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PAVING SMALL MATRICES AND THE
KADISON-SINGER EXTENSION PROBLEM
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Abstract. We compute paving parameters for classes of small matrices and the matrices that
yield them. The convergence to 1 or not of the sequence of these parameters is equivalent to the
Kadison-Singer Extension Problem.
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1. Introduction

1.1. The Kadison-Singer extension problem

Let /% be the Hilbert space of absolutely square-summable complex sequences and
B(¢?) denote the von Neumann algebra of all bounded linear operators on ¢>. Every
T € B(¢?) has an infinite matrix representation with respect to the standard orthonormal
basis & = {e, :n € N} of £2, namely [T], = [(Tej7e,->]l.7j€N. Let £~ stand for the
set of all T € B(£?) for which [T], is diagonal. Then ¢* is a maximal abelian von
Neumann subalgebra (or MASA) of B(¢?). A fundamental open problem in the theory
of operator algebras is the Kadison-Singer Extension Problem (hereafter KS) [8]:

Does every pure state on £ extend uniquely to a pure state on B(£?)?

Existence is straightforward, the issue is uniqueness. Indeed, any Hahn-Banach ex-
tension of a state on £~ is a state on B(¢?). If the original state is pure, then the
Krein-Milman Theorem implies the existence of a pure state extension. Alternatively,
an explicit construction is available—the composition of a pure state on ¢~ with the
normal conditional expectation of B(¢?) onto ¢* is a pure state on B(¢?) [3]. An affir-
mative answer to KS would entail a complete description of those pure states on B(¢?)
which restrict to pure states on ¢*°. They would be precisely the states of the form
@y (T) =limy (Tey,e,), where % is an ultrafilter on N. While this would not cover
all pure states on B(¢2) [1], it would be a substantial step in that direction. Kadison
and Singer doubted the truth of KS [8], and that is also the prevailing opinion among
experts today.

1.2. Anderson’s paving problem

A major advance in the study of KS was made by Anderson, who reformulated
the problem in terms of finite matrices [2]. We will state his result in terms of certain
paving parameters. To define these we need the notion of a paving, which in turn relies
on the idea of a compression.

DEFINITION 1.2.1. (compression) For A € Ml,(C) (n x n complex matrices) and
o C{1,2,...,n}, the o-compression of A is Ay := PsAPs, where Py € M,(C) is the
orthogonal projection onto span{é; : i € 6}. By a p-compression of A we mean a
compression As with card(o) = p.

More generally, if u,v C {1,2,...,n}, then A, := P,AP,. Note that
[Au vl = 1PLAP || < [[Pu[IIA][[[Pv]| < 1A,

where || -|| is the operator norm. In particular, ||Aq|| < [|A]|.

DEFINITION 1.2.2. (paving) For A € M,(C) and 7 € I} (the set of all k-partitions
of {1,2,...,n}), the m-paving of A is A" := Y ;. As. By a k-paving of A we mean a
paving A" with card(m) = k. By an (ny,n,...,n;)-paving of A we mean a paving A”
with m = {0}, 02, ..., 0}, where card(o;) = n; forall 1 <i<k.
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Note that

147 =

3 40

OET

=max{||As| : 0 € T} < ||A].

DEFINITION 1.2.3. (paving parameters for a matrix) For 0#A € M,,(C), the k-
paving parameter of A is

0 (A) := min{||A™]| : € TI{} € [0, [|A[].
The normalized k-paving parameter of A is

Bi(A) = % eo,1].

DEFINITION 1.2.4. (paving parameters for matrix classes) For 0 # . C M,(C),
the (normalized) k-paving parameter of .7 is

Br(7) :=sup{Br(A) : A€ L} €[0,1].
In this paper, . above will be one of the following classes:

C), the set of all n x n zero-diagonal complex matrices.

ii. M° R), the set of all n x n zero-diagonal real matrices.

n
iv. I\\/JIS C)a, the set of all n x n strictly upper-triangular complex matrices.
)

(
(
iii. I\\/JIO(R+), the set of all n x n zero-diagonal non-negative (entried) matrices.
(
(C), the set of all n x n zero-diagonal complex circulants (cf. Sect. 5.1).

n

vi. MS(C)_W ={Ae MS(C) :A*=A} (here A* is the adjoint of A, i.e., the conjugate-
transpose).

vii. MS(R).\H = {A S MS(R) TA* ZA}
viil. MO(R)s = {A € MJ(R}) : A* = A}.
ix. MO(C)es0={AeMYC)y: A* = A},

Using the fact that B (A@0) = Bi(A) [4], we deduce that B (M (C)) < Bi(MY. ,(C)),
and so

n—oo

lim B(M(C)) = sup Be(MO(C)) € [0,1].

The same is true for all matrix classes considered above, with the exception of M?(C).5
and MB((C)OM (the direct sum of a nonzero circulant with zero is never circulant). We
can now state Anderson’s theorem on the equivalence of KS and the so-called Paving
Problem:
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THEOREM 1.2.5. ([2]) The following are equivalent:
1. Every pure state on {*° extends uniquely to a pure state on B(£?), i.e., KS is true.
2. There exists a k € N such that lim, ... B(M%(C)) < 1.
3. Forevery 0 < € < 1, there exists a k € N such that lim, ... B(M2(C)) < €.

Using the formula o2 (A + B) < o (A) + o4 (B) [4], one can show that MY(C) in
Theorem 1.2.5 may be replaced by M%(R), M?(C),,, or M%(R),,. Owing to recent
work of Paulsen and Raghupathi, MS((C) A also works [10]. So solving the Paving
Problem for any of these classes would settle KS.

1.3. Paving results

Because of Theorem 1.2.5, it is of substantial interest to compute lim,, ... B¢ (M?(C))
for k € N, k > 2 (as well as the corresponding limits for other matrix classes). Nonethe-
less, heretofore this has only been accomplished for £k = 2. Since

010
B | loo1| | =1,
100

we have (trivially) that

lim B (M}(C)) = lim B (M (R)) = lim B (M (R )) = 1.

n—oo

The self-adjoint case, which is much more delicate, was recently settled by Casazza,
Edidin, Kalra, and Paulsen:

THEOREM 1.3.1. ([5]) lim, ... Bo(M2(C)y,) = 1.

REMARK 1.3.2. The question of attainment in Theorem 1.3.1, i.e., whether or not
there exists an A € MY(C),, with B,(A) = 1, is still open and of considerable interest.

Turning to k = 3, the only result in the literature is due to Halpern, Kaftal, and
Weiss:

THEOREM 1.3.3. ([7]) lim,—.. B3(M)(C)) > lim,—.. B3(MJ(R)) > 3.

On the other hand, the Paving Problem for non-negative matrices is known to have
a positive answer, thanks to work of Berman, Halpern, Kaftal, and Weiss:

THEOREM 1.3.4. ([4]) For ke N,
2
k'

Unfortunately, KS seems not equivalent to the Paving Problem for non-negative
matrices.

n—oo

. 1 .
lim By (M (R )sa) = 7 lim B (M} (R+)) <
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1.4. Summary of the paper

305

The impetus for this paper was a question of Halpern, Kaftal, and Weiss concern-
ing Theorem 1.3.3 [7]:

Is lim,, . B3(MO(C)) < 1 oris lim, .. B3(M2(C)) = 1?
At least is lim,—.. B3(M)(C)) > 27

By computing f83(MY(C)) for small values of n, we are able to answer the second
question affirmatively. We obtain the following 3-paving tables, which are the main
results of our investigation:

THEOREM 1.4.1. (3-Paving Table for Nonselfadjoint Matrices)

n | Bs(MY(C)) | Bs(Ma(R)) | Bs(M(R+)) | Bs(M(C)a) | B3(ML(C)o)
4 .6180 .6180 .5550 5412 [.6000,.6030]
5 | 6180 6180 5550 | [.5609,.5774] | [.6120,.6180]
6 | 7071 7071 | [5550,.5774] | [.5725,.5774] | [.5726,.6325]
7 | [8239,1] | [8029,1] | [.5550,.6667] | [6503,.9258] | [.8239,1]
10 | [8540,1] | [8079,1] | [5550,.6667] | [6703,1] 8540, 1]
13 | [8615,1] | [8195,1] | [5550,.6667] | [.6800,1] 18615, 1]

THEOREM 1.4.2. (3-Paving Table for Selfadjoint Matrices)

n | BMNC)sa) | B(MI(R)sa) | Bs(MR(C)os,sa)
4 5774 4472 4142

5 5774 4472 4472

6 5774 4851 14069, .4495]
7 | [.6872,.7559] | [.6667,.7559] | [.6544,.7559]
8 | [.6872,.8819] | [.6667,.8819] | [.5797,.8819)]
9 | [.6872,.8889] | [.6667,.8889] | [.5539,.8889)]
10 | [.7536,1] [7454,1] 6686, 1]
13| [7536,1] [7454,1] 6983, 1]
16 | [7574,1] [7454,1] 7019, 1]

To support bootstrapping arguments for the 3-paving tables, as well as because of

intrinsic interest, we also compute the following 2-paving table:
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THEOREM 1.4.3. (2-Paving Table)

B2(M;(C)a) | B2(M(C)os) | Bo(Mp(C)sa) | Bo(M(R)sa) | B2(M(C)o5.s0)

n

3| 6180 1 5774 5000 5774
41 7071 |[.6000,.6030]| 5774  |[.5493,.5577] 4142
5| [7715,1] 1 8944 8944 8944
6| [8337,1] 1 8944 8944 [.7454,.8944]
7| [.8500,1] 1 [9225,1] [.9073,1]
8| [8866,1] | [9623,1] | [9225,1] 7689, 1]
9| [.8965,1] 1 [9414,1] 8920, 1]
10| [.9149,1] 1 [9414,1]

11| [.9207,1] 1 [.9477,1]

12 1 [9477,1]

13 1 [9547,1]

14 1 [9547,1]

15 1 (9625, 1]

16 [9846,1] | [.9625,1]

17 1 (9692, 1]

18 1 (9692, 1]

19 1 [9742,1]

20 1 [9742,1]

The remainder of the paper, which is divided into seven sections, consists of a
myriad of propositions, each of which establishes particular entries in our tables. Each
section corresponds to a certain class of matrices. Although the arguments are struc-
turally similar, the details vary from class to class. Each section begins with a subsec-
tion (or two) which gathers together the needed tools. We assume that the reader is
familiar with basic operator theory and basic graph theory.

REMARK 1.4.4. (exact vs. approximate) The numbers in our paving tables are
decimal approximations. The corresponding exact expressions (when available) appear
in the proposition statements.

REMARK 1.4.5. (computer-generated examples) For those table entries which con-
sist of an interval (e.g. the n =7 entry of the first column of Table 1.4.1), the lower
bound is (almost always) the result of a computer-generated example. To our knowl-
edge, these examples do not have closed-form expressions, and (with one exception)
we do not include them in the paper. In the Appendix, we do show the worst-known
3-paver, a 13 x 13 complex circulant A such that f3(A) ~ .8615.
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REMARK 1.4.6. (open questions) This paper invites many questions. In particu-
lar, can any of the non-sharp table entries be improved? Here are some other interesting
questions:

1. Is lim, e B3(MO(C)) < 1 oris lim, . B3(M2(C)) = 1? At least is
lim, .. B3(MY(C)) > .8615? This is the aforementioned question of Halpern,
Kaftal, and Weiss, amended to reflect the information in Table 1.4.1.

