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ALL-DERIVABLE POINTS OF NEST ALGEBRAS ON BANACH SPACES

WEISHUN XUE AND JINCHUAN HouU

(Communicated by N.-C. Wong)

Abstract. Let .4/ be a nest on a real or complex Banach space X and let Alg.4" be the as-
sociated nest algebra. Q € Alg.#" is called an additively all-derivable point if for any additive
map 6 : Alg.V — Alg./V", §(AB) = 6(A)B+AS(B) holds for any A,B € Alg.4" with AB=Q
implies that & is an additive derivation. Assume that P is an idempotent operator with range
ran(P) = Ny for some nontrivial Ny € .4#". Let Q € Alg./" be any operator satisfying that
PQP=Q (or (I—P)Q(I - P) = Q). We show that, if Qpn(p) (O Qran(s—p)) is injective or has
dense range, then Q is an additively all-derivable point. Moreover, if X is infinite dimensional,
then every additive map derivable at such an Q is an inner derivation.

1. Introduction

Let o/ be an (operator) algebra. Recall that a linear (or an additive) map 6 from
</ into itself is called a derivation if §(AB) = 0(A)B+A0(B) forall A,B € <. The
class of derivations is one of the most important kinds of linear (or additive) maps
both in theory and applications, and this topic has been studied intensively (Ref. [2]).
The question of under what conditions that a linear (or an additive) map becomes a
derivation attracted much attention of mathematicians (for instance, see [1], [4], [5],
[9], [10] and the references therein). We say that a map 6 : &/ — 7 is derivable at a
point Q if §(A)B+Ad(B) = 5(Q) for any A,B € &/ with AB = Q, and such Q is
called a derivable point of §. It is obvious that a linear map is a derivation if and only if
it is derivable at all point. It is natural and interesting to ask the question whether or not
a linear (an additive) map is a derivation if it is derivable only at one given point (Ref.
[8]). Such points, if exist, are called linearly (additively) all-derivable points. The topic
of characterizing the all-derivable points for various algebras has been studied by many
authors and some all-derivable points have been found. However the set of all-derivable
points is still far from being determined completely for almost all algebras.

Let ./ be a complete nest on a complex separable Hilbert space H . Suppose that
M belongs to .4~ with {0} # M # H and write M for M or M+ and P(M) be the
orthogonal projection on M. Let .45; = {N NM:N e .4}, which is a nest on M. It

was shown in [8] that, for any Q € Alg.#" with Q = P(M)QP(M), if Q| 47 1s invertible
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in Alg.47;, then Q is a linearly all-derivable point in Alg./#" for the strong operator
topology, that is, every strongly continuous linear map from Alg.4# into itself derivable
at Q is a derivation.

The purpose of this paper is to discuss a similar question for nest algebras on Ba-
nach spaces. Let .4 be a nest on a real or complex Banach space X and let Alg. 4
be the associated nest algebra. Assume that dimX = o and .4 is a nest in X. For
an Ny € .4 which is complemented and for any idempotent operator P with range
ran(P) = N, we show that, if Q € Alg. /" satisfies that PQP = Q with Q| (p) injec-
tive or of dense range as an operator on ran(P), or (I — P)Q(I — P) = Q with Q|kerp
injective or of dense range as an operator on ker P, then € is an additively all-derivable
point of Alg./". In fact, every additive map derivable at € is a linear derivation and
hence, an inner derivation. Comparing our result with the main result obtained in [8],
we remark that, (1) we do not assume that the Banach space is separable or complex,
and our result holds for any real or complex infinite dimensional Banach spaces; (2) the
assumption on the nest is quite weak, and all nests on Hilbert spaces satisfy the assump-
tion since every subspace in a Hilbert space is complemented; (3) we do not assume that
the map is continuous under any topology, and the continuity is included in the conclu-
sion; (4) we do not assume that Q|,np) (Qkerp) is invertible in Alg.47;, while only
assume that it is injective or with dense range; (5) we do not assume that the map is
linear, while only the additivity is assumed. Thus, our result generalizes the result of
[8] remarkably. Our result is also a generalization of the main result of [5], in which it
was shown that, if .4 satisfies that each N € .4 with N_ = N is complemented, then
the above idempotent P as well as injective operators and operators with dense range
in Alg./" are linearly all-derivable points. Here N =V{L:L € .4 and L C N}.

