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HIGHER RANK NUMERICAL HULLS OF MATRICES

ABBAS SALEMI

(Communicated by H. Radjavi)

Abstract. For any nx n matrix A, we use the joint higher rank numerical range, A(A,...,A™),
to define the higher rank numerical hull of A. We characterize the higher rank numerical hulls
of Hermitian matrices. Also, the higher rank numerical hulls of unitary matrices are studied.

1. Introduction and preliminaries

The higher rank numerical range was introduced by Choi, Kribs and Zyczkowski,
in connection to the construction of quantum error correction code in the study of quan-
tum information theory [1]. In quantum computing, information is stored in qubits
(quantum bits). Mathematically, the state of a qubit is represented by a 2 x 2 rank one
Hermitian matrix Q satisfying Q> = Q. A state of N-qubits Qy,...,Qy is represented
by their tensor products in M, with n =2V,

Let M, x(C) be the set of n x k complex matrices (M,(C) := M, ,(C)) and let
%, (C) be the set of n x n unitary matrices. Motivated by the study of convergence
of iterative methods in solving linear systems (e.g., see [8]), researchers studied the
polynomial numerical hull of order m of a matrix A € M,,(C), which is defined and
denoted by

Vi(A) ={ e C:|p(&)| < |[p(A)]| forall p(z) € Zn[Cl},

where 22,,|C] is the set of complex polynomials with degree at most m. The joint
numerical range of (A1,A,...,Ap) € M,(C) x --- x M, (C) is denoted by

W(ALLAz,...,Ap) = {(x"A1x,x"Ax, ... . x"Apx) 1 x € C" x*x = 1}.
By the resultin [5]
VMA)={eC:(L,82,....¢™) € conv (W(A,A%,...,A™))},

where conv(X) denotes the convex hull of X C C”. Throughout the paper k,m and n
are considered as natural numbers and I; is the k X k identity matrix.
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Let k > 1. The rank-k numerical range (see [1]) and the rank-k spectrum of a
matrix A € M,(C) are denoted by Ax(A), and oy (A) respectively, as follows:

Ak(A) = {l eC:3Ix EM,,J(,X*AX lek, X*X :Ik}, (D
oi(A) = {A €C: dim(ker(A, —A)) > k}. 2)

In the following we state some properties:
(i) ok(A) S Ak(A) S Ak1(A) S CA(A) =W(A), k>2.
(ii) Ax(aA+BI) = aAi(A)+ B forall a,p € C.
(iii)) The higher rank numerical range is convex [9].

(iv) Rank-k numerical range of every n X n complex matrix is non-empty if k <
n/3+41. Also, if k > n/3+ 1, an n x n complex matrix is given for which the
rank-k numerical range is empty [6, Theorems 1, 2].

(v) Rank-k numerical range of every n X n normal matrix is a convex polygon de-
termined by the eigenvalues [7, Corollary 2.4].

Let A = (Ay,...,Ay) be an m—tuple of n X n complex matrices. For 1 <k <n,
the joint rank- k numerical range of A is denoted by:

Ak(A) = {()Ll,...,ﬁ.m) )¢ GMn7k, X*AiX = )Lilk7 1<i<m and X*X Zlk}. (3)

In the next section, we use the joint higher rank numerical range to define the
higher rank numerical hulls of matrices. Also, we characterize the higher rank numer-
ical hulls of Hermitian matrices. The higher rank numerical hulls of unitary matrices
are studied.

2. Higher rank numerical hull

In this section we are going to introduce the notion of higher rank numerical hull
of order m for a matrix A € M,,(C).

DEFINITION 1. Let A € M,,(C). The rank-k numerical hull of order m, is defined
and denoted by

X[(A)={2 € C:(A,A%,...,A™) € conv (Ag(A,A%,...,A™))}, 4)
where Ai(A,A?,...,A™) is the joint rank-k numerical range of (A4,A2,...,A™).

