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RIGHT INVERTIBLE MULTIPLICATION OPERATORS AND
STABLE RATIONAL MATRIX SOLUTIONS TO AN ASSOCIATE
BEZOUT EQUATION, II: DESCRIPTION OF ALL SOLUTIONS

A. E. FRAZHO, M. A. KAASHOEK AND A. C. M. RAN

(Communicated by A. Bottcher)

Abstract. This paper presents a state space description of the set of all solutions to a rational
corona type Bezout equation, starting from a stable state space representation of the given coef-
ficient matrix. In other words, we describe the null space of an analytic Toeplitz operator with a
rational symbol, in terms of the matrices occuring in a realization of that symbol, assuming the
operator involved is right invertible. A state space version of the related Tolokonnikov lemma is
also included.

1. Introduction

This paper is a continuation of [3]. Throughout G is a stable rational m X p matrix
function, that is, G has all its poles in |z| > 1, infinity included. In general, p will be
larger than m. As in [3], we deal with the corona type Bezout equation

G()X(z) =1I,, z€D, (1.1)

and with the operator Mg of multiplication by G mapping the Hardy space H?(CP)
into the Hardy space H*(C™). Assuming Mg to be right invertible we shall describe the
null space of M. Together with the main result from [3] this yields a full description of
the set of all stable rational matrix solutions to (1.1). In addition we discuss the relation
to Tolokonnikov’s lemma [10], see also the appendix of [8].

Our starting point is a stable state space representation of G. The latter means
that G is represented in the following form:

G(z) = D+zC(I, —zA) " 'B. (1.2)

Here A,B,C,D are matrices of appropriate sizes, I, is an identity matrix of order n,
and the n X n matrix A is stable, that is, A has all its eigenvalues in the open unit disc
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D. The smallest n for which G has a stable state space representation of the form (1.2)
is called the McMillan degree of G this quantity is denoted by 6(G).

In order to state the main results in more detail we first briefly recall the main
theorem from [3]. There the least squares solution to (1.1) was constructed. Consider
the discrete algebraic Riccati equation

Q=A"QA+ (C—T"QA)" (Ry—T*QI) ' (C-T"QA). (1.3)
Here Ry and T" are the matrices of sizes m x m and n x m, respectively, given by
Ry =DD*+CPC*, I'=BD"+APC". (1.4)

Furthermore, the n x n matrix P appearing in the definitions of Ry and T is the unique
solution of the symmetric Stein equation

P—APA* = BB". (1.5)
An n x n matrix Q will be called a stabilizing solution of (1.3) if the following holds:
(a) Ry — " QT is positive definite,
(b) QO satisfies the Riccati equation (1.3),
(c) the matrix A —T'(Ry —I*QI')~!(C —T*QA) is stable.

The stabilizing solution, assuming it exists, is unique. The main theorem of [3] tells us
that equation (1.1) has a stable rational matrix solution if and only if

(i) the discrete algebraic Riccati equation (1.3) has a (unique) stabilizing solution Q,
(ii) the matrix 1, — PQ is non-singular.

Moreover, (i) and (ii) are equivalent to M being right invertible. Furthermore, if (i)
and (ii) hold, then a particular stable rational matrix solution X of (1.1) is given by

X(z) = (1,, — 201 (I — 2A0) (I, —PQ)’IB>D1, (1.6)
where
Ao=A—T(Ry—T*QI) "1 (C—T*0A), (1.7)
C) = D*Cy+ B*QAq, (1.8)
with Gy = (Ro — T*QT) 1 (C — T*QA), (1.9)

Dy = (D* — B*QT)(Ry —T*QI') "' +C, (1, — PQ) ' PC;.

This solution X is the least squares solution of (1.1), that is, for any other stable rational
matrix solution V of G(z)V(z) = I, we have
1

i/zﬂx(e”)*x(e”)dt< —/ZHV(e”)*V(e”)dt (1.10)
21 Jo o Jo ’ '

and equality holds in (1.10) if and only if V =X .
In the present paper we shall be dealing with the set of all solutions of (1.1). The
first main theorem of the present paper is the following result.
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THEOREM 1.1. Let G be given by (1.2) with A stable, and let P be the unique
solution of the Stein equation (1.5). Assume that Mg is right invertible, or equivalently,
assume that the Riccati equation (1.3) has a stabilizing solution Q such that the matrix
I, — PQ is non-singular. Then the set of all stable p x m rational matrix solutions V
of equation (1.1) is equal to the set of all functions V(z) = X (z) + ©(z)N(z), where
X is the least square solution given by (1.6), the parameter N is an arbitrary stable
(p —m) x m rational matrix function, and © is given by

0(z) = (Ip—zcl(ln—on)—l(ln—PQ)—lB)D. (1.11)

Here Ay and Cy are given by (1.7) and (1.8), respectively, and D is any one-to-one
p X (p —m) matrix such that

A

DD* =1, (D*—B*QI')(Ry—T*QI') (D —~T*QB)+
— B*QB—Cy(I, — PQ) "' PC}. (1.12)

The matrix D is uniquely determined up to a constant unitary matrix of order p —m on
the right. Furthermore, © is inner, the McMillan degree of © is less than or equal to
the McMillan degree of G, and

KerMg = MgH?*(CP™™). (1.13)

A priori it is not clear that the right hand side of (1.12) is positive semidefinite but
we shall prove that this is always the case under the conditions of the theorem.
We shall also derive the analogue of the main result in [3] for the equation

G(z)Y(z) =F(z), z€D, (1.14)

where the right hand side F' is a given stable rational matrix function of size m x k for
some k. Let Y be the function given by

Y (u=MgMcME) "' Fu, ueCk (1.15)

It will be proved that Y is a stable rational p x k matrix function satisfying (1.14).
Furthermore, in terms of the given stable state space representation of G and a stable
state space representation of F', we shall derive a stable state space representation for
Y; see Theorem 3.1. A special case of the latter result, with F' = G, will serve as
an intermediate step in proving Theorem 1.1. The function Y defined by (1.15) has a
minimality property analogous to (1.10) for X .

As a by-product our formulas will show that the McMillan degree of the solution
Y in (1.15) is less than or equal to the sum of the McMillan degrees of G and F.
This result will also be proved directly without using state space formulas (see the two
paragraphs directly after the proof of Theorem 3.1).

The paper consists of five sections, the first being the present introduction. In
Section 2 we derive the operator theory results on which Theorem 1.1 is based. The
main theorem for equation (1.14) is presented and proved in Section 3. These results



836 A.E. FRAZHO, M. A. KAASHOEK AND A. C. M. RAN

are then used in Section 4 to prove Theorem 1.1. In Section 5 we discuss the connection
with the related Tolokonnikov lemma [10]; see also [8, Appendix 3].

