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ON AN INVERSE FORMULA OF A TRIDIAGONAL MATRIX

TOMOYUKI SUGIMOTO

(Communicated by M. Omladic)

Abstract. This paper provides an inverse formula freed of determinant expressions for a general
tridiagonal matrix. This is viewed as an alternative version of the Usmani formula, which easily
tends to blow up computationally. We discuss a number of different viewpoints regarding the
proposed and Usmani’s formulas, such as the proof method and the meaning of included terms,
although our formula itself may be obtained by a simple transformation of Usmani’s. A study of
the limit elements based on the inverse formula and a numerical experiment for comparison with
the other inverse methods are provided. In addition, we briefly discuss the inverse formula in the
case of zero minors, which is illustrated by a numerical example.

1. Inverse formula of a tridiagonal matrix

Consider the inverse Z, = (z;);_; = Y, ! of a general n x n tridiagonal matrix,

o 0 - 0
Browpr -

Yo=0i)ij==| 0B . 0 |- @
s, Vel
0 -0 By o

This subject has been studied by many authors [2, 6, 16, 17, 10, 11, 3, 1,4, 5, 12, etc.].
Let us classify several expressions for Z, into the three characteristics: (i) convenience
or simplicity of a formula itself, (ii) numerical aspects that the algorithm is fast in
computation or has less numerical errors and (iii) asymptotic aspects for studying the
limit form. The Usmani formula [16, 17] provides an elegant solution for Z,,

(=) ¥j16-19j41/ 6, i< j
zij =9 6i-10i+1/6n, i=j, (2)
(=) Bjs1---Bi6j-10i1/6n, i > j

where 6;’s are 6; = 0,;0,_1 — ’]/i,]ﬁiel;z, i=2,...,n with 8 = a; and 6y = 1, while
¢i’sare ¢ = 001 — YiPir10iv0, i=n—1,...,1 with ¢, = oy, and ¢,y = 1. Usmani’s
Mathematics subject classification (2010): 15A09, 15A06.

Keywords and phrases: Tridiagonal matrix, inversion, product integral, Volterra equation, computa-
tional stability, limit elements, zero minors.

© depay, Zagreb 465
Paper OaM-06-30


http://dx.doi.org/10.7153/oam-06-30

466 TOMOYUKI SUGIMOTO

formula has the advantage of (i), and in addition realizes a stable numerical computation
for many cases if n is not too large or the entries (¢, etc.) seldom influence n.

However, (2) encounters problems as follows: for example, let o; = 2n and f3; =
Y;—1 = n temporarily to consider the case of a; = O(n) and ; = O(n) depending on n.
Such a condition often occurs for the Fisher information matrix, which is well-known
in statistics, in high-dimensional statistical model estimation [15]. If n becomes larger
than 150, 6, easily tends to infinity computationally in home programming software
with the maximum length of about 300 in digits of the decimal numbers. Then, (2) and
the other determinant-based formula [6, 10, e.g.] fail to obtain Z, numerically, although
|zij| is not greater than O(1), because of max;z; = 1/4+1/2n by 6 = ¢p_t11 =
(k4 1)n*. The LU factorization [3, 1, e.g.] and cyclic reduction method [9], which are
in general preferred than (2) for numerical computation, have the advantage of (ii) in
this example.

Further, to discuss (iii), consider a derivation of lim,_...z;; under some o, 3; and
Y. Because 6; solved using the recursive relation is expressed as a sum of product
integrals [8], it will be generally difficult to formulate the limit form of 6;, that is, to
investigate the limit of z;; using (2). Also, the explicit form obtained based on the LU
factorization and cyclic reduction is usually complicated, which makes studying the
limit of z;; difficult.

To deal with these three aspects (i)-(iii), we consider an alternative expression of
).

THEOREM 1. For atridiagonal matrix Y, of (1), define sequences f; and gy by

—Y
U fraBe+oy’
_ B
S gt o

with fy =0 and g,4+1 =0, and a product integral py; by
My fe if k<i,
1 if k=1, @)
I, g0 if k> .