2. Does there exist n € N and A € MY(C),, such that B,(A) = 1. Table 1.4.3
suggests an affirmative answer with n ~ 30. Remember that it is known that

limy, o B (MO(C)yo) = 1.

3. Is lim, e Br(M2(C) o) = 1? Table 1.4.3 suggests an affirmative answer. In that
case, is there an n € N and A € MY(C) such that B5(A) = 17

4. Is lim, e B3 (MJ(R 1)) < % oris limy—.e B3(MQ (R )) = 22 Table 1.4.1 (as well
as substantial computer experimentation) suggests that

lim B3(M2(R.)) ~.5550.

n—oo

5. Is KS equivalent to the Paving Problem for circulants?

2. Paving general matrices

This section establishes the first and second columns of Table 1.4.1.

2.1. Tools

LEMMA 2.1.1. (Frobenius domination principle) For A,B € M,(R,), if a;j < b;;
forall 1 <i,j<n,then ||A]| < ||B].

Proof. Let X,y € C" be such that ||X|| =1, ||J]| = 1, and ||A|| = [(AX,¥)|. Then

1Al = (A%, 5)] =

n
Y, aijlxjllyil

i,j=1

2 atjxjyt

i,j=1

< X bijlxjllvil = (BIXL 51) < IBINFIIIFI = [1B]]- O
i,j=1
LEMMA 2.1.2. Let a,b,d € C. If |a|,|b|,|d| > 1, then

Gl

This inequality is sharp.
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Proof. Let o, 3,8 € R be such that a = |a|e’®, b = |b|eP, and d = |d|e®®. By

T

g AT
LEMMA 2.1.3. If

0 = * a4 di1s
x* 0 = az4 Adjs
A= | x x 0 asass|,
as1 agp agz 0 ays
asy asy asz asq4 0

where “x” indicates an arbitrary entry and for every i # j either |a;j| > 1 or |aji| > 1

then ||A|| > 1+2—‘/§ This inequality is sharp.

Proof. Permuting the indices 4 and 5 if necessary, we may assume |ags| > 1. If
|as1|,|asz|, |as3| =1, then ||A| > V/3 > #, and we are done. Thus, we may assume
that at least one of asi,asy,as3 has modulus less than 1, in which case at least one of
ais,azs,ass has modulus greater than or equal to 1. Permuting the indices 1, 2, and
3, if necessary, we may assume that |ass| > 1. If |as4| > 1, then (by Lemma 2.1.2)

asz4 dss l + \/_
0 ass '

2
If, on the other hand, |a43| > 1, then (by Lemma 2.1.2 again)

A1 s o5 = |

-O ass l+\/§
Al > 1A g3.47.3.5 H i a45H 2
Since
00010
00001
00010 :1+2\/§
01001
10100

the inequality is sharp. [J

2.2. Computation of 3 -paving parameters

The following proposition establishes the first entries of the first and second columns
of Table 1.4.1:

PROPOSITION 2.2.1. B3(MY(C)) = B3 (MI(R)) = 1+f ~ .6180.
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Proof. Let A € M}(C) with o3(A) = 1. We aim to show that ||A| > —\/— ~
1.6180. Associate a digraph D = (V,E) with A as follows: V ={1,2,3,4} and ( J)E
E if and only if |a;;| > 1. We may assume that D has the following properties:

I. For every i # j, either (i,j) € E or (j,i) € E. Otherwise, if (i,j),(j,i) ¢ E,

then
O a;:
il = [ ]| = maxtiast ety <1.
which implies that A has a (1,1,2)-paving of norm less than 1, contradicting
(04] (A) =1.

II. For every vertex i, the out-degree of i is less than or equal to two. Otherwise, if i
has out-degree equal to three, then the ith row of A has three entries of modulus

greater than or equal to 1, which implies that [|A]| > /3 > %g (and we are
done). Likewise, the in-degree of i is less than or equal to two.

III. The digraph
/ i\
J———————k
is not a subgraph of D. Otherwise,
omm

A{i.,jJ{}: *0: y
* %

where “B” indicates an entry of modulus greater than or equal to 1 and “x”

indicates an arbitrary entry. By Lemma 2.1.2, [[A|| > [|A; j || = # (and we
are done).

Checking [11, pp. 293-297], there are no such digraphs D. Thus, ||A]| > 1+2—‘/§ and
Bi(A)=2% %) ﬁ Since the choice of A was arbitrary, 83(M3(C)) < # Since

TAT
2
011 -2z
gl [001 1 _ 2
000 1 1++/5
100 0

we have 1+\/— <B(MY(R)) < B3(MI(C)) < 1+\/_

The following proposition establishes the second entries of the first and second
columns of Table 1.4.1:
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PROPOSITION 2.2.2. B3(MJ(C)) = B3(MI(R)) = 1+2—f5 ~ .6180.

Proof. By Proposition 2.2.1,

2
1+/5

Now let A € M2(C) with a3(A) = 1. We aim to show that ||A]| > %g Associate
a graph G = (V,E) with A as follows: V ={1,2,...,5} and (i, j) € E if and only if
[Ag 3l <1 (e |ai;j| <1 and |aj| < 1). We may assume that G has the following
properties:

= B3(M3(R)) < B3(M5(R)) < B3 (M5 (C)).

I. The graph

is not a subgraph of G. Otherwise, A has a (1,2,2)-paving of norm less than 1,
contradicting a3 (A) = 1.

II. By removing one vertex (and all associated edges) from G one cannot arrive
at the “edgeless” graph ({i, j,k,1},0). Otherwise o3(Ay; ;) = 1 (since ev-
ery (1,1,2)-paving has norm greater than or equal to 1), which implies that
Ag iyl = ”2—‘/3 (by Proposition 2.2.1). Then [|A|| > [|Ag; k]l = # (and
we are done).

Checking [11, p. 8], we see that G must be

AN

By Lemma 2.1.3, ||A|| > 1+2—‘/§ Since the choice of A was arbitrary, 3(M2(C)) <

ﬁ. Thus, B3(M2(C)) = B3 (MI(R)) = ﬁ'

The following proposition establishes the third entries of the first and second
columns of Table 1.4.1:

PROPOSITION 2.2.3. B3(Mg(C)) = B3(Mg(R)) = o5 ~ .7071.

S

Proof. Let A€ MY(C) with 03(A) = 1. We aim to show that [|A|| > /2 ~ 1.4142.
Associate a graph G = (V,E) with A as follows: V ={1,2,...,6} and (i, ) € E if and
only if [|A; || < 1. We may assume that G has the following properties:
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I. The graph

is not a subgraph of G. Otherwise A has a (2,2,2)-paving of norm less than 1,
contradicting a3(A) = 1.

II. For every vertex i, the degree of i is at least three. Otherwise, if the degree of i
is less than or equal to two, then there exist j,k,! distinct (and different from i)
such that (i, ), (i,k),(i,l) ¢ E. Then ”A{i,j}”a ”A{i,k}”a ”A{tl}” > 1. It follows
that either the ith row of A or the ith column of A has two entries of modulus
greater than or equal to 1, which implies that ||A|| > v/2 (and we are done).

Checking [11, pp. 9-11], there are no such graphs G. Thus ||A|| > v/2. Since the
choice of A was arbitrary, B3(M2(C)) < = . Now let

V2
00 0O 1 0 I]
1 1
Lo-%0 10
A |00 0 =10 e
=|_1 1 1 -
11t 0 Lo 6
10 1 0 0 O
L1 _1 og_-Lpo
L 2 2 Vol
Then A is /2 times a unitary and o3(A) = 1. Thus B3(A) = % Hence % <

B(MG(R)) < B3(MG(C)) < 5. O

3. Paving non-negative matrices

In this section we establish the third column of Table 1.4.1.

3.1. The concentration principle

In order to obtain a good lower bound on the operator norm of a matrix A, it
is useful to know the configuration of the large-modulus entries of A. Indeed, this
principle was the basis of our analysis in the previous section. Unfortunately, it is
often the case that A has many large-norm submatrices but few large-modulus entries,
which makes the analysis of ||A|| much harder. In this section we prove a result which
allows us to “concentrate” large-norm submatrices of a non-negative matrix A into
large-modulus entries, such that the resulting matrix A’ satisfies ||A’|| < ||A||. Since A’
has more large-modulus entries than A, it should be easier to analyze ||A’|| than ||A]|.
Of course, a lower bound for ||A’]] is, a fortiori, a lower bound for ||A||. Our result is
based on the following minimization formula for the operator norm of a non-negative
rectangular matrix, which is due to Mathias:
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THEOREM 3.1.1. ([9]) For A € M,xn(R4),
|A]| = min{rmax (B)cmax (C) : B,C € My (Ry) and A= BeC},

where rmax(B) is the maximum row norm of B, ¢max(C) is the maximum column norm
of C, and BeC is the entrywise (i.e., Hadamard) product of B and C.

In order to introduce our result, we need some terminology. We say that a matrix
A € Myxn(Ry) is concentrated at (i, j) € {1,2,....m} x {1,2,...,n} if ||A|| = a;;. If
A # 0 is concentrated at (i, j), then the only nonzero entry in the ith row of A and the
Jjth column of A is a;;. For A € M., (R4) and (i, /) € {1,2,...,m} x {1,2,...,n} we
define the concentration of A at (i, j) to be the matrix

a1 arji-1 0 a1 aiy
N ai-11 - ai—1j-1 0 @141 - Gio1p
A .= | 0 0 A o 0 | €Mpusn(Ry).
aip1,1 - vt -1 0 @iv1ji1 - Girip
L Am,1 -+ Am,j—1 0 Am,j+1 -+ Amp |
Since [|A(:))|| = ||A||, we see that A(+)) is concentrated at (i, ). Now suppose we

concentrate a submatrix Ay, of a nonnegative matrix A, producing a new matrix A’.
It can easily happen that ||A’|| > ||A||. The following result asserts that by exercising
care in how we concentrate A, we can achieve [|A’|| < ||A]|.