We conclude this introduction with a few words about notation. Let @ be any
m x p matrix-valued function of which the entries are essentially bounded on the unit
circle T, and let ..., ®_;,®y,Dy,... be the m x p matrix Fourier coefficients of ®.
Recall (see, e.g., Section XXIII.2 in [5]) that the block Laurent operator defined by ®
is the operator Lg given by

Lo=| @ [®]0 2(CP) — 2(C™). (1.16)

Here denotes the entry in the (0,0) position. In what follows we identify ¢>(CP)

and (*(C™) in the canonical way with Hilbert space direct sums £2 (C?) & ¢% (CP)
and (2 (C™) & (% (C™), respectively. This allows us to rewrite Le as a 2 x 2 operator

matrix, namely
O = :
aeEn) A

Here Ty and Hg are, respectively, the block Toeplitz operator and block Hankel oper-
ator defined by @, that is,

—

Ho To

Oy D_; D_, - D Oy s -
®, Oy D - D, O3 Dy -

To = D O Dy - Ho = DOy Oy Ps -+ | >

which both act from ¢% (CP) into ¢2(C™). The operators Ty and Hgy# are, respec-
tively, the block Toeplitz operator and block Hankel operator defined by &%, where
@ (e) = ®(e™"). When @ is a stable rational matrix function, then Hgy is a zero
operator, and Hg is a finite rank operator of which the rank is equal to the McMillan
degree of ®@.

In the sequel we shall often work with the Toeplitz operator T in place of the
operator Mg . Note that FcmTg = Mg-%cr . Here for any positive integer k the operator
Fcx is the Fourier transform mapping ¢34 (C*) onto the Hardy space H*(CX) which is
a unitary operator.

2. The null space of M

Let G be a stable m x p rational matrix function. Since M is an operator of
multiplication, its null space is invariant under the operator of multiplication by the
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independent variable on H?(CP). According to the Beurling-Lax theorem (see, e.g.,
Theorem A in Section 5.5 of [9] or Theorem 3.1 in Section XXVI.3 of [5]) this implies
that there exists an inner p X k matrix-valued H* function ®, unique up to a constant
unitary k X k matrix on the right, such that

KerMg = MgH?(C"). 2.1)

Recall thata p x k matrix-valued H* function © is called inner whenever ©(e')*@(e™)
= I; for almost all 0 < < 27. In that case Mg is an isometry, that is, MgMeg is the
identity operator on H>(CK).

The following theorem provides a method to construct © for the case when Mg
is right invertible.

THEOREM 2.1. Let G be a stable m X p rational matrix function, and assume
that Mg is right invertible. Then © in (2.1) is a stable p x k rational matrix function,
the McMillan degree of © is less than or equal to the McMillan degree of G, the integer
k in (2.1) is equal to p —m, and ©(0) is one-to-one. Furthermore, © is given by

0()0(0) 'u=u—MEMM{)"'G(-)u, ucCP. (2.2)

Note that our conditions on G imply that equation (1.1) has a stable rational ma-
trix solution. It then follows from the general H* theory (see, e.g., the proof of the
Sublemma on page 53 of [8]) that the integer & in (2.1) is equal to p —m and that ©(0)
is one-to-one. We will return to this remark in the final section. In what follows we will
give an alternative proof.

We begin with the definition of co-outer. Let F be any p x k matrix-valued H”
function, and let F° be the function defined by F°(z) = F(z)* for |z] < 1. Note that
F° is again an H” function, ||F || = ||F°||«, and

Fy
F Fy 2 (rp 2k
Tre = \Fy Fr Fy | 265 (C7) = £5(CF).

Here Fy,Fi,F>,... are the Taylor coefficients of F at zero. The function F is called
co-outer whenever F° is outer, that is, whenever the range of Tr- is dense in Ei((Ck ).

LEMMA 2.2. Let G be a stable rational m x p matrix function, and let © be
an m X k matrix-valued inner function such that (2.1) holds. Then © is co-outer, and
hence ©(0) is one-to-one. If, in addition, G(0) is surjective, then k = p —m.

Proof. Let ©° = ®;,®,,, be an inner-outer factorization of ©°, and let k x /
and £ x p be the sizes ®;, and ®,,,, respectively. Since ®;, is inner, ®;,(e") is an
isometry for almost all 0 <t < 27x. In particular, ¢ < k. We shall see that £ = k. The
fact that Tg,, is an isometry implies that 7g,,, is a contraction. Indeed,

out

1T || = [T, Ter

< Teo|| = [|Tol| = 1.



838 A.E. FRAZHO, M. A. KAASHOEK AND A. C. M. RAN

Next, take h € ¢2 (C¥). Using that Tp is an isometry, we have

1Al = [|Toh|l = || T

out

o2 Al < || Twg,, [ Tws, 2| < [| T 2| < [|7]]-
Thus || Tge hl| = ||A]| for each h € (3 (C*). Hence ®;, is inner. Recall that @, (e") =
@;,(e™)* for almost all 0 < ¢ < 27. It follows that @;,(e™) is unitary for almost all
0 <t <2m. Since ®;,(e") has size k x £, this can only happen when ¢ > k. Thus
{=k.

Notice that © = ;) ,
t < 2m and O is an inner function, it follows that ®

Using G(2)0(z) =0 with @5 = D7,
@°,, H*(C*) C KerMg . This implies that

®;, . Since the matrix ®@;,(e") is unitary for almost all 0 <
owr = ©®;" is an inner function.
=GOD;" = 0. Hence

out

we see that GO

out

KerMg = OH*(CY) = @2, @5, H?(CF) € @, H*(C*) C KerMg.

Therefore @H?(CF) = @2 H?(CK). According to the Beurling-Lax-Halmos theorem,
O equals @, up to a unitary constant on the right. Since © = ®, D7 , we see that
@, is a unitary constant matrix. It follows that ®° is outer, and hence O is co-outer.
The latter also implies that ©(0)* is surjective.

Next, assume additionally that G(0) is surjective. The identity (2.1) tells us that
G(z)O(z) =0, and hence G(0)0©(0) = 0. But we already know that the matrix ©(0) is
one-to-one. This yields

k =rank®(0) < dimKerG(0) = p —m.

Thus k< p—m.
It remains to show that k > p — m. To do this let us partition G(z) as
Cﬂ’l
G(z) = [Gi(z) Ga(2)] cron| cm.