Then, the (i, j)-th element of Z, =Y, ! is

621727...,71 (B1=O), (3a)

(=nn—1,...,1 (,=0) (3b)

Pki =

zij = vij/ (viivjj),
where
vij = pij (Bipi—1i+ Qi + Yipis1,) - (5)

In advance, note that (5) means
vij = pijvii and vi; = Bifi 1+ 0+ Yigiv1, (57
because a special case of (4) is

Di—1,i=fi—1, Pii=1, Pir1i=8it1- 4)



ON AN INVERSE FORMULA OF A TRIDIAGONAL MATRIX 467

Theorem 1 provides some different viewpoints to (2); for example, it is free of the
determinant expressions which easily tend to blow up computationally, so that it leads
to more stable computation (ii) than a direct use of (2), similar to the LU factorization
and cyclic reduction method. This advantage also appears to work well in a theoretical
regard, such as (iii). In addition, because (3a) and (3b) are expressed by nonlinear
Volterra integral equations closely related to an extended Fibonacci sequence, it is often
easy to find their solution expressions for specified ¢;, §; and ¥;. Given such solutions,
we will be able to study the limit form of a linear combination of z;;. In order to support
and compare several findings from Theorem 1, in particular on (iii), we provide a further
formula derived in the case of symmetric matrix below.

COROLLARY 1. Assume that Y, of (1) is a symmetric tridiagonal matrix given by
Yi=Biv1, i=1,...,n— 1. Then, there are U; and &;, i =1,...,n which provide

Hi Hit1

o = +
l (%’—1 - ‘Ii)z

0; ;
5 +— and it = — Hivl (6)

(gi—qin1)* ¢ (qi —qi+1)?’

where U1 =0 (“n-&-l/(qn - Qn+1)2 =0),

Qi:l—l;:l (l—u/j/r/j) and rizz;':i(u(-‘r(iﬂ,), i=1,...,n

Using the sequences {W;}?_, and {8}, the (i, j)-th element of Z, is expressed as

Zij = 4iq; Z?il}(i’j) pe/{re(re—ue)}

Corollary 1 may not be derived so directly from Theorem 1, but is located as a
special case of Theorem 1 (see [15, Lemma 5]). Corollary 1 may be more convenient
for studying (iii) than Theorem 1, if ¥, is at least symmetric. Note, however, that
the sequences {u;}? | and {§;}}_, satisfying (6) are not unique with no restriction,
because 6; and U;, i =n,...,1 are obtained automatically from any non-zero value
of g,. For these backgrounds, in this paper, we focus on Theorem | and establish
the knowledge obtained from Theorem 1. A further investigation on the relationship
between Theorem 1 and Corollary 1 is placed in a future study which follows this
work.

The formulas as Theorem 1 and Corollary 1 had not been studied. However, when
this paper was under reviewing, [7, Algorithms 4.1 and 4.2] proposed algorithms even-
tually arranged to Theorem 1, and they showed that the algorithms have a relatively
smaller number of computational steps. This study was performed and approached
from a different viewpoint, completely independently of [7]. Also, the advantages of
Theorem 1 are not necessarily investigated fully yet, so that it is worth investigating
how this formula is characterized in terms of (ii)-(iii). In Section 2, a motivated exam-
ple for Theorem 1 is shown. In Section 3, the proofs of Theorem 1 and Corollary 1
are provided. We find out the advantages of (iii) in addition to (ii) on Theorem 1. This
example is discussed in Section 4. Section 5 is helpful for explaining how Theorem 1
is adaptable when Y, has zero minors and, as this result, why the algorithm proposed in
this paper can be applied numerically without requiring the symbolic computation such
as Algorithm 2 of [7].
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2. A motivated example and symmetric tridiagonal case

In this section, we will examine the origin of Theorem 1 in order to discuss an
implication of f; and g,. For simplicity, the subject is restricted to the symmetric
tridiagonal case. An alternative expression of Theorem 1 is also given.

Assume that Y}, is a negative definite symmetric tridiagonal matrix given by y, =

Bri1, £ =1,...,n. We considered the derivatives of a function G such that
G(xi) =maxy ... v w1, F(x) for F(x) = 3xTY,x —xTu,

where x = (x1,...,x,)" and u = (uy,...,u,)T. Let Fy(x) = dF(x)/dx,. Because the
condition to obtain G from F' is

F[(x) = Bex¢_ 1+ opxe+ Broxor —up=0for £=1,....i—1,i+1,...,n,
the first derivative of G is

J dx;
dG(x;)/dx; = ;le gx(]x) d—);{ = Fi(x) = Bixi—1 + 04x;i + Bir1Xie1 — u;

so that the second derivative of G is expressed by

d*G d d
( ) _ ﬁt Xi— 1+ +ﬁz+l Xi+1 (7a)
dx? dx;
" odx; dx dx dx
m:=2d;{& "+,d4ﬁﬁlj“} (7b)
j=1 4Xi

with dxo/dx; = dx,+1/dx; = 0. Here, (7a) and (7b) are derived from the fact that

PCw) _ 4 [yn FWAGY e x) dxj dy | IF(x) &)
dxl-z — dx; J=1"0x; dx; — &)l Bx]8xl dx; dx; Jx; dxl-z :

