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ON COMMUTATORS IN MATRIX THEORY

GEOFFREY R. GOODSON

(Communicated by I. M. Spitkovsky)

Abstract. We investigate intertwining relations arising from commutators such as AB— BA =D
when AD = DA, and AB— BAT =D when AD = DAT , where A,B and D are n-by-n matrices.
Depending on the properties of A, such equations often force D to be zero or at least nilpotent,
and it is the properties of D that we investigate. We briefly discuss the situation when AB+ BA =
D, AD = DAT for A normal.

1. Introduction

Let A,B and D be n-by-n matrices. Equations such as AB—BA =D and AB —
BAT = D are important in matrix theory (the bracket notation [A,B] = AB — BA is often
used, see Zhang [10] for elementary properties of [A, B]). We survey a number of well
known properties of the commutator AB — BA and give some new properties. We also
look at the commutator-type expressions AB — BAT and AB+ BA.

The space of all n-by-m complex matrices will be denoted by M, ,,(C) (or just M,
when m = n), and the corresponding space of real matrices will be denoted M, ,,(R).
Our vectors are in C" = M,, 1 (C), the space of n-by-1 complex matrices. Our notation
will follow [3]. The transpose of the matrix A will be denoted by AT and A* will

denote the conjugate transpose AT .

Recall that a matrix A € M,, is nonderogatory if every eigenvalue is of geometric
multiplicity equal to one. In this case, each eigenvalue has exactly one Jordan block in
which it appears.

The commutant of A € M,, is the set

C(A)={BeM,:AB=BA}.

It is known that C(A) is Abelian if and only if A is a nonderogatory matrix (see [5],
Theorem 4.4.19/Corollary 4.4.18). Notice that C(A) C C(A?), so if A is nonderoga-
tory then A is also nonderogatory.

We will make repeated use of Sylvester’s Theorem: if A € M,, and B € M,,, have no
eigenvalues in common, then the matrix equation AX — XB = C, has a unique solution
X € My,;»(C). When C =0, this solution is X = 0. (see problem 9 in (2.4) of [3] for a
proof).
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2. Basic Results About Commutators

A result of Jacobson [6] says that if AB—BA =D and AD = DA, then D is a
nilpotent matrix [3], page 98. Putnam [7] showed that for bounded normal operators
A, B and D on a Hilbert space, with AB— BA =D and AD = DA, necessarily D =
0. This result was improved by H. Shapiro [8], in the matrix setting, to show that if
A is diagonalizable, then D = 0. It is well known (see the American Mathematical
Monthly, March 2002, Problem 10930) that for A,B € M,, with AB—BA =D and
AD = DA, under the additional condition that BD = DB, necessarily D = 0. We prove
these results and give various generalizations. Our first theorem starts with proofs of
Jacobson’s Lemma and results of Shapiro, and continues with some new properties of
commutators. The proof of Jacobson’s lemma is close to that in [3], page 98, but [4],
2.4 Problem 12 gives a new proof which is possibly more elegant. Theorem 1(b) and
(c) are due to Shapiro [8], but the proof of (c) is new and the results in (d), (e) and (f)
are new.

THEOREM 1. Let A,B,D € M,, with AB—BA=D:

(a) If AD = DA then D is a nilpotent matrix (Jacobson’s Lemma).

(b) If AD = DA where A is diagonalizable, then D = 0 (Shapiro [8]).

(c) If AD = DA where A is nonderogatory, then A and B are simultaneously trian-
gularizable (Shapiro [8]).

(d) If AD = DA, BD = DB, and A is nonderogatory then D* = 0. The number of
distinct eigenvalues of B is less than or equal to the number of distinct eigenval-
ues of A and rank (D) < n/2.

(e) If AD = DA, BD = DB and the algebraic multiplicity of every eigenvalue of A
is less than or equal to 2, then D = 0.

(f) If AD = —DA and A? is a nonderogatory matrix, then D = 0.

Proof. (a) Set D = PJP~!where J is the Jordan canonical form of D and P is a
nonsingular matrix. We can assume that J is the direct sum of the form:

J=L®LD - DI,

where each J; is the direct sum of Jordan blocks corresponding to the same eigenvalue
Ai, so the spectrum of J;, o(J;) = {A;} is a singleton set, and each of the A;’s is distinct,
i=1,2,... k.