By Greenbaum’s results (see (1)) and the convexity result duo to Woerdeman, it is
clear that rank-1 numerical hull of order m is the polynomial numerical hull of order m
and the rank-k numerical hull of order 1 is the rank-k numerical range. Now, we state
some observations which will be used frequently:
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LEMMA 2.1. Let A € My(C). Then
i) or(A) CX"(A)CX!" (A) CX"A)=V"(A), k>2.
ii) op(A) CXMA) C X" H(A) CXLHA) = Ar(A), m>2.
iii) X["(A—ul) = X"(A) —
Let A € M,(C). Since X/ (A) = A¢(A) and X|"(A) = V™(A), it is enough to study
Xk(A) for k,m > 2.
REMARK 1. Assume that A € M, (C), and Az(A,A?,... A™) is convex. Then
XMA)={A€C:3X E My, X'AX =A'I;, 1<i<m and X*X =L}. (5)
Let A € M, (C) be idempotentand let m > 2. Itis clear that Ax(A,A%,... ,A™) is convex
and hence by (5), X{"(A) C{A€C:A=A", 1<i<m}={0,1}.
The following Theorem characterizes the rank-k numerical hull of order m for

Hermitian matrices.

THEOREM 2.2. Let H € M,(C) be a Hermitian matrix and let m > 2. Then
X{'(H) = ox(H).

Proof. Let A € X;"(H). By applying [9]to A =H+iH?, itis clear that Ay(H,H?)
is convex. Hence (A,A%) € Ay(H,H?). Then, there exists a unitary matrix U such that

errrr (A B ey (AIE . _
UHU_(B*D) and U*HU = B F . Thus, BB* =0 and hence B = 0.
Therefore, A € ox(H). The converse is trivial. [J

By replacing k = 1 in Theorem 2.2, we obtain the following Corollary, (see [5]).

COROLLARY 2.3. Let H be a Hermitian matrix and let m > 2. Then V"'(H) =
o(H).

In the following, we study the relationship between X;"(A) and two sets V™ (A)
and Ax(A).

PROPOSITION 2.4. Let A € My(C). Then X"(A) € V"(A) N Ar(A). Moreover,
VA) C XM ®A).

Proof. By Lemma 2.1 (i) and (ii), X;"(A) CV"(A)NA(A). Let A € V"(A). Then
there exists unit vectors x; € C", and positive ;, i = 1,...,l such that 25: (ti=1 and
AS = Zﬁ: 1tixiA%x;, s = 1,...,m. Define X; := I, ® x;. Direct computation shows that
25:1 l‘,'Xi*(Ik ®A)SX,' = AL, s=1,...,m. Hence (A’A27 e ,)tm) S Conv(Ak(Ik ®RA,
L ®A%,... [y ®@A™)). Therefore, V"(A) C X"(,®A). O

If A is a scalar matrix, then it is trivial that X;"(A) = V" (A)NAx(A). Butin general
X;"(A) may or may not be equal to V""(A) N Ax(A). See the following examples.



82 ABBAS SALEMI

EXAMPLE 1. Let A = diag(0,1,—1,i,—i). We know that 0 € V2(A), (see[3]).
Also, by [7, Corollary 2.4], Ay(A) = {0}. Then V?(A)NAy(A) = {0}. Let X* =

(? O(')S 0(')5 O(')S 0(')5) . Direct computation shows that 0 € X7(A). Thus X3(A) =

VZ(A) N AL (A).

2, J

J 5h
by Theorem 2.2, X5(A) = 02(A) = 0. But, it is clear that 2 € V?(A) N Ay(A). Hence
X3(A) S VA(A)NA2(A).

EXAMPLE 2. Let A = ( ) , Where J = (8 (1)) . Since A is Hermitian,

Now, we characterize X;"(U) N o(U), for unitary matrices. First, we need the
following:

PROPOSITION 2.5. Let A € M,(C) be a normal matrix such that 6(A) = ext(W(A)),
where W (A) is the numerical range of A and ext(S) is the set of all extreme points of
S. Then X["(A)N o (A) = or(A).

Proof. Since Ax(A) =X[!(A) D X["(A),m > 1, it is enough to show that Ax(A) N
0(A) = 0r(A). Assume o(A) = {A,A2,...,Ay}. By [7, Corollary 2.4], we know that

Ak(A) = n COHV({AJ'17...,AJ'"7,€H}).

1< 1< <Ju—k+1<0

Let A € 0(A)NAg(A). Since o(A) C ext (conv({Ay,...,A,})), the algebraic multi-
plicity of A is greater than or equal to k. Also, we know that, for normal matrices, the
algebraic and geometric multiplicities are the same. Therefore, Ay(A)No(A) C ox(A).
The converse is trivial. [

COROLLARY 2.6. Let U € %,(C). Then X;"(U)No(U) = ox(U).

