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INTEGRAL ESTIMATES FOR THE FAMILY OF B-OPERATORS

W. M. SHAH AND A. LIMAN

(Communicated by L. Rodman)
Abstract. Let &, be the class of polynomials of degree at most . In 1969, Rahman introduced
aclass %, of operators B that map &7, into itself and proved that
[1BIP(R )]l < |BIEA(R [|Plley R=1,

for every B € %,, where E,(z) :=2".
In this paper, we show that this inequality holds analogously for the norm || -||, with ¢ > 1
and for some of its refinements as well.

1. Introduction

Let Z, be the class of polynomials P(z) := ¥, a;z/ of degree at most n with
j=0
complex coefficients. For P € &2, define
1 2r 019 1/q
Pl := —/ ’Pe’ ’d@} and ||P||e := max|P(z)|.
IPloi={ 55 ) IPee®) [Pl = ma (o)
It is known that if P € &2, then
1P [leo < | Pl|os (1)
[P(R )l < R"[[Pljec; R>1. 2)

Inequality (1) is an immediate consequence of a famous result due to Bernstein on
the derivative of a trignometric polynomial (for reference see[4]), whereas inequality
(2) is a simple deduction from the maximum modulus principle (see [15, p.346], [11,
p-158 problem 269]).

Inequalities (1) and (2) can be obtained by letting g — oo in

1Pllg < nllPllg, >0 3)

and
|P(R-)|lg <R"|P|lg; R>1 and g > 0. (4)
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Inequality (3) for ¢ > 1 is due to Zygmund [17], where as inequality (4) is a sim-
ple consequence of a result due to Hardy [8]. Arestov [2] proved that (3) remains true
for 0 < g <1 as well.

For the class of polynomials P € &2, such that P(z) # 0 in |z] < 1, inequalities
(1) and (2) can be replaced by

n
1P ]l < S 1IPle (5)
and e
+
IP(R ) < =5 — [Pl R>1. (6)

Inequality (5) was conjectured by Erdos and later verified by lax [9], whereas
Ankeny and Rivilin [1] used (5) to prove (6).
Inequalities (5) and (6) can be obtained by letting g — oo in

n

1Py < —|Pll,, forg >0, )
NTEA
and
E,(R - 1
1R g < LB ey oy - o R 1 and ¢ > 0. (8)
Nl

Inequality (7) was found out by de Brujin [6] for ¢ > 1, whereas inequality (8) for
q > 1 was proved by Boas and Rahman [5]. Rahman and Schmeisser [13] have shown
that inequalities (7) and (8) remain true for 0 < g < 1 as well.

Rahman [12] (see also Rahman and Schmeisser [14, p.538]) introduced a class %,
of operators B that map P € &, into itself. That is, the operator B carries P € &,

into
BIP](2) == A0P(z) + M <%) P1(!Z) e (%)2 Pz(zZ)’ ©

where Ag, A; and A, are real or complex numbers such that all the zeros of

n!

- 2 _
U(z) :==A+C(n,1)Aiz+C(n,2)Arz", C(n,r)= ETPESIE (10)
lie in the half plane
n
<lz—= 11
o< o3 (1)
and observed:
THEOREM A. If P(z) is a polynomial of degree n, then
P)| <M, [zf=1
implies
IB[P](z)| <M[B["][, [z] = 1. (12)

As an improvement of (12), recently authors [16] proved the following:
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THEOREM B. If P € &, and P(z) #0 in |z| < 1, then
1 n
[BP] (2)] < 3{IB["]| + M("}ﬁfﬂp(zﬂ’ |zl > 1. (13)

The result is sharp and equality holds for a polynomial whose all zeros lie on the
unit disk.

For suitable choices of Ag,A; and A, (see [16]) Theorem A yields inequalities (1)
and (2), whereas Theorem B yields inequalities (5) and (6).