Now AD = DA gives (P~'AP)J = J(P~'AP) or AJ = JA, where A = P"1AP.
Partition A conformally with J, then since the eigenvalues of each J; are distinct, using
Sylvester’s Theorem we can write

A=A ®BA B ®Ar, where AJ;=JA;, i=1,... k.
The equation AB — BA = D = PJP~! can then be written as
(P~'AP)(P~'BP) — (P~'BP)(P~'AP) = J,
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or
AB—BA=J where B=P 'BP.

Writing B = [B;;] conformal to A and J gives A;B; j—BjjAj=J; when i = j and
zero otherwise. Thus the trace of J; is tr (J;) = tr(A;B;; — B;;A;) = 0. This implies that
Ai=0,i=1,...,k (in particular, k = 1), so o(D) = {0}, and D is nilpotent.

(b) Since A is diagonalizable, there is a nonsingular matrix S € M,, for which
A = SCS™', where C € M, is a diagonal matrix of the form C = a1} ® --- @ ayly,
where the a; are distinct and /; are identity matrices.

Now AD = DA implies that S~!'DS is block diagonal, conformal to C. Set F =
S~'BS, then AB— BA = D implies that CF — FC = S~'DS. But the diagonal blocks of
CF — FC are all 0, sothat D =0.

(c) Suppose AB— BA = D where AD = DA and A is nonderogatory. Write A =
PJP~! where P is nonsingular and

J=L LD --DI,

gives the Jordan blocks of A having distinct eigenvalues. Then AD = DA gives J(P~'DP)
= (P~'DP)J or JD = DJ where D = P~'DP.

Write D = [D;;] conformally with J = &,J;, then by Sylvester’s Theorem, D;; =0
ifi#jand D=D;®Dy®--- @Dy, where D;J; = J;D; (replacing D;; by D;), 1 <i<
k.

Now AB—BA =D gives JB—BJ =D, where B=P~'BP. Decompose B confor-
mally with J and E as E = [Bij} . Then JiBij —Bijjj =0ifi 75 ] and JiBii _Biiji = Di,
so again, by Sylvester’s Theorem, B;; = 0 if i # j. We therefore have

JiBii — BjiJi = D; where J;D; =D;J;, 1 <i<k.

We now prove a lemma:

LEMMA 1. Let A,B and D belong to M,, where AB— BA = D. Let A be the

A100--0
OA 10 -0
Jordan block A= |00 4 1 -0
00 - 0 A

(i) If AD = DA, then B is an upper triangular matrix whose eigenvalues are in
arithmetic progression.

(i) If AD = DA and BD = DB, then D = [O E , where E is upper triangular and

0 O}
rank(E) <n/2.
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Proof. (i) From [3] (Theorem 3.2.4.2), if AD = DA, then D is of the form

dydy ds - d,
0di dy - dyi
D= |0 0d - ds
00---0 d

But also from part (a) of this theorem, D is nilpotent, so d; =0.
A calculation shows that if B = [b;;], then

-b21 b22—b11 b23—b12 b24_b13 b2,n_b1,n71 1
b31 by —Dbyy  bsz—Dbyy byu—byz - b3, —Dbyu g
b43 — b32 b47n - b37n—1

byr by — b3 bag — b33 ---

AB—BA =

bml bn,Z_bn—l,l bn73 _bn—172 o bn,n_bn—hn—l

0 —bay

_bn72 _bmn—l

Equating this to D, it immediately follows that b;; = 0 for i > j, so that B is an upper
triangular matrix. This proves part (i) of the lemma, but we can see that B has a special
form in the following way:

Set by j =« for j=1,...,n. Then the equations

bitviit1—bij=dy, i=1,2....n—1,
imply that
by =0y, by =oy+dy, bz =04+2dy,....byn=04+(n—1)ds,
and similarly
bin=0p, by=0+d3, bys=04+2d3,...,by_1,= 02+ (n—2)ds.