By reordering the columns of G(z) it is clear that without loss of generality we may as-
sume that G (0) is non-singular. Put g(z) = detG(z). Then both g(z) and g(z)G1(z) !
are stable rational functions. Now consider
8(2)G1(2)"'Ga(2)
—8(@)p-m

V(z)= (CPT P

Then V is a stable rational p x (p —m) matrix function. Note that g(0) = detG,(0) #
0. It follows that rankV (0) = p —m. From the definition of V we see that G(z)V (z) is
identically zero, that is, MgV (-)y = 0 for each y in CP~™. Using (2.1) it follows that
V(z) = ©(z)U(z), where U (z)u belongs to H?(CK) for each u in CP~"_ In particular,
V(0) =0(0)U(0). Since ©(0) is one-to-one, we get

k =rank®(0) > rankV(0) = p — m.

Thus k > p —m, as desired. [J
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Proof of Theorem 2.1. Note that our conditions imply that (1.1) has a stable ratio-
nal matrix solution. Thus rankG(z) = m for |z| < 1. In particular, G(0) is surjective.
Hence, k = p —m and ©(0) is one to one by Lemma 2.2.

Let us derive formula (2.2). Put Pg = MgM,. Since Mg is an isometry, we see
from (2.1) that the operator Py is the orthogonal projection of H?(CP) onto KerMg.
On the other hand, as Mg is right invertible, this orthogonal projection is also given by
L ooy — MG (MgM},)~'Mg, and thus

MoMg = lip(cr) — M (MeME) ™ M. (2.3)

Let T be the canonical embedding from C? into H?(CP), thatis, (tu)(z) = u for each
z€ D and each u € C?. Note that Mt = t©(0)*, and for each u € C? the functions
Metu and Mgtu are equal to O(-)u and G(-)u, respectively. Thus

MoMGtu = 0(-)0(0)"u,
ME(MoME) "Mgtu = ME(McME) " G(-)u.

Using these two identities in (2.3) we see that (2.2) holds.

Next we show that © is a stable rational matrix function. To do this we note that
the final part of the proof of Proposition 2.1 in [3] shows that (Mng;)’1 maps rational
H? functions into rational H. Thus for each u € C”~™ the function (MgM)~'G(-)u
is a rational H? function. But M, also maps rational H* functions into rational H>.
Since a rational H? function is stable, we conclude that (MgM[;) 'G(-) is a stable
rational matrix function, and then (2.2) shows that the same holds true for ©(-)©(0)*.
Finally, as

0(0)" (@(0) (@(0)*9(0))‘1) — I, (2.4)

we see that O(-) = O(-)0(0)* <®(0) (@(O)*@(O))A) , and hence ©(-) is also a stable
rational matrix function. It remains to prove the statement about the McMillan degrees.

Put Z = M,(MgM})~'G. From the result of the previous part we know that Z is a
stable rational matrix function. Since

6 = (e(0)(©(0)'0(0) ™) ~z(z) (e(0) (00 ©(0) '),

it suffices to show that §(Z) < 6(G). From the definition of Z we see that G(z)Z(z) =
G(z). Thus the Laurent operator L is equal to the product of the Laurent operators of
G and Z. It follows (see the last paragraph of Section 1) that

T+ O T+ 0O T+ O
“ R Sy S e
Hg Tg| |Hz Tz Hg Tg

By comparing the terms in the lower left hand corner, we arrive at

TgHy = Ho(I — Ty). (2.5)
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From the definition of Z, we know that for each u € C? the function Z(-)u is in the
orthogonal complement of KerMg in H?(CP). Hence TzEYy is contained in (Ker7g)*.
Here E is the canonical embedding of C” onto the first coordinate space of ¢2 (C?).
Since the null space Ker7; is invariant under the block forward shift Sc» on £% (CP),
it follows that (Ker7g)* is invariant under Sf,. Thus for each positive integer k the
vector (S*)¥TzEy is in (KerTg)*. But this implies the range of Hz is contained in
(KerTg)* . We know that T (TTg) ' Tg is the orthogonal projection onto (KerTg)*.
As the range of Hy is contained in (Ker7g)*, multiplying by 75 (T6T2) ! on the left
in (2.5) yields

Hz = T4(T6Tg)  ToHz = T(T6TS) ™ Ho (- Typ) -

Therefore rank Hz < rankH, and thus 6(Z) < §(G). O

3. Main theorem for equation (1.14)

In this section we deal with equation (1.14). We assume that M; is right invertible.
As before G is given by the stable state space representation (1.2), and we assume that
the right hand side F(z) of (1.14) is an m X k rational matrix function, also given by a
stable state space representation, namely

F(z) = Dy +zCv(I, — zAy) "' By. (3.1)

In particular, Ay is a stable » X r matrix. Our aim is to show that the function Y deter-
mined by (1.15) is a stable rational matrix solution of (1.14) and to derive a state space
representation for this solution, using the matrices appearing in state space representa-
tions (1.2) and (3.1).

THEOREM 3.1. Let G be given by (1.2) with A stable, and let P be the unique
solution of the Stein equation (1.5). Assume that Mg is right invertible, or equivalently,
assume that the Riccati equation (1.3) has a stabilizing solution Q such that the matrix
I, — PQ is non-singular. Then the unique p X k matrix-valued function Y determined
by (1.15) is a stable rational matrix solution of (1.14), and Y admits a state space
representation,

Y (2) = Dy +2Co (I r — A2) ' Ba, (3.2)

of which the matrices Ay, By, Cy, and D, are obtained in the following way. First,
define Q to be the unique solution of the Stein equation

Q= AjQAy +C;Cy. (3.3)

Here Ay and Cy are given by (1.7) and (1.9), respectively. Then, given C, the matrices
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Ay, By, Cy, and D, are defined by

Ap —T'C
. l s TCoy

0 4 , where Coy = (Ry —TQI) " (Cy — T QAy), (3.4)
\Y%

B
By — [BH] , where By = (Ry— Q)" (I" QBy — Dy) +
\Y%

+AoP (I, — OP) ™' (C; Dy + A;QBy),
C> = [D*Cy+B*QAy (D" —B*QI) Cyy +B*QAy]
D, = (D* —B*QT) (Ry — T QI") ! (Dy — T™*QBy) + B*QBy +
+(D*Co+B*QAg) (I— PQ) "' P(C;Dy +AjQBy).

Furthermore, the McMillan degree of Y is less than or equal to the sum of the McMillan
degrees of G and F .