2. Main Results

The following is our main result in this paper, which gives some new kinds of
all-derivable points of nest algebras on Banach spaces. Recall that a map ¢ : Alg. /" —
Alg.4" is called an inner derivation if there exists T € Alg.4” such that ¢(A) = AT —
TA for all A € Alg./". Inner derivations are linear.

THEOREM 2.1. Let A be a nest on a real or complex Banach space X and
let Alg V" be the associated nest algebra. Assume that Ny € A is non-trivial and
complemented in X and P is any bounded idempotent operator on X with range Ny.
Let 6 : Alg NV — Alg. A be an additive map.

(a) For any operator Q € Alg V" with PQP = Q, if Q|ran(P) is injective or has
dense range as an operator on ran(P), then 6(AB) = 0(A)B+Ad(B) holds for any
A,B € Alg.V" with AB = Q implies that 6 is an additive derivation.

(b) For any operator Q € Alg V" with (I — P)Q(I —P) = Q, if Q|erp is injective
or has dense range as an operator on kerP, then §(AB) = 6(A)B+Ad(B) holds for
any A,B € Alg ¥ with AB = Q implies that § is an additive derivation.

Furthermore, if X is infinite-dimensional, then O is an inner derivation.

The last assertion is not valid for finite dimensional case. In fact, every additive
derivation on the algebra 7, (IF) of upper triangular matrix has the form A — AT —TA+
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(f(aij)) for any A = (a;j) € F,(F), where T € 7,(F) and f is an additive derivation
on the complex field F =R or C (ref. [7]). By [6], there exist many nontrivial additive
derivations on F.

Note that, every subspace of a Hilbert space is complemented. Hence as a conse-
quence of Theorem 2.1, the following corollary is obvious, which is a generalization of
the main result in [8].

COROLLARY 2.2. Let A be a nest on a real or complex Hilbert space H. For
any nontrivial M € N, write M for M or M+ and let P(I\7I) be the orthogonal pro-
Jjection on M. Let Qc Alg AN be an operator such that Q = P(]\?)QP(]\Z) and Q| is
injective or of dense range as an operator on M. Let §: Alg AN — Alg NV be an addi-
tive map. If & is derivable at Q, that is, 6(AB) = 8(A)B+AS(B) holds for any A,B
with AB=Q, then § is an additive derivation. In addition, if H is infinite-dimensional,
then O is inner.

3. Proof of the main result

Proof of Theorem 2.1. Because Ny € ./ is non-trivial, it follows from ran(P) =
Ny that P is nontrivial and P € Alg.#". Let 4] ={N|N € A ,N C No}, M =
{NN(kerP) |N € .#}. Then

Alg NV = {(g ‘g) :C e Alg M, W € B(kerP,Ny),D € Alg.45}.

For any C € &) = Alg M, W € oy = B(kerP,Ny), D € oy = AlgH3, if §:
AlgV — Alg.# is additive, then we can write

CwW (6 (C)+ (W) 4+ @11(D) 612(C) + 112(W) + @12(D)
s((G5)) = (PO e B ) L))

where §;; : | — j, T G — Hij, Qij Sy — ) are additive maps, i, j € {1,2}
with i < j. Denote by [; the unit of <7;, i =1,2.

(a) Assume that Q € Alg.#" satisfies the conditions that PQP = Q, Q|ran(P> is
Q0
00
injective or of dense range. We shall show that € is an all-derivable point of the nest
algebra.

In the sequel we assume that § is an additive map that is derivable at Q.

injective or has dense range as an operator on ran(P). Then Q = with Q is

Case 1. Q; is injective. We will show that & is a derivation step by step.