Next, we consider the derivatives dx;/dx;. This is usually obtained by applying the
implicit mapping theorem to the condition Fj(x) = dF(x)/dx; =0 for j # i. However,
there is a recursive relation that does not depend on a matrix expression. For example,
given Fi(x) =0, i.e. ayx; + Brxp =0, x1 is a function of x,. Hence,

dxi _ dRi/dy, =B,

dx; dFl/qu o (04] fl

In addition, for ¢ > 2, given Fy(x) = Bpxg—1 + opxs + Bry1xe+1 = 0, since xy is a func-
tion of (xy_1,x¢+1) under the relation xy_1 = x;_1(x¢) already obtained by Fy_1(x) =0,
we have

dx; _ dFy/dxpy  —dFp/dxpy, =B ~f ®)
dxgi dFyjdx, — 9 OF dua g+ Bfyy 0"
dx; ' dxp_y dxy

Inversely, g, means dx,/dx,_; computed by F,(x) = 0. Hence, by starting from
gn+1 = 0, we recursively obtain

dxy _ _dF/j/d)C/j,l _ —dF;/dxy_4 _ —By _ )
dxg_ dFjdx, 9, O & ot Bragin o
dxg axg“ dx;;
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Therefore, by the chain rule of differentiations, dx; /dx; is computed as

dxj dxj+1 dx,-,l

if j<i—1
dxj ) dxjirdxjio dx; /

dx; dx;j dxj_l'”dxH_ it i1

dxj,l dxj',z dxi
From (8) and (9), it is found that p;; defined by (4) means dx;/dx;. This makes us
understand that v;; is obtained by p;;vi; = (dx;/dx;)(dF;(x)/dx;) = dFi(x)/dx; because
Fi(x) is equal to dG(x;)/dx; and then we have v;; = dF;(x)/dx; from (7a).

Finally, we consider the meaning of 1/v;;. Note that the Jacobian matrix of func-
tions (Fj(x),...,F,(x)) is ¥,. If det(Y,) # 0, we have the inverse functions denoted by
x1(F1,...,F,), -, xu(F1,...,F,). Then, by the derivative formula of the inverse func-
tion of several variables,

oxi(Fy,...,Fy)

the (i,i)-th element z; of Z, =Y, ! means 5F
i

(10)
On the other hand, because of v;; = dF;(x)/dx;, by the derivative formula of the inverse
function of single variable, we have

dx,- 1 1

dF(x)  dF(x)/dx; v’

which provides the same result as (10).

A shortcoming of the form z;; = p;;/v;; obtained from Theorem 1 is that it is
not immediately clear how to achieve a symmetry between z;; and zj;, which should
be obtained in the case of a symmetric tridiagonal matrix. Lemma 1 below provides a
transformation of v;; to see such a symmetry easily. In addition, the proof of Lemma
1 shows that (7a) is equivalent to (7b) even in a general symmetric tridiagonal matrix
without having to be negative or positive definite. The expression of v;; in Lemma
1 was originally found by the covariance structure of a superposition of forward and
backward Gaussian martingale processes [14].

LEMMA 1. Assume that Y, is symmetric, i.e. Yy = PBpvr1, £ =1,...,n— 1. Then,
vij defined by (4) is expressed as

Vij = — Xpo Bx(Pri — Pr—1.0) (Prj — P—1,7) + 2= (0 + Br + Brs1) Pripij
with By =0 and B,+1 =0.

Proof of Lemma 1. The expression of v;; in Lemma 1 is provided by a simple
transformation of (7b) as follows:

Vij = — Yp—s Be{PriPrj — PkiPk—1,j — Pk—1,iPk,j + Pk—1,iPr—1,j }
+ 251 (0 + B+ By 1) Pripi;
= Y {BepriPi—1,j + Brsr1PkiPk+1,j + CkPriPrj }»
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which corresponds to (7b). Next, we show that this reduces to (7a), i.e., it is equivalent
to the definition of (4). Note the relation
Bipi—1j+ upkj = —Prr1pirr if k# J,
as provided further below in (13a) and (13b). Applying this relation to v;; decomposed
into
i—1
vij = Si_ {Bepr-1,j+ pij } pi+ (Bipj-1.j+ @ipjj) pji
301 Bk upri } pri+ X Beri PriPiin s

we obtain the form of (4) as

Jj—1 n n
vij = — X, Ber1pirrjprit (Bipj—1,+0) pjii— D, BeriPir1jpit X, Beri Pribiet,j

k=1 k=j+1 k=1

= (Bipj-1j+aipjj+Bjs1pjsry) pji- O

3. Theoretical justification of the main result

This section provides a proof of Theorem 1 and the related results.

