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Abstract. We develop Weyl-Titchmarsh theory for self-adjoint Schrodinger operators H in
L?((a,b);dx; 7 associated with the operator-valued differential expression T = —(d?/dx*) +
V(-), with V : (a,b) — B(HA’), and A a complex, separable Hilbert space. We assume reg-
ularity of the left endpoint a and the limit point case at the right endpoint b. In addition, the
bounded self-adjoint operator oo = o* € B(H) is used to parametrize the self-adjoint boundary
condition at the left endpoint a of the type

sin(a)u' (a) + cos(ot)u(a) = 0,

with u lying in the domain of the underlying maximal operator Hiax in L>((a,b);dx; ) as-
sociated with 7. More precisely, we establish the existence of the Weyl-Titchmarsh solution of
H, , the corresponding Weyl-Titchmarsh m-function m,, and its Herglotz property, and deter-
mine the structure of the Green’s function of Hy .

Developing Weyl-Titchmarsh theory requires control over certain (operator-valued) so-
lutions of appropriate initial value problems. Thus, we consider existence and uniqueness of
solutions of 2nd-order differential equations with the operator coefficient V,

'+ (V—-2)y=1f on (ab),
¥(x0) = ho, ¥'(x0) = hu,
under the following general assumptions: (a,b) C R is a finite or infinite interval, xo € (a,b),
z€C, V:(a,b) — B() is a weakly measurable operator-valued function with ||V (-)[| () €
Ll.((a,b);dx), and f € LL ((a,b);dx;. ). We also study the analog of this initial value prob-
lem with y and f replaced by operator-valued functions Y,F € B().
Our hypotheses on the local behavior of V appear to be the most general ones to date.
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1. Introduction

The principal purpose of this paper is to derive a streamlined version of Weyl—
Titchmarsh theory for Schrodinger operators on a finite or infinite interval (a,b) C R
with operator-valued potentials V € #(°) ( a complex, separable Hilbert space
and %B() the Banach space of bounded linear operators defined on .5#") under very
general conditions on the local behavior of V. We will work under the (simplifying)
hypothesis that the underlying operator-valued differential expression

t=—d*/d*+V(x), x€(a,b), (1.1)

is regular at the left endpoint a and in the limit point case at the right endpoint b. (For
simplicity, the reader may think of the standard half-line case (a,b) = (0,).)

In performing this task, it is necessary to first study existence and uniqueness ques-
tions of the following initial value problems associated with 7 in great detail. More
precisely, in Section 2 we investigate the following two types of initial value prob-
lems: First, we consider existence and uniqueness of .7’ -valued solutions y(z,-,xg) €
W2 ((a,b);dx; ) of the initial value problem

loc

(1.2)

="'+ (V—2)y=f on (a,b)\E,
y(x0) = ho, ¥'(x0) = hi,

where the exceptional set E is of Lebesgue measure zero and independent of z. Here
we suppose that (a,b) C R is a finite or infinite interval, xo € (a,b), z€ C, V :
(a,b) — HB(H) is a weakly measurable operator-valued function with ||V (-)|| () €
Ll .((a,b);dx), and that ho,h; € 5, and f € LL ((a,b);dx; 7).

In particular, we prove for fixed xo,x € (a,b) and z € C, that

e y(z,x,x9) depends jointly continuously on hg,h; € 7, and f € L} ((a,b);dx; ),
e y(z,x,x0) is strongly continuously differentiable with respect to x on (a,b),

e y/(z,x,x0) is strongly differentiable with respect to x on (a,b)\E,

and that

o for fixed xg,x € (a,b), y(z,x,x0) and y'(z,x,x0) are entire with respect to z.

Second, again assuming (a,b) C R to be a finite or infinite interval, xo € (a,b),
z€C, Y, Y1 € B(H),and F,V : (a,b) — B() two weakly measurable operator-
valued functions with ||V ()|l g, |F (-)l () € Linc((a,b);dx), we consider exis-
tence and uniqueness of A(.%)-valued solutions Y (z,-,x) : (a,b) — B(H) of the

initial value problem

{—Y”—F (V—2)Y =F on (a,b)\E, (1.3)

Y(X()) = Y07 Y/()C()) = Yl7

where again the exceptional set E is of Lebesgue measure zero and independent of z.
For fixed xo € (a,b) and z € C, we prove that

e Y(z,x,x0) is continuously differentiable with respect to x on (a,b) in the B()-
norm,
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e Y'(z,x,x0) is strongly differentiable with respect to x on (a,b)\E,
and that
o for fixed xg,x € (a,b), Y(z,x,x9) and Y’(z,x,x¢) are entire in z in the Z(.5¢) -norm.