Step 1.1. 511(11) =0, 522(91) =0, and for any C;,(; € 21 with C1C, =1, we
have C1512(C2) = 512(11).
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For any C},C; € <7 with C1C, =1y, any Dy,D, € @Ay with D1D, = 0, take

_<QBC1 Dl) (O DO);thenST:Q.Sowehave
611%91) 1223 ;) 5(S)T +S8(T)
_ (61(Q1C1) + @11(D1) 812(Q2Cr) + @ra(Dy )
0 022(21C1) + ¢2(Dy) 0 Dz
n (Qlcl ) 611(C2) + ¢11(D7) 512 (Cy) + @12 D2)>
0 Dy 0 022(C2) + ¢22(D2)

0 82(Q1C1)Dr+ @22(D1)Dy + D1622(Ca) + D1 ¢22(D3)

where T; = 611(91C1)C2 + @11 (D])Cz +Q,Cy 611 (Cz) +Q,Cy P11 (Dz) It follows that

<T1 012(Q21C1)D2 + @12(D1)D2 + Q1 C1 612(C2) + Qi Cr@12(D7)
( )

011(Q1) = 611(21C1)Cr + @11(D1)C2 +Q1C1 611 (C2) + 1C111(D2), (3.1)

012(Q1) = 012(Q1C1) D2 + @12(D1)D2 4 Q1C1612(C2) + Q1C1@12(D2), (3.2)

and
022(L21) = 022(21C1)D2 + @22(D1)Dy + D1 622(C2) + D1 922(D2). (3.3)

Letting D1 = D, = 0, by Egs.(3.2) and (3.3), one gets 812(Q1) = Q,C;612(C7)
and 82,(Q;) =0. Letting C, =C, =1;,D, = D, =0, by Egs.(3.1) and (3.2), one gets
Q1811() =0 and 612(Q;) = Q1812(11). It follows from the injectivity of € that

011(I1) =0, C1612(C2) = 612(11), 622(21) =0. (3.4)

Step 1.2. 012(C) = CB holds for all C € &, where B = 012(I}).

Taking any Cy € <71 which is invertible as an element in <} and letting C; =
Co,C1 = C,y ' by Step 1.1, we get that 8;5(Cy) = Co&2(I;) holds for all invertible
Co € 1. Forany C € &/, take n € N so that n > ||C||. Then nl; —C is an invertible
operator with its inverse still in 7. Thus we have 815(nl} —C) = (nl; —C)d12(1h). It
follows that n612(1;) — 812(C) = ndi2(I;) — Co12(11) as & is additive. Hence

812(C) = CB (3.5)
forall C € ;.

Step 1.3. 65, =0

Taking any invertible operator Cy € <711 and letting C; = Cy,Cy = C; I and D =
bL,D; =0 in Egs.(3.3), and by (3.4), we get 82, (C>) = 0. Particularly, when C; =C, =
I, we get 6,x(I1) =0. For any C € &1, we can take n € N so that n > ||C||. Then
nl; — C is invertible with its inverse still in <7};. Hence 8 (nl; —C) =0. Since 0 is
additive, we have

622(C) =ndpn(l;) =0 (3.6)
holds for all C € <71 . Hence 6, = 0, as desired.
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Step 1.4. @11 =0 and ¢2(D) = —BD forall D € ;.

Letting C,=C=1L,Di=0,D,=1 in Eq.(3.2) we get 91512(11) +Ql(p12(12) =
0. Because Q is injective, it follows that @;2(5) = —012(I1) = —B. Letting C; =C, =
I;,D; =0 in Egs.(3.1) and (3.4), we get ¢;;(D;) = 0. Thus we have

(D) =0 (3.7)

for all D € a5, .
Letting C; =C, =1;,D1 =0 in Egs.(3.2) and (3.5) we have QBD; = —Q,¢12(D3).
Then @12(D;) = —BD; as Q; is injective. Thus for any D € @4, , we have

¢12(D) = —BD. (3.8)

Step 1.5. 111 =0 and 7 =0.
For any W € 4, take S = (Ql W) and T = (11 0) . Then ST = Q. So, by

00 00
Step 1.3,
011(L21) 612(Q1) | _
0 0 =06(S)T+So0(T)
- 511(91)+T11(W) 512(91)+T12(W) L O 4 Qw 0 512(11)
- 0 (W) 00 00)\0 o0
~( 011(Q1) + T (W) Qi612(11)
- 0 0 ’
It follows that 611(Q1) = 811(R21) + 711 (W) forall W € o7, . Hence
m(W)=0 (3.9)

holds for all W € ., , thatis, 7;; = 0.
For any W € &7, , take S = I =w & W

and T = ) ; then ST = Q. Thus
by Steps 1.1-1.4 (Eqs.(3.4)-(3.8)) and Eq.(3.9), we obtain that