Proof. We have to compute . T5;(T6TS) "' F. Here F is the column operator
corresponding to the stable state space representation (3.1), that is, F' is the operator
given by

Dy
CvBy

F=TrE = CvAng L Ck— 2 (Cm). (3.5)
CyA%By
From Theorem 4.1 in [3] we know that
(T6TE) ' = TwTy + K(I, — PQ) ' PK*. (3.6)

Here Ty is the block lower triangular Toeplitz operator on ﬁ (C™) defined by the stable
rational matrix function

¥(z) = (Im —2Co(I, — on)—lr) A" where A= (Ry—T*QD)2,  (3.7)
and K is the observability operator defined by
Co

C()A() n 2 m
K =Wo.ons = | Coa2 | 1C" — £.(C™). (3.8)

It follows that Fcr T (TGTS) ™' F can be written as the sum of two functions, namely
ﬁ(cpTG* (TGTE)flﬁ = Fepr 0+ Fer B, where

& =TTy ToF, B =TiK(I,— PQ) 'PK*F. (3.9)
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We split the proof into five parts. The first three parts deal with computation of the
term . In the fourth part we compute 3. The final part proves the statement about the
McMillan degrees.

Part 1. In this part we compute Ty F . Since TyF = TypE, we first compute W*F .
From (3.3) we see that

CoCv = (2l — Ag)QAy + Q(I, — ZAv).
It follows that
(zd,— Ay CiCy (L, — Ay) ! =
= QAy (I, — zAy) "'+ (al, — AY) ' Q.
Using the latter identity and the definitions of ¥ and A in (3.7), we compute that
AW*(2)F (z) = Dy +2Cy (I, — 2Ay) "By — T (el — A5) ' CDy+
— 2T (2, — AY) ' CiCy (I, — zAv) "' By
= Dy +2Cy (I, — 2Ay) "By — T*(al, — Ag) ' CyDy+
— QA (I, — zAy) ' By — 2™ (21, — Aj) "' QBy
= (Dy —T"QBy) +z(Cy — T*QAv) (I, — zAy) "' By +
—T*(zl, — A}) " (Cy Dy +A§QBy).

It follows that
A~'(Dy-T"QBy) | [A Y(Dy-T*QBy)]
A1 (Cy —T*QAy)By ACyyBy
ToF = |07 (Cv —T"QAv)AvBy | — ACy yAvBy . (3.10)
A™!(Cy —T*QAvy)A3 By ACy yA% By

Here we used the definition of Cpy in (3.4) and A= (Ro — T Ql")l/2 .

In the next two parts we compute 77 Ty(TF). Recall that ¥ is analytic on the
closed unit disc. It follows that 75Ty = TG~y . From (3.17) in [3] we know that

G*(2)Co(I, —2A0) ™" = C1 (I, — 2A0) ™' + B*(zl, —A") ' 0. (3.11)
Using this identity we see that G*(z)'¥(z) can be written as

G*(2)¥(z) = G*(2)A ™ —2G*(2)Co (I, — zA0) ' TA™!
=D'A ' 4 B (zl, —A) e AT+
—2C1 (I, — zA9) 'TA™' — zB*(al, — A*)'orAa™!.
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From the definition of Cy in (1.9) we see that (C* —A*QT)A~! = CyA, and hence we
obtain

G*(2)¥(z) = p+(z) + p—(z), where

pi(z) = (D" —B*OT)A™! —2C (I, — zA¢) ' TA™ !, (3.12)
p_(z) = B*(zl, — A*) " IC}A. (3.13)

It follows that
TeTy =Tp, + T, . (3.14)

We compute T, (T4F) in the next part and T,_(TF) in the third part.

Part 2. Since Tj, is a block lower triangular Toeplitz operator defined by p, in (3.13)
and TyF is given by (3.10), the expression FcrT,, (T4F) is equal to the rational
matrix function Y; given by the product

Y1(2) = p1(2) (Fon ToF) (2) (3.15)
- <(D* B QDA — 201 (1 — on)—lm—l) x

x (A7 (Dy ~T*QBy) + 2ACy v (I, — 24v) By ). (3.16)

Computing the product and using A = (Ry — I'*QI')/? we get
Yi(z) = (D* = B*QI')(Ry —T*QI") ! (Dy —T*QBy)+
—2C1 (I, — zA0) 'T(Ry — T*QT") "} (Dy — T*QBy)+
+2(D* = B*QT)Coy (I — 2Ay) ' By+
—2C1 (I, — zA0) "1 (zTCov) (I — zAy) ' By. (3.17)
Now we use the matrix A, in (3.4). Note that

I —zA0) " — (I, — 2A¢) " (zTCo v ) (I — -1
o <[4 )
It follows that
Yi(z) = (D" — B*QI)(Ry—T*QI) ! (Dy — " QBy) +
+2[C1 (D" = B*QT)Coy] (Inyr — A7) " x
y l—F(RO —F*QF)BI(DV —T*QBy) a8
\%

Part 3. In this part we compute the rational matrix function Y, givenby FcpT)_ (T4F).
To compute Y> we first show that

Q=A"QAy +C;(Ry—T*QI)Coyy. (3.19)
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This formula follows from (3.3) and (3.4). Indeed,
Q=AjQAy + C;Cy = (A" — CiT")QAy + CyCy
=A"QAy +Cj(Cy —T"QAy)
= A*"QAy +C}(Ry —T*QT)(Ro — T*QI) ! (Cy — T*QAY)
= A*QAV + CE; (R() — F*QF)C()y.
Note that the first row of T, is given by
[0 B*CoA B*A*CoA B*(A*)*CoA -] .
Since T,_ is block upper triangular, we see that
- D# -
ACy vBy

Tp (T4F) = ACy vAyBy
To- | AC) vA2 By

Here D* is given by

Z B*(A")"CoAACy yAY By

oo

( 2 *)YCo(Ro — T*QT)Cy, VAV>BV — B*QBy.

Note that the last equality results from (3.19). Next, again using that 7,,_ is block upper
triangular, we obtain

ACyvBy C*By
ACyvAvBy C*AyBy
To- |ACovALBy | = |C*a2By |-

where
2 )Y CoAACy vAY ! = B*QAy.

Here we used that A> = Ry — I QT and the Stein equation (3.19). We conclude that

Yo(2) = (ﬂcp T, (Tti)) (2) = B*QBy + zB*QAy (I, — zAy)~'By.
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For later purposes it will be convenient to rewrite Y>(z) using the matrix A, in
(3.4). This yields

Y2(z) = B*QBy +z [0 B*QAy] <In+r — z,Az) B L? ] (3.20)
\Y%

Here the matrix <) is free to choose. In the next part we shall take > equal to —T'(Ry —
*Qr)~!(Dy —T*QBy).