In addition, Section 2 introduces the notion of regular endpoints of intervals, sev-
eral notions of Wronskians, the variation of constants formula, and several versions of
Green’s formula.

Our principal Section 3 then develops Weyl-Titchmarsh theory associated with
the operator-valued differential expression 7 in (1.1) under the simplifying (yet most
important) assumption that the left endpoint a is regular for 7 and that the right end-
point b is of the limit point type for 7. We introduce minimal and maximal operators
associated with 7, show that they are adjoint to each other, introduce the self-adjoint
operators Hg in the underlying Hilbert space L?((a,b);dx;.7¢), parametrized by the
bounded self-adjoint operator o = o € Z(.7) in the self-adjoint boundary condition
at the left endpoint a of the type

sin(o)u' (a) + cos(a)u(a) =0,

with u lying in the domain of the maximal operator Hygy in L*((a,b);dx; #), estab-
lish the existence of the Weyl-Titchmarsh solution of H, introduce the corresponding
Weyl-Titchmarsh m-function m,, and its Herglotz property, and determine the struc-
ture of the Green’s function of H .

Appendix A then establishes basic facts on bounded operator-valued Herglotz
functions (i.e., Z(H)-valued functions M analytic in the open upper complex half-
plane C; with Im(M(-) >0 on Cy).

While we restrict our attention to the case (a,b) with a a regular point for 7 and
T in the limit point case at b, it is clear how to apply the standard 2 x 2 block operator
formalism (familiar in the case of scalar and matrix-valued potentials V') to obtain the
Weyl-Titchmarsh formalism for Schrédinger operators with both endpoints a and b
in the limit point case (and hence Schrodinger operators on the whole real line R, cf.
Remark 3.18).

Of course, Schrodinger operators with bounded and unbounded operator-valued
potentials V(-) have been studied in the past and we will briefly review the fundamental
contributions in this area next. We note, however, that our hypotheses on the local
behavior of V() € Z(H#) appear to be the most general to date.

The case of Schrodinger operators with operator-valued potentials under various
continuity or smoothness hypotheses on V(-) and under various self-adjoint boundary
conditions on bounded and unbounded open intervals received considerable attention
in the past: In the special case where dim(5#) < o, that is, in the case of Schrodinger
operators with matrix-valued potentials, the literature is so voluminous that we can-
not possibly describe individual references and hence we primarily refer to [3], [91],
and the references cited therein. We also mention that the finite-dimensional case,
dim(47") < oo, as discussed in [23], is of considerable interest as it represents an im-
portant ingredient in some proofs of Lieb—Thirring inequalities (cf. [63]).

In addition, the constant coefficient case, where 7 is of the form 7 = —(d? /dx*) +
A, has received overwhelming attention. But since this is not the focus of this paper we
just refer to [49], [50, Chs. 3, 4], [69], and the literature cited therein.
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In the particular case of Schrodinger-type operators corresponding to the differen-
tial expression T = —(d?/dx*) +A+V(x) on a bounded interval (a,b) C R with either
A =0 or A aself-adjoint operator satisfying A > ¢l for some ¢ > 0, unique solvabil-
ity of boundary value problems, the asymptotic behavior of eigenvalues, and trace for-
mulas in connection with various self-adjoint realizations of T = —(d?/dx*) +A +V(x)
on a bounded interval (a,b) are discussed, for instance, in [11]-[13], [19], [46], [47],
[51], [521, [74], [76] (for the case of spectral parameter dependent separated boundary
conditions, see also [5], [7], [20]).

For earlier results on various aspects of boundary value problems, spectral theory,
and scattering theory in the half-line case (a,b) = (0,0), the situation closely related
to the principal topic of this paper, we refer, for instance, to [6], [8], [35], [46]-[48],
[51], [60], [74], [76], [87], [94], [103] (the case of the real line is discussed in [105]).
While our treatment of initial value problems was inspired by the one in [94], we permit
a more general local behavior of V(+). In addition, we also put particular emphasis on
Weyl-Titchmarsh theory and the structure of the Green’s function of Hy, .

We should also add that this paper represents a first step in our program. Step
two will be devoted to spectral properties of H,, and step three will aim at certain
classes of unbounded operator-valued potentials V', applicable to multi-dimensional
Schrodinger operators in 12 (R*;d"x), n € N, n > 2, generated by differential expres-
sions of the type A+ V(-). In fact, it was precisely the connection between multi-
dimensional Schrodinger operators and one-dimensional Schrodinger operators with
unbounded operator-valued potentials which originally motivated our interest in this
program. This connection was already employed by Kato [58] in 1959; for more recent
applications of this connection between one-dimensional Schrédinger operators with
unbounded operator-valued potentials and multi-dimensional Schrodinger operators we
refer, for instance, to [2], [32], [56], [64], [69], [71]-[73], [92], [93], [95]-[101], and
the references cited therein.