Proof of Theorem 1. Letting (si;)} ;_; = YaZ,, we will then show that
lifi=j
Sij = ﬁiZifl,j + 0izij + Yizi+1,j = { 0iftit]

By the definition z;; = v;;/(viivj;), the (i, j)-th element of ¥,Z, is written as

(1)
P Sij Bivie1,jViiVie1,i+1 + OVijVie1i—1Vit1,it1 + ViVie1, jVie1,i—1Vii
1] — Ty — .
P Vi Li—1ViiVit1i+1Vjj

(0

ij
Applying (5°), i.e. vg; = prjvir for k=i—1,i,i+1to sf}), we have

We discuss shrinkage of the numerator s;.” below.

1
Sl(j) = (Bipi-1,j + Cipij + YiDis1,j)Vi- Li-1ViiVit1,it1- (11)

Consider the case of i = j in (11). Then, using (5), we can show that

(1) 2
Sy = (Bibi-1,i + 0+ YiDit1,i) Vi 1im1ViiVitr 1it1 = Vie i1 ViiVid1,it1-

This leads to s;; = 1. Next, consider the case of i # j in (11). Using (4), we find that

(ﬁzfz—lfz‘F%fz‘F%)Pt-&-lj ifi+1 g.] (12)

ﬁil’i—hj +Qipij+ Yipit1,j = { (ﬁl + o8+ YigigiJrl)pifl,j ifj<i—1"
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Further, note that equations (3a) and (3b) defining f; and g, are translated to

Befefer+oufe+v =0, £=1,2,...n, (13a)
Ye8e8er1+0uge+Pe=0, L=n,.. 21 (13b)
Applying (13a) and (13b) to (12), we can show that ﬁipi_u + o;pij+ ¥ipir1,; =0 in

(L1)if i # j. This leads to s;; = 0 for i # j. Therefore, it is proved that s;; = 1 if i = j
and s;; = 0 otherwise. [

Theorem 1 does not state a relationship between p;; and pj;. To clarify this point
and supplement how v j; is related to v;;, we provide the following lemma.

LEMMA 2. The product integrals p;; and pj; defined by (4) are connected with

) Vll Hj lﬂ/Jrl 1fl<]
_ 7’6
Pji= v
JJ z 1
ij _ 1f <1
v Jﬂ J

Lemma 2 is motivated easily by Usmani’s result [16]. A proof of Lemma 2 can be
immediately completed using [16, Section 4], provided Theorem 1 is true. However, to
see a simple proof, here we prove Lemma 2 independently of these results.

Proof of Lemma 2. First, for simplicity, we will show that

Vitl,i+l fi ﬁi+1

b
Vii 8i+1 Y

which is the case of j =i+ 1 in this lemma because of (4”). This equation is demon-
strated as follows:

Git1VirLit1% — fiviBir1
=girt{fiBiv1 + i1+ gi2Yir1 }Yi — fil fic1Bi + @i+ giv 1%} Biy1 (using (5/))
={gi+1fiBiv1— Bix1} ¥i — {—%+ figir1%} Bi1 (by (13a), (13b))
=0.

Since an arbitrary i can be replaced by i+ & (£ > 1), we also have

Vit gt LitEtl _ JireBive

for € > 0. (14)
Vit€ ité 8ité+1%i+e

Hence, repeatedly using (14) if i < j, part of this lemma can be shown as

i1 i1
Vij _ Visvii Viear2 vy fweBirer  pi oy Ben

Vij Vii - Vigli+l  Vj—1,j-1 g0 Si+e+1Yire  Pjiis W
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Using a similar method, the results in the case of j < i can be also demonstrated. Then,
for example, we can show

Vien—1i-n—1 _ 8i-nYi-n-1
Vien,i-n Jien-1Bi-n

forn > 0. (15)

A more immediate proof of (15) is achieved by replacing i in (14) with j. [

The following lemma gives the relationship between f;, g, and minors, which
clarifies how Theorem 1 is related to the Usmani formula.