THEOREM 3.1.2. (concentration principle) For A€M, (Ry) and u,v C{1,2,....,n},

(i.J)
R
Apev Ape ve

\ (i) € 1 x v} <Al

Proof. Without loss of generality, u = {1,2,...,s} and v ={1,2,...,¢} for some
1 <s,t < n. By Theorem 3.1.1, there exist B,C € M, (Ry) such that A= BeC
and ||A|| = rmax(B)cmax(C). Clearly A,y = By v eCpy, and so [|[Auv|| < rmax(Bu,v)
¢max(Cu,v) by Theorem 3.1.1 again. Let i € u be such that the ith row of B, has
NOIm 7max (Bu,v) and j € v be such that the jth column of Cy v has norm cmax(Cy.v).
Let B’HN equal By, , with the ith row replaced by

[01 OJ',] rmax(B“N) Oj+1 0;]
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and C;“, equal Cy  with the jth column replaced by

_ 0, -
0,1
Cmax (Cp.,v)
0i11

L Os .
Note that every row norm of B/th agrees with the corresponding row norm of By v,
and that every column norm of C;W agrees with the corresponding column norm of
Cu,v. Define A}, , = B}, , #Cy, . Then every entry of A, , is greater than or equal to
the matching entry of Ag:{,). Indeed, all but the (i, ) entry agree, and the (i, ) entry

of A}, equals rmax(Buv)cmax(Cy,v) while the (i, /) entry of Ag:{,) equals [|Au ||

Therefore,
Buv Buye |\, Cuy Cuyve
Byuey Bye,ve TN\ [Cue,y Cueyve

- Byy Buye )C ([ Cuv Cure
e Buey Bye e e Cue,y Cpe,ve

|:B;J7V Bum‘} N [C,Zuv Cum‘}

1Al

|
~
B
o
~

Theorem 3.1.1

=

Buey Bueve | [Cue,y Cue e
_ A;W Apve Lemm/a2.l.1 Ag:{) Auve ||| -
Apey Ape e Apey Aye ve

3.2. Other tools
LEMMA 3.2.1. Let A € MY(R, ). Assume that
(i) Forall i < j, either a;j > 1 or aj; > 1.
(ii) Some row or column of A has three entries greater than or equal to 1.
Then ||A|| = 2. This inequality is sharp.
Proof. Replacing A by A*, if necessary, we may assume that some row of A has
three entries greater than or equal to 1. Permuting the indices, if necessary, we may

assume that the first row of A has three entries greater than or equal to 1. Now by
assumption, for all 2 <i < j <4, either a;; > 1 or aj; > 1. Thus, by Lemma 2.1.1,

0 1 1 1
0 0 03 O
01— 0 834
01—641—-6834 0

HAH > min 183,004,034 € {O, 1} =2,
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where the last equality follows by checking 23 = 8 cases on a computer. Since

0111
loot1o|
A=10001| €MaRy)

0100
satisfies (i), (i), and ||A]| = 2, the inequality is sharp. [

3.3. Computation of 3-paving parameters

For future reference, define

com|[o11]] - 2 zeostmt v

001

~1.8019.

The following proposition establishes the first entry of the third column of Table 1.4.1:

PROPOSITION 3.3.1. B3(M}(R4)) = L ~.5550.

Proof. Let A€ M{(R, ) with o3(A) = 1. We aim to show that ||A|| > k =~ 1.8019.
Associate a digraph D = (V,E) with A as follows: V = {1,2,3,4} and (i,j) € E if
and only if a;; > 1. We may assume that D has the following properties:

L. For every i # j, either (i,j) € E or (j,i) € E. Otherwise [|A; ;|| < 1, which
implies that A has a (1,1,2)-paving of norm less than 1, contradicting a;3(A) =
1.

II. For every vertex i, the out-degree of i is less than three. Otherwise, the ith row
of A has three entries greater than or equal to 1, which (by Lemma 3.2.1) implies
that ||A|]| > 2 > k (and we are done). Likewise, the in-degree of i is less than
three.

III. The digraph

i—k

|/

J—=1
is not a subgraph of D. Otherwise, by Lemma 2.1.1,

0110
0011
0001
0000

|
=

Al = llAgijeny |l =

(and we are done).
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Checking [11, pp. 293-297], there are no such digraphs D. Thus, ||A]| > k. Since the
choice of A was arbitrary, B3(M}(R;)) < 1 Since

0110
0011

Bl looo1
1000

Al

we have B3(M{(Ry))=1. O
The following proposition establishes the second entry of the third column of Table
1.4.1:

PROPOSITION 3.3.2. B5(M2(R)) = L ~0.5550.

Proof. By Proposition 3.3.1, B3(M2(R,)) > B3(MY(R,)) = 1. Now let A €
M2(R) with 03(A) = 1. We aim to show that ||A| > k ~ 1.8019. Associate a graph
G = (V,E) with A as follows: V ={1,2,3,4,5} and (i, j) € E if and only if [|A;; | <

1. We may assume that G satisfies the following properties:

I. The graph

is not subgraph of G. Otherwise A has a (1,2,2)-paving of norm less than 1,
contradicting a3 (A) = 1.

II. By removing one vertex (and all associated edges) from G, one cannot arrive
at the “edgeless” graph ({i,j,k,l},0). Otherwise o3(Ay; ;) > 1 (since ev-
ery (1,1,2)-paving has norm greater than or equal to 1), which implies that
A j k3|l = K (by Proposition 3.3.1). Then
done).

Checking [11, p. 9], we have that (after permuting vertices) G must be
\ |
2

Thus, [[Ag45y]] > 1 and [[Ag |l > 1 forall (k,1) € {1,2,3} x {4,5}. Since OC3(A)
1, the {{1,2,3},{4},{5}}-paving of A has norm greater than or equal to 1,

5

4
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|A{1233]l = 1. Therefore,

ais ais
(i)
Theorem3.12 A{17273} azq azs o
|A] > min asy ass | || 11,7 €{1,2,3}
ay1  agy  agz| 0 ags
Lasy asy aszlasa O
[ o4 5
Lemma2.1.l Eij &4 &5 etiaa)
z i 4 Oss | || 8,€{0,1}
10614 1—641-84 0 dus
[ 1015 1 =05 1 —835|1 =845 O
= K.

Here E;; € M3(Ry) is the matrix with 1 in the (i, j) entry and O elsewhere. The last
equality follows by checking 32 x 27 = 1152 cases on a computer. [

The following proposition establishes the third entry of the third column of Table
1.4.1:

PROPOSITION 3.3.3. B3(MO(R,)) € [%%} ~ [.5550,.5774].

Proof. By Proposition 3.3.2, 33 (Mg(RQ) > B3 (Mg(RJr)) = % Now let A €
M2(R) with 03(A) = 1. We aim to show that [|A| > v/3 ~ 1.7321. Associate a
graph G = (V,E) with A as follows: V = {1,2,3,4,5,6} and (i, ) € E if and only if
|[Agijh]l < 1. We may assume that G has the following properties:

I. The graph

is not a subgraph of G. Otherwise, A has a (2,2,2)-paving of norm less than 1,
contradicting a3(A) = 1.

II. G has no isolated vertices. Otherwise, if vertex i is isolated, then either the ith
row of A or the ith column of A has at least three entries greater than or equal to
1, which implies ||A|| > v/3 (and we are done).

III. By removing two vertices (and all associated edges) from G one cannot arrive
at the “edgeless” graph ({i, j,k,1},0). Otherwise a3(Ay; ;) = 1 (since ev-
ery (1,1,2) paving has norm greater than or equal to 1), which implies that
|A{ijxnll = & (by Proposition 3.3.1). Then [|A|| = [|[Ag .l = & > V/3 (and
we are done).
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IV. G is not the graph

where a dotted line indicates an edge which may or may not be there. Other-
wise, 03(Ay; j1mny) = 1. Indeed, since ||[Ag| > 1 whenever o C {i,j,l,m,n},
card(c) > 2, and o N{i,j} # 0, every (1,2,2)-paving of Ay; ;.3 has norm
greater than or equal to 1 and every (1, 1,3)-paving of A(ijimn) except possi-
bly the {{i},{j},{l,m,n}}-paving has norm greater than or equal to 1. Since
o3(A) =1, the {{i},{j,k},{l,m,n}}-paving of A has norm greater than or equal
to 1. Since [[Ag;xll <1, |Agmayll = 1. Thus the {{i},{/j},{l,m,n}}-paving
of Ay j1mny has norm greater than or equal to 1 also. By Proposition 3.3.2,
1A j2mm |l = . Then [|A]| > |Ag; j1manyll = K > V/3 (and we are done).

Checking [11, pp. 9-11] we see that (up to a permutation of the vertices) G must be

1—3

/]

2 4——6

Thus [|Ag |l = 1 forall (k1) € {1,2,3} x {4,5,6}. Since 03(A) =1, the {{1,2,3},
{4,5},{6}}-paving of A has norm greater than or equal to 1. Since [|[Ay 5| <1,
|Ag1233]l > 1. Likewise, [|Ag456)/ = 1. Therefore,

i a4 ais  aie |
A0
(123} |44 @25 ax

HA” Theorem 3.1.2 as4 dszs  dze L1,je{1,2,3}

> .
= min as  as  das spe{4,5,6}
asy asy ass A%Zf;ﬁ}
Lae1 a2 ae3 i
i 014 015 O16
Eij 824 825 626
Lemma2.1.1 O34 O35 036 i j,st€{1,2,3}
S . L,],8, 345
= i 1 =614 1 =84 1—834 du {01}
1—5151—525 1—535 Est
| 1—016 1 =826 1 — 036

~ 1.9419 > /3.

Here E;; € M3(Ry) (resp. Ey € M3(R4)) is the matrix with 1 in the (i, j) entry (resp.
the (s,7) entry) and O elsewhere. The last (approximate) equality follows by checking
3% x 2% = 41472 cases on a computer. [J
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REMARK 3.3.4. By further analyzing the case when G has an isolated vertex, one
can show that B3(MY(R;)) < 0.5577. We suspect that B3(M2(R,)) = k ~ 0.5550.
Could it be that B3(MO(R,)) = K forall n>4?

4. Paving upper-triangular matrices

This section establishes the fourth column of Table 1.4.1 and the first column of
Table 1.4.3.

4.1. Tools
LEMMA 4.1.1. For |al,|b,|c|,|d| = 1,

ab
0c|||>12+V2~1.8478.
0d

This inequality is sharp.

Proof. Let a,f3,7,8 € R be such that a = |ale’®, b= |ble!P, ¢ = |c|e, and
d =|d|e® . Then

abl [1 0 0 la| |b|]
Oc|=1[0eP) 0 0 |c|
0d] [0 0 OPA]|0d]"

ab [al |b| Lemma2.11 11 11 1]
oclll=10 ]| "= 0t1]]l=1/2+v2.
0d 0 |d] 01]

[ei® 0
0 e"B}

Thus,

Letting a = b = c =d =1 shows that the inequality is sharp. [

4.2. Computation of 2-paving parameters

The following proposition establishes the first entry of the first column of Table
1.4.3:

‘N

Q

PROPOSITION 4.2.1. B(M3(C)p) = B(MJ(R)A) = Bo(MI(R1)p) =
.6180.

S

1+

Proof. Let
Oab
A=100c| eM}(C)a,
000
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with op(A) = 1. We aim to show that ||A]| > Since a(A) =1, every (1,2)-

f

+
paving of A has norm greater than or equal to 1, i.e., every 2-compression of A has
norm greater than or equal to 1, i.e., |al|,|b],|c| = y Lemma 2.1.2, ||A]| > #

ie
1.
Since the choice of A was arbitrary, B,(M3(C)a) < —\/— Since

011 5
Bl loo1|]=—1,
000 L+V5

wehave 122 < (MI(R})2) < Bo(MY(R)a) < Bo(ME(C)n) < 1275

The following proposition establishes the second entry in the first column of Table
1.4.3:

PROPOSITION 4.2.2. Br(M3(C)a) = B2(M§(R) ) = J5 ~ 0.7071.

S

Proof. Let A€ MY(C)a with 0p(A) = 1. We aim to show that ||A|| > /2. Asso-
ciate a graph G = (V,E) with A as follows: V ={1,2,3,4} and (i, ) € E if and only
if |Ag; /< 1. We may assume that G has the following properties:

I. The graph

is not a subgraph of G. Otherwise, A has a (2,2)-paving of norm less than 1,
contradicting c(A) = 1.

II. By removing one vertex (and all associated edges) from G one cannot arrive
at the “edgeless” graph ({i,j,k},0). Otherwise, 0a(Ay;jxy) = 1 (since every
(1,2)-paving has norm greater than or equal to 1), which implies that [|Ag; j i || >
HT‘E (by Proposition 4.2.1). Then [|A[| > [|Ay; ;i ]l > HT‘E > /2 (and we are
done).