Part 4. In this part we compute the term B in (3.9). Using that Q is the unique solution
of the Stein equation (3.3), we see that

Dy
CyBy

K*F: C* AXC* (A* 2c>k A 3c>k CVAVBV
i 4363 (407°C3 (4G -] |Craviy

=C;Dv+ Y. (A" CiCyAY By
v=0
= CiDv+ A3 ( X (A7) CoCoAy ) By
v=0
=CyDvy +A;QBy.

From (3.11) we see that (ZcrTEK)(z) = Ci (I, —zAp) ™" . It follows that

. 1CiAg e i
B=|ciA2| (lh—PQ)" P(CoDy +AQ2By).

Here C) = D*Co+B*QAo. Now put ¥3(z) = (Fcr)(z). Then
Y3(2) = (D*Co+ B*QAo) (I, — PQ) ™' P(C; Dy + A;QBy) +
+2(D*Co + B*QAo) (In — zAp) " x
xAg(I, — PQ) ™' P(C;Dy + AjQBy).
To derive our final result we rewrite ¥3(z) using the matrix A, in (3.4). This yields

Y3(z) = (D*Co+B*QAo) (I, — PQ) ' P(C;Dy + AjQBy) +

+z [(D*C() -+ B*QAy) 0] (In+r — zA2> - X

. (3.21)

y [AO(In — PQ)'P(CyDy +AQBY)
0
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Finally, to complete the proof of the main part of the theorem, note that the solution
Y determined by (1.15) is given by

Y(2) =11(2) + Y2(2) + ¥3(2).

So we can add the state space representations (3.18), (3.20) and (3.21) for Y¥;(z), Y2(z),
and Y3(z), respectively, to obtain the desired representation for ¥ (z).

Part 5. It remains to prove the final statement about the McMillan degrees. We assume
that the number n and the number r in the state space representations (1.2) and (3.1)
are chosen as small as possible. In that case §(G) =n and 6(F) = r. Since the matrix
A, in the state space representation of Y has order n + r, the McMillan degree of Y is
atmost n+r. Thus §(Z) < 6(G)+6(Y). O

The final statement in Theorem 3.1 about the McMillan degrees can also be proven
directly, without using state space representations. The argument is a variation of the
argument used in the final part of the proof of Theorem 2.1. The details are as follows.

Let G, Y, and F be the stable rational matrix functions appearing in Theorem 3.1
above. Since G(z)Y (z) = F(z), the Laurent operator L is equal to the product of the
Laurent operators of G and Y. It follows (see the last paragraph of Section 1) that

T+ O Tys O Tr4 O
“ T ey == " .
Hg 1| |Hy Ty Hp Tr

By comparing the terms in the lower left hand corner, we arrive at
TcHy = Hr —HgTys (3.22)

From the definition of Y, we know that for each u € CP the function Y (-)u is
in the orthogonal complement of KerMg in H>(CP). Hence TyEu is contained in
(KerTg)* . Here E is the canonical embedding of C” onto the first coordinate space of
¢3.(CP). Since the null space Ker 7 is invariant under the block forward shift Scr on
ﬁ (CP), it follows (see the final paragraph of the proof of Theorem 2.1) that the range
of Hy is contained in (Ker7g):. We know that 77 (T5Tg) ' T is the orthogonal
projection onto (KerTg)". As the range of Hy is contained in (KerT5)", multiplying
by T(’;k(TGT(’;)’1 on the left in (3.22) yields

Hy = TG(T6TS) " ToHy = TG(TGTE) ™ (Hp — HgTys) -

Therefore rank Hy < rank Hp 4 rank Hg, and thus 6(Y) < 6(F) + 6(G).

It is interesting to specify Theorem 3.1 for the case when the function F in (3.1)
is equal to the function G given by (1.2). This leads to the following corollary which
we shall need in the next section.

COROLLARY 3.2. Let G be given by (1.2) with A stable, and let P be the unique
solution of the Stein equation (1.5). Assume that Mg is right invertible, or equivalently,
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assume that the Riccati equation (1.3) has a stabilizing solution Q such that the matrix
I, — PQ is non-singular. Then the p X p matrix function Z defined by

Z(-)y = MG(MgMg) ' Gy, yeCP. (3.23)
is a stable rational matrix function and
Z(z) = D3 +2C1 (I, — zA¢) B3, (3.24)
where Ag =A —T'Cy and Cy = D*Cy+ B*QAy, and B3 and D3 are given by
B3 =B—T(Ry—T*QI")" (D —-T*QB) + AoP(I, — QP)"'Cj}, (3.25)
D3 = (D* —B*QI')(Ry—T*QI') (D —T"0B) + B*OB+
+C\P(I, —QP)"'C;. (3.26)
Furthermore, G(2)Z(z) = G(z) for each z € D.
Proof. To determine Z we follow the proof of Theorem 3.1 with
Ay=A, By=B, Cy=C, Dy=D.

Using the definitions of Ag and Cy in (1.7) and (1.9), together with the fact that Q is a
hermitian matrix satisfying (1.3), we see that

0 =A*QAy+C*Cy. (3.27)

Thus in this case (3.3) reduces to the dual of (3.27), and hence Q = Q. Furthermore,
we have
Cov = (Ry—T*QI) " (C~T*QA) = C.

It follows that Z in (3.23) is given by Z(z) = Z; (z) + Z2(z) + Z3(z) , where the functions
Z1, Zy, Z3 are the analogs of the functions Y}, Y», Y3 in the proof of Theorem 3.1. Thus

Zi(z) = (D" = B*QT)(Rg —T*QI') "' (D~ T*0B)+

—2C1 (I, — zA0) 'T(Ry —T*QT")"1(D — T*QB)+

+z(D* — B*QI)Co(1, — zA) ' B+

—2C1 (I, — 2A0) " (zTCo) (I — zA) ' B, (3.28)
Z)(z) = B*QB+zB*QAo(I, — zA) ' B,
Z3(z) = (D*Co + B*QAo)(I, — PQ) "' P(C{D + AjQB)+

+2(D*Cy+ B*QA¢) (I, — zA¢) " x (3.29)

x Ag(l, — PQ)'P(C;D + AjOB).
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Recall that A = A —T'Cyy. Hence zI'Cy can be rewritten as
ZTCy = (I, — 2Ao) — (I — zA).
Using this in (3.28) we see that
—2C1 (I, —zA0) ' (aTCo) (I —2A)"'B =
=zC (I, — zA0) "'B—zC (I, — zA) " 'B.
This implies that
Zi(z) = (D* — B*QI)(Ry — T*QI")"{(D —T*QB)+

—2C1 (1~ 240) ' (T(Ro T QT) (D ~T"0B) ~ B) +

+z((D* —BONC) — cl) (I, —2A)"'B.