LEMMA 3. f; and gy are related to the minors 6, and ¢y as follows

0 0
fi=—v— and g = _ﬂkﬂrlﬁ- (16)
0 0%
Proof of Lemma 3. We can translate the relation 6, = 06,1 — ¥r_18/6,_> as
follows

—L ! Oe-1 1
=5 = —'yg = ,
6, 0, o
G[fl aé—ﬁ—lﬁégij 0/, a€+ﬁ€ <_;y€_1 9272>

which yields (3a) using (16). Also, the relation ¢y = oy@y11 — Y2Brs10r+o can be trans-
lated to

1 1 041 —Pe+a
o br42 = _ﬁ”ld)q;_ - e 010 = (3b). 0
o %~ Wﬁéﬂm ¢ Oy + Yo+1 <—[55+1%>

Proof of Corollary 1. Note that a matrix expression of Z, is Z, = 0,T,0, in
Corollary 1, where

F—_—— = — = -

Q, = diag(q1,...,qn), Ty = : |"'r _____ and 7=y — %
! O T 1 Tat Tut ! /;:zlre(re—w)

Let p; = 1/(7i— 7,—1). The inverse of T, with a martingale covariance structure is the
following tridiagonal matrix

pit+p2 —p2 0 0

—p2 p2tps —p2 ;

T, = 0 —p3 0
pn—l"’pn —Pn

0 0 —Pn [
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Then, by the relations 1 —¢q;—1/q; = —;/(ri — ;) and 1 —gq;/q;—1 = Wi/ r;, we have

2 2
T Hi qi qi i
=i — l-—)=w|l1- =qgi-1gi——.
pr=H (ﬂi> ( ”i) H ( 6]1‘1) (%‘1) i (gi—qi-1)*

Using this result and the above relations, we further obtain

i+ Piri _ql_z{( Hi i Hit1 }: ~ Hi Hit1 _ 5.

+
gi—qi-1)>  (qi+1—qi)? l—gi-1/qi))  (qiv1/qi—1)

Therefore, we can show that Z, ! = Q. !T 10! isequalto ¥,. O

4. A study of the limit of an inverse matrix

EXAMPLE 1. Consider the limit form of the inverse of

2n+¢, —n 0 --- 0
-n 2n+c, —n :
Y, = 0 _n e 0 for some ¢, > 0.
0 0 —n2n+cy,

A stationary case of (3a) and (3b) gives the equation
o _n
—nx™ +2n+¢,

whose solutions x\") and xJ") are

xgn) =2n+cpt+ceu(dn+cy))/2n and xé") =2n+cp—en(dn+cp))/2n.

Throughout this section, let @ and b be constants bounded away from O and 1 and
independent of n, and put i = |an| and j = |bn|, where |u| is the largest integer not
greater than u. Then, as n — e, f; and g; converge to x(lm) (i.e., the limit of x(ln))
satisfying

{xgn)}/,' _ {xgn)}k' _ {xgn)}rh#d _ {xgn)}nfkﬂrl

fo= d g — - :
{x% )}n—£+2 _ {xg )}n—€+2

o {xgn)}é-&-l _ {xgn)}éﬂ
{=1,2,...,n, by Binet’s formula (see [ 16, Section 3]). Based on these results, we can
study the limits of v;; and z;;. Assume ¢, = c? /n for some ¢ independent of n. Then,
according to (17), we can show

7)

(mnt—1__(n)nt—1

lim (1~ fy—1) = limn (1 —%) =A(t;¢),
— R

n—o0

(18)

(n)ns _(n)ns
. _ T _ xl —X2 _ .
,}E}(}on(l gn(lf.\')Jrl) - r}HEcn <1 x(ln)n.t+l_xgn)n.v+l ) - A‘(“‘? C)
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for ¢ and 1 —s between a and b, where A(t;¢) = c(e*? +1)/(e** —1). Hence, we
have

lim vj; = lim (n(1— fj—1) +*/n+n(l —gj;1)) from (5)
— A(bic) + A(1—bic)

using (18). Further, we obtain

ifi < j, exp{—}i_goloffn(l —fnt)dl} _Jexp (— fubk(t;c)dt>

lim Pij = =
ifi > j, exp{—lim {7 n(1—g,1y)ds} | exp(— [{=0 A(s:c)ds)

n—oo

because, e.g. if i < j, we have
lim [T/_} fo = lim exp{—n~'3J_ n(1 — f;)} = lim exp {— [Pn(1 - f,,,)dt}

by the property of the product integral based on (4) and f; — 1. Thus, we conclude
that

lim 2+ — Tim P — exp(— [7 A(t;c)dt) [ {A(bic) + A(1—bic)}  ifa<b,
Y exp(— [ A(1 —t;¢)dt)/{A(b;c) + A(1 —bsc)} if a > b.