0 0 0 b

011(Q1) 012(Q1)

. ) = (s +58(1)
0012(h) —t2(W)\ [(Q1 W
B 0 —’L’22(W) 0 12
n L =W [ 611(Q) 512(91)+712(W)+(P12(12))
0 0 0 2(W) + ¢a(h)
_ ( 011(21) S12(I1) 4 612(Q1) + @12(l) =Wt (W) — Weaa (L) )
0 —T2 (W) '
This entails that
’L'22(W) =0 (3.10)

forall W € 42712, ie., Tp =0.
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Step 1.6. T12(WD) = 112(W)D + W @y(D) holds for all W € o7}, and D € ;.
nLw _(Q; -WD
00)™T={9 p
oty . As ST = Q, by what proved in steps 1-5, we have

To see this, take S = ) ,where W € &7|, and D €

011(Q1) 012(Q1)

0 0 =06(S)T+S6(T)
0 812(0) + 112(W) Q, —WD
0 0 0O D
n L WY [ 611(21) 812(Q1) — 112(WD) + ¢12(D)
00 0 ¢22(D)
_ (511(91) 512(11)D+ le(W)D-f— 512(91) - TIQ(WD) + (P12(D) + W(p22(D) )
0 —12(W) '
Therefore,

012(Q1) = 612(I1) D+ 112,(W)D + 612(Q21) — T12(WD) + @12(D) + W (D). (3.11)
By Egs.(3.5), (3.8) and (3.11), we get T12(W)D — 112(WD) + W@y (D) = 0. Thus
T12(WD) = T12(W)D + W (D) (3.12)
holds for any W € 7], and D € 4%, .

Step 1.7. @ is a derivation.

The assertion of Step 1.6 implies that, for any W € &7}, and Dy,D, € o, we
have

T12(W)D1D3 + W22 (D1D3)
= 112(WD1D3) = 112(WD1)D3 + WD ¢22(D3)
= T12(W)D1 Dy + W2 (D1)D2+ WD @23(D3).

Thus one gets
W (@22 (D1D2) — ¢22(D1)D2 — D19xn(D2)) = 0.
Because W is arbitrary, we see that
022(D1D2) = ¢22(D1)D2 + D1¢22(D2) (3.13)
holds for all Dy, D, € a#,, thatis, @, is a derivation.
Step 1.8. T12(CW) = C112(W) + 81 (C)W holds forall C € 7| and W € ).

C —CIW)

For any W € 7}, and any invertible operator C| € <, let § = ( 0 0
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—1
and T = <C1 091 ‘I/V) ; then ST = Q. By Egs. (3.4)-(3.13),
2

011(€21) 612(€21)

. o) =6(s)T+s8(1)

( (Cl 612 Cl) — T12(C1W) (Cl_lgl w
0 0 0 I

n (%1 ) (511(CO Q) 512(C1191)+’L(')12(W)+(P12(12)>
1 (

( C Cl Ql—FCl(SH(Cl Ql) T2>
O )

where
Ty = 611 (CW + 812(C1) — T2 (W) + C1812(Cy ' Q1) + Cr112(W) + Cro1a (D).
Hence we have
812(Q1) = 811(C1)W + 812(C1) — T12(C1W) + C1812(C; ' Q) + Cr 112 (W) + Crona ().
By Egs.(3.5) and (3.8), we see that
T12(CLW) = 811 (C1)W + C 1 112 (W) (3.14)

holds for all invertible C| € «7]; and all W € «),. For any C € 4, substitute C| =
nlj —C with n € N and n > ||C|| in Eq.(3.14). Then we get 81(nl} — C)W + (nl; —
C)Tlg(W) = 712((n11 —C)W) Thus

n511(11)W — 611(C)W +}’l"L'12(W) — CT]2(W) = nle(W) — T12(CW).
Comparing the two sides of the above equation and applying Eq.(3.4), one sees that
le(CW) ZCle(W)+511(C)W (3.15)

holds for all C € <71 and W € .7}, .

Step 1.9. 011 is a derivation.
For any W € &/, and C},C; € 7|1, it follows from Eq.(3.15) that

CiCt(W) + 611 (C1C)W
= 12(C1COW) = C1112(CW) + 611 (C )W
= C1C12(W) + C1611(C2)W + 611 (C )W,

which implies that
011(C1C2) = C1611(C2) + 611 (C1)Ca (3.16)
forall C1,C, € 41, thatis, 017 is a derivation.