Continuing in this way we see that

(04] (05) (04} (07 o,
0 ag+dy, op+d;s oz+dy -+ --- Oy_1+dy,
0 0 o+2droy+2dy---- Op_n+2d,_1
B=10o o 0 oy+3dy-- - Op_3+3d,_»
0 0 0 < 0 oy +(n—1)ds |

We see that the eigenvalues of B are in arithmetic progression.
(i) Now we use the fact that BD = DB and a calculation to get more detail on the
structure of B and D. Let 1 < j < n, then the (1, ) entry of DB is
(O(j,l + dj)dz + (061;2 + 2dj,1)d3 + (061;3 + 3dj,2)d4
+e (0 + (= 2)d3)dj—1 + (1 + (j — 1)d2)d;,
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and the (1, /) entry of BD is
oudj+opdj_1+ozdj o+ +oj_1ds.

For the (1,2) entry this gives (o +da)dy = aydy, or dy = 0. The (1,4) entry

gives
(053 +d4)d2 + (OCQ —|—2d3)d3 + (061 + 3d2)d4 = oqds + opds + ozds,

or d3 = 0. Inductively, suppose that we have shown d, =0,d3 =0,...,d;_; =0.

Consider the (1,2 —2) entry of BD and DB (when 2j —2 < n). Then we have

(j-3+daj2)dy+ -+ (0;+ (j = 2)djs1)dj—1 + (-1 + (j— 1)d;)d;
ot (o +(2) = 3)d2)daj—2
=oudyj 2+ pdrj 3+ -+ 0 1dj+ -+ 0 3da.

Since dp) =d3 =...=d;_1 =0, we have

aj1dj+(j— 1)4%4— Ojodjp1+ 0 3djo+-+oudyj o
= udyjr+ Odrj 3+ + 0j1dj,

and this gives d; =0 forall j with 2j <n+2. [

Now apply Lemma 1(i) to J;, Bj; and D; to see that B;; is upper triangular, i =
1,...,k, so that both A and B can both be put into upper triangular form by the same
matrix P, and (c) follows.

(d) If in addition BD = DB, then BD = DB and B;D; = D;B;; for i=1,... k.
Applying Lemma 1(ii) we see that B;; is of the form

O 0 O3 Oy -+ O Oy

0 ooz Oy 2+dy1 Oy 1+dy

0 0 oqog- 0y—3+4+2d,—2 0ty—2+2d,—1
000 o - Oy_3+3d, 5 | >

(000 - o 0 a |

00
follows that B has at most  distinct eigenvalues, D*> = 0, and rank (D) < n/2.

(dj =0 for j <n/2+1)and D; is of the form [O E] where E is upper triangular. It

(e) If all the eigenvalues of A have algebraic multiplicity no larger than 2, then the
Jordan blocks of A are at most 2-by-2. Thus we can write A = PJP~! where

J=Jo@®I & By,

where Jy is a diagonal matrix all of whose eigenvalues occur with multiplicity at most

2, and J; = [)Li !

0 )L} , 1 <i< k, where all the A;’s are distinct, and they are distinct
1
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from the diagonal entries of Jy, 1 < i < k. Follow the steps of (c) to obtain matrices
B; and D; as before, 0 < i < k. Since Jy is diagonal, (a) above implies that Dy = 0,
and Lemma 1(ii) implies that D; = 0 for 1 <i < k (since D; € M;), so we must have
D=0.

(f) Since AD = —DA,
A’B — BA*> = A(AB— BA) + (AB— BA)A= AD + DA =0,
so A’B = BA?. Since A? is nonderogatory, B is a polynomial in A%. Tt follows that
AB=BA,soD=0. O

The results of the following theorem (some of which now appear as exercises in 3.2
of [4]) are new, except for (d), which is a consequence of the Taussky and Zassenhaus
result which says: if A is nonderogatory and AX = XAT | then A is symmetric (see [9]).
Theorem 2(d) does not require that D be a commutator.

THEOREM 2. Let A,B,D € M,, with AB— BAT = D.
(a) If AD = DAT | then D is singular:
(b) If AD = DAT and A is diagonalizable, then D = 0.
(c) If AD = DAT and DA = AT D, then D is nilpotent.

(d) If AD = DAT and A is nonderogatory, then D is symmetric (Taussky and Zassen-
haus).
(e) If AD = DAT and A is nonderogatory, the geometric multiplicity of the eigen-

value 0 of D is greater than or equal to the number of distinct eigenvalues of
A.

Proof. (a) Choose R nonsingular with A” = RAR™!. Then
AB—B(RAR™) =D, so A(BR)— (BR)A=DR.