Checking [11, p. 8] we see that G must be

/|

J—1

If i=1 (resp. i =4), then the first row (resp. fourth column) of A has three entries
of modulus greater than or equal to 1, which implies ||A|| > v/3 > /2. Likewise, if
i =2 (resp. i =3), then the second row (resp. third column) of A has two entries of
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modulus greater than or equal to 1, which implies ||A|| > v/2. Since the choice of A
was arbitrary, B,(M9(C)a) < % Since

1

001—1ﬁ 1
001 L

v

Pl 1000 4 2
000 0

we have 55 < B (M3(R)A) < B(MJ(C)a) < 5. O

4.3. Computation of 3-paving parameters

The following proposition establishes the first entry of the fourth column of Table
1.4.1:

PROPOSITION 4.3.1. B3(M}(C)p) = Bs(MY(R)p) = 21 ~ .5412.
+

S

Proof. Let A € MJ(C) with o3(A) = 1. We aim to show that [|A|| > /2 + /2.
Since o3(A) =1, every (1,1,2)-paving of A has norm greater than or equal to 1, i.e.,
every 2-compression of A has norm greater than or equal to 1. Hence,

ommEnm
oomm
A= ooom’

0000

where “B” indicates an entry of modulus greater than or equal to 1. By Lemma 4.1.1,
IA]l > [|A{1 231,24l = V/2+ V2. Since the choice of A was arbitrary, B3(M3(C)A) <

\/+—ﬂ . Since
+

01 1 1
8 00—v21|__ 1
oo o 1| |~ ar 2
00 0 O
wehaVem\ﬁ3(M4(R)A)\ﬁ3(M4(C)A)\ 24+v2 -

The following proposition establishes the second entry in the fourth column of
Table 1.4.1:

PROPOSITION 4.3.2. B3(M§(C)n) < o= =~ .5774.

S

Proof. Let A € M(C), with a3(A) = 1. We aim to show that ||A| > /3. Asso-
ciate a graph G = (V,E) with A as follows: V ={1,2,...,5} and (i, ) € E if and only
if [|[Ag; ;]| < 1. We may assume that G has the following properties:
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I. The graph

is not a subgraph of G. Otherwise A has a (1,2,2)-paving of norm less than 1,
contradicting a3 (A) = 1.

II. By removing one vertex (and all associated edges) from G one cannot arrive
at the “edgeless” graph ({i, j,k,1},0). Otherwise 053(Ay; jxs3) = 1 (since every
(1,1,2)-paving has norm greater than or equal to 1), which implies [|A; j || >

V/2+ /2 (by Proposition 4.3.1). Then [|A|| > [|A; |l = V2+ V2> V3.
Checking [11, p. 8] we see that G must be

\

Case 1: If I =1 (resp. m =5), then the first row (resp. fifth column) of A has four
entries of modulus greater than or equal to 1, which implies [|A[| >2 > /3.

i

We may assume [ < m.

Case 2: If I =2 and m = 4, then

OM e H o
ooEmEN
A=100 0 H o,
oooom
00000

where “B” indicates an entry of modulus greater than or equal to 1 and

[T 1]

¢” indicates an entry of modulus less than 1. By Lemma 4.1.1, ||A]| >

lAf123). 0241 = V2+ V2 >4/3.
Case 3: If I =2 and m = 3, then

OHMNe o
oomEEN
A=(000HN
0000 e
00000

Since the second row of A contains three entries of modulus greater than or
equalto 1, ||A| > /3.
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Case 4: Finally, if [ =3 and m = 4, then (arguing as in Case 3), the fourth column
of A contains three entries of modulus greater than or equal to 1, which
implies [|A]| > /3.
Since the choice of A was arbitrary, f3(M2(C)a) < % O
REMARK 4.3.3. A more careful analysis of Cases 3 and 4 above should yield a
better bound than ||A| > v/3, which would improve the overall result.

The following proposition establishes the third entry in the fourth column of Table
1.4.1:

PROPOSITION 4.3.4. B3(Mg(C)a) < o= =~ .5774.

S

Proof. Let A € MY(C), with a3(A) = 1. We aim to show that ||A| > /3. Asso-
ciate a graph G = (V,E) with A as follows: V ={1,2,...,6} and (i, ) € E if and only
if [|[Ag; ;]| < 1. We may assume that G has the following properties:

I. The graph

is not a subgraph of G. Otherwise A has a (2,2,2)-paving of norm less than 1,
contradicting c3(A) = 1.

II. G has no isolated vertices. Otherwise, if vertex i is isolated, then either the ith
row of A or the ith column of A has three entries of modulus greater than or
equal to 1, which implies ||A|| > v/3 (and we are done).

III. By removing two vertices (and all associated edges) from G one cannot arrive
at the “edgeless” graph ({i, j,k,1},0). Otherwise, a3(Ay; jxs3) > 1 (since every
(1,1,2)-paving has norm greater than or equal to 1), which implies [|A; j || >
V/2+v/2 (by Proposition 4.3.1). Then [|A[| > [[Ag; j ]l = V2 +v2> V3 (and

we are done).

IV. G does not equal the graph

where a dotted line indicates an edge which may or may not be present. Oth-
erwise, 03(A(;jimny) = 1 (see the proof of Proposition 3.3.3), which implies
Agi j1mm |l = V/3 (by Proposition 4.3.2). Then [|A|| > [|Ag; ;]| = V3 (and
we are done).
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Checking [11, pp. 9-11], we see that G must be

i k m

Y4

J l

n

It follows that the first row (and the sixth column) of A contains three entries of mod-
ulus greater than or equal to 1, which implies ||JA|| > v/3. Since the choice of A was
arbitrary, B3(MQ(C)p) < % O

The following proposition establishes the fifth entry in the fourth column of Table
1.4.1:

PROPOSITION 4.3.5. B3(MY(C 8 ~ .9258.

Proof. Let A € MJ(C) with o3(A) = 1. We aim to show that [|A]| > I~
1.0801.

Case 1: Suppose every 3-compression of A has norm greater than or equal to 1.
Since there are (;) = 35 of these,

35< Y JAllP< Y lAslEs

card(o)=3 card(0)=3

where || - ||gs stands for the Hilbert-Schmidt (or Frobenius) norm of a ma-
trix. Now for each i # j, there exist five 0 C {1,2,...,7} such that card(c) =
3 and {i,j} C o. It follows that

Y ollis = SlIAll7s-
card(0)=3

Also, since rank(A) < 6, [|A||%¢ < 6[|A||>. Hence

35< Y lAollis = 5lAll7s < 30[IA]1%,
card(o)=3

. . . 7
which implies ||A]| > \/g :

Case 2: Suppose ||As|| < 1 for some o C {1,2,...,7} with card(o) = 3. Since
a3(A) =1, 0(Age) > 1. By Proposition 4.2.2, ||Age|| = v/2. Thus, ||A]| >

loel > vZ> /1

Since the choice of A was arbitrary, fB3( I\\/JIO g O
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5. Paving circulant matrices

In this section we establish the fifth column of Table 1.4.1 and the second column
of Table 1.4.3.

5.1. A few words about circulants

A circulant is a matrix which is constant on “wrap-around diagonals” (cf. [6]).
For example, the generic 6 x 6 circulant is

fabcde
efabcd
de fabc
cdefabl|’
bcdefa
abcdef

where a,b,c,d,e,f € C. Clearly the adjoint of a circulant is also a circulant. Not
so apparent initially is that any two circulants (of the same size) commute, and that
their product is again a circulant. This follows from the fact that every circulant is a
polynomial in the shift matrix (of the appropriate size), and conversely. Indeed, if

000001
100000
010000
001000}°
000100
000010

SG =

then A above equals aSg + bSé + ch + dSé + eS¢+ fls, where Iy is the 6 x 6 identity
matrix. For the converse, note that Sg = I, so that an arbitrary polynomial in Sg may
be written as a fifth-degree polynomial in Sg, i.e., a 6 X 6 circulant. From the preceding
discussion we deduce that every circulant is normal. Since o (Sg) = {z€ C:° =1},
the Spectral Mapping Theorem implies that

o(A)={az’ +b* +c +dP +ez+ f: L =1}

Since the operator norm of a normal matrix equals its spectral radius, we have the
formula
|A|| = max{|az’ +bz* + c2® +d? +ez+ f|: L =1}. (1)

If one is searching for “bad” pavers (matrices for which the normalized paving
parameter is near 1), it is natural to consider circulants. Obviously, M, (C)y is a
much smaller search space than M, (C), n-dimensional instead of n? -dimensional,
which greatly speeds up the search. But there is also a heuristic argument as to why
circulants should be bad pavers—the compressions of a circulant are rarely circulant.
Thus at the “macro” level, a circulant has a nice structure which tends to produce a small
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operator norm in comparison with the size of the entries, whereas at the “micro” level
this structure (and the corresponding operator norm benefits) disappears. On the other
hand, there a couple of drawbacks to the circulant class, at least from the point of view
of paving. First, the sequence {(MY(C)) : n € N} need not be monotone increasing.
Second, it is not known whether the Paving Problem for circulants is equivalent to
KS. In our experience, the positives outweigh the negatives, and computing paving
parameters for circulants has proven very fruitful.

5.2. Tools

LEMMA 5.2.1. (operator norm of n x 2 matrix) For X,y € C",

o |12 + 11512 2= [FID2+ 45
H[XV]HZ\/” 12+ 1712+ /(] H2 IF1%)? + 4 F 01

Proof. By the C*-identity,
by by
1311 = | 5] 31 = | [ ] .
A straightforward calculation shows that

1912 6.8 _ 1912+ 151+ VR = 51+ AP
"([@ ) WD ‘{ }

155

2

and the result follows. [

LEMMA 5.2.2. For

Oabc
_|{cOab 0
A= |} c0a] EMICL,

abcO

we have
o3(A) = aa(A) = min{max{lal, [c[}, |b]}.

Proof. We have that

o3(A) = min{||A"| : = € 13}
= min{||A¢| : card(c) =2}
= min{max{|al, |c|},|b|}.
From general considerations, o3(A) < o (A). Considering the {{1,2},{3,4}} -paving,

we see that o (A) < max{|al, |c|}. Considering the {{1,3},{2,4}} -paving, we see that
o (A) < |b|. Thus,

min{max{lal, |c[},|b|} = 03(A) < 2(A) < min{max{]al, |c[}, ||} U
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LEMMA 5.2.3. (norm of permutation matrix compression) Let ¢ : {1,2,...,n} —
{1,2,...,n} be a permutation, Uy € M,(R;.) be the corresponding permutation matrix,
and 0 C{1,2,...,n}. Then

(U)ol = {(1) m;zg

Proof. Let j€ ¢(0)No. Then j € o and there exists an i € ¢ such that ¢ (i) = j.
Thus

which implies that
L<[|(Us)sll < 11Uy = 1.

Now suppose ¢(c)N o =0.1f i € o, then ¢(i) ¢ o, which implies that
(Up)o€i = PoUy Po€i = PoUyé; = Poy(i) = 0.
If, on the other hand, i ¢ o, then
(Up) o€ = PsUyPoé; = 0.

Thus, (Up)s =0. O

The following result refines [7, Proposition 3.1].

THEOREM 5.2.4. Let ¢ : {1,2,...,n} — {1,2,...,n} be a permutation and Uy €
M, (Ry) be the corresponding permutation matrix. If the cycle decomposition of ¢
contains an odd cycle, then B,(Uy) = 1. Otherwise, if the cycle decomposition of ¢
contains only even cycles, then B,(Uy) = 0.