A natural question arises. Does there exist similar integral estimates which yield
the compact generalizations of inequalities (3), (4) and (7), (8) respectively such that
for g — oo, these inequalities reduce to Theorem A and Theorem B as well? As an
answer to this question, we have been able to prove the following:

THEOREM 1. If P € &P, then forevery R>1, q> 1 and |7] =1,
IBIP(R -)]llq < [BIEA(R )]I[|Plq; (14)

where B € %, and E,(z) :=7". Or, equivalently for 0 < 6 < 2m,

. ) . 1/q
1 [ 0 nRe®\ o nRe'® 2P”(Rele) !
{E/o AoP(Re )+/11< - )P(Re )+/12< - ) |
n? n(n—1) 12y e )M
< R" " r\nr— o i
<R ot 2+ 22" ‘ {zn/o P(e”)| de} : (15)

where Ay, A, Ay are defined above.
The result is best possible and equality holds for P(z) = a7, a # 0.

Theorem A immediately follows from Theorem 1, if we let ¢ — oo in inequality
(14).

REMARK 1. If we choose Ag =0 = A, in (15), which is possible, as it can be
easily verified that in this case all the zeros of % (z) defined by (10) lie in (11), we get
inequality (3) for every g > 1.

THEOREM 2. Let P € &, be such that P(z) # 0 in |z| < 1, then for every R >
1, g=1land|z] =1,

BIEA(R ]|+ |o|
1+ Enllq

IBIP(R )]l < 1Pllq: (16)

where B € %, and E,(z) :=7".
Or, equivalently for 0 < 0 < 2m,

1 2 0 nRet® P nRei® 2P//(Rei6)
{E/o AoP(Re )+/11< - )P(Re )+/12< - ) -

q 1/q
de}
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3(pn_
)Lo-l-ll%-l—)tzn(ré 1)‘R"+M()| 1 2=
{2 1+ 0 6} /s {%A
The result is best possible and equality holds for the polynomial P(z) = az" + 3, where
o] = |B].
Theorem B easily follows from Theorem 2, if we make g — oo in inequality (16).

Further, if we choose A9 =0 = A,, R =1 in (17) which is possible, we get inequality
(7) for every g > 1. On the otherhand, for A; = A; = 0, we have the following:

P(eif’))qde}l/q. (17)

COROLLARY 1. If P € &, be suchthat P(z) # 0 in |z| < 1, then for every R >
1, g=1land|z] =1,
R'+1

[PR)lg < 777
I Eallg

1P]lg-

REMARK 2. Since inequalities (3), (4) and (7), (8) hold for every g > 0, we have
a feeling that Theorem 1 and Theorem 2 hold true for ¢ € (0,1) as well.

A polynomial P(z) is said to be self-inversive if P(z) = uQ(z), |u| =1, where
Q(z) =7"P(1/z). It is known [7] that if P € &7, is a self inversive polynomial, then
forevery g > 1,

n
1P'llg < == lIPllg- (18)
TS +Elg

We next present the following more general result concerning self inversive poly-
nomials, which includes inequality (18) as a special case. We prove.

THEOREM 3. If P € P, is self inversive, then for every g > 1, R> 1 and |z] =1,

IBIEA(R -)][ + |20l
e e L (19)
where B € %, and E,(z) :=7".
Or, equivalently for 0 < 0 < 2m,
. . : 1/q
1 [ ; nRe'® ; nRe'® 2P”(Re”g) !
— P(Re) + A P'(Re') + A do
{277:/0 /10(6”1( 2 ) (e>+2< 2) 21
3 (n—
’lo-l—)h%-l—)tzn (ré 1)‘+|A’0| 1 r2= T 1/q
< , —/ o) 'a0t . o)
{2 [ 1 +em0)7qap}1/a 21 Jo

The result is sharp and equality holds for P(z) = 7" + 1.

Theorem 4 of [16] is a special case of this theorem, if we let g — co.

For Ag =0=A;, R=1 inequality (20) yields inequality (18) and for A; =0 = A,,
we also have the following:

COROLLARY 2. If P € &, is self inversive, then for every g > 1, R > 1,

R"+1

llg < AT

11+ Enllq
The result is sharp and equality holds for P(z) = 7"+ 1.

I1P(R -) 1Pllg for |z] = 1. (21)
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2. Lemmas

For the proofs of these theorems, we need the following lemmas.

LEMMA 1. Let &, denote the linear space of polynomials
P(z)=ao+-- +apd"

of degree n with complex coefficients, normed by ||P|| = max |P(¢'9)|, 0 < 6 < 2.
Define the linear functional £ on &, as

L P—lpag+lLiar+ -+ lLhay,

where 1;’s are complex numbers. If the norm of the functional is A then

2n }ZZ—O lkakei"e } 2m
O —/———— |dO < (C]
/o ( N /o -

n .
2 akelke
k=0

) de, (22)

where O(t) is a non-decreasing convex function of t.
The above lemma is due to Rahman [12].

The next lemma which we need follows from [10, Corollary 18.3], (see also [12]).

LEMMA 2. Ifall the zeros of a polynomial P(z) of degree n lie in a circle |z| < 1,
then all the zeros of the polynomial B[P)(z) also lie in the circle |z] < 1.

LEMMA 3. If P € &, and P(z) #0 in |z| < 1, then for |z] > 1,

1B[PI(2)| < |B[Q](2)], (23)

where Q(z) =7"P (%)
The proof of Lemma 3 is implicit in [12, Section 5].

LEMMA 4. If Pe P, thenforevery R>1, g>1,0< 0 <21

/27‘[ /271’
0 0

B[P(Re™®)] + ¢™B[R"P (¢ /R)) qd@d(x

< 2n“B[R"ei"9]’ + Aorfomﬂp(ei@)’qde. (24)

Proof of Lemma 4. Let M = max,—; [P(z)|, so that [P(z)| <M for [z| < 1. If
A is any real or complex number with |A| > 1, then by Rouchés theorem P(z) — AM

does not vanish in |z| < 1. Hence, if Q(z) = z"P (1), then by Lemma 3 and the fact
that B[1] = A9, we have

|B[P](z) — AAoM| < |B[Q](z) — AMB[Z"]| for |z| > 1. (25)



84 W. M. SHAH AND A. LIMAN

Since |Q(z)| = |P(z)] < M for |z| = 1, therefore by inequality (12), it is possible to
choose argument of A such that
|B[O](z) —AMBI[Z"|| = M|A||B[2"]| — |B[Q](2)]-

Hence choosing the argument of A in the right hand side of inequality (25) suitably, we
get
BIP](2)| — |A[|20]M < M|A|[B[Z"]| - |B[Q](2)].

This gives after making |A| — 1
B[P](2)| + [B[Q] ()| < {IB["]| +|Aol} M for [z > 1. (26)
In particular for every 0, 0 < 0 <27 and R > 1, we have
‘B[P(Reie)}‘ + ‘B[R"P(eie/R)}‘ < {‘B[R”eine}‘ n |/10|}M.
Thus for every o with 0 < o < 27, we have

i0 ino n i0 n2 n3 (l’l B 1)
‘B[P(Re )|+ e"BIRP(e /R)]) < { Do+ S A+ o

R"-l—)Lo}M.

(27)
This shows that _ ‘ _
A := B[P(Re"®)] + " *B[R"P (¢’ /R)]
is a bounded linear operator on &2, and in view of (27), the norm of the bounded linear

functional ) ) .

2P {B[P(Re‘f’)} + e"B[R"P( /R)] }H

is 5 3( )
n n(n—1

Ao+ 7/11 +—e

Therefore, by Lemma 1 for ©(¢z) =17, g > 1, it follows that

/27[
0

A2 | R" + | Aol

BIP(Re)] + " BR"P(e/R))| 0
2 3(n
< H/IO + St %

Integrating the two sides of (28) with respect to ¢, we get

2w 2w
/O/O

A2

R+ )L0|r/02” ‘P(eie)’qde. (28)

B[P(Re")] + ™ B[R"P(¢® /R)] ‘qded(x
21 q 21 o 1q
g/ [ R"+)Lo] doc/ ‘P(e’e)‘ a6
0 0

4 r2n
:Zn{ R"+)Lo|} /
0

e [B[R”eine} + )Lo] ’ /O ” ’P(eie)’qde.

2 3
1
AO‘F%AI‘F%)Q

n? n(n—1)
Ao+ 73‘1 + — =

A2

P(eie)‘qde

This completes the proof of Lemma 4. [
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3. Proofs of the Theorems
Proof of Theorem 1. 1If M = max,_; |P(z)|, then by inequality (12)
|B[P](z)| < M|B[z"]| for |z] >1
This in particular gives forevery 0, 0 < 0 <2m and R > 1
[BIP(Re)]| < M|B[R"e™]|,

or

)B[p(Rele '/10+ P D) (29)

8

Since B is linear operator (see [12, sec. 5]), therefore A = B[P(Re'?)] is a bounded
linear operator on &Z,. Thus in view of (29), the norm of the bounded linear functional

LP— {B[P(Reie)]}ezo
is
P01, |,

)Lo-i- )Ll-i- 3

Hence by Lemma 1 for every ¢ > 1, we have

/27‘[
0

From this inequality (14) follows immediately and this completes the proof of Theorem
1. O

2

B[P(Reie)}‘d HAOJF AP G >x2}

P(eie)‘qde.

Proof of Theorem 2. Since P(z) #0 in |z| < 1, by Lemma 3, we have for each 6,
0<O6<2mand R> 1,

)B[P(Refe)]) < ‘B[R”P(eie /R)] ) .

Also for every real 6 and ¢ > 1, it can be easily verified that |1 +7¢®| > |14 €| and
therefore for every g > 1,

2n . 21 .
/ |1+ze’9\‘1d9>/ 11+ ¢9940. (30)
0 0

B[R"P(c'9 /R)]

Now, taking ¢ = -
|BIP(Re)]|

> 1 and using inequality (30), we have
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2w 2w
/0/0

B[P(Re™®)] + ™ B[R"P(¢ /R)] ’qded(x

B[R"P(¢"/R)]|*

_/2n/2n Rele |q 1 -+ ™Mo B[P(Reie)} dod6
—/M{' [P(Re")] Ozn 14" Bifﬁ(;;/ﬁ” qda}de

> /0 M{‘B[P(Re‘e
:/(-)271'

Inequality (31) in conjuction with Lemma 4, gives

/ }1+em|qda}de

BIP(Re™)] dG/ 14|’ dar.
0

q
on .y 27T[B[R"e‘"6] +)L0] o
/ B[P(Reze)]) do < o . / P(ele)) dao.
0 fO \1+e’”0‘|qda 0
Equivalently
|BE(R -)]| + [ Al
B|P(R - < P|,.
IBIPR ]l < PR 1Pl

This completes proof of Theorem 2. [

Proof of Theorem 3. Since P(z) is a self inversive polynomial, we have

P(z) =uQ(z), where Q(z) =2"P(1/Z) and |u|=1.
This in particular gives

B[P](2)| = |BIQI(2)| for [z >1

That is

‘B[P(Reie)}‘ - ’B[R"P(eie /R)]|, foro < 0 <2r.

Inequality (32) in conjuction with Lemma 4, gives

q
271 [|B[R"ei"6] + )Lo]

2 . .
/ BIP(Re)][ a0 < ——— / LR
0 fO ‘1 + ezna|’1 do 0
Equivalently for R> 1 and g > 1
BIE® )]+ o
IBIP(R )] lq < 1Plg-

11+ Enlly

€29
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This completes proof of Theorem 3. [
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