In addition, AD = DAT implies that A(DR) = (DR)A, so DR is the commutator of
BR and A, and also A and DR commute, so Jacobson’s lemma implies that DR is
nilpotent, so D must be singular.

(b) As before we can write A = SCS~! for some invertible S and diagonal C =
arl} @~ @ agly, where the a; are distinct. Now AD = DAT implies that CS~'D(ST)~!
=8ID(ST)~!C, so that again S~!D(ST)~! is block diagonal conformal to C. But

AB—BAT = D implies CS™'B(ST)"! —s71B(sT)"'c=s"'D(sT)7!,

so again we must have D = 0.

(c) AB—BAT =D, so ABD—BATD = D? or A(BD) — (BD)A = D? (since ATD =
DA). Write this as AB— BA = D where B=BD, D = D?.

Now AD = AD?> = DATD = D?A = DA, so that Theorem 1(a) applies to give
D = D? nilpotent, and hence D is nilpotent.
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(d) Let S € M,, be nonsingular and symmetric, and such that AT = SAS~!. Then
AD = DAT = DSAS™!, so A(DS) = (DS)A.

Since A is nonderogatory, it follows that there is a polynomial p such that DS =
p(A). Then SDT = (DS)T = p(A)T = p(AT) = p(SAS~!) =Sp(A)S~! =SD,so S(DT —
D) =0, or D is symmetric.

(e) Let A = SJS~! be the Jordan canonical form of A with S nonsingular and
J= Jn,()tl) D @Jnd(ld)a

a direct sum of Jordan blocks with distinct eigenvalues. Let 2 = S~'DS and % =
S™'BS™T; define J; = J,,(A;); and partition 2 = [Z;]¢,_, and B = [;;]{,_, confor-
mally to J. Then

AD=DA" = ]9 = 9" = 1,9;; = 9]},

so distinctness of eigenvalues and Sylvester’s Theorem ensure that Z;; =0 if i # j.
Let R; € M, be nonsingular and such that JI-T = RiJiRi_l. Then

JiDii = Dild] = JiDii = DiRiJiR; " = Ji(ZiiR;) = (ZiRi)J:.
Moreover, D = AB — BAT implies
Di = Ji Bii — B! = 1, By — BiRiJiR; ",
or
DiR; = Ji(BiiR;) — (#iRi)J;.

Thus for each i = 1,...,d, Z;R; is the commutator of %;R; and J;, and it commutes
with J;. Jacobson’s Lemma ensures that each Z;;R; is nilpotent, so each Z; is singular.
It follows that the null space of

D=91 @ ®Dua

(and hence of D) has dimension at least d, that is, the geometric multiplicity of O as an
eigenvalue of D is atleast d. [

3. Commutators and Quasi-Real Normal Matrices

We briefly survey a method for generalizing some results on quasi-real normal
(QRN) matrices (see [1], [2]). Consider the commutator-type expression AB+BA =D,
where AD = DAT . Here is a non-trivial example, where A is a normal matrix (i.e., A
is unitarily diagonalizable):

Let I) ,, = {_/1“ g] , for A,u € C. Set A=1, ;. The general form of D with

e

f

a

AD:DATisD:[ b

_J;} IfwesetB:[ Z],Whereezzka and f =2Ab,
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we can check that the equation AB 4 BA = D is satisfied. In this example, A is normal
and both D? and B? are multiples of the 2-by-2 identity matrix, so their eigenvalues
occur with multiplicity two and in fact the eigenvalues of B and D occur in + pairs.
We shall show that this is a fairly general situation.

The matrix A is actually an example of a quasi-real normal (QRN) matrix:
A €M, is QRN if (i) A is normal, (ii) Ax = 0 implies Ax = 0 and (iii) x is an eigen-
vector of A if and only if X is an eigenvector of A. The following was shown in [1]:

THEOREM 3. A matrix A € M, is ORN if and only if there is a unitary matrix of
theform U =YY Z], Y € My4(C), Z € My ,_2(R), and a diagonal matrix A = L, &
Ly & L3 such that A=UAU", Li,L, € M. are nonsingular, and there are nonnegative
integers d and r, positive integers ny,...,ng,mi,...,m,, and 2d + r distinct scalars
Myeo s Ady M1y oo Uy Viy oo, Vy, such that ny+---+ng =k, my +---+m, = n— 2k,
Ly=MDy @ ®Aaly,, Lo = pily & ® Ugly,, and Ly = vily, @ - & Vily,.