Proof. Assume that the odd cycle (iyiy...izr+1) is in the cycle decomposition
of . Let m = {01,0,} € IT} and define of = o1 N{i1,iz,....0%11}, 05 = 02N
{i1,i2,...,i2k+1}. Then {o],05} is a 2-partition of {iy,i2,...,iox+1}. Without loss of
generality, card(o]) > k+ 1. Since ¢(o7) C {i1,i2,...,i2%+1}. it must be that ¢(o])N
o] # 0, which implies ¢(o1) N oy # 0. By Lemma 5.2.3, ||(Uy)q, || = 1, which im-
plies ||(Uy)™|| = 1. Since the choice of 7 was arbitrary, o (Uy) = 1. Since ||Uy|| =1,
B2(Uy) = 1. Now assume that the cycle decomposition of ¢ contains only even cycles.
Let 7 = {o1,0,} € IT; be such that for every even cycle (ijis...iz) in the cycle de-
composition of ¢, {iy,i3,...,izx—1 } C 07 and {i,i4,...,ix} C 02. Then ¢(o1)No; =0
and ¢(02)N0o, =0. By Lemma5.2.3, ||(Up)g, || =0 and || (Uy ), || = 0, which implies
|(Ug)*|| = 0. Then 0p(Uy) = 0, which implies B>(Uy) =0. O

REMARK 5.2.5. Although it is not important to our development, we take the op-
portunity to point out that B3(Uy) equals 1 if ¢ has any fixed points, and 0 otherwise.
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5.3. Computation of 2-paving parameters

The following proposition establishes all but the second entry of the second col-
umn of Table 1.4.3:

PROPOSITION 5.3.1. Let n >3, with n# 2*. Then
Bo(M)(C)e) = Bo(MY(R)s) = Bo(M(Ry ) 5) = 1.

Proof. Let S, € MY(R ) be the n x n shift matrix. Then in the notation of
Theorem 5.2.4, S, = Uy, where ¢ = (12...n). Since n >3 and n # 2, n = rs, where
s >3 isodd. Since 1 <r<n, S, € MO(R, ). Itis easy to see that S}, = Uyr, where
¢" denotes ¢ composed with itself »r— 1 times. Since the cycle decomposition of ¢”
consists of r cycles of length s, $,(S!) = 1 by Theorem 5.2.4. It follows that

L<B(M(R+)0) < B(M(R)o) < B(My(C)o) < L. O

The following proposition establishes the second entry of the second column of
Table 1.4.3. It shows that Proposition 5.3.1 cannot be extended to the case n = 2*.

PROPOSITION 5.3.2. B(MY(C)w) < % ~ .6030.

Proof. Let
Oabc
_|cOabd 0
A= becOa €M4((C)Oa
abcO

with 0p(A) = 1. We aim to show that [|A]| > YAl ~ 1.6583. By Lemma 5.2.2,
max{|al,|c|} > 1 and |b| > 1. Taking the adjoint of A, if necessary, we may assume

that |a| > |c| which implies |a| > 1. To prove that ||A]| > , it suffices to show that
I|B|| = , where
Oa
cO
B=Ap2341.021= |p
ab

Now let @, 8 € R be such that a = |a|e’® and b = |b|e’P . Since

B o 0 0][0a 0 |al
0 2 o of |cOo|fe™ 0] |e®2B) 0
0 0 @Bl |bc|| 0 B b cellx2B) |
0 0 0 1] ab la| |b|
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we may assume that a,b > 0. If ¢ =x+ iy, where x,y € R, then by Lemma 5.2.1,

8P 2|al? +2|b|> 4 2|c|* + 1/ 02 +4|ab + be|?

2
=&+ b+ x> +y +by/(a+x)2+)?

> 2+ )7+ /(a+x)2 +y?
> 24 x>+ |a+xl.

Since |c| < |al, it must be that a+ x> 0. Thus,

11
IBI? >2+x*+a+x>x+x+3> =+
Since the choice of A was arbitrary, ﬁz(Mg(C)o) <2 0O

X \/ﬁ
We suspect that 8,(MY(C)) = 2. Atleast we have the following result.

PROPOSITION 5.3.3. Br(MJ(R)) = 2 = .6000.

Proof. Let
Oabc
_|cOab 0
A= bcOa €M4(R>O7
abcO

with 0p(A) = 1. We aim to show that ||A| > % ~ 1.6667. Arguing as in the proof of
Proposition 5.3.2, we may assume that |a|,|b| > 1 and |a| > |c|. Replacing A by —A,
if necessary, we may assume that a > 0. Then by Equation (1),

|A[] = maX{|aZ2+bz+c\ tz==+1,4i}
= max{|a+c|+ |b|,\/(a—c)*+b*}

> max{a+c+1,y/(a—c)>+1}.

Examining the graphs of f(c) :=a+c+1 and g(c¢) := 1/(a —c)?+ 1, we see that the

minimum value of max{f(c),g(c)} onthe interval —a < ¢ < a equals 2“2%%“ (atc=
. . 2 .

— ﬁ ). Using Calculus, the minimum value of h(a) := % on the interval a > 1

is % (at a=1). Thus, ||A|| > % Since the choice of A was arbitrary, B2 (M$(R)) < %
Since
o 1 1 -1/3
~-1/3 0 1 1 3
b 1 -1/3 0 1 5
11 —1/3 0

we have By (MY(R):) = 0
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CmmuAmﬁ34.&mﬁmmﬁe[ [.6000,.6030].

9 \/__:|
REMARK 5.3.5. The second column of Table 1.4.3 suggests that

limy e Bz(I\\/Jng(C)O) = 1. Is that really the case? If so, does Bz(I\\/Jng((C)O) =1 for k

sufficiently large?

5.4. Computation of 3-paving parameters

This proposition establishes the first entry of the last column of Table 1.4.1:

PROPOSITION 5.4.1. § = B3(M3(R)::) < B3(M3(C)o) < -

Proof. Proposition 5.3.3, Proposition 5.3.2, and Lemma 5.2.2. O

This proposition establishes the third entry of the last column of Table 1.4.1 (the
second entry is a consequence of Proposition 2.2.2):

PROPOSITION 5.4.2. f3(MY(C 2 ~ .6325.

Proof. Let
Oabcde
eOabcd
_|deOabc 0
A=lcde0ab € Ms(C)o,
bcdeOa

abcdeO

with o3(A) = 1. We aim to show that ||A]| > \/gz 1.5811. Since the {{1,2},{3,4},
{5,6}}-paving of A has norm greater than or equal to 1, either |a| > 1 or |e| > 1.
Likewise, since the {{1,4},{2,5},{3,6}}-paving of A has norm greater than or equal
to 1, |c| > 1. Finally, since the {{1,3,5},{2,4},{6}}-paving of A has norm greater
than or equal to 1,

0bd

[Apssll=1{|d0b||>1.
bdO0

By Equation (1) applied to Ay 35, which is circulant, |b[+|d| > 1. Thus,

2
(Bl+ 1) 1

bl>+ |d|* > > .
|b|”+ |d| > 3

Hence,

5
JAl 3 laP+ P e +1aP+ e > /3.

Since the choice of A was arbitrary, B3(M2(C g d
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REMARK 5.4.3. Almost certainly a more painstaking analysis would lead to im-
provements in Proposition 5.4.2.

6. Paving self-adjoint matrices

This section establishes the first column of Table 1.4.2 and the third column of
Table 1.4.3.

6.1. Tools

LEMMA 6.1.1. For A = [a;j] € M,,(C) and |A| = [|a;j|]] € Ma(Ry), [|A]l <
Al

Proof. Let X € C". Then

2 2
n n n n n
IA%)? = Y (AR = X | ¥ aixs| <Y (2 |aij|xj>
i=1 i=1|j=1 i=1 \j=1
n
= Y (Al = AR < HANPHFNZ = (A1)
i=1
Since the choice of ¥ was arbitrary, ||A|| < |||A]||. O

THEOREM 6.1.2. Let A € M,,(C)sq. Then Tr(A) = 0 if and only if there exists a
unitary U € ML,,(C) such that U*AU € M?(C)y,.

Proof. (=) Suppose Tr(A) = 0. We aim to produce an orthonormal basis #j,
ify, ...,i, of C" such that (Aif;,ii;) =0 for all 1 <i<n. Then U := [iiy iy ... ] €
M.,,(C) will be a unitary such that U*AU € MY(C)y,. Assume that iy, i, ...,i; have
already been constructed. Let V = {iiy, iis,...,iix } = and Py € M,,(C) be the orthogonal
projection onto V. Then PyAly : V — V is self-adjoint and so there exists an orthonor-
mal basis Vii1,Vk42,...,Vy of V consisting of eigenvectors of PyA|y. It follows that
forall k+1<1i,j<n,

A i=j
0, i#j’

where A; is the eigenvalue of PyAl|y corresponding to ¥;. Define

(AV;, V) = (PvA|v v, V) = (v, V) = {

U1 =

Then i is a unit vector in V and

. - 1 oo 1
(A, ) = —— Y () = parl > A
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Since #y, iy, ..., Uk, Vi1, Vks2, .-, ¥y form an orthonormal basis of C”,

+2 0+2/1,-.

1 i=k+1 i=k+1

'M*

0="Tr(A) =

1

Thus, (Aligy1,dr+1) = 0. (<) Conversely, suppose there exists a unitary U € M, (C)
such that B = U*AU € M?(C),,. Then

Tr(A) = Tr(UBU™) = Tr(B) = 0. O
LEMMA 6.1.3. For A € M2(C)y,,

n
IA[* <

This inequality is sharp.

Proof. Let —||A]] < A1 € Ay < ... < Ay < ||A|| be the eigenvalues of A. Since
Tr(A) =0, Ay + A2+ ...+ 4, = 0. Replacing A by —A, if necessary, we may assume
that A, = ||A||. By the Cauchy-Schwarz inequality,

Al =2An=—A1— Ao — . = Apoy SVn—TAF+ 23+ ..+ A7)V
Thus,
AP < (n = 1)(IAIFs — I1A]),
and the inequality follows. Now let
n—1
D = diag(n— 1,71, —1,... 1) € My, (C)s.

By Theorem 6.1.2, there exists a unitary U € M,,(C) such that A := U*DU € M%(C)s,.
Since
IAI* = |ID* = (n—1)?

and
n—1
IAlIEs = 1Dl 7s = (n =17+ (=1)*+ (=1)* + ..+ (=1)* = n(n— 1),
we have |
n—
A|> = A]I7s,

which proves that the inequality is sharp. [J
LEMMA 6.1.4. For A € M%(C)y, and n odd,
IAll7s < (n—1)]IA]1%.

This inequality is sharp.
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Proof.: We may assume that ||[A]| =1. Let 0 <A; <Ay < ... <A, <1 be the
strictly positive eigenvalues of A and —1 < 07 < 03 < ... < 0,_ < 0 be the strictly
negative eigenvalues of A. Replacing A by —A, if necessary, we may assume that
ny < n_. Since n is odd, ny < % Thus,

n— n4 n— n4 ny
IAlfs =Y 07+ D AT <Y —0i+ 3 A =23 A <2ny <n—L
i=1 j=1 i=1 j=1 j=1

Now let
n—1 n—1
2 2
A~ ——
D =diag(1,1,..,1,0,21,—1,...,— 1) € M,,(C)sa.