Recall (see (1.8)) that C; = D*Cy + B*QAg. Thus

(D* — B*QT')Cy — C, = D*Cy — B*QI'Cy — D*Co — B* QA

= —B*Q(I'Cy+Ag) = —B*QA.
We conclude that
Z1(2) + Z»(z) = (D* — B*QI')(Ry — T*QI') "' (D —T*0OB) + B*QB+
—2C1(1y —2A0) " (T(Ro —~T*QT) ! (D~ T"QB) ~ B).
Using the identity C; = D*Cy+ B*QAy in (3.29) we see that
Z3(z) = C1 (I, — PQ) ' PC} 4 2C\ (I, — zA0) Ao (I, — PQ) ' PC}.

It follows that

Z(2) = Z1(2) + Z2(2) + Z3(z) = D3+ 2Ci (I, — 2A0) ' B3,

where B3 and D3 are given by (3.25) and (3.26), respectively. [

4. Proof of Theorem 1.1

Let G be a stable m x p rational matrix function, and assume that Mg is right
invertible. From the beginning of Section 2 and Theorem 2.1 we know that there exists
a stable rational p x (p —m) matrix function ©, which is inner and unique up to a

constant unitary (p —m) x (p —m) matrix on the right, such that

KerMg = MgH?(CP™™).
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Moreover, ©(0) is one-to-one and © is given by
0()0(0) u=u—MEMM$)"'G(-)u, uecCP. (4.2)

Since ©(0) is one-to-one, O(0)* is onto. Hence the right hand side of (4.2) determines
O uniquely up to a constant unitary (p —m) X (p —m) matrix on the right.

LEMMA 4.1. The rational matrix function © in (4.2) admits the following stable
state space representation

0z) = (1,, — 201 (I — 2A0) (I, — PQ)‘1B> Ds. 4.3)

Here C; = D*Cy+ B*QAy, and the matrices Ay and Cy are given by (1.7) and (1.9),
respectively. Furthermore, Dy is a one-to-one p X (p —m) matrix such that

DyDj =1, — (D" = B*QI')(Ry —T*Q') (D ~T"0B)+
—B*QB—C,(I, — PQ)"'PC}. (4.4)

Proof. By comparing the right hand side of the above identity with the right hand
side of (3.23) we see that ©(z)©(0)* =1, — Z(z) for each z € D. From Corollary 3.2
we know that Z is given by the stable state space representation (3.24). Hence

0(2)0(0)" = I, — D3 — zC1 (I, — A) ' B3, (4.5)

where B3 and Dj are given by (3.25) and (3.26), respectively. Put D4y = ©(0). Then
Dy is a one-to-one p X (p —m) matrix and D4D; = ©(0)©(0)* = I, — D3, and thus
(4.4) holds. Furthermore, using (2.4) we see that ® admits the representation

O(z) = Dy +zCy (I, — 2A0) "' By, (4.6)
where By = —B30(0) (@(O)*@(O)y1 , that is, By is given by
Bi=— (B “T(Ry—T*QI) (D —T"0B)+
+Aoll, — PQ)™'PC} ) Da(DiD) . @7

To see that (4.6) yields (4.3) we have to prove By = — (I, — PQ)~'BD,. Recall
that Dy is one-to-one, and hence D} D, is invertible. Therefore, it suffices to show that

BD4D;Dy = —(I, — PQ)B4D;Ds. (4.8)
From (4.1) we know that that G(z)©(z) is identically zero. In particular, we have
DDy = 0. (4.9)
It follows from (4.4) and C; = D*Cy + B*QA( that
DyDyDy = Dy+ (D" — B*QT)(Ry — T QT) "' T*QBD,+

—B*QBD, — C\(I, — PQ)~'PC; Dy,
C;Dy = A} QBD;.
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Thus BD4D;D4 = aBD4 — BBD,, where
o =1,+B(D*—B*QI')(Ry—I'*QI')"'T"*0 — BB*Q,
B = BCi (I, — PQ) "' PA;Q.
Put A = (Ry —I™*QI')~!. Using (1.5) and the second identity in (1.4) we have

o =1, +TAT*Q — APC*AT*Q — POTAT*Q + APA*QT'AT*Q — PQ + APA*Q
= (I, — PQ)(I, + TAT*Q) — APC*AT*Q + APA*QT AT*Q + APA*Q.

Next, we use the identity BC; = A(I, — PQ) — (I, — PQ)Ay; see [3], formula (3.21). It
follows that

o—pB=,—PO)(I,+TAT*Q) — APC*AT*Q + APA*QT'AT* O+
+APA"Q — (AL~ PO) — (I, — PO)Ao ) (1, — PO)™' PAGQ
— (I, — PO) <In L TAT*Q + Ao(l, — PO)™ 1PA§;Q) — APC*AT* O+
+APA"QTAT*Q +APA*Q — APAQ
— (I, — PQ) <In FTAT*Q+ Ag(l, — PQ)—lpA(’;Q) +
+AP( _ C*AT* + A"QTAT 4 A* —A;;> 0
From the definitions of Ay and Cy in (1.7) and (1.9) we see that
—C*AT"+A*QTAT* 4+ A" — Aj = 0.
We conclude that
BD4D}Dy = (I, — PQ) (In +TAT*Q+Ao(L, — PQ)*IPA3Q> BD,.
On the other hand, again using DD4 = 0, we have
BaDaD; = — (B~ T(Ry—T* QD)™ (D~ T"0B) +Ao(l, ~ PQ)~'PC} ) Dy
S <1n FTAT O+ Ag(l, — PQ)—IPA;;) BD,.

Hence (4.8) holds, and (4.3) is proved. [J

Proof of Theorem 1.1. Let © be as in Lemma 4.1, and put D4 = ©(0). Then (4.4)
holds true. It follows that the right hand side of (4.4) is positive semi-definite. Hence
the same holds true for the right hand side of (1.12).

Now let D be any one-to-one p x (p —m) matrix such that (1.12) holds. Then
DD* = D4Dj . Since both D4 and D are one-to-one, there exists a unitary matrix U of
order p —m such that D = D,U . It follows that ©(-) = ©(-)U . Hence © has the same
properties as ©. Thus O is inner and (1.13) holds. The latter implies that the set of
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all stable p x m rational matrix solutions V' of equation (1.1) is equal to the set of all
functions V(z) = X (z) +©(z)N(z),, where X is the least square solution given by (1.6),
the parameter N is an arbitrary stable (p —m) x m rational matrix function, and © is
given by (1.11).