Step 1.10. 0 is a derivation.
Now we are in a position to check that & is a derivation.
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0 Dy 0 D,
Dy,D; € af5;, by steps 1.1-1.9, we have

5 < (Cl Wl) (Cz W2> ) —5 <C1C2 C1W2+W1D2)
0 D 0 Dy 0 DD,
011(C1)C2 +C1011(C2) C\CoB — BD1D; + 112(C1W2) + 112(W1 D2) )
0 ©22(D1)D2 + D12 (D3)

(G o)) (Gh)+(5)e((55))
0 D, 0 D, 0 D, 0 D,
011(C1) CiB—BD 1+ 112(W1) \ [ C2 W>

0 (P22(D1) 0 D2

Cr Wi\ [ 611(C) C2B—BD2+1'12(W2)>

0 Dy 0 02(D2)
011(C1)C +C1611(C2) T3

0 ©22(D1)D2 + D192 (Ds)

For any (Cl Wl) , <C2 W2> € AlgV", where C,,C; € <71, Wi,W, € o5,

where

;= 511(C1)W2 +C1BD>; — BD D>
+T12(W1)D2 +CCB—C1BD, +C1T12(W2) + Wl(pzz(Dz)
= C1C,B—BD D, + 112(C1W2) + le(WlDz).

Thus we get
s W C, W,
0 D 0 D,
-5 C1 Wy C2 W + C1 Wy S C2 W
0 D1 0 D2 0 D1 0 D2 ’
i.e., 8 is a derivation if Q; is injective, as desired.

Case 2. Q; has dense range. Let us check that 0 is still a derivation step by step.

Step 2.1. 511(1]) =0, 522(91) =0, and 612(91) = C1512(C291) holds for any
C1,Cy € o with C1Cy = 1.
For any C|,C; € <7 with C|C, =1} and any D{,D; € o/, with D{D, =0, let

S= G 0 and T = G 0 ;then ST = Q. As 0 is derivable at Q, we have
0 D1 0 D2

811(€21) 612(Q1) | _ 8(S)T +88(T

0 6n(Q) )
_ ( 611(C1) + @11(D1) 612(C )+(P12(D1)> <C291 )
o 0 622(C1) + ¢22(Dy) 0 D,
. (Cl ) (511(C291)+(P11(D2) 012(C2Q) +<P12(D2))
0 D, 0 022(C2€21) + ¢2(D2)
B <T4 512(C1)D2+(P12(D1)D2+C1512(C291)+C1(P12(D2))
~ \ 0 622(C1)D2+ 022(D1)D2 4+ D1 622(C2Q1) + D1 922 (D3)
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where
Ty = 611(C1)C2Q1 + @11(D1)CrQ2 + C1611(C2Q21) + Cro11(D2).
Therefore,
011(R1) = 811(C1)C2 Q21 + ¢11(D1)C2Q1 4+ C1611(C2Q1) + Cr911(D2), (3.17)

812(Q1) = 812(C1)D2 4 @12(D1)Dy + C1812(C2Q1) + Cro12(Dy), (3.18)

and
822(Q1) = 32(C1)Da + @22(D1) Dy + D182 (C2Q1) + D122 (D2). (3.19)

Letting D; = D, = 0, by Eqs.(3.18) and (3.19), we get 012(Q1) = C1612(C2Q)
and &,,(Q1) = 0 respectively. When C; = C, = I}, by Eq.(3.17), we get &, (11)Q; =0.
Because operator € has dense range, we must have 0;1(I;) = 0. Thus we have shown
that

o11(I1) =0, 612(21) = C1012(C2L21), 622(21) =0 (3.20)

holds for any C1,C, € @) with C1Cy =1 .
Step 2.2. 85 =0 and 85(C) = CB’ forall C € o, where B’ = 615(I1).
Letting C; = C, =1;,D; =0,D, = I, by Eqs.(3.18) and (3.20), we get 012(I1) +

¢012(12) = 0; by Egs.(3.19) and (3.20), we get 62 (I1) =0. Thus @12(L) = —B’, where
B = 85(1;). Hence

Si2(l1) =B',6x(11) =0,¢12(1) = —B'. (3.21)

Letting D; =0,D, = I, by Egs.(3.18) and (3.20), we have 8,(Cy) = —C1012(h);
by Egs.(3.19) and (3.20), we get 822(C1) = 822(Q1) =0. Forany C € 47, we can take
positive integer n such that n > ||C||. Then nl; —C is invertible with its inverse still in
1. Thus we get 812(nl} —C) = —(nl} — C)@12(L1), and 8 (nl} — C)=0. Because &
is an additive map, nd12(I;) — 612(C) = —n@2(hL) + Cei2(Lz). By Eq.(3.21) we have
612(C) = CB' and 62 (C) = ndy (1) =0. Thus

812(C) =CB',8»(C) =0 (3.22)

holds for all C € @, .

Step 2.3. @11 =0, @12(D) = —B'D forall D € a;.

Letting C; = C, =1, D, =0, by Egs.(3.17) and (3.20), we get ¢1(D;1)Q; =0.
Letting C; =C, =1;, D; =0, by Egs.(3.18) and (3.20), we get @12(D;) = —012(11) D, =
—B'D; . Since the operator Q| has dense range, it follows that

¢11(D) =0,012(D) = —B'D (3.23)

holds for any D € ;.
Step 24. 111 =0 and 1, =0.
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For any W € 4,, we take S = (%1 Vg) and T = (101 8) , then ST = Q. By
Steps 2.1-2.3,

011(Q1) 012(Q1)

0 0 =06(S)T+So0(T)
611(91)+T11(W) 612(91)+T12(W) L0 4 QW 0 612(1])
- 0 (W) 00 00)\0 o0
_ (61(Q) + (W) Q1812(1)
0 0 '
Thus we get that 81(Q1) = 011(21) + 111 (W). It follows that
Tll(W) =0 (324)
holds for any W € @7, .
o (L -W (W
Taking S = (O 0 ) and T = ( 0 I yields
TQQ(W) =0 (3.25)

forall W € 5.

Step 2.5. T12(WD) = 112(W)D + W @y2(D) holds for all W € o7}, and D € ;.

. (LW () —WD
TakmgS_(OO)andT—(O D >leadst0that

512(91) = 612(11 )D+ le(W)D + 512(91) — le(WD) + (Plz(D) + W(p22 (D) (326)

are true for any W € @7, and D € a%;. Then by Eqgs.(3.22) and (3.23), we get that
le(W)D — le(WD) + W (D) =0, that is,

T12(WD) = T12(W)D + W (D) (3.27)

holds for any W and D.

Step 2.6. @) is a derivation.
By Eq. (3.27) and a similar argument to that in Step 1.7 of Case 1, one can show
that

¢©22(D1D3) = ¢22(D1)Dy +D1¢2(D2) (3.28)
holds for all Dy,D, € a7, and hence ¢,; is derivation.

Step 2.7. le(CW) = CTlQ(W) + 511(C)W holds for all C € «7; and W € 5,
and &;; is a derivation.

_ —1
Taking S = G —aW and T = G W one can get that
0 0 0 b

812(Q1) = 811 (C1)W + 812(C1) — T12(CLW) + C1812(C; 'Q1) + Ci112(W) + Cr1a (1)
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It follows from Eqs.(3.22) and (3.23) that
le(CW) ZCle(W)+511(C)W (3.29)

holds for any C € @7} and W € o7],. Now, by use of Eq.(2.29) it is easily checked that
811 is a derivation.

Step 2.8. 0 is a derivation.

Now, by use of Step 2.1-2.7, a similar argument to that in Step 1.10 of Case 1, one
shows that 0 is a derivation.

If dimX = oo, by [3], every additive derivation of Alg.#" is linear. Hence, if 0 is
additive and derivable at Q, then § is a linear derivation and thus an inner derivation,
that is, there exists an operator T € Alg.#” such that §(A) = AT — TA for every A €
Alg.#". This completes the proof of (a).

(b) Assume that (I — P)Q(I—P) = Q.

In this case Q has the form Q = (0 0

0Q,
range as an operator acting on ker P. By a similar approach as that in Case 1 and Case
2 of (a), one can show that, if § is derivable at Q, then & is again a derivation. We
omit its proof here. [J

) , where €, is injective or has dense
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