n—oo n—oo VJJ

EXAMPLE 2. Extending Example 1, we discuss the inverse of

n(dg +d})+c} /n —ndi o 0
—nd}  n(d}+d3)+c3/n —nd3
Y= 0 e 0
: . - . —ndrzh1
0 0 —nd2 | n(d2_ | +d7)+ch/n

Suppose that d;’s and ¢;’s are discrete approximations of continuous functions d(r)
and ¢(¢) on 7 € [0,1] such that dy = d(¢/n) and ¢y = ¢(¢/n), where d(t) is bounded
away from zero. Referring to Example 1, let S¢(b;a) = exp(— fub limy,—eo (1 — fir)dr)
and S, (b;a) = exp(— [, lim,—.n(1 — gy )dt). These are the limit forms of p;; (for i =
lan], j=|bn])if Lebesgue’s convergence theorem can be applied to integrals of n(1 —
Su) and n(1— g,). Using Theorem 1, as n is larger, we can examine computationally
how n(l — f) and n(1 — g, ) behave in order to know a domain of @ and b in which
pij can be well approximated by Sy(b;a) or S,(b;a). On the other hand, even if
the limits of n(l — f,;) and n(l — g,) produced by non-constant d(z) and c(¢) are
expressed using some well-known functions, it may be difficult in many cases that
the corresponding S¢(b;a) and S,(b;a) have the closed forms. However, we can still
investigate S (b;a), Sg(b;a) and limits of z;; computationally using p;; or a numerical
integration. For limits of diagonal z;, it is necessary only to evaluate n(1 — f,,) and
n(l — gn,). We consider an approach to evaluate limits of n(l — f,;) and n(l — g )
below.
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Stationary cases of (3a) and (3b) give the equations of xxzn,
RO d(to/m)?
I —a ey Jmpad) (1) /m)2+ d(0/m)2} +c(6/m)?/n?
under m = n, where (¢y,¢1) = (¢,¢ — 1) in the case of (3a) and ({y,¢1) = ({ —1,¢) in

(3b). Let xxl’q'l and xg;lf_z, h = f,g be the above solutions

27 Ld(b,/m) 2 [d((e —1)/m)*+d (£ m)? + c(/m)?/n?

(= 1) m)2+d(Efm)2+ () n2}2 = 4d (0~ 1) /m)Pd(/m)’]

and assume xg';zr'l"l > x@’}l’l,z’ where £y ={—1 and {; = (. To separate m and n formally,

we introduce a function () such that
d((£—1)/m)=d(t[m)—e(l/m)/n. (19)

In addition, letting fy/ m _ fy and gy/ m) _ gr,as m — o and ¢/m — t, consider the
()

sequences fl-m and g;’ which follow Binet’s formula

(M (n)
(é/m - { tlf} { )
(n)

lim f;
" {x 1 f}’H {x,
(€/m) {t Jeynitl {xt,zg}"_””

and ’11111208,- - (Mg p— i+2 (n)g n—i+2.
{ z } {xz,2 }

'y
f}z+1

By taking lim,, into the both sides, we have

2A()t
) O . _ e 41 @
tim n(1 £ = Ay(rie.d. ) = AQ) <e2A<z>r - 1) taw

e2A)(1-1)

. (1) _ . o +1 g(t)
ity = )= S )~ 5
where A(t) = /d(t +€(¢)%)/d(t)*. Hence, using the epsilon-delta proof, we

can show that hm,,_m_mn(l — fu) exists and is A¢(t;¢,d,€), because

limy oo limy oo (1 — £7™) and limy,eon(1 — ££™) do exist.

Also, a similar discussion leads to lim,——en(1 — gu) = Ag(1 —1;¢,d, €). Therefore,
under these settings, for i = |an] and j = |bn|, it is obtained that

lim 25 = {Sf(b;a)/ [d(b)*{As(bic,d,€) + Ag(1—bic,d,€)}] if a < b,

Se(ba)/ [d(b)*{As(bsc,d,€) + Ag(1 —bic,d,€)}] ifa> b.
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The important problem still left here is how to determine €(¢), but this is not provided
in this paper (however, if we consider the case of Example 3, £(¢) can be analyzed
at least using (20)). Generally, it is not true that £(¢) is the first derivative d’(z) of
d(t), because (19) is not a complete equation to determine €(-) and, for example, some
dependence between m and n to justify the above-mentioned two step of limit oper-
ations is required in addition to (19). However, if all d;’s are constant, we can say
e(r) = 0. We tried many cases of d(r) and c(¢), so that n(l — f,;) was observed
between A¢(t;c,d,€)|e()——ar() and Ar(t;c,d,€)]g()—o (similarly, n(1 — g, ) was be-
tween Ay (1 —1;¢,d,—d’) and A4(1 —t;¢,d,0)).