It remains to prove the statement about the McMillan degrees. To do this assume
that the number n in the state space representation (1.2) is chosen as small as possible.
In that case, §(G) = n. Since the matrix A in the state space representation of © has
the same size as A, we conclude that §(0) < n. Thus §(0) < 8(G), as desired. [

A REMARK ABOUT © BEING INNER. The above proof of the fact that the stable
rational matrix function © defined by (1.11) is inner follows a rather indirect line of
arguments. Indeed, the proof uses that ©(z) = ©(z)U, where U is a constant unitary
matrix and © is the function given by (4.3). But the function ® given by (4.3) is the
inner function appearing (4.1). Thus © is also inner. It is possible to show more directly
that © is inner. Indeed, the fact that © is inner follows from the following identity:

A Crl [e—0PQ 0] [Ag B] _[©0—0PQ 0O 4.10)
B* D 0 I,]|ciD| ™ 0 I’ '
Note that the above identity is equivalent to the following three identies:
A3(Q— QPQ)Ag +CiC = Q — QPQ, 4.11)
B*(Q—0PQ)Ay+D*Ci =0, (4.12)
B*(Q—QPQ)B+D*D =1,. (4.13)

The identity (4.11) has been established in [3, formula (3.24)]. Since Ay is stable, (4.11)
tells us that the matrix Q — QPQ is the observability Gramian for the pair {Cp,Ao} .
Given (4.11) it is well-known (see, e.g., the proof of Theorem 4.5.1 in [2]) that (4.12)
implies that the block columns of Tg are mutually orthogonal and that (4.13) implies
that each block column of Tg is an isometry. Thus given (4.11), together the equalities
(4.12) and (4.13) show that Tp is an isometry and hence © is inner. Thus (4.10) yields
O is inner.

To obtain the identity (4.10) it remains to derive the equalities (4.12) and (4.13).
This can be done by direct computations; we omit the details.

EXAMPLE. Let us specify Theorem 1.1 for the stable rational matrix function
G appearing in Example 1 in [3, Section 5]; see also [11], page 425. Thus we take
G(z) = [1+z —z] . A stable state space representation for this G is obtained by taking

A=0, B=[1-1], Cc=1, D=][10]. (4.14)

We already know ([3, Section 7]) that P =2 is the solution of the corresponding
Stein equation (1.5), and that the Riccati equation (1.3) reduces to
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This equation has g = %(3 -5 ) as a stabilizing solution. Furthermore, Ag = —¢ and

Co = ¢, and thus
gl | 1] 2 |1—q
e~ [o]- [ =77

A straightforward computation shows that in this case the right hand side of (1.12) is
given by

[0 O} . and hence for D we can take D = [ 0 ] .
0g Va

Now using (1.11) we see that © is given by

~o V4 z 1
O(z) = Trge 142 , where as before g = 5(3 V5).

Clearly, G(2)6(z) is identically zero and using ¢ — 3¢+ 1 =0 one checks directly that
O is inner.

5. The rational version of Tolokonnikov’s lemma

Tolokonnikov’s lemma (see [10] and Appendix 3 in [8]) tells us that the problem
of solving a corona type Bezout equation is equivalent to solving a certain extension
problem. In this section we specify this result for rational matrix functions and derive
a state space representation for a special extension.

Throughout G is a stable m x p rational matrix function. We say that G admits an
invertible outer extension if there exists an invertible outer p x p stable rational matrix

function G such that
G(z) = [G(Z)] : (5.1)

*

Recall that a square stable rational matrix function F is called invertible outer whenever
F~! exists and is again a stable rational matrix function. If G is an invertible outer
extension of G, then the matrix function X defined by

X(z)=G(z)~! {I{)"} (5.2)

is a stable rational matrix solution of (1.1).

The converse is also true, that is, if (1.1) has a stable rational matrix solution,
then G admits an invertible outer extension. To see this we use the Smith form for
matrix polynomials (see Chapter S1 of [6] and Section 6.5.2 in [7]). Let d(z) be the
least common multiple of the denominators of the entries of G(z). Then d(z)G(z) is a
matrix polynomial, and using the Smith form for this polynomial we see that G factors
as

pl (Z) 0---0
G(z)=U(2) D V(). (5.3)

Pm(z) 0--- 0
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Here U(z) and V(z) are unimodular matrix polynomials of sizes m x m and p X p, re-
spectively, and py,...,p,, are scalar rational functions. Since G is stable, the functions
P1,---,Pm have no poles in |z] < 1. Now, assume that (1.1) has a stable rational matrix
solution. Then G(z) has full row rank for each |z| < 1, and hence the rational functions
P1s---,Pm in (5.3) have no zeros in |z| < 1. Put

p1(z)

' pul2)

where U(z) and p;(z),...,pm(z) are as in (5.3). Next using U(z) above and V(z) in

(5.3), set ~

U(z) 0
0 Iy

V(z).

(2) =

Then the function G is an invertible outer extension of G.

Thus (1.1) has a stable rational matrix solution if and only if G has an invertible
outer extension. This is Tolokonnikov’s lemma for rational matrix functions. In additon
to this result, the following proposition presents in state space form a special invertible
outer extension.

PROPOSITION 5.1. Let G be a stable m X p rational matrix function, and as-
sume that (1.1) has a stable rational matrix solution. Then G has an invertible outer
extension G such that the McMillan degree of G is equal to the McMillan degree of
G. Moreover, such an invertible outer extension G can be obtained in the following
way. Let X be the least squares solution given by (1.6), and let © be the inner rational
matrix function given by (4.3). Then

G(z)

(5.4)
©"(2)(I, —X(2)G(2))

G(z) =

is an invertible outer extension of G, and G(z)~! = [X(z) ©(z)]. Furthermore, the
McMillan degrees of G and G coincide, and G in (5.4) admits the stable state space
representation

C
D;B*Q(l, — PQ)~'A

A D

_ -l
G(z)= D+ D:B* 0, — PO) B (I—zA)""B. (5.5)

+z

Here Dy is as in (4.4).

