob-
tain (d),gzu)c = fol fol tusgs(t,8)dsdt = fol tusg (2, 1)dr and so we take S = mcosx +
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%y sinzx, G = ysin7x. Itis clear that G € D(A). By simple calculations we find AG —
G(®,AG)cn = mcos nx+ Zysinmtx =S, (®,G)c = 5=, detW = det[l,, — (®,G)cn] =
2” Lo, wl= 2ﬂ ;- Then, by corollary4 9 the operator B is correct. Now using
(5.8) and (5.10) we find respectively A~'G = ;L [y?(1 — cosx) +2v(y)] and A=2G =

#bﬁ(nx —sinzx) + v(y)] + L [x [Fv(s)ds +v(y) fy v(s)ds} . Then (®,A"'G)¢c =
@)+ & [ vs)ds, (@, f)c = Jo o f(es)dsdr, (®,A7 f)e = 4] [ (1-

12)dt fo (1 —s)f(t,s))ds+f0 v(s)ds fol fol f(t,s)dsdt} . In the last relation we have used
the simple formula

/Olfolx/ox/oyf(t,s)dsdtdydx: %/01(1_tz)dt/()l(l—y)f(t,y)dy

From the above and (4.22) follows that

ulx,y) =A2f+ {61 Sy 3 (mx — sinzx) + v (y)] + % [x/oyv(s)ds—i— v(y) /01 v(s)ds]
+ 2 pA(1 = cosmx) + 2v(y)] — [L(4+n2) + % /0 1 v(syds] }

27 2r—111273

1 27
— 1— 2
2%—1/ / tftsdsdt+2 [y?(1 — cosmx) 4 2v(y )]27_[ 1

%[/0 (l—tz)dt/O (l—s)f(t7s)ds+/0 ds/ / f(2,s8) dsdt

which gives the solution (5.12).

A comment from the first author: The second author passed away from a heart
attack in the Fall of 2009, at the age of 64. I would like to express my deepest sorry for
his sudden death.
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