EXAMPLE 3 (Numerical experiment). We here perform a numerical experiment
to invert a symmetric tridiagonal matrix (; = B;+1 ). The performance of Theorem 1 is
compared with the LU factorization methods [3, 1] and the cyclic reduction method [9]
freed of determinant expressions. For this experiment, we create a case where the limit
of z;; is known using Corollary 1. Let {h,}}_, and {r¢}}_, be discrete approximations
of continuous functions A(¢) and r(¢) on [0, 1] such that iy = h(¢/n) and re = r(¢/n).
Put 41 =0,

i = n_lh,-r,- and 61' = (r,' — ri+1) — Ui, 1= 1,...,1’1,
and then the sequences {co;}? | and {B;}}_, are obtained from (6), where
qi = Tj—y (1 = he/n).

Since we have z;; = qiq; Zg’iw ) n~hy/(r, — uy) applying Corollary 1 to ¥, made like
this, we can obtain the limit form of z;; for i = |an] and j = |bn]

min(a,b) .
fim = q(a) [ mddr, where q(t) =exp(— i (s)ds). 20

Let z}?j, Zicj, zlA,» and z}sj be numerical values of z;; computed by the methods of

Theorem 1, the cyclic reduction, [1] and [3], respectively. All algorithms for these
methods are written in the Fortran language, and Compaq Visual Fortran 6.5 is used
as the compiler. For the cyclic reduction method, the subroutine DSLR of the IMSL
library is used. Considering the patterns of n = 500, 1000, 2000, 5000 and 10000, we
observe computational times (until zf/ , i,j=1,...,n are obtained) and the following
numerical errors

SE = S 1 {log(sf /o)),
AE® = sup, ;_, _,|log(z# /o)), 4 =P,C,AE,

where 27 = g(i/n)q(j/n) [ """ h(t)r(r)~dt from (20).

We provide the result of this experiment when h(r) = 1+ cos(27z) and r(r) = 1
in Table 1, where the computation for [3] was stopped when n = 5000 and 10000,
because the computational time was too long. This result shows that the method of

Theorem | has a faster computation than not only the LU factorization methods, but
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Table 1: Result of the numerical experiment when h(t) = 1+ cos(2mt) and r(r) = 1.
n

Method: . 500 1000 2000 5000 10000
P 0.6 7.7 13.4 61.7 257.6
Times C 1.8 47 18.7 116.0 465.8
(sec) A 1.3 5.0 24.9 291.7 2114.8
E 184 2908 46258 - -
P 747x10720  294x10717  0.78x1071¢  591x10710 0.65x1012
SEZ  C 107x10729  045x10717  7.72x10710  584x10710 292x10° 12
A 025x10720  6.67x10717  291x107!¢  580x10710  10.7x10712
E 1.22x10720  2.15x107Y7  4.18x107!6 - -
126x10718  726%x10712  0.97x107'  555x107°  1.69x10710
AE? 8.58x10713  296x10712  1.63x10711  551x107° 2.01x10710

3.13x10713  943%10712  1.05x107!1  549%x107° 3.61x10710
3.69x10713  531x10712  1.16x107!! - -

m P> Qv

the cyclic reduction method if 7 is sufficiently large. However, in the two numerical
errors, the method of Theorem 1 are not inferior to the LU factorization methods and the
cyclic reduction method. Similar tendency to Table 1 is obtained for the other functions
of h(r) and r(¢). For these experiments we used a computer with an Intel Core2 Quad
processor with 3GHz and with 8GBytes of main memory.

5. Remark in the case of zero minors

GENERAL. Theorem I usually gives a stable computation, but a number of points
must be dealt with cautiously when minors 6, or ¢¢ are zeros. Consider the case of

Ja-1Bn+oy=0,1€T, (21a)
and/or gz e+ =0,8€, (21b)
where 7 and J are subsets of indices {1,...,n}.

LEMMA 4. For n € 7 and § € J, (21a) and (21b) are equivalent to 6, = 0
and ¢¢ =0, respectively. Condition (21a) under 6, # 0 provides Yy # 0, Bpi1 # 0,
Oni2 #0, Oq—1 #0 and Oy # 0. Also, (21b) under 6, # 0 leads to yz_; # 0,
Be #0, 0:  #0, ¢z_; #0 and ¢ #0.