Proof. Our hypotheses imply that Mg is right invertible, and hence the stable
rational matrix functions X in (1.6) and © in (4.3) are well defined. We first prove that
the function K given by

K(z) = 0%(2) (1,, _ X(Z)G(Z)) (5.6)
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is a stable rational matrix function. [The argument does not require X to be the least
squares solution; it works for any stable rational matrix solution.] Clearly, K is ra-
tional and has no poles on T. To show that K is stable, take 7 in H?(CP). Then
G(2)X(z) = I, implies MgMyx = I, and thus M (I — MxMg)h = 0. But then, by (2.1),
there exists f in H?(C*) such that Mg f = (I — MxMg)h. In other words, in terms
of the corresponding Laurent operators, we have Lgf = (I — LxLg)h. Since O is
inner, LyLe = I. But L = Lg+. This leads to the identity Lg«(I —LxLg)h = f. Re-
call that 7 is an arbitrary element in H>(CP?). We conclude that the Laurent operator
Lo+ (I — LxLg) maps H*(CP) into H?(C*). This implies that the rational matrix func-
tion K in (5.6) is a rational matrix-valued H” function, which is equivalent to K being
stable.

Let G be the matrix function defined by (5.4). The result of the previous paragraph
implies that G is a stable rational matrix function. Note that the function [X(z) ©(z)]
also is a stable rational matrix function. Thus in order to prove that G is an invertible
outer extension of G, it suffices to show that

G(2)[X(z) ©z)] =1, and [X(z) ©(2)] G(z) =1,. (5.7)

In fact, since G(z) is a square matrix function, it is sufficient to prove the first identity
in (5.7). To do this note that

G(2)X(z) G(z2)0(z)
0" (2)(1,~ X (1)6(2) )X (z) 0 () (I, ~ X ()G(2) ) ()

According to (a), we have G(z)X(z) = I,. This implies that the (1,1) and (2,1) entries
in the above 2 x 2 block matrix are equal to ,, and 0, respectively. On the other hand,
G(2)©(z) = 0 by (2.1). Thus the (1,2) entry in the above 2 x 2 block matrix is equal
to 0 and the (2,2) entry is equal ©*(z)©(z). Since O is inner, ©*(z)0O(z) = I. We
conclude that the first identity in (5.7) holds. Hence G is an invertible outer extension
of G. [Again note that the given argument works for any stable rational matrix solution
and does not require X to be the least squares solution.]

Next we derive the representation (5.5). This requires that X is the least squares
solution and uses (1.6). We first show that ©*(z)X (z) admits the following state space
representation

G(z) [X(z) B(2)] =

0*(2)X(z) = —D;B* (I, — QP) ' (zl, — Ay) "' C;. (5.8)
To obtain this identity, we use that X is given by (1.6) and © by (4.3). Thus

0*(2)X(z) = (D — D3B* (I, — QP) ! (zl, — Ay) ~'C}) %
x (Dy = 2C (I — zA0) ' (I, — PQ) ™' Dy)
= DDy — DB* (I, — OP) ™" (al, — A)~'C{ D1 +
— 2DC1 (I, — 2A0) ' (I, — PQ)~'BD; +
+D}B*a(z)BD; .
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Here
o(z) = z(I, — QP) " (zl, — A}) "' C;C (I, — 2A0) " (I, — PO) L.

From (4.11) (see also [3, formula (3.23)]) we know that Q — QPQ satisfies the Stein
equation

(Q—0PQ) —Ay(Q — QPQ)A) = C{C.

Using this identity we have

2CiCr = (2l = Ap)(Q — QPQ) + Ap(Q — QPQ) (I — zA¢),
o(z) = QI = 2A0) ™ (I = PQ) ™' + (In— OP) ™' (ehn — A5) ' A5Q
= Q(l, — PQ) ™" +2QA0(I, — zA0) ' (I, — PQ) "'+
+ (I, — OP) ' (zI, — Ap) "' AG 0.
Inserting the latter expressing for a(z) into the formula above for ©*(z)X (z) we obtain
0*(2)X (z) = D;D, + D;B*Q(I, — PQ) 'BD,+
+2D;(B" QA0 —C1) (I —zAo) ' (I, — PQ)~'BD
+ DB*(I, — QP) (el — AY) ' (A§;OB — C})Dy.
Let u be an arbitrary vector in C”. Since X (-)u is perpendicular to KerM, we see
from (2.1) that the function ©*(-)X(-)u is analytic outside the open unit disc and has
the value zero at infinity. This holds for each u in C”. It follows that in the above

expression for ©*(z)X(z) the sum of first three terms in the right hand side must be
identically zero, that is,

0*(2)X (z) = D3B* (I, — QP) ' (zI, — A}) "' (A; OB — C})D;..

Using that C; is given by (1.8) and DD = I,,,, we arrive at (5.8).
Next we compute ©*(z)X (z)G(z). From (3.11) (see also formula (3.17) in [3]) we
know that

G*(2)Co(ly —240) ™" = C1 (L, —240) ' + B (el — A") ' Q.
Taking adjoints in this identity we see that

(2l —A5) "' CiG(z) = QI — 2A) ' B+ (2l — A5) '
— 0B+20A(L,—zA) "B+ (I, — AY) "' C.

Using the representation (5.8) we obtain

0*(2)X(2)G(z) = — D;B* (I, — OP) ' OB+
— DB (I, — QP) ' QA(I, —zA)~'B+
— D;B* (I, — OP) "' (al, — A}) "' C}.
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But then, using the definition of © in (4.3) we arrive at

0*(z) —©*(2)X (z)G(z) = D} + D;B*(I, — QP) ' OB+
+D;B* (I, — OP) ' QA(l, — zA) " 'B.

Inserting this expression for ©*(z) — ©*(2)X (z)G(z) into (5.4) yields the desired for-
mula (5.5).

It remains to show that §(G) = 8(G). Since G is an extension of G, we have
8(G) > 8(G). Now assume that the integer n in the state space representation (1.2) is
chosen as small as possible. Then 6(G) = n, and the right hand side of (5.5) shows that
8(G) <n. Thus §(G) =n=8(G), as desired. [

We conclude by specifying formula (5.4) for the stable rational matrix function G
appearing in the example at the end of the previous section. Thus G(z) = [1+Z —z] .
From Section 5 in [3] and the final paragraph of the previous section we know that for
this choice of G the rational matrix functions X and © in (5.4) are given by

R ] PR R Ca eV}

Here g = %(3 —+/5) and ¢> =3¢+ 1=0. From the latter identity it follows that
Va=1-gq, and one computes that

2L 12-g) = 14045

0%(2) -0 ()X (2)G(z) = T p

Thus for G(z) = [I4+z —z] the function G in (5.4) is given by

N 1+z —z
G(z) = | .
-1 L(1+V5)
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