By Theorem 6.1.2, there exists a unitary U € M,,(C) such that A := U*DU € M(C),.
Since

AP =[D|*=1*=1
and

n—1 n—1
2 2

—_—~
IAllzs = IDllfs = 12+ P4 o4 40?4 (=1 + (1) 4+ (= 1) =n— 1,

we have
1A||5s = (n—1)]|A]*.

Thus the inequality is sharp. [
COROLLARY 6.1.5. For A = [a;j] € MY(C)y, and |A| = [|aij|] € MR+ )sa,

Al < vn—1[|All, neven
S\ ZA Al nodd |

Proof. By Lemmas 6.1.3 and 6.1.4,

n—1 n—1 (n—1)||A]|?>, neven
Alll? < Allhs = ——|Al%s < 2 :
AR < "2 Al = 1Al < § o oo

n

6.2. Computation of 2-paving parameters
The following proposition establishes the first entry of the third column of Table
1.4.3:

PROPOSITION 6.2.1. Br(M3(C)s) = % ~ .5774.



PAVING SMALL MATRICES 333

Proof. Let A € MQ(C)SQ. Then by Lemma 6.1.1, Theorem 1.3.4, and Corollary

6.1.5,
1 1

() < an(A]) < S1IAlI < 5 (fAn) lal.

Since the choice of A was arbitrary, B, (M3(C)s,) < ﬁ' Since

01i
Bll1o1]]|=
—i10

)

5

we have B (MS(C)y) = % O

The following proposition establishes the second entry of the third column of Table
1.4.3:

PROPOSITION 6.2.2. B(M{(C)y) = o= ~ .5774.

S

Proof. By Proposition 6.2.1,

1

—= = Bo(M(C)sa) < B2 (M3(C)sa)-

7 B2 (M5(C)sa) < B2(M3(C)sa)

Now let A € MY(C)y,, with 0p(A) = 1. We aim to show that ||A|| > v/3. Associate
a graph G = (V,E) with A as follows: V ={1,2,3,4} and (i,j) € E if and only if
|[Agi 3|l < 1. We may assume that G has the following properties:

I. The graph

is not a subgraph of G. Otherwise, A has a (2,2)-paving of norm less than 1,
contradicting o (A) = 1.

II. G has no isolated vertices. Otherwise, if vertex i is isolated, then the ith row
(and column) of A has three entries of modulus greater than or equal to 1, which
implies that ||A|| > v/3 (and we are done).

III. By removing a vertex (and all associated edges) from G one cannot arrive at the
“edgeless” graph ({i,j,k},0). Otherwise 0p(Ay; ;) =1 (since every (1,2)-
paving has norm greater than or equal to 1), which implies [|Ag; ;| > V3 (by
Proposition 6.2.1). Then [|A| > [|Ag; j i [] = v/3 (and we are done).

Checking [11, p. 8], there are no such graphs G. Thus ||A]| > /3. Since the choice of

A was arbitrary, B(M$(C),,) < \/—, and so Bo(MY(C)y,) = % O

The following proposition establishes the third entry of the third column of Table
1.4.3:
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PROPOSITION 6.2.3. B2(M2(C)s) = Ba(M2(R)s ):%z.8944.

Proof. Let A € Mg(@)m. Then by Lemma 6.1.1, Theorem 1.3.4, and Corollary

6.1.5,
1 1/ 4 2
wA) <A < =A< = | —=]A]] ) = —=|A]|-
2(4) < aa(lAl) < 5 1Al 2<\/§ ||) Il

Since the choice of A was arbitrary, B, (M2(C)s,) < % Since

01 1 1 1
10 1 1 -1 2
Bllt1 0o—-11]]==,
11 -10 —1 V5
1-11 10
we have 2 < Bo(MS(R)sa) < Bo(M5(Clsa) < 5. O

The followmg proposition establishes the fourth entry of the third column of Table
1.4.3:

PROPOSITION 6.2.4. f(M2(C)s0) = B (M2(R), )—Tz 8944

Proof. By Proposition 6.2.3,

2
V5

Now let A € MQ(C)y,, with ap(A) = 1. We aim to show that [|A] > g By as-
sumption, every (3,3)-paving of A has norm greater than or equal to 1. Thus for all
{{i,j,k},{l,m,n}} € 0§, either [|Ag; j i3]l = 1 or [[Ag,,nll = 1. Since there are 10
such partitions, we can break the proof into 2!° = 1024 cases. Here are four such cases:

= ﬁ2(M(5)(R)sa) < Bz(Mg(R)M) < ﬁ2(M(6)(C)sa)~

Case 1: Suppose ||As| =1 forall
ocex:={{1,2,3},{1,2,4},{1,2,5},{1,2,6},{1,3,4},
{1,3,5},{1,3,6},{1,4,5},{1,4,6},{1,5,6}}.
Then by Lemmas 6.1.4 and 6.1.3,
12[|A]1> = 4[|A|1>+ 8] |4l
4|Apsa56 " +8lIA

=
2 22
> ||Af234,5.6) ||Hs +8l|A1] s

= Y llAsllzs > Z lAs]1* >

oex 662

(10) = 15.

NIUJ

Here A 1 is the first column of A.
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Case 256: Suppose ||As|| = 1 for all
e :={{1,2,3},{1,2,4},{3,4,6},{3,4,5},{2,5,6},
{2,4,6},{2,4,5},{2,3,6},{2,3,5},{2,3,4}}.
Then
12]|A]1> = 4l|A[”> + 4[> +2/|Al1* + 2]|A]1>
> 4)|As 56|17 +4l|A|* +2)|A3)1 2 + 2| A4l
> IIA{2,3,4,5,6}H?15+4\\52\\%s+2\\53\\§s+2\\54llés

= Y lAsliis > Z 1As]* > 10) =15.

oex UEZ
Case 257: Suppose ||As| > 1 for all
ocex:={{1,2,3},{3,56},{1,2,5},{1,2,6},{1,3,4},
{1,3,5},{1,3,6},{1,4,5},{1,4,6},{1,5,6}}.
Then
12]JA |12 = 4JA]1 + 441+ 44|
A|Ag 25561 +4l1AL 345617 +4l1AL]

=
Z 112356} 1HS {13456} IHS Ay HS
> [|lA I7 +HA H2 +4[A4l7

=Y lAslps > 2 1A6]* > 10) =15.

> 25

Case 683: Suppose ||As|| = 1 for all

oeX:={{4,56}{1,2,4},{3,4,6},{1,2,6},{2,5,6},

{1,3,5},{2,4,5},{1,4,5},{2,3,5},{1,5,6}}.
Then
12]|A]1* = 6]|A|[* +4]|A|1* +2]A|

Ol AI* +4llAq1 2456117 + 21145
HA||12’{S+“A{12456}“%IS+2“25“%15

=Y lAsliis > Z Ao > 10) =15.

oex 662

VoWV

The remaining 1020 cases work similarly (they are checked by computer). Thus, ||A|| >
g. Since the choice of A was arbitrary, 2(MY(C)s,) < and so B (MY(C)y,) =

\/’9

REMARK 6.2.5. The proof of Proposition 6.2.4 only uses the fact that every (3,3)-
paving of A has norm greater than or equal to 1 rather than the full set of implications
arising from o (A) = 1.
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6.3. Computation of 3-paving parameters

The following proposition establishes the first entry in the first column of Table
1.4.2:

PROPOSITION 6.3.1. B3(MY(C)y,) = o5 ~ 5774,

Proof. Let A € M{(C),, with az(A) = 1. We aim to show that ||A| > /3. By
assumption, every (1,1,2)-paving of A has norm greater than or equal to 1. Thus,
every 2-compression of A has norm greater than or equal to 1, i.e., \a,-j\ > 1 for all
i # j. But then every row and column of A has norm greater than or equal to v/3,

which implies ||A|| > v/3. Since the choice of A was arbitrary, B3(M9(C)s,) < %
Since
0 7 1 1
—-i 0 1 -1 1
Bllivro ||~ V3
1 -1-0

we have B3(MY(C),,) = % O

The following proposition establishes the second entry in the first column of Table
1.4.2:

PROPOSITION 6.3.2. B3(M3(C)y) = o= ~ .5774.

S

Proof. By Proposition 6.3.1,

1

Now let A € M2(C),, with a3(A) = 1. We aim to show that [|A] > /3. Associate
a graph G = (V,E) with A as follows: V = {1,2,...,5} and (i, ) € E if and only if
|[Agi 1]l < 1. We may assume that G has the following properties:

I. The graph

is not a subgraph of G. Otherwise, A has a (1,2,2)-paving of norm less than 1,
contradicting a3(A) = 1.

II. For every i, the degree of vertex i is greater than or equal to 2. Otherwise the
ith row (and column) of A has at least three entries of modulus greater than or
equal to 1, which implies that ||A|| > /3 (and we are done).
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Checking [11, p. 8], there are no such graphs G. Thus ||A|| > V/3. Since the choice of

A was arbitrary, B3(M3(C),,) < %, and so B3(M2(C)y,) = % O

The following proposition establishes the third entry in the first column of Table
1.4.2:

PROPOSITION 6.3.3. B3(M2(C)s) = % ~ .5774.

Proof. By Proposition 6.3.1,

1

Now let A € MY(C)y, with a3(A) = 1. We aim to show that [|A| > /3. Associate
a graph G = (V,E) with A as follows: V = {1,2,...,6} and (i, j) € E if and only if
|Agi 3|l < 1. We may assume that G has the following properties:

I. The graph

is not a subgraph of G. Otherwise, A has a (2,2,2)-paving of norm less than 1,
contradicting a3(A) = 1.

II. For every i, the degree of vertex i is greater than or equal to 3. Otherwise the
ith row (and column) of A has at least three entries of modulus greater than or
equal to 1, which implies that [|A| > /3 (and we are done).

Checking [11, p. 9-11], there are no such graphs G. Thus ||A|| > v/3. Since the choice

of A was arbitrary, B3(M2(C)s,) < %, and so B3(M2(C)) = % O

The following proposition establishes the fourth entry in the first column of Table
1.4.2:

PROPOSITION 6.3.4. B3(MI(C)y,) < \iﬁ ~ .7559.

Proof. Let A € M?((C)sa. Then by Lemma 6.1.1, Theorem 1.3.4, and Corollary
6.1.5,

1 1/ 6 2
(A <os(jA) < A< s | —=1All ) = —=]|A]l- t
2(4) < an(AD) < 51N < 5 (5a0) = =10

The following proposition establishes the fifth entry in the first column of Table
1.4.2:

PROPOSITION 6.3.5. B3(MQ3(C),,) < %L & .8819.
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Proof. Let A € I\\/Jlg((C)sa. Then by Lemma 6.1.1, Theorem 1.3.4, and Corollary
6.1.5,
V7
3
The following proposition establishes the sixth entry in the first column of Table
1.4.2:

1 1
oa(4) < s(A]) < 54l < 3(VAIAD = Folal. D

PROPOSITION 6.3.6. B3(MJ(C),,) < 5 ~.8889.

Proof. Let A € MS(C)M. Then by Lemma 6.1.1, Theorem 1.3.4, and Corollary

6.1.5,

1 1/8 8
A) < AD) < Z|[IAlIl < = [ 2||All ) = = ]|A|l- O
o 4) < on(lAD < 31111 < 3 (§la ) = Sl

7. Paving real symmetric matrices

In this section we establish the second column of Table 1.4.2 and the fourth column
of Table 1.4.3.