Suppose that A, B and D are in M,, with
AB+BA=D and AD=DAT,

where A = UAU* (A=L &Ly ® L3, U=[Y Y Z]) is a QRN matrix. Then we can
check that AT = U(L, © Ly © L3)U* (see [1]), so that

AD =DAT = (Ll EBLQ@L3)(U*DU) = (U*DU)(LQ@Ll EBL3).

Write U*DU = [D;;] partitioned conformally with A. Then by Sylvester’s Theorem
(using o(L;)No(Lj) =0 for i # j) we have

0 D O 0 Y*DY O
U'DU=|D,, 0 0 |=|YTDY o 0 |,
0 0 D33 0 0 7Z'pz
Y*
since U*DU = | YT | D[Y Y Z].
ZT

The equation AB + BA = D becomes A(U*BU)+ (U*BU)A = U*DU or AB+
BA =D where B=U*BU, D= U*DU. Decompose B conformally with A and
assume that o(L;)No(—L;) =0 and o(L;)No(—L3) =0,i=1,2.

Equating the resulting matrices and again using Sylvester’s Theorem gives B (a
form similar to that for D):

0 B, 0 0 Y'BY 0
B=U*BU=|Byy 0 0 |=|YTBY 0 0
0 0 By 0 0 7z'Bz

We see, for example, that B? =B»B>1 ® B2 B2 @353 (and similarly for D?). Since the
nonsingular Jordan structures of Bi2B;; and B, Bj, are identical, and O is an eigen-
value of the same multiplicity for both matrices, the eigenvalues of BB & By1B12
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occur with even multiplicity (and similarly for D?). There are various conditions on
the spectrum of A which give rise to the above results. For example, if A is real and
normal, A = UAU* where U is as above, A = L& L®R, L can be chosen to consist
of diagonal entries which lie in the open upper half plane, and the diagonal entries of
R are real. In this case L; = L,L, = L and L3 = R where o(L;)No(—L;) =0 and
o(L;))No(—L3) =0, i = 1,2 so the results above can be applied, leading to:

THEOREM 4. Let A € M,,(R) be normal. If B,D € M, satisfy the equations
AB+BA=D and AD=DAT,

then the subspace H = {x € C" : Ax = ATx} and its orthogonal complement H* are
both B and D invariant. In addition, for B and D considered as linear maps on the
subspace H™, the following holds:

(a) The eigenvalues of B> and D* occur with even multiplicity.

(b) If B is real then D is real and the eigenvalues of both B and D occur in +
conjugate quadruplets with the same multiplicities.

(¢) If B= B*, then the eigenvalues of B are real and occur in + pairs with the same
multiplicities.

Proof. (a) A real normal matrix is QRN, so the discussion prior to the theorem
is applicable. Since the nonsingular Jordan structures of B1,B>; and By Bj; are iden-
tical, and zero is an eigenvalue for both with the same multiplicity, the eigenvalues
of B12B31 ¢ B1B12 occur with even multiplicity. It therefore suffices to check that
the subspace on which this matrix acts corresponds to the orthogonal complement of
H={xecC":Ax=ATx}.

(b) If B is real, then Y*BY =YTBY , so that B = [EO B62] @ B33. Now following
12
. . 0 B .
the argument in [1], we see that the eigenvalues of C = B, 0 | oceurin + con-
12

jugate quadruplets. In fact it is shown in [1] that C is similar to a matrix of the form
—R®R, where R is real.

0 B
Bi, 0O
is a diagonal matrix whose diagonal entries are the singular values of By (see [1]). O

(c) In this case C = [ } is similar to a matrix of the form —X® X, where Z

This theorem is true more generally when A is a QRN matrix with o(L;) No(—L;)
=0 and o(L;))No(—L3) =0, i = 1,2. The methods outlined here will also work for
certain other commutator-like expressions such as AB+ BAT = D when AD = DA.

Acknowledgements. 1 thank Roger Horn for valuable suggestions resulting in im-
provements to this paper. In particular, I have included his proof of Theorem 2(e),
which was an improvement on the original proof. Some of these results and other re-
sults about commutators are to appear in the second edition of [3] (see [4]). Theorem
2(b) was the result of discussions with Dennis Merino who I would also like to thank.
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