Finally, we comment on the notation used in this paper: Throughout, ¢ denotes
a separable, complex Hilbert space with inner product and norm denoted by (-,-)»
(linear in the second argument) and || - || s, respectively. The identity operator in .5¢’
is written as 1. We denote by #(.7) the Banach space of linear bounded operators
in 7. The domain, range, kernel (null space) of a linear operator will be denoted by
dom(+), ran(-), ker(-), respectively. The closure of a closable operator S in ¢ is

denoted by S.

2. The initial value problem of second-order differential equations with operator
coefficients

In this section we provide some basic results about initial value problems for
second-order differential equations of the form —y” + Qy = f on an arbitrary open
interval (a,b) C R with a bounded operator-valued coefficient Q, that is, when Q(x)
is a bounded operator on a separable, complex Hilbert space ¢ for a.e. x € (a,b). In
fact, we are interested in two types of situations: In the first one f(x) is an element of
the Hilbert space 7 for a.e. x € (a,b), and the solution sought is to take values in 5.
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In the second situation, f(x) is a bounded operator on .7 for a.e. x € (a,b), as is the
proposed solution y.

We start with some preliminaries: Let (a,b) C R be a finite or infinite interval
and 2" a Banach space. Unless explicitly stated otherwise (such as in the context
of operator-valued measures in Nevanlinna—Herglotz representations, cf. Appendix A),
integration of 2" -valued functions on (a,b) will always be understood in the sense
of Bochner (cf., e.g., [15, p. 6-21], [39, p. 44-50], [54, p. 71-86], [70, Ch. III], [109,
Sect. V.5] for details). In particular, if p > 1, the symbol L?((a,b);dx; Z") denotes
the set of equivalence classes of strongly measurable 2" -valued functions which differ
at most on sets of Lebesgue measure zero, such that || f(-)||%- € L'((a,b);dx). The
corresponding norm in L?((a,b);dx; Z) is given by

1/p
e I )
a7

and L?((a,b);dx; Z") is a Banach space.

If 27 is a separable Hilbert space, then so is Lz((a,b);dx;jf) (see, e.g., [21,
Subsects. 4.3.1,4.3.2], [27, Sect. 7.1]).

One recalls that by a result of Pettis [84], if 2 is separable, weak measurability
of 2 -valued functions implies their strong measurability.

If g € L'((a,b);dx; 27), f(x) = [ d¥'g(x'), x0,x € (a,b), then f is strongly
differentiable a.e. on (a,b) and

f'(x) =g(x) forae. x € (a,b). (2.2)
In addition,
1 X+t
1if(I)1 - dx'||g(x') — g(x)|| 2~ =0 forae. x € (a,b), (2.3)
! X
in particular,
1 X+t
s-llién A dx'g(x') = g(x) forae. x € (a,b). (2.4)
t X

Sobolev spaces W"P((a,b);dx; Z") for n € N and p > 1 are defined as follows:
WP ((a,b);dx; Z°) is the set of all f € LP((a,b);dx; %) such that there exists a g €
L?((a,b);dx; ") and an x¢ € (a,b) such that

f(x) = f(x0) +/de’g(x’) fora.e. x € (a,b). (2.5)

X0

In this case g is the strong derivative of f, g = f’. Similarly, W"?((a,b);dx; Z")
is the set of all f € LP((a,b);dx; Z") so that the first n strong derivatives of f are in
LP((a,b);dx; Z"). For simplicity of notation one also introduces WO?((a,b);dx; 2°) =
LP((a,b);dx; 2°). Finally, W;.”((a,b);dx; Z7) is the set of 2 -valued functions de-
fined on (a,b) for which the restrictions to any compact interval [o, 8] C (a,b) are

in W"P((a,B);dx; 7). In particular, this applies to the case n =0 and thus defines
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LY ((a,b);dx; Z7). If a is finite we may allow [, B] to be a subset of [a,b) and denote

loc

the resulting space by W’ ([a,b):dx; 2") (and again this applies to the case n = 0).
Following a frequent practice (cf., e.g., the discussion in [14, Sect. III.1.2]), we
will call elements of W!([c,d];dx; ), [e,d] C (a,b) (resp., W, ((a,b);dx; Z°)),
strongly absolutely continuous .2 -valued functions on [c,d] (resp., strongly locally
absolutely continuous .2 -valued functions on (a,b)), but caution the reader that unless
2 posseses the Radon—Nikodym (RN) property, this notion differs from the classical
definition of 2 -valued absolutely continuous functions (we refer the interested reader
to [39, Sect. VIL.6] for an extensive list of conditions equivalent to X having the RN
property). Here we just mention that reflexivity of X implies the RN property.