The following example shows that Proposition 2.5 doesn’t hold if there exists an
eigenvalue which is not an extreme point.

0 0 0
Direct computation shows that X*AX = X*A2X =01, and hence 0 € 6(A) NX7(A) but
0 ¢ 0s(A).

Let H be a Hermitian matrix and let m > 2. By Theorem 2.2, we know that
X"(H) = ox(H). The following Proposition shows that this relation may happen for
non Hermitian matrices.

EXAMPLE 3. Let A =diag(0, 1,e/?%/3 ¢"*7/3) and let X* = (

0+/3/33/3 \/§/3>
X .

PROPOSITION 2.7. Suppose A € M, (C) is a normal matrix such that 6(A) lies
in a semi-circle. If m > 2, then X;"(A) = o(A).
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Proof. There exists a complex number o such that oA is a unitary matrix. With-
out loss of generality, we replace oA by A. Let m > 2. By [4, Theorem 2.8.], V"(A) =
0(A), and by Proposition 2.5, Ax(A)No(A) = ox(A). Since oy (A) C X]"(A) CV™(A)N
Ar(A) = 0r(A), we obtain that X/"(A) = ox(A). O

The following definition helps us to study X;"(U) for unitary matrices U € % (C).

DEFINITION 2. Let A € M,,(C). The rank-(ky,ky) numerical range of A, (k| +
kp = n), is defined and denoted by

AL, %
_ 2. * _ k
Ak dy) (A) = {(/Lu) €C*:3U € %, U*AU = ( N ulkz)}' (6)

Let U € %,(C) be a unitary matrix with distinct eigenvalues. By [2, Theorem
4.7], we know that A, 1,)(U) =0, for ky # ko. Now, we assume kj = k;.

THEOREM 2.8. Let U € %y (C) and let (A,u) € A(U,U?). Thus
(i) If w= A2, then A € o;(U).
(ii) If u# A2, then (/L/leie) € Ay (U), where 0 < 0 <21

Proof. Assume that (A, ) € Ax(U,U?). Thus, there exists a unitary matrix V

% o )LIkB ¥772%, .UIk B . % . .
such that V*UV = ( C D and V*U“V = (C’ D) Since V*UV is a unitary

matrix, we obtain that
C*C=BB*=(1—|AP), AB+C'D=0, and BC = (u—2A>). (7

It is readily seen that BC = CB and |BC| = |B||C|, where |B| = (B*B)'/2.
(i) Let u = A2. By (7), BC =0, and hence B=C =0. Thus, |A|=1and A € o, (U).
(ii) Let u # A2. Then |A| < 1. By usmg (7) we obtain that ABC+ C*CD = A(u —

AN+ (1—|AY)D =0. Thus, D = A22-p) JJ. If A =0, then B and C are unitary

- MP
matrices and hence (0,0) € Ay 1) (U). If A #0, then by using (7), B= 1“ \/){IZC* Also,
we know that |u — A2|I; = |[BC| = |B||C| = (/1 — |A[2L)?, so, ‘1“ |7/}\2| = 1. Thus there

exists 0 < 0 < 27 such that D = Ae“I; and hence (A,4¢'%) € Ay p(U). O

THEOREM 2.9. Let U € %y (C) be a unitary matrix with distinct eigenvalues and
let m,k > 2. Then X]"(U) = 0.

Proof. Let (A,u) € Ay(U,U?). Since 03(U) =0, by Theorem 2.8 (i), |A| # 1 and
u# A% Alsoby [2 Theorem4 71, and our assumption, A;(U) = {A} is a singleton. By

Theorem 2.8 (ii), —MZ = A. Assume that A # 0. Thus u = %, and hence

2 A2@AP-1) : : m
A(U,U%) = {(/1, T>} Since |A| # 1, we obtain that X;"(U) =0, m,k > 2.
Now, assume that A = 0. By the same manner as in the proof of Theorem 2.8, we
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obtain that BC = ul; is unitary matrix. Then |u| =1 and Ay(U,U?) = {(0,u)} is a
singleton. This means that X;"(U) =0, m,k>2. O

COROLLARY 2.10. Let D, = diag(1,w,,...,.w!~ '), where w, = ¢™/" and let
m,k > 2. Then X" (Da) = 0.

REMARK 2. By using [2, Theorem 4.7] and [7, Theorem 2.2], we know that
X! (Dy) = {0}.
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