7.1. Tools
LEMMA 7.1.1. For

Oab
0£A=[a0c| e MJ(C)s,
bcO
we have —
lal>+|b]>+|c|*  2|Re(abc)|
[A]12 A1

In fact, A = ||A|| is the largest solution of the equation

la]*+ |b|* +|c|*  2|Re(abc)|
2 s T

Proof. An easy calculation shows that the characteristic polynomial of A equals
P(L) =A% — (la]* + |b* + |c|*)A — 2Re(abc).
Let —||A|| < A1 < A2 < A3 < ||A]| be the eigenvalues of A.

Case 1: Suppose A3 = [|A[|. Since A1+ Az + A3 = 0, it must be that 41,4, < 0.
Thus, 2Re(abc) = A1 AzA3 > 0, which implies that

P(A) =A% —(|a|* + |b]* + |c|*)A — 2|Re(abc)|.
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Since A = ||A|| is the largest solution of the equation P(A) = 0, it is also
the largest solution of the equation

laf*> + |b]> + |c]? N 2|Re(abc)

A2 PERE

Case 2: Suppose A; = —||A]|. Then || —A|| = ||A]| is an eigenvalue of —A. By Case
I, A = || —A|| is the largest solution of the equation

[—aP+|=bP+|—cP L [Re((=a)(=b)(=0))|
A? A3

Thus, A = ||A]| is the largest solution of the equation

=1

laf* + |b]> + |c|? N 2|Re(abc)|

2 7E =1. |

COROLLARY 7.1.2. For

Oab
A= la0c| e MY(R)s,
bcO

we have |[|Al[| = [[A]].

Proof. By Lemma 7.1.1, both A = |||A]|| and A = ||A|| are the largest solution of
the equation

2 2 2
a +b +c 2|abc
‘ ‘

. =L O

REMARK 7.1.3. For A € My, (C), B € Myy,(C), C € Myy,,(C), and D €

esl- 16

This follows from the identity
~-A B| [-LO|[AB][L, O
C -D| |0 L] |CD||0—L]"

LEMMA 7.1.4. Let X € MY(R)s, and Y € M3(R). If | X|| > | and |y;j| > 1 for
all 1 <i,j <3, then H [X Y] H > @ ~ 2.0616. This inequality is sharp.

Proof. Let
Oab rst
X=1aOc| andY = (uvw
bcO Xy z
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Since

i = [P 2] <

<[lixv]

we may assume that | X|| = 1. Permuting the indices 1, 2, and 3, we may assume that
la| > |b| > |c|. Pre- and post-multiplying [X Y] by diagonal orthogonal matrices, we
may assume that a,b,r,s,t > 0. By Remark 7.1.3, we may assume that ¢ > 0. Finally,
permuting the indices 4, 5, and 6, we may assume that # and v have the same sign.
Applying Lemma 6.1.3 to X, we conclude that a® +b? + ¢ > 3/4. It follows that
a®> > 1/4. We claim that be < 1/4. Indeed, if bc > 1/4, then 2abc > 1/4. But then,
applying Lemma 7.1.1 to X, we have that

1= (P +b*+c*)+2abe>3/4+1/4=1,
a contradiction. Therefore (by Lemma 5.2.1)
Oabrs 2
aOcuv
N 2a* + b? + 4+ 4+ /02 + 4(bc + ru+ sv)?
- 2

L4t ALTS? 17
z 2 T4

xR > |

The matrices

0 1/21/2 111
X=1{1/2 0 1/2| andY=|1 —1-1
1/21/2 0 ~1-11

show that the inequality is sharp. [
COROLLARY 7.1.5. Let

XY
A= {Y* Z] € MY(R),q,

where X,Z € M3(R)s, and Y € Mz(R). If | X|,||Z|| = 1 and |y;j| > 1 for all 1 <
i,j <3, then ||A|| > @ ~22.0616. This inequality is sharp.

Proof. By Lemma 7.1.4,

V17
lall =[x Y]|| = =
The matrices
0 1/21/2 1 1 1 0 1/2-1/2
X=11/2 0 1/2|,Y=|1 —-1—-1|,andZ=| 1/2 0 1/2
1/21/2 0 —-1-11 —-1/21/2 0

show that the inequality is sharp. [
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LEMMA 7.1.6. Let

Oabc
_|a0Ode 0
A= def 6M4(R)m-

cefO

If lal, bl | = 1 and ||Ap 3.4yl = 1, then ||A|| > u := 1.79333220781535.

Proof. Conjugating by a diagonal orthogonal matrix, we may assume that a,b,c >
0. Permuting the indices 2, 3, and 4, we may assume that d and e have the same sign.
Finally, by Remark 7.1.3, we may assume that d,e > 0.

Case 1: Suppose d? +e*> > r?, where r:= —1 4 /2u? —3 ~ .8526. Then (d +
e)?> > d*>+¢* > 1. Thus (by Lemma 5.2.1)

2
4] > A P=||0abe
= {1,2} {1,234} — a0de
282+ D2+ P4 dP 4+ /(b + 2 — d? — 2)2 + 4(bd + ce)?
B 2
LA+ 4V0T 42 24244 _
- 2 B 2 B

Case 2: Suppose s> < d*> + e < r?, where s := \/ % ~~ .6275. Define a

sequence {s, : n € N} recursively as follows: s, :=r and

Spal i= \/2([,12 —1)— \/4(2,112 -3)+(2—s2)%, neN.
Since s, \, s, it suffices to consider the subcase s,% 11 S d?+ 2« sﬁ. Then
(dte)>d*+e* =52,

Thus (by Lemma 5.2.1)

2
IA]1* > ||A{1.,2}7{1.,2.,3.,4}||2 = ’

Oabc
alOde
282+ PP+ Pt d 4+ /(B2 + 2 —d? — 2)2 + 4(bd + ce)?
B 2

4452, +4/(2—52)2+4s2,,
> > =p?
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2
Case 3: Suppose |f| > ¢, where ¢ := “’:2 ~ .6781. Then (by Lemmas 7.1.2 and

2.1.1)
0bc 0b ¢
A = A sgll=|{2Of|||=] [P O I
cfo clfl 0
011 s
>1|[10¢ :#:
1¢0

Case 4: Suppose d”>+e*> < s and |f| <t. Applying Lemma 7.1.1 to Ap34), WE
have that

d2 2 2 21d
+e +’; [def| <P+ [P 2ldef| <412+ 2der.
4234 lAr23.41ll

1=

Thus,
1—s%—¢2
2t '
‘2

Oabc
alOde
26> +b? + P+ d>+ &+ /(b2 + 2 — d? — €2)2 + 4(bd + ce)?
2
d4d?++\/(2—d>—e2)2+4(d+e)?
2
d4+d?+ e+ \/(d*+e*)? +8de +4

442 2de)? 4
+ de—|—\/(2de) +8de+ 34 2de

e —
>3++>u2- O

de

WV

Hence (by Lemma 5.2.1)

IA]1* > ||A{1,2},{1,2,3,4}||2 =

WV

WV

7.2. Computation of 2-paving parameters

The following proposition establishes the first entry in the fourth column of Table
1.4.3:

PROPOSITION 7.2.1. Bo(M3(R)s0) = Bo(M3(R1)sq) = 1 = .5000.
Proof. Let A € Mg(R)m. Then by Theorem 1.3.4 and Corollary 7.1.2,

1 1
on(4) = ax((A]) < 5 lAlll = 5 4]
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Since the choice of A was arbitrary, fB,( I\\/JI0 (R)ge) < % Since

011
B> 101
110

we have 3 < B (M3(R)5) < f2(M3(R)s0) < 3
The following proposition establishes the second entry in the fourth column of

Table 1.4.3:

PROPOSITION 7.2.2. Br(MY(R)s,) < .5577.

Proof. Let A € MY(R)y,, with 0n(A) = 1. We aim to show that [|A]| > u =
1.79333220781535. Associate a graph G = (V,E) with A as follows: V = {1,2,3,4}
and (i, j) € E if and only if [|A; || < 1. We may assume that G has the following
properties:

I. The graph

is not a subgraph of G. Otherwise, A has a (2,2)-paving of norm less than 1,
contradicting c(A) = 1.

II. By removing a vertex (and all associated edges) from G one cannot arrive at the
“edgeless” graph ({7, j,k},0). Otherwise, 0p(Ay; ) = 1 (since every (1,2)-
paving has norm greater than or equal to 1), which implies [|A; ; /| =2 (Propo-
sition 7.2.1). Then [|A[| > [|[Af; j 3|l =2 > u (and we are done).

Checking [11, p. 8], we see that G must be

/

Thus (after a permutation of the indices)

OENEN
HOeoe
He Oof’
He o0

A=

“ iR

where indicates an entry of modulus less than 1 and “B” indicates an entry of
modulus greater than or equal to 1. By assumption, the {{1},{2,3,4}}-paving of A
has norm greater than or equal to 1. Thus, [|[A{334)/| > 1. By Lemma7.1.6, [|A[| > u.

Since the choice of A was arbitrary, B2 (M3 (R),,) < ﬁ <0.5577. O
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REMARK 7.2.3. The third and fourth entries in the fourth column of Table 1.4.3
were already established by Propositions 6.2.3 and 6.2.4, respectively.

7.3. Computation of 3 -paving parameters

The following proposition establishes the first entry of the second column of Table
1.4.2:

PROPOSITION 7.3.1. B3(M3(R)sa) = = ~ .4472.

Proof. Let
Oabc
_|laOde 0
A= bdof € M;(R)q,
cefO

with o3(A) = 1. We aim to show that ||A| > /5. By assumption, every (1,1,2)-
paving of A has norm greater than or equal to 1. Thus, every 2-compression of A
has norm greater than or equal to 1, i.e. |al,|b|,|c|,|d|,e],|f] = 1. Conjugating by a
diagonal orthogonal matrix, if necessary, we may assume a,b,c > 0. Permuting the
indices 2, 3, and 4, if necessary, we may assume d and e have the same sign. Finally,
applying Remark 7.1.3, if necessary, we may assume d,e > 0. Thus, by Lemma 2.1.1,

Oabc 0111
aOde 1011

Since the choice of A was arbitrary, B3(M)(R)s,) < <. Since

1Al = 1Af1 2y, 01234 = ‘

V5
011 1
glltor ]| _L
it o -1 ] V3
11-10

we see that B3(M$(R),,) = \/Lg O

The following proposition establishes the second entry of the second column of
Table 1.4.2:

PROPOSITION 7.3.2. B3(M(R)s,) = L =~ .4472.

1
7
Proof. By Proposition 7.3.1,
1
V5
Now let A € M2(R),, with a3(A) = 1. We aim to show that [|A] > /5. Associate

a graph G = (V,E) with A as follows: V = {1,2,...,5} and (i, j) € E if and only if
|[Agijh]l < 1. We may assume that G has the following properties:

= B3 (Mg(R)m) < ﬁB (M(S)(R)sa)
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I. The graph

[ ] L]
is not a subgraph of G. Otherwise, A has a (1,2,2)-paving of norm less than 1,
contradicting a3(A) = 1.

II. By removing a vertex (and all associated edges) from G one cannot arrive at
the “edgeless” graph ({i,j,k,l},0). Otherwise, 0o5(Ay; ;) = 1 (since ev-
ery (1,1,2)-paving has norm greater than or equal to 1) which implies that
Ag eyl = /5 (Proposition 7.3.1). Then ||A| > |Ag |l = V5 (and we
are done).