In the special case where 2~ = C, we omit 2~ and just write LGOC) ((a,b);dx), as
usual.

A Remark on notational convention. To avoid possible confusion later on be-
tween two standard notions of strongly continuous operator-valued functions F(x),
x € (a,b), that is, strong continuity of F(-)h in ¢ for all h € 5 (i.e., pointwise
continuity of F(-)), versus strong continuity of F(-) in the norm of #(.%) (i.e., uni-
form continuity of F(-)), we will always mean pointwise continuity of F(-) in 2.
The same pointwise conventions will apply to the notions of strongly differentiable and
strongly measurable operator-valued functions throughout this manuscript. In particu-
lar, and unless explicitly stated otherwise, for operator-valued functions Y, the symbol
Y’ will be understood in the strong sense; similarly, y* will denote the strong derivative
for vector-valued functions y.

The following elementary lemma is probably well-known, but since we repeatedly
use it below, and we could not quickly locate it in the literature, we include a detailed
proof:

LEMMA 2.1. Let (a,b) CR. Suppose Q: (a,b) — B(H) is a weakly measur-
able operator-valued function with ||Q(-)|| () € Lio.((a,b):dx) and g : (a,b) — A
is (weakly) measurable. Then Qg is (strongly) measurable. Moreover, if g is strongly
continuous, then there exists a set E C (a,b) with zero Lebesgue measure, depending

only on Q, such that for every xo € (a,b)\E,

) 1 X0+t
111%1 A dx||Q(x)g(x) — O(x0)g(x0) ||~ =0, (2.6)
X0
in particular,
1 X0+t
stimy [ ar0Wet) = Qlglro). e
X0

in addition, the set of Lebesgue points of Q(-)g(+) can be chosen independently of g.

Proof. Since by hypothesis, O(+) on (a,b) is weakly measurable in ¢, that is,

(f,0(-)g) s is (Lebesgue) measurable for all f,g € (2.8)
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one infers that this is equivalent to Q(-)* on (a,b) being weakly measurable in .77 .
An application of Pettis’ theorem [84] then yields that O(-) f (equivalently, Q(-)*f) on
(a,D) is strongly measurable for all f € 7.

Next, let {e, },en be a complete orthonormal system in .. Then writing

1OC)f15 = X (Q()f en) e (en, Q) f) ot (2.9)

neN

one concludes that ||Q(-)f||,» on (a,b) is measurable for all f € 5. In addition, let
h(-) on (a,b) be a weakly (and hence, strongly) measurable function in 7. Then

(fs QO = (QC) f,h()) e = X, (0C)" fren) e (ensh()) s (2.10)

neN

implies that Q(-)A(-) on (a,b) is weakly measurable in .7#. Another application of
Pettis’ theorem then yields the strong measurability of Q(-)A(-) on (a,b) in J7.

Let Ey C (a,b) be a set of Lebesgue measure zero such that every xo € (a,b)\Eo
is a Lebesgue point for the function ||Q(-)|| (), implying,

] 1 xXo+1
ltlf(r)l;/ dx[|Q(x)[| z(z) = 11Q(x0) | (), X0 € (a,b)\Eo. (2.11)
X0

Next, let {E,},en be a sequence of subsets of (a,b) such that each E, is of
Lebesgue measure zero and every xp € (a,b)\E, is a Lebesgue point for the vector-
valued function Q(-)e,, that is,

X0+t

1
lif(r)l - dx||Q(x)en — O(x0)enllw =0, xo € (a,b)\E,. (2.12)
t X

In addition, let E = |J,_qE,, then every xo € (a,b)\E is a Lebesgue point for
0O()g(+). Indeed, decomposing g(xo) with respect to the orthonormal basis {e;, },en,

g(x0) = . gn(x0)en,  gnlx0) = (en,8(x0)) ,, nEN, (2.13)
neN

and recalling that by Pettis’ theorem, Qg is strongly measurable, yields (for > 0)
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X0+t
1 / dx[Q(x)g(x) — O(x0)g(x0)]

! Jx

xXo+1
<! / dx | 0()g(x) — 0(x0)g (x0) |

' Jx

X0+t X0+t
<3 [ aslowlet ~stolle+1 [ drllow —otulsnle
. 1 xXo+1
<3 oWl _sw 59 —stw)le
N X0+t
# Yl (7 [ asliot - otwedr

Z gn(xo)e

n=N+1

1x0+t
+(— [ axlie@llaon + et lscