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THE GENERAL SOLUTION TO A SYSTEM OF ADJOINTABLE
OPERATOR EQUATIONS OVER HILBERT C*-MODULES

QING-WEN WANG, CHANG-ZHOU DONG

(Communicated by L. Rodman)

Abstract. We establish necessary and sufficient conditions for the existence of solution to the
system of adjointable operator equations A1 X = D{,XBy = D3,A3XB3 + B3X*C3 = D3 over the
Hilbert C*-modules. We also give the explicit expression of the general solution to this system
when the solvability conditions are satisfied. As an application, we investigate the anti-reflexive
Hermitian solution to the system of complex matrix equations AX = B,XC = D,EXE* =F.
The findings of this paper extend some known results in the literature.

1. Introduction

We know that investigating solutions to operator equations is a very active research
topic. In 2007, Djordjevié [1] considered the operator equation

A*X+X*A=B (1.1)

for bounded operators on Hilbert spaces. In 2008, Cvetkovi¢-Ili¢ [2] gave the solvabil-
ity conditions and the set of the solutions to the operator equations

AX+X*C=B (1.2)

and
AXB+B'X*A*=C (1.3)

for bounded operators on Hilbert spaces. Xu [3] in 2008 investigated the equation (1.3)
in the general setting of the adjointable operators between the Hilbert C*-modules.
Moreover, Xu [4], Fang et al. [7] studied the system of equations

AX =C,XB=D (1.4)
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for adjointable operators between Hilbert C*-modules, which generalized the main re-
sults in [5]-[6].

Hilbert C*-module is a natural generalization of Hilbert space and C*-algebra.
Hilbert C*-modules play important role in the theory of operator algebras, for instance,
we need formulations using Hilbert C*-modules to study Morita equivalence of C*-
algebras, induced representations, Multipliers, K-theory and KK-theory, index theory,
Cuntz-Pimsner algebras and so on. Therefore investigating operator equations over
Hilbert C*-modules is very meaningful. Note that all of those equations (1.1)—(1.4) are
special cases of the following system of adjointable operator equations

AX =Dy,XBy = Dy,A3XB3 + B}X"Cs = D3 (1.5)

over the Hilbert C*-modules, which is of interest in its own right. So far, to our knowl-
edge, there has been little information on general solution to system (1.5) either for
adjointable operator equations in the framework of Hilbert C*-modules or for matrix
equations over the complex number field. Moreover, system (1.5) has some applica-
tions, for example, using the results of system (1.5), we can investigate the anti-reflexive
Hermitian solution to the system of complex matrix equations

AX =B,XC =D,EXE* =F. (1.6)

It is well-known that the reflexive and anti-reflexive matrices have many important ap-
plications in numerical analysis, information theory and linear estimate theory [8], and
a large number of papers have investigated the reflexive or anti-reflexive solutions to
some matrix equations [9]-[11]. We know that the anti-reflexive Hermitian solution of
system (1.6) of matrix equations has not been concerned yet.

Motivated by the work mentioned above, we in this paper aim to give the solv-
ability conditions to the system of adjointable operator equations (1.5) over the Hilbert
C*-modules, as well as present an explicit expression for the general solution to this
system when the solvability conditions are satisfied.

The paper is organized as follows. In Section 2, we begin with some basic con-
cepts and results about adjointable operators and generalized inverse of adjointable op-
erators over the Hilbert C*-modules. In Section 3 we present necessary and sufficient
conditions for the existence of the solution to the system (1.5). When the solvability
conditions are met, we also give an expression of the general solution to this system. As
applications, in Section 4, we first show that some known results can be recovered from
the main results of this paper, then propose the solvability conditions and the general
expression of anti-reflexive Hermitian solution to the system of matrix equations (1.6).
We in Section 5 give a conclusion to close this paper.

2. Preliminaries

Hilbert C*-modules arose as generalizations of the notion Hilbert space. The basic
idea was to consider modules over C*-algebras instead of linear spaces and to allow
the inner product to take values in the C*-algebra. The structure was first used by
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Kaplansky [12] in 1952. For more details of C*-algebra and Hilbert C*-modules, we
refer the reader to [13, 14].

Let 2 be a C*-algebra. An inner-product 2-module is a linear space E which is
a right 2(-module (with a scalar multiplication satisfying A (xa) = x(Aa) = (Ax)a for
x€E,acU A e C), together with amap E x E — 2, (x,y) — (x,y) such that

(1) {x,y+B2) = o () + B (x,2):

(2) (x,ya) = (x,y)a;

(3) (xy) = (1)

(4) (x,x) >0, and (x,x) =0« x=0 forany x,y,z€ E, o,f € C and a € 2.
An inner-product 2[-module E is called a (right) Hilbert 2(-module if it is complete
with respect to the induced norm ||x|| = (x,x) 12,

Throughout this paper H; and H, denote two Hilbert C*-modules, and ¥ (H;,H>)
is the set of all maps T: H; — H, for which there is a map T*: H, — H; such
that (Tx,y) = (x,T*y), for any x € H, and y € H,. We know that any element 7' of
Z(H,H,) is a bounded linear operator. We call £ (H;,H,) the set of adjointable
operators from H; into H,. In case Hy = H,, £ (H,,H;) which we abbreviate to
Z(H;), is a C*-algebra and we use the notation I to denote the identity operator. We
write Z(A) and .4 (A) for the range and null space of A € Z(H;,H;). An operator
A€ Z(Hy,H,) is regular if there is an operator A~ € .Z(H,,H)) such that AATA=A,
A~ iscalled an inner inverse of A. Itis well known that A is regular if and only if Z(A)
and ./ (A), respectively, are closed and complemented subspaces of H, and H; .

The Moore-Penrose inverse of A € .Z(H|,H>) is defined as the operator AT €
¥ (H,p,H,) satisfying the Penrose equations

AATA=A ATAAT = AT (ATA)" = ATA, (AAT)" = AAT.

For simplicity, we use Ly and R4 to stand for the projector —ATA and T —AAT,
respectively.

An operator A € 4 (H,,H,) has the (unique) Moore-Penrose inverse if and only
if A has closed range, or equivalently if and only if it is regular.

By [[14], Theorem 3.2, Remark 1.1], we have the following lemma.

LEMMA 2.1. The closeness of any one of the following sets implies the close-
ness of the remaining three sets Z(A),%(A*),Z(AA*), Z(A*A). If Z(A) is closed,
then Z(A) = Z(AA*), Z(A*) = Z(A*A) and the following orthogonal decomposi-
tions holds:

H =N (A)®ZAY),Hy=Z%(A) S N (A").
Since A is regular, it follows that A has the following matrix form:
_ A1 0] [ #(A7) Z(A)
A= [ 0 0} ' LV(A) T lran ]

where A} : Z(A*) — Z(A) is invertible. In this case, the Moore-Penrose inverse of A
has the following matrix decomposition:

=[5 L]~ )
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For other important properties of operators and generalized inverses of operators
see [15]-[18].

3. The system of adjointable operator equations (1.5)

In this section, we present necessary and sufficient conditions for the existence
of the general solution of (1.5), and give an expression for the general solution to the
system when the solvability conditions are met. We begin with the following lemma.
The proof is analogous to operator equation [5], which is omitted here.

LEMMA 3.1. Let Ay € X (Hy,H,), By € £ (H4,Hs) have closed range, and let
C\ € X(Hs,H,), Cy € L (Hu,Hy). Then the system of adjointable operator equations

AX=C, XB=(C (3.1)
is consistent if and only if
R, C1 =0, GClLp, =0, AC,=C1B;.
In that case, the general solution of (3.1) is
X =AlC, + La,CaB) + La, Y Rp,,
where Y € £ (Hs,H)) is arbitrary.

Next lemma is due to Cvetkovi¢-Ili¢ [2], which can be generalized to the Hilbert
C*-modules.

LEMMA 3.2. (Corollary 3.1in[2]) Let A€ ¥ (H,,H;), B€ £ (H,,H;) and C €
% (Hy). Suppose that B is invertible and D = A*B~" is regular. Then the equation (1.3)
has a solution X € £ (H,) ifand only if C = C*, LpELp =0, where E = (B*)~'CB~!.
In this case, the general solution of equation (1.3) can be expressed as

1 1
X = E(D*)TEJr E(D*)TELDJr (Z—Z")D+RpW,

where Z € £ (H,) and W € Z(H,) are arbitrary.
For the simplicity, we put
Ki = (E) (B™)"DB "+ (B) (B~ DB L,
K =[(B"Y)Y'DB'E] +Lg (B~')'DBE]]".
LEMMA 3.3. Let A € Z(H\,H,), B € L(Hy,Hy), C€ L(Hy,H,) and D €
L (H,). Assume that B is invertible and Ey = A*B~!, E; = CB™! are regular, then

operator equation
AXB+B*X*C=D (3.2)
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has a solution X € £ (Hy) if
AK( B+ B'K;C =2D, AK>B+B*K;C=2D. (3.3)

In this case the general solution of the equation (3.2) can be expressed by

1 1
X = Kit+ Kot (2o~ Z)Es+ (Zo— ZDEv+Re Wi+ Re,Wa, (3.4

where Wy € £ (H,),W, € Z(H,),Z1 € Z(H,),Z, € £ (H,) satisfy

" " 1
(Zz _Zl)El +RE2W2 — (Zl —Zz)Ez _RE1W1 = Z(Kl —Kz).

Proof. Suppose (3.3) is satisfied. Taking W) =W, = Z; = Z, = 0, we have the
operator X defined by (3.4) is a solution of the operator equation (3.2).

Now assume (3.2) has a solution X € .Z(H;), we want to show that it can be
expressed as (3.4). Let

0X

A= |:OC*:| HeoH —H,dHy,, X= |:X O] ‘Hi®H — H D Hy,

-~ BO ~ 0D
B:|:0B:|IHQEBH2—>H1@H1, D=|:D*O:|ZHQEBH2—>H2@H2.
Then,
o 0D =
D — [D* ol =D. (3.5)

Put E=A*B"!,F = (B*)"'DB"!, then

B 0 Lg, (B)"'DB 'Lg, |
LEFLE = [LEZ(B*)ID*BILEI 0 =0. (36)
By AXB+B*X*C=D,

s o~ [AO][0OX][BO B°0ol|lo0X |[Aa*0

AXB+BXA_{OC*HXOHOBF[OB*} X0 [OC}

0 AXB+B'X'C 0 D] =
= _ _ = % :D 3.7
C*XB+B*X A* 0 [D 0} 3-7)

By (3.5) and (3.6), we know the operator equation (3.7) is consistent. It follows from
Lemma 3.2 that
1

~ 1 ~ A ~
X= E(E*)TF+ E(E*)TFLE—F(Z—Z*)E—FREW, (3.8)

where Z € Z(H, ®H,) and W € £ (H, & H)) are arbitrary.
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Let

5 [z Zi
Z=
[zzl Zn

Wi Wio
Wa1 Wao

= }:Hl@HleHl@Hl, W:[ }:HIEBH1—>H1@H1.

Then by (3.8),

- { (Z11 — Z7,)Ey 1K+ (Zin— Z3))Es +RE1W12:|
3Ky + (Zy1 — Z)E1 + Rg,Way (Za2 — Z5,)Ex ’

implying

o1 1 .
X= EKI +(Z12—Z5))Es + Rg,Wip = EKz + (Zo1 — Z{5)E1 + Rg,Way,

(Zi1 —Z{)E1 = (Zap — Z5,)E» = 0.

For Zl = 212722 = 2217W1 = W127W2 = W21 , WE have

v 1 * 1 *

X = EKI +(Z1—-7Z3)E, +Rg, W = EKQ +(Z - Z))E, +Rg,W>.
Hence, X can be expressed as

- 1 1 N

X = ZK1 + ZKz +(Z1 — Z3)Er+ (Zy — ZY)E1 + Rg, Wi + Rg,Ws,
where W) € Z(H,),W, € Z(H,),Z, € £ (H,),Z, € £ (H)) satisty

" X 1
(ZQ—ZI)E1+RE2W2—(ZI—Zz)Ez—RE1W1 = Z(Kl—Kz). O
Now, we turn our attention to consider the system of adjointable operator equations

(1.5),1et Ay =AsLa, , By =Rp, B3, Cs =Ly, C3, E\ =A}B,, B2 =C4B)}, E3=A}, By,
E4=Cy By and

Dy = D3 — A3(A] Dy + La, D2B})Bs — B5(AIDy + L, D2B})*Cs,

Ki = (E)" (B})"DaBj + (E{)" (B})" DaB}L,,
[(B})"DaBLE; + L, (BY)' DiBE, ",
= (E5)"(B3)) Da By + (E3)" (By)')" Dar By L.
= [(B4')'Da1By ' E{ + L, (B4 ) Dar By Ey".

K>
K3
K4
We now give the main theorem of this paper as follows.

THEOREM 3.4. Assume that A} € ¥ (H\,H,), B, € £ (Hs3,H;), Az € £ (Hy,Hy),
B3 e X(H4,H1), C3 EX(H4,H1), D, Ef(Hl,Hg), D, EX(H3,H1), D; ED‘Z(H4),
andlet Ay, By, A4, By, C4, E1, Ey have closed ranges such that

B}BsA4 = A4B4B), BiB4Cs = C4BBy, (3.9)
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AuK By +BIK;C4 =2Dy4, A4K>By +BZK;FC4 = 2Dy, (3.10)
Lp,Rp,D4 =0, LB4RCZ{D:‘; =0, 3.11)
Rp,A{Dys = Rp,(C;)'Dj, Rp,Ls, =Rp,Lc;. (3.12)

Then the system of adjointable operator equations (1.5) is consistent if and only if
Ro,D1 =0, DsLp, =0, ADy= DBy, (3.13)

Lp,DyLp, = 0. (3.14)

In that case, the general solution of (1.5) can be expressed as

1 1
X =A[D| + L, D2B} + Ly, [FKi+ K+ B4B}(Z) — Z3)Ey + B4B}(Zy — Z})Ey

+ B4B{RE, W1 B4B}, + BsB}Rg,W>B4B} + Rp, A} D4B} + Rp,La,VBaB} + URg,|Rp,,
(3.15)

where U € £ (H,),V € £ (Hy) are arbitrary and Wy € ¥ (H,),W, € X (H,), Z; €
Z(Hy), Z, € Z(H)) satisfy
B4B}(Zy — Z})E + B4BiRg,WaByB] — B4B}(Z) — Z3)Ey — B4BiRE, Wi B4B),
1

== Z(Kl —Kz)

Proof. Suppose that the system of adjointable operator equations (1.5) has a solu-
tion X, then X is a solution to the system of adjointable operator equations

AX =Dy, XB,=D>, (3.16)

therefore (3.13) follows from Lemma 3.1. Note that X is a solution to the system of
adjointable operator equations (3.16), then X can be expressed as

X =AlD| +La,D2B} +La,YRg,, (3.17)
where Y € .Z(H)) is arbitrary. Taking (3.17) into
A3XB3+BiX*Cs = D3, (3.18)

we have that
A4YB4+BY*Cy =Dy (3.19)

and (3.19) is consistent. It can be verified that
Lg,DaLp, = (I — BiB4)(A4X By + BiX*Cy4)(I — BiB4) = 0.

Suppose (3.13) and (3.14) are satisfied. By Lemma 3.1, (3.16) is consistent. Sup-
pose X is a general solution of (3.16). Note that

Ly, X =X-AlAX=X-AlD,.
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o La,XRp, =X —XB,B} —AID, + AID,B1B]
=X — D,B} — ATD; +A[AD1B].
Thereby,
X =A[Dy + DyB} — AJA1 DB} + Ly XRp,. (3.20)
Taking (3.20) into (3.18), we can get
A4XB4+BiX C4 = Dy. (3.21)
Using the following decompositions:
Hy = %(B;)® N (Bs) and Hy =% (Bs) ® N (B}),
by regularity of By,
*
w0 [ [56)

where Bsj : Z(B};) — Z(Ba) is invertible.
In this case, the Moore-Penrose inverse of B4 has the following matrix decompo-

sition: 5 = [Bgf 8] : [ fi(é%))} - [i((lg))} '

Also, A4,C4 and D4 have the following suitable decompositions:

ez (7] ()

Cs— [Cay C42} : [%(Bj)} ~ {%(34)

_C43 Cyq N (By) f/V(le)
_ [Du D] [ 2(B) - Z%(By)
Da= | D43 D44} ' [«/V(Bt)} [JV(B‘:)]

It follows from (3.9) that Agp = A43 = 0 and Cyp = C43 = 0. Therefore, the Moore-
Penrose inverses of A4 and C; have the following matrix decompositions:

ae [t 2] [2m]- 2)]

=[S o[- e

By computation we obtain that

00
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that is, D44 = 0. Then for

= [RE][H] - [

we can derive

— % — % % —%
A4XB4+BZ)?*C4 _ | AaX1Ba1 + B3 X Cyy By X3Cus | _ | Dar Dap ,

A44X3B4y 0 Dy; 0O

which is equivalent to

- Lo
A4 X 1Bay + By X Ca1 = Day, (3.22)

Ci4X3B41 = Dj, (3.23)
AuX3Byy = Das. (3.24)

It follows from (3.10) that
A41K3Ba1 + By Ky Ca1 = 2D41, As1KyBay + By K3Cy1 = 2Dy
By Lemma 3.3, the equation (3.22) is solvable. Taking the following decompositions

W, — [Wu Wm] : [%(34)} . [92(34) } ’

Wiz Wig N (B}) N (B})
=) (3] - e

7R

Z13 Zi4 ,/V(BZ) JV(BZ)
n= |22 | |- T

the solution of (3.22) can be expressed as

. 1 1
X = ZKB + ZK4—|— (ZU _Z;I)E“_'_ (221 —Zikl)E3 —|—RE3W11 —|—RE4W21,

where Wiy € L(%(Bs)), Wa1 € L(%#(Bs)), Zn1 € ZL(#(Ba)), Zo1 € £ (% (Bas))
satisfies

* * 1
(Z21 — Z1,)E3 + Rp,Wa1 — (Z11 — Z51)E4 — Rp, Wy = Z(K3 —Ky).

By (3.11), '
AuAlDy3 =Dyz,  Ciy(Ciy)'Diy =D,
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implying the equation (3.23) and (3.24) are solvable. Taking the following decomposi-
tions:

r=[ne ] ] - [T
=[] e = L)
ViVy |48 ] [ (BY)

yields that the solution of (3.23) and (3.24) can be expressed as
X3 =A}Dy3By + La,Ys = (Ciy) Dip By + Le, Vs,

where Y3 € Z(#(Bs), A (B})) and V3 € L(#(Bs), -/ (B})) are arbitrary. By
(3.12),
AlDsz = (Ciy) "Dy, Lay, = Ley, -

Hence,
X3 = Al Dy3By ! + Lo, Vs,

where Y3 € £ (% (Bs), A (B})) is arbitrary.
Let
_|UiXa| | #B) | _ | #Z(B)
v=[o%) | V| - | )

Then, by computation, we can derive that X can be expressed as

%=tk Yk BB (Z - Z0)Es 4 BuBL(Zy — ZVE, + BiBIR W,B4B!
—114—124—44(1—2)24—44(2— 1)E1 + B4ByRg, Wi B4B),

+ B4B}Rg,W>B4B], + Rp,ALDyB}, + Rp,La,VB4B, + URp,, (3.25)

where U € Z(H,), V € Z(H,) are arbitrary and W; € Z(H,), Wo € Z(H,), Z €
Z(Hy), Zp € £L(H) satisfy

B4BY(Zy — Z})E + B4BiRg,W2B4B] — B4B}(Z) — Z3)Es — B4ByRE, Wi B4B),

1
=— (K1 —K>).

4( 1 —K>)
Taking (3.25) into (3.20), we know that any solution to the system of adjointable oper-
ator equations (1.5) can be expressed as (3.15). O

4. Applications

In this section, we first consider some special cases of system (1.5) to show that
some known results can be recovered from the results of this paper. Then we present the
solvability conditions and an expression of the general anti-reflexive Hermitian solution
to (1.6) by using the results of (1.5).
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Supposing that C; = Dy, C, = Dy, C3 = A5 in Theorem 3.4, we can get the
corresponding results to the following system of adjointable operator equations

A1X =C,XBy =(C,A3X B3+ B3X A} = C;. 4.1
Put

A4 =AsLy,,Bs = Rp,B3,G = A}B],
Cs = C3 — A3(A]C1 + La, C2B3)B; — B3 (A[Cy + Ly, C2BY) A3,
K = (G*)'(B})*C4B} + (G*)"(B])*C4B]Lc. (4.2)

Then we have the following.

COROLLARY 4.1. Let A} € ¥ (Hy,H,), B, € £ (H3,Hy), Az € £ (H,,H,y), B3 €
X(H47H1), C e X(Hth), C EX(H37H1), C3 Eg(Hzt), andlet Ay, By, A4, By,
G have closed ranges such that

BzB4A4 = A4B4BZ, A4KBy —|—BZK*AZ = 2Cy, LB4RA4C4 =0. 4.3)
Then the system of adjointable operator equations (4.1) is consistent if and only if
Ry C1 =0, GClLg, =0, AC;=CiBy, Ci=C,, Lp,CsLp, =0. 4.4)

In that case, the general solution of (4.1) can be expressed as

1
X =AlC) + L, CoB) + Ly, K+ B4B}(Z —Z")G + B4BiRGWB4B) + Ry, ALC4B]
+ Rp,La,YB4B, + URp,]|Rp,, (4.5)
where Y € Z(H,), U € Z(H,) is arbitrary and W € £ (H,), Z € Z(H) satisfy
B4BY(Z+Z")G + B4Bi,RGWB4B, = 0. (4.6)

In Theorem 3.4, letting Ay, Dy, B>, D, vanish, and A3 =A, B3 =B, (3 =C,
D3 = D, we can present the solvability conditions and an expression of the general so-
lution of the adjointable operator equation (3.2). For simplicity, we assume that K, K,
are defined as

K = (E})"(B")"DB" + (E})"(B")'DB'Lg,,
K> = [(B")*DBYE] + Lg, (B")"DB'E]]".

COROLLARY 4.2. Let A€ ¥ (H\,H,), B€ £ (Hy,H,), C€ ¥ (Hy,H) and D €
Z(H,). Suppose that A,B,C, E\ = A*BY, E; = CB' are regular and

B'BA = ABB', B'BC = CB'B,

AK\B+ B*K;C =2D, AK,B+ B*K;C =2D,
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LgR4D =0, LgRc~D* =0,
RpA'D = Rp(C*)'D*, RpLs = RpLc+.
Then the operator equation (3.2) has a solution X € £(Hy) if and only if LgDLg = 0.

In this case, the general solution of the equation (3.2) can be expressed by

1 1
X =1K+ 1K+ BB'(Z, — Z;)E, + BB'(Z, — Z})E; + BB'Rg, W, BB'

+ BB'Rg,W2BB' + RgA"DB' + RpLoYBB' + URj,

where Y € £ (H,), U € £ (H;) are arbitrary and Wy € £ (Hy), Wr € £ (H,), Z; €
Z(Hy), Z, € Z(H)) satisfy

BB'(Z, — Z})E| + BB'Rg,W,BB'" — BB'(Z, — Z;)E; — BB'Rg, W\ BB' = — (K| — K3).

E

REMARK 4.1. Theorem 3.4, Corollary 4.1 and Corollary 4.2 are also new for
finite dimension spaces.

In Theorem 3.4, suppose that Ay, D;, By, D, vanish, and A3 = A, B3 =B,
C3 = A*, D3 = C, then we can obtain Theorem 2.1 in [3] and Theorem 3.1 in [2] as
follows.

COROLLARY 4.3. Let A€ ¥(Hy,H,), BE £ (Hy,Hy) and C € £ (H,). Assume
that A, B and D = A*BT are regular and

B'BA =ABB', AKB+B'K*A* =2C, LgRsC =0,
where K = (D*)Y(BY)*CB" + (D*)(B")*CBLp. Then the operator equation (1.3) has

a solution X € £ (H,) if and only if C = C*, LgCLg = 0. In this case, the general
solution of the equation (1.3) can be expressed by

1 . . . .
X =K+ BB'(Z—Z")D+BB'RpWBB' + RgA'CB" + RgL,YBB' + URp,
where Y € £ (Hy), U € £ (Hy) are arbitrary and W € £ (H,), Z € £ (H;) satisfy
BBY(Z+Z7*)D+BB'RpWBB' = 0.

In Theorem 3.4, assuming that A;, Dy, By, D, vanish and A3 = A, B3 =1,
C3 =C, D3 = B, we can get Theorem 2.2 in [2].

COROLLARY 4.4. Let A€ £(H|,H,), C € £(Hy,H) and B € £ (H,) be reg-
ular and Ky = A'B+A'BL¢, Ky = [BCT + Ly+BCT]*. Then the operator equation (1.2)
has a solution X € £ (Hyp,H,) if and only if

AK, +K;C=2B, AK,+K;C=2B.
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In this case, the general solution of the equation (1.2) can be expressed by

1 1
X = ZKl + ZKQ +(Z1 —Z5)C+ (Z, — Z])A* 4+ Ry«Wy + RcWs,

where Wy € Z(Hy), W, € Z(H1),Z) € Z(H)), Z» € £ (H)) satisfy
%\ Ak * 1
(Z, —Z))A* +RcWsr — (Z1 — Z;)C — Ry=W, = Z(Kl - K).

In Theorem 3.4, supposing that A;, Dy, By, D, vanish and A3 = A*, By =1,
C3; =A, D3 = B, we can have Theorem 2.1 in [1].

COROLLARY 4.5. Let A € £(H1,H,) is regular, and B € £ (H,). Then the op-
erator equation (1.1) has a solution X € £(Hy,H>) if and only if

B=B*, [L4BLy=0.

In this case, the general solution of the equation (1.1) can be expressed by

1 T 1 T VL
X = AT+ SATBLy +(Z—Z)A" + Ra:W,

where W € £ (H,),Z € £ (H\) satisfy
(Z+Z*)A* + RaxW =0.

In Theorem 3.4, letting Az, B3, C3, D3 vanish, we obtain the same results of the
general solutions to (3.1) as [4], [5] and [6].

COROLLARY 4.6. Let A| € £ (H,H,), By € £(Hy,H3) have closed range, and
let C1 € £ (Hs,H,), Cy € £(Hy,Hy). Then the system of adjointable operator equa-
tions (3.1) is consistent if and only if

Ry, Ci =0, GlLp, =0, AG=CB;.
In that case, the general solution of (3.1) is
X =A{C| + B} — ATA\C,B] + La, YRs,,

where Y € £ (Hs,H)) is arbitrary.

REMARK 4.2. Corollary 4.3, Corollary 4.4, Corollary 4.5 and Corollary 4.6 show
that Theorem 2.1 in [3], Theorem 2.2, Theorem 3.1 in [2], Theorem 2.1 in [1] and
the results of the general solutions to (3.1) in [4], [5] and [6] can be recovered from
Theorem 3.4 of this paper.
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Now we turn our attention to use Theorem 3.4 to investigate the anti-reflexive
Hermitian solution to the system of matrix equations (1.6) in the rest of this section.
Many authors have investigated the reflexive and anti-reflexive solutions to linear matrix
equations. For instance, the anti-reflexive solution to the matrix equation AX = B was
studied in [9] and the anti-reflexive solution to the system of matrix equations (1.4)
was considered in [10] over the complex number field C. The reflexive re-nonnegative
definite solution to the quaternion matrix equation EXE* = F was investigated in [11].

A matrix A € C"™" is called anti-reflexive (anti-reflexive Hermitian) with respect
to the nontrivial generalized reflection matrix P if A= —PAP (A* = A,A = —PAP),
where P is the nontrivial generalized reflection matrix, i.e., P* = P # I and P2=1.
Put

C(P)={A e C"™"|A=—PAP}.

HC™"(P) = {A € C™"|A* = A,A = —PAP}.
LEMMA 4.7. (Lemma 1 in [10]) A matrix A € C*"(P) if and only if A can be

ar
expressed as
oOM|. .
A=U {N 0 } U-,

where M € C™*n=1) N e C=n>r gnd U defined as U = [Ul Ug], UiU, =0 is
unitary.

LEMMA 4.8. (Lemma 2.7 in [11]) Suppose that P € C"*" is a nontrivial gener-
I+ P

I } , then we have the following:

alized reflection matrix and K = [

NO
oM
trix of size n X r and r = rank(I + P), by applying a sequence of elementary column
operations on K.

(i) Perform the Gram-Schmidt process to the columns of N and M, suppose that
the corresponding orthonormal matrices are Uy and U,.

(iii) Put U = [U, Uz ], then

(L0 .
P_U{O_In_r}U.

(i) K can be reduced into K = ] , where N is a full column rank ma-

REMARK 4.3. Lemma4.8 gives a practical method to represent the unitary matrix
U in Lemma 4.7.

By Lemma 4.7, we have the following.

LEMMA 4.9. A matrix A € HC"(P) if and only if A can be expressed as

0 M]. ..
A—U{M*O}U,

where M € C™"=") and U is defined as U = [Ul Uz] , UiUp =0 is unitary.
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Now we consider the anti-reflexive Hermitian solution to the system (1.6), where

A,Be C(m1+m3)><(nl+n2), C,De C(n1+n2)><(m2+m4), Ec (Cm5><(n1+n2), F € CMs*ms gre
known and X € HC{1F2)*(#m) (p) ynknown. By Lemma 4.9, we can assume that

_ OXl *
X—U{XFO}U7 (4.7)

where X € C"*"2. Suppose that

AU = [Asl A52] ,BU = [le BSZ] y (4.8)
*ov Csl *ry D.\'l

UC—{CSJ,U D_[DQ], 4.9)

EU = [A3 B}] ,F =C;, (4.10)

where Ay, By € (Cm1><n1, Cs1, Dy € Cmxmz, Ag, Bp € (Cm3><n2’ Cq, Dy2 € anxm4’
Az € C"s*M By e CMs*Mm C3 € C™s*™Ms| Let

As1:| |:Bs2:|
=An | 5 | =0, (4.11)
|:le Ds2
(A%, C2| =Ba,[Bl Dy | =Co. (4.12)

Then the system of matrix equation (1.6) has anti-reflexive Hermitian solution if and
only if the system of matrix equation (4.1) is consistent. By Theorem 3.4, we have the
following theorem.

THEOREM 4.10. Let (4.3) hold. Then System (1.6) has an anti-reflexive Hermi-
tian solution X € HC1Tm2)x(mtn) (P) if and only if the equalities in (4.4) hold. In this
case, the general anti-reflexive Hermitian solution to (1.6) can be expressed as (4.5).

We now give an algorithm for finding the anti-reflexive Hermitian solution to sys-
tem (1.6), and present a numerical example to illustrate our results. Base on Remark
3, Lemma 4.9 and Theorem 4.9, we propose the following algorithm for solving the
anti-reflexive Hermitian solution to system (1.6).

ALGORITHM 4.1. (1) Input A,B € Clmtm)x(m+m) ¢ p e Clntm)x(mytms)
E € Cms<(m+m) - F ¢ C™s*™s and the nontrivial generalized reflection matrix P €
Cmtn2)x(ni+na)

(2) Compute r and U by the way of Lemma 4.8.

(3) Compute Ay, B;,A3,B3,C1,C,C3 by (4.8)—(4.12).

(4) Check whether (4.3) and (4.4) hold or not. If all hold, then go into the follow-
ing.

(5) Compute X; by (4.5).

(6) Compute X by (4.7).
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EXAMPLE 4.1. Given a generalized reflection matrix

1000
0-10 0
P= 0010
000-1
and the parameter matrices of system (1.6)
A=[1-i2i0], B=[02+i244i5+5i],
0 -5
535 _ 2+4i
C=1 121" P=|s35-107|"
i 0

po (2117 L[ 142 0.02-001
“lo0io] "7 0024001 0 '

By Lemma 4.8, we obtain r =2 and

1000
0010
0100
0001

According to (4.8)—(4.12), we derived

(1—ii 2535 21 10
A=l 2]’ Bz:[o i}’ AF[OJ’ B3:[—7i0}’
[ 2+4i 5+5i | o -5
Cl__2—4i 0 } C2_[2—4i5.35—10.7i]’

o | 142 002-00L
’7 10024001 0 '

By computation, (4.3) and (4.4) holds. Using Theorem 4.10, the general solution of
system (4.1) is

X1 =35 +S2[S3 +S4(Z—Z*)Ss + SeWSs4+ 57+ Sg¥V S4 + USQ]S]()7
where Y, U are arbitrary, Z, W satisfy
S4(Z —Z*)Sj + SeWS4 =0,
and
o [ 0 243i) o [ 022-017i —0.11+0.056i
P=1—=2i 0 |°%7 |0.04740.014i —0.2240.07i |’

g [~4-017i 0.02i g | 1 —0.004i
37 13.2-0.78i —0.003 —0.014i|> °*~ [0.004i 0 '
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0.074+40.05: 0 0.4+0.002i 0.48 4+ 0.09i
SS = y S6 = )

—0.07—0.03i 0 0.002i 0.002i
g _ [0-012—0.004i 0 G 0 0.002i
771 0.089—2.79; 0.012+0.004i|’> °%~ [0.001 +0.05i 0.44 +0.05i | ’

. 0 0.0047) o [0.330.89i
= 1-0004i 1 |> °°T 1003 0 |

Then by (4.7), we obtain the general anti-reflexive Hermitian solution X € HCZ**(P)

to system (1.6), which can be expressed as the following

Jox
X_[XE‘O]'

5. Conclusion

In this paper, we have investigated the system of adjointable operator equations
(1.5) over the Hilbert C*-modules, we have presented necessary and sufficient condi-
tions for the existence and the expression of the general solution to the system (1.5).
Some special cases of system (1.5) have been considered in Section 4 to show that some
known results can be recovered from the results of this paper. As an application, we
have proposed the solvability conditions and the general expression of anti-reflexive
Hermitian solution to the system of matrix equations (1.6) over C. Moreover, we have
given an algorithm for finding the anti-reflexive solution to system (1.6) and presented
a numerical example to illustrate our results.
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