Proof of Lemma 4. By (21a) and Lemma 3, we have
fa—1=—0on /By =—Vy-16y-2/6y1.
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This leads to 6y = 0y 0y—1 — Bn¥y-10n—2 = 0. Similarly, ¢z = 0 can be shown by
(21b) and Lemma 3. In addition, any of y; =0, By11 =0 or ¢o =0 under 6; =0
provides 6, = 0 by [16, (1.5)]. Similarly, ¢ =0 and 6, # O result in yz_; # 0,
Be # 0 and 6z _, # 0. The conditions 81 # 0, 011 #0, ¢ #0 and Pg, #0
hold clearly by [16, Lemma 1]. [

Suppose (21a) and/or (21b) (i.e. 6y =0 and/or ¢z = 0). Simultaneously, y, # 0,
Bn+1#0 and ¢y 12 #0, and/or yz_; # 0, Bg # 0 and 6 _, # 0 are assumed according
to Lemma 4. For simplicity, we set 6y 20, £ <N —1 and ¢y #0, £ > & + 1 in the
following contents. By Lemma 4, (21a) means that |f,| = e and f;;; = 0, which
provides

Tn+1 Tn+1
Infosr=— — = as |fy| — ee.
e Br+1+omi1/fy Bn+1 Ll
Similarly, (21b) leads to [g¢| = e and gz_; = 0, which provides
8186 = — Py - P as [gg| — ce.
N Yeo1+0e_1/8¢ Ve
Hence, p;; is computed as
) (= Yn+1/ﬁn+1)pn+z,1f1 n+2 i<j 22)
PU= gepie = %o if j=§—1,i>

Pe—n i (—Beo1/Yeo1) pie if j<E—2,i> )

and as usual otherwise (i.e. j <N and i< jor j>¢& and i > j), satisfying p;; = 1.
Therefore, if j#n+1 or j#& —1, z; is computed by z;; = p;j/v;j, using p;; of
(22); otherwise this is

— 1 e .
= B Fmes) H/=n+landi=

Din/n ) if j=n+landi<j

0 (

pin/ﬁrprl ( By+1fntomi1+1men+2
(= if j=¢—landi=
(=

Zij =19 o (23)

T B z+0‘§(§)1+7’571g5)

8eD; e g L.
Ay A ———— l&:)lf]—é landi>

by Zim1 =My g e pim1/Voriner and Zieoy = limyg, o piz1/ve_16-1-

A NUMERICAL EXAMPLE. As a numerical example of Theorem 1, we consider
the inverse of the matrix

210000
-2 V3000

Yo — 0—\/52200
0 0 —1210

0 0 0022

0 0 00-12
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A special feature of Yg is that the minor 65 = 0. This leads to f>5 + oz = 0, which
gives f3 = —eo, T={3} and J={0}. Itis easy to verify that

(fiotosfasfunfs) = (=1/2,2/V3,=,0,~1),

(82783a84a85786) = <_1a 1/\/571/27071/2> .

Therefore, noting that —y; /B4 = 1 and the zero-minors version (22) of (4), the matrix
expression of p;; is

1 —1/2 —1//3 o —1//3 1/V/3
—1 1 2/V3 — 2/V/3 —2/\/3

()6, = ~1/V3 1/V/3 1 —e~ 1 ~1
Pilij=t= 13123 12 1 0 o |’
0 o 0 0 1 -1
0 o o0 o0 12 1

while the list of v;; is

vit=2+g =1, | Vag = —f3 —24gs5 = oo,
vy =—fi—2+V3g = —5Vss =0fa+2+2g6 =3
vis=—V3fa+2+2g8 =1, ves=—f5+2=3.

Using Theorem 1 and its zero-minors version (23) applied to the case of n =3, we

have
1 1 —1/v3 1/V/3 —1/3V3 1/3V3
—1 -2 2/V3 —2/V/3 2/3V3 —2/3V3
—1/V3 =2/V3 1 —1 /3 —-1/3
—1/2v/3 =1/3/3 1)2 0 0 0
0 0 0 0 /3 —1/3
0 0 0 0 1/6 1/3

This example shows that we can have infinite values in the intermediate computations
without symbolic handling such as Algorithm 2 of [7]. If we apply the algorithm in
the floating point arithmetic that supports IEEE standards which can handle oo, the
automatic computation will be performed.
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