Checking [11, p. 8], we see that G must be

AN

Thus (after a permutation of the indices)

QOeeabd
eQecd
A= |ee0ef
aceOg
bdfgO

“ Et)

where indicates an entry of modulus less than 1 and |a|,|b|,|c|,|d|,|el,|f],|g| = 1

Conjugating by a diagonal orthogonal matrix, if necessary, we may assume b,d, f,g >
0. Permuting the indices 1, 2, and 3, if necessary, we may assume a and ¢ have the
same sign. Finally, by Remark 7.1.3, we may assume a,c > 0. Thus (by Lemma 2.1.1)

acOg S 1101}
bdgO|||” |[[1110]|

and so Bg(MS( )sa) =

A= (A s (1245} = \

Since the choice of A was arbitrary, B3 (M2(R),) < O

L

7 veh

The following proposition establishes the third entry of the second column of Table
1.4.2:

PROPOSITION 7.3.3. B3(MY(R)s) = % ~ .4851.

Proof. Let A € M(R)y,, with o3(A) = 1. We aim to show that ||A]| > g ~
2.0616. Associate a graph G = (V,E) with A as follows: V ={1,2,...,6} and (i,j) €
E if and only if [[A; ;]| < L. We may assume that G has the following properties:



346

IL.

III.

Iv.

GARY WEISS AND VREJ ZARIKIAN

The graph

is not a subgraph of G. Otherwise, A has a (2,2,2)-paving of norm less than 1,
contradicting a3 (A) = 1.

G has no isolated vertices. Otherwise, if vertex i is isolated, then the ith row
(and column) of A has five entries of modulus greater than or equal to 1, which

implies ||A| > /5 > @ (and we are done).

By removing two vertices (and all associated edges) from G, one cannot arrive
at the “edgeless” graph ({i, j,k,1},0). Otherwise, o3(Ay; jxs3) > 1 (since every
(1,1,2)-paving has norm greater than or equal to 1) which implies [|A; ;x| =

/5 (Proposition 7.3.1). Then ||A|| > A el = V5> @ (and we are done).

G is not the graph

where a dotted line indicates an edge which may or may not be there. Oth-
erwise, 03(Ay;jimny) = 1 (see the proof of Proposition 3.3.3), which implies

Agijsm ]| = V/5 (Proposition 7.3.2). Then [|A]| > [|Ag jasm || = V5 > Y2
(and we are done).

Checking [11, p. 9-11], we see that G must be

/]

Thus (up to a permutation of the indices)

where

OeeoHENR
e 0 HERN
ee ONNERN
HENEO e o’
HEE«O e
HEE. 0

[T 1)

o” indicates an entry of modulus less than 1 and “W” indicates an entry of

modulus greater than or equal to 1. Since the ({1,2,3},{4},{5,6})-paving of A has
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norm greater than or equal to 1 and [[Ays || < 1, it must be that [|Af; 53] > 1. Like-

wise, [|[Ags6yll = 1. By Corollary 7.1.5, [|A]| > @ Since the choice of A was
arbitrary, B3(MO(R)s,) < \/% Since

0 1/21/2 1 1 1
/20 1/2 1 -1 -1
8 /21/2 0 -1 -1 1 2
3 1 1 -1 0 1/2-12|| Vi’

I -1 -1 1/2 0 1)2

1 -1 1 —-1/21/2 0
we have that 3(M2(R),,) = % . O

REMARK 7.3.4. The fourth, fifth, and sixth entries of the second column of Table

1.4.2 follow from Propositions 6.3.4, 6.3.5, and 6.3.6, respectively.

8. Paving self-adjoint circulants

In this section we establish the third (and last) column of Table 1.4.2 and the fifth
(and last) column of Table 1.4.3.
8.1. Computation of 2-paving parameters

The following proposition establishes the first entry of the last column of Table
1.4.3:

PROPOSITION 8.1.1. Br(M3(C) 50 = 5~ 5774,
Proof. Let
Oaa
A= |a0a|l e M5(C)s g4
aa(

with ap(A) = 1. We aim to show that ||A|| > /3 ~ 1.7321. Since the {{1,2},{3}}-
paving of A has norm greater than or equal to 1, |a| > 1. Thus (by Lemma 6.1.4)

6 < [|All7s < 2[IAlP,

which implies ||A|| > /3. Since the choice of A was arbitrary, B2(M3(C) 44) < %
Since
0 i —i

1
ﬁ2 —i0 i = =
i —i 0 V3
we see that Bo(M3(C)s.a) = % O

The following proposition establishes the second entry of the last column of Table
1.4.3:
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PROPOSITION 8.1.2. Br(MY(C) i 50) = —= ~ .4142.

1+v2
Proof. Let
Oaba
a0ab
A= p7204| EMEClose
abal

with a3(A) = 1. We aim to show that ||A|| > 1+ /2 ~2.4142. By Lemma 5.2.2,
la|,|b| > 1. Let a =re'®, where r > 1 and 6 € R. By Equation (1),

|A|| = max{|az’ + bz* +az| : z = £1,%i}
max{2r|cos(0)| + |b|,2r|sin(0)| + |b|}
> max{2|cos(0)|+ 1,2[sin(6)] + 1} > 1+ V2.

Since the choice of A was arbitrary, B3(MY(C) s s) < ——= . Since

1+v2
0 em‘/4 1 efm'/4
efm'/4 0 em‘/4 1 1
B3 1 e’”i/4 0 em'/4 - 1+\/§’

erL'i/4 1 efm'/4 0
we have that B3(M$(C)s ) = ﬁ

The following proposition establishes the third entry of the last column of Table
1.4.3:

PROPOSITION 8.1.3. B2(MS(C)or0) = 7= ~ 8944

Proof. By Proposition 6.2.3, B2(M2(C) s 5a) < B2(M2(C)sa) < % Since
0 Q25 pmifS  Gmif5  ,—2mif5
672751‘/5 0 e27ri/5 efm'/S em‘/S
. . . . 2
em/S 672751/5 0 6271'1/5 efm/S ==
B2 NG

efm'/S em‘/S 67271'1'/5 0 e2m‘/5
e2m/5 e—m/S em/S e—2m/5 0

we have that B,(M2(C) ¢ 50) = O

2
7

REMARK 8.1.4. The sixth entry of the last column of Table 1.4.3 follows from
Proposition 6.2.4.
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8.2. Computation of 3-paving parameters
The following proposition establishes the first entry of the last column of Table
1.4.2:

PROPOSITION 8.2.1. B3(MY(C) i 50) = ﬁ ~ 4142,

Proof. Proposition 8.1.2 and Lemma 5.2.2. [

The following proposition establishes the second entry of the last column of Table
1.4.2:

PROPOSITION 8.2.2. B3(M2(C) i 50) = 5 N A44T2.
Proof. Let
Oabba
a0abb
A= |ba0ab| € MIC)s
bbala
abbao

with az(A) = 1. We aim to show that ||A|| > v/5 ~2.2361. Since the {{1,2},{3,4},
{5}}-paving of A has norm greater than or equal to 1, |a| > 1. Likewise, since the
{{1,3},{2,4},{5}} -paving of A has norm greater than or equal to 1, |b| > 1. By
Lemma 6.1.4,

20 < ||Allzs <4lA1%,

which implies ||A]| > /5. Since the choice of A was arbitrary, B3(M2(C)s ) <

1
ﬁ.
Since

0 e2mi/5  omifS  Gmif5  ,—2mi/5
e—2m‘/5 0 eZm’/S e—m’/S em‘/S

B3 em‘/S e—2m’/5 0 e2m‘/5 e—m‘/S _ L
e—m‘/S em‘/S e—2m’/5 0 e2m‘/5 \/§
e2m‘/5 e—m‘/S em’/S e—2m‘/5 0

we have that B3(M3(C)s ) = %

The following proposition establishes the third entry of the last column of Table
1.4.2:

O

PROPOSITION 8.2.3. B3(MQ(C)ws5a) < § ~0.4495, where § :=2cos(5m/12) +
1+cos(m/4) = 2.2247.
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Proof. Let B
Oabcba
@a0abch
_|ba0abc 0
A= cEQOab €M6((C)O~,Sa7

bcbala

abcha0
with o3(A) = 1. We aim to show that ||A|| > cos(m/4) +2cos(57m/12) + 1 & 2.2247.
Arguing as in the proof of Proposition 5.4.2, we see that |a|,|c[ > 1 and || > 3.
Replacing A by —A, if necessary, we may assume that ¢ > 0. Now by Equation (1),

|A|| = max{|az’ +bz* +c® + b2 +az| : L =1}
= max{|2Re(az’) 4+ 2Re(bz*) + c’| : 2 =1}
= max{|2Re(az?) +2Re(bz) +c|: 2* =1}
= maX{|2Re(aZ2) +c|+2|Re(bz)| : z= l,ezﬂi/37e4”i/3},

For k € Z /247, define Wy = { r>0,0¢ {127 (kt;)n} } Clearly a € W, implies
aez’”/3 € Wiss and ae4’”/3 € Witi6-
Case 1: Suppose a §é‘Wk for any k = 3,4,11,12,19,20. Then there exists a z €
{1,213 ¢47i/3) such that az® € W; for some j =0, 1,2,21,22,23. Then
|A]| > [2Re(az?) +c| > 2cos(m/4) + 1 ~2.4142 > §.

Case 2: Suppose a € Wy for some k=3,11,19. Then there exists a z € {1,¢>™/3 ¢*m/3}

such that az> € W.
Case 2.1: Suppose bz ¢ W; forany j=5,6,17,18. Then

Al > \ZRe(az ) +c|+2|Re(b7)]
> 2cos(m/3) 4+ 1+cos(5m/12) ~ 2.2588 > §.
Case 2.2: Suppose bz € W; for some j=5,6,17,18. Set w = z¢2™/3 | Then

we {1,623, 4’”/3} aw? € W9, and bw € W; forsome i = 1,2,13,14.
Thus

12Re(aw?) + c| + 2| Re(bw)|
2cos(5m/12) + 1 +cos(m/4) =

Case 3: Suppose a € Wy, for some k =4,12,20. Then arguing as in Case 2, we can
show that |A]| > 8. O

REMARK 8.2.4. The fourth, fifth, and sixth entries of the last column of Table
1.4.2 follow from Propositions 6.3.4, 6.3.5, and 6.3.6, respectively.
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Appendix — Worst-known 3-paver

The worst-known 3-paver A is a 13 x 13 complex circulant obtained by computer

experimentation. The first column of A is (approximately) equal to

0
—0.055522930135728 +0.149717916185917i
—0.085982594349687 — 0.167559358391542i

0.012524801908532 — 0.005174683700118i
0.211884289354117 —0.450037958090483i
0.181822822115818 4+-0.190955159891972i
0.351168610117535 —0.052615522797929i
0.003304818602041 +0.071138805339765i
—0.242643523991422 +0.113229168904351i
0.147040327638516 +0.000763498011691i
0.306857154117503 — 0.502250996138940i
—0.333648956442746 —0.012814790427734i
| —0.255497016354932 — 0.470756522956261i |

2L
I

We have that A*A ~ 1.34741,3, i.e. A is (approximately) a scalar multiple of a uni-

tary.

The eigenvalues of A are (somewhat) uniformly distributed on the circle of radius

v/ 1.3474, except for a (nearly) multiplicity-two eigenvalue near the negative real axis.
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