oerators
nd
atrices

Volume 6, Number 4 (2012), 757-766 doi:10.7153/0am-06-49

APPROXIMATE INNER PRODUCTS ON HILBERT
C*-MODULES; A FIXED POINT APPROACH

M. ESHAGHI GORDJI AND M. RAMEZANI

(Communicated by L. Rodman)

Abstract. We present a fixed point method to investigate the stability and superstability of inner
products on Banach modules over a C* -algebra. Moreover, we show that under some conditions
on approximate inner product, the Banach modules over a C* -algebra has a Hilbert C* -module
structure.

1. Introduction

The study of stability problems for functional equations is strongly related to the
following question of S. M. Ulam [26] concerning the stability of group homomor-
phisms:

Let G; be a group and let G, be a metric group with the metric d. Given € >0
does there exist a 6 > 0 such that if a mapping & : G| — G, satisfies the inequality
d(h(xy),h(x)h(y)) < & for all x,y € Gy, then a homomorphism H : G| — G, exists
with d(h(x),H(x)) < € forall x € G ?

D. H. Hyers[12] gave the first affirmative answer to the question of Ulam, for Ba-
nach spaces. Th. M. Rassias in [24] and Z. Gajda in [10] considered the stability prob-
lem with unbounded Cauchy differences. For more details about the results concerning
such problems, the reader refer to [3, 4, 9, 11, 16, 18, 21]. Subsequently, the stability
theory was extended and generalized in several ways (see e.g. [13, 23, 5, 14, 19, 25]).

In 2003 Cédariu and Radu applied the fixed point method to the investigation of the
Jensen functional equation [5]. They could present a short and a simple proof (different
from the “direct method”, initiated by Hyers in to the 1941) for the generalized Hyers—
Ulam stability of Jensen functional equation [5], for Cauchy functional equation [2].

Hilbert C*-modules provide a natural generalization of Hilbert spaces arising
when the field of scalars C is replaced by an arbitrary C*-algebra.

DEFINITION 1.1. Suppose that M is a left A-module over the C*-algebra A. An
inner product is a mapping (.,.) : M x M — A satisfying the following conditions:

(1) (x,x) >0 forall x € M and (x,x) =0 iff x=0;

(i) (x,y) = (y,x)*. forall x,y € M;

(i) (.,.) is A-linear in the first variable.

The pair (M, (.,.)) is inner product space, M is said to be a Hilbert C* -module if
M is complete with respect to the norm [|x|| = || (x,x)|'/2.
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Throughout this paper, we assume that M is a left A-module over the C*-algebra
A, ng € N is a positive integer. Suppose that T! := {z € C: |z| = 1} and that T}, :=

no

no
a unital C*— algebra, U := {a € A : ||la|]| = 1} and suppose that A" is the set of all
positive elements of A. Recall that an element a in a C*- algebra A is positive if and
only if there exists b € A such that a = b* b.
In this paper, by using fixed point methods, we prove the Hyers-Ulam-Rassias sta-
bility of inner products associated with the following Jensen- type functional equation

f(x,22)=rf (?,z) +rf (?J) .

where r is a fixed positive real number in (1,e0). For a given mapping f: M xM — A,
we define

- 2 . .
{e‘e ;0<0<K —} . It is easy to see that T! = Tll . Moreover, we suppose that A is
1

Dyf(x,y,2) = rif (ﬂz) +ruf (?Q —f(px,22)

r

for all u € ’]I‘IL and all x,y € M. Moreover, under some conditions on f, the left

A-module M has a Hilbert C*-module structure. For more details about the results
concerning such problems, the reader refer to works of Chmielin’ski (see for example
[1, 6,7, 8]).

We recall the fundamental result in fixed point theory.

THEOREM 1.2. ([20, 22]) Suppose that we are given a complete generalized met-
ric space (Q,d) and a strictly contractive function T : Q — Q with Lipschitz constant
L. Then for each given x € Q, either

d(T™"x, T"x) = oo forall m> 0,
or other exists a natural number mq such that
o d(T"x,T"1x) < oo for all m > my;
o the sequence {T"x} is convergent to a fixed point y* of T;
e y* is the unique fixed pointof T in A= {y € Q:d(T™x,y) <oo};

e d(y,y*) < $27d(y,Ty) forall y € A.
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2. Main results

Before proceeding to the main results, we recall the following theorem by R. V.
Kadison and G. Pedersen.

THEOREM 2.1. ([15]) Ifthe element s of a C*— algebra B has the property that
|s|| < 1 —=2n"" for some integer greater than 2, then there are n unitary elements
Uy, Uy in B suchthat s =n""(uy +uy+--+uyp).

THEOREM 2.2. Let f: M xM — A be a mapping for which there exists a function
O :MxMxM— [0,0) such that

||Dﬂf(x »Z )” < ¢(xayv21)a (21)

1/ (ax,2) = (f(z,x)a”)"|| < ¢’(x 0 Z) (2.2)
li£n2 r (22,7 x) = (f(F"x,2"2))", (2.3)
Hm27"r " f(r"x,2"x) = x=0 (2.4)

forall u e Ti, X,,2E€ M and a € U. If there exists a L < 1 such that ¢(x,y,z) <

2rLo (%, ¥7 %) for all x,y,z € M, then there exists a unique A- bilinear mapping T :
M x M — A such that

L
1f(x,2) = T(x,2)|| < E(D(X,O,Z) (2.5)
for all x,z € M. Moreover; if

lim27"r " f(¥"x,2"x) € AT (2.6)
n

Sforall x e M, then (M, T) is an inner product space with inner product {x,y) = T(x,y)
forall x,y e M.

Proof. Put 4 =1 and y=0 in (2.1), we get
27 (3.2) = £x,20)]| < 6(,0,22)
for all x,z € M. Hence,

1 1
H;f(rx, 22) — f(x,2)|| < Zd)(rx,O,Zz) < Lo(x,0,z2) 2.7)

for all x,z € M. Consider the set X := {g | g: M x M — A} and introduce the general-
ized metric on X :

d(h,g) :==inf{C € R" : ||g(x,2) — h(x,2)|| < Cd(x,0,z) forall x,z € M}.
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It is easy to show that (X,d) is complete. Now we define mapping J: X — X by

ih(rx7 2z2)

I x2) =5

for all x,z € M. We have
d(g,h) <C=|g(x,2) —h(x,2)|| < Co(x,0,2), Vx,zeM

1 1 1
= || — - < —
Hng(VX,Zz) Zrh(rx,Zz) < Zqu)(rx,O,Zz) Vx,ze€M

=d(J(g),J(h)) < LC.
for all g,h € X . Therefore, we see that
d(J(g),J(h)) < Ld(g,h)
for all g,h € X. It follows from (2.7) that

d(f,J(f)) <L

Then J has a unique fixed point in the set X; :={/ € X : d(f,I) < }. Let T be the
fixed point of J. We have lim, d(J"(f),T) = 0. It follows that

11;11 %f(r x,2"z) =T (x,2) (2.8)

for all x,z € M. On the other hand, we have d(f,J(f)) <L and J(T) =T, then
d(f,T) <d(f,J(f) +dU(f),J(T)) < L+ Ld(f,T).

So
L

(f? ) 1 _
This implies the inequality (2.5). By inequality d)(x, y,2) <2rL$(%,%,5), we have

im2 /"¢ (r/x, 1y, 2/7) = 0 (2.9)
J

for all x,y,z € M. It follows from (2.1), (2.8) and (2.9) that

pr(223) o (520) i

1 x4 I
— lim — " rf<M >+ f<7y72"z)—f(r"x,2"+lz)
n 2" r r
< n 2nph (2'x,27y,2"2) =0

for all x,y,z € M. So

rT (w,z) +rT (u,z) =T(x,2z)
r r
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for all x,y,z € M. This shows that

T (r(x;y) ,2z> = rT(x,2) + 1T (1,2) (2.10)

forall x,y,z € M. By putting a =1 in (2.2), we get

1£(x,2) = (f(zX)" | < 9(x,0,2)
for all x,z € M. Hence
‘ f('x,2"7) (f(Z”z,r"x))* o 0 ('x,0,2"7)

= Qnpn

2}’1 r}’l 2" r}’l

for all x,z € M. This implies that
T(x,z) = (T (z,x))" (2.11)
forall x,z € M. Itis easy to see that 7(0,0) =0 and T (x,0) =0 for all x € M. Also

2
T <—x,z) =T(x,2z)
r

for all x,z € M. It follows from 7'(x,0) =0 and (2.11) that T(0,x) =0 forall x € M.
By putting y :=x in (2.1), we have

< 0(x,x,22)

ruf (2_er> +ruf(0,z) — f(ux,2z)

forall x,z € M andall u €T, . So

no

2
ruT (%,z) —T(ux,2z)

: 2x ., ., .
= || S (r" 72 z)+ruf(0,2z>—f(r"ux,z 2)
1
<r}£§° nrn¢(rnx"ﬂx72n+11):0

forall x,z€ M and u € T!, . Hence

no

T(ux,22) = ruT (27’%> (2.12)

forall x,z € M and u € T', . Hence, we get

no

HT(.LUC?ZZ) - [JT(X, 2Z)|| =

2
ruT (7)671) —uT(x,22)

= lim
n—oo0 QNN

f (%Z) T rf(0,2'2) — f(Px, 2 2)

< lim
n—>o<) Qnpn

o (rx,r"x,2"z) =0
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for all x,z € M and pu € T!, . Hence, T(ux,2z) = uT(x,2z) for all x,z € M and

no

p € TY . If A belongs to T', then there exists 6 € [0,27] such that 2 = ' We set

A= e , thus 2; belongs to T, . By using (2.12), we have
T(Ax,2z) = T(A{x,22) = A{°T (x,2z)

for all x,z € M. If A belongs to nT! = {nz;ze€ Tl}, then for some n € N, A = nA4
such that A; € T!, by (2.10) we have

T(Ax,2z) = T (nA1x,2z) = T (A (nx),2z)
=MT(nx,2z)

= MT (% (%H %(n— l)x) ,2z>
i (2 oo (G e

=M [T (x,22) + T((n—1)x,22]

=N [T(x,Zz) +rT (%)@z) +rT (%(n— 2)x7z)}

=M|[T(x,22) + (T (x,22) + T((n — 2)x,22)]

=nMT(x,22) = AT (x,2z)

for all x,z € M. Let ¢ € (0,) then by archimedean property of C, there exists a
positive real number n such that the point (7,0) lies in the interior of circle with center
at origin and radius n. Putting 11 :=1+vn2 —12 i, t, :=1 — v/n* — 12 i. Then we have

t 15
r=-1 th and 11,t; € nT!. It follows from (2.10) that

. H+t . (f X )
T(tx72z)—T< 3 x,22>—T t12+t22,22

r 2x 2x
=T|=(th—=+r—=),2
<2<1r2+ 2r2>’ Z)
=rT (tlf,z>—|—rT<tgf,z>
r r
=nrT (f,z>+t2rT <E,Z>
r r
t t
_hth 2rT(f,z>
2 r
=1T(x,2z)

forall x,z € M. On the other hand, if A belongs to C then there exists 6 € [0,27x] such
that A = |A]e’®. Then

T(Ax,2z) = T(|A]€%x,22) = |A|T(%x,22) = |A|9T (x,22) = AT (x,2z)  (2.13)
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forall x,z € M. Hence T : M x M — A is homogeneous in the first variable. It follows
from (2.10), (2.11) and (2.13) that

T(otya) =T (L (x4 2 A N I
AR = 2\ )R TG )

Z Z
:2T(,—> 2T<,—)
%y)Tel\rg

z * z *
=2(1(34)) +2(7(39))
=(T(z,x)" +(T(z,y)"
=T(x2)+T(y2)
for all x,y,z € M. This implies that T is additive in the first variable. It follows from
(2.2) that

1
20

1/ (r"ax,2"2) = (f(2"2, r"x)a”)"||

.1 .
< lim W(b(r"ax,O,Z 7)=0

n—00

for all x,z € M and a € U. Hence, by (2.11) and (2.3)

T(ax,z) = (T (x,2)"a")" = aT (x,z) (2.14)
for all x,z€ M and a € U. Now, let a € A(a # 0) and M an integer greater than
1
4|lal|. Then ||£H <7< - 3573 By Theorem (2.1), there exists three elements
m

ar,az,az € U such that 3% = a; +az +a3. So by (2.14), we have

M _a M a M
T(ax,z) =T (?'3MX’Z> = ?T <3Mx,z> = ?T((al +ay+a3)x,z)

= %[T(alx,z) + T (axx,z) + T (aszx,z)]

= %(al +ay+a3)T(x,z)
=aT(x,7)
for all x,z € M. On the other hand by (2.4)
Tx,x)=0 & x=0

forall x € M and by (2.6), T (x,x) €A™ forall x€ M. Thus T : M x M — A is an inner
product satisfying (2.8), and (M, T) is Hilbert C*-module. To prove the uniqueness
property of T, let T’ : M x M — A be an other inner product satisfies (2.8), then we
have

)9 (r'x,0,2"2) =0

f(r'x,2"z)  T'(r"x,2"7)
nn - npn
1 L

S

T (x,2) = T'(x,2)|| = lim

n—o0

< lim

n—soco QNN
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forall x,z € M. Thismeans that T =T'. [
We continue to suppose that M is a Banach left A-module.

COROLLARY 2.3. Let p € (0,1) and 0 € [0,00) be real numbers. Let f: M X
M — A be a mapping satisfying

1Dy f ey, ) F < Ollell” + MIyl17) N1zl

1/ (ax,z) = (f(z,x)a”) x| ||Z||p»
li£n2 rf(2"z,r"x) = 1m2 (X, 2"2))",
)=

I <
<8

Hm27 " " f(r"x,2"x) =0 = x=0

forall u e TIL ,all x,y,z€ M and all a € U. Then there exists a unique A-bilinear
mapping T :ﬁ X M — A such that
0
1£0,2) = T2l < i (1P 1ell?)
forall x,z € M. Moreover; if

lim2 ™" "™ f(7"x,2"x) € AT

m

forall x e M, then (M,T) is an inner product space with inner product T .

Proof. Tt follows from Theorem 2.2 by putting ¢ (x,v,2) := 6 (||x[|?+|y/|?) ||z||”
forall x,y,z €M, and L=2r"1y=1 O

We have the following superstability of inner products on Banach A-modules.

COROLLARY 2.4. Let p € (0,1) and 0 € [0,) be real numbers. Let f: M x
M — A be a mapping satisfying

1Dy f Oy, ) < O (llel|” (I lI” [1z[17),
flax,2) = a(f(z,x))",
Hm2 " " f(r"x,2"x) =0=x=0

m

forall u e ']I‘i, all x,y,z € M and all a € U. Moreover, if

no

lim2 " "™ f(7"x,2"x) € AT

m

forall x e M, then f is an inner product on M.

Proof. Tt follows from Theorem 2.2 by putting ¢ (x,v,z) := 0 (||x]|” [|y]|” |z||”)
forall x,y,z€ M, and L = 2= 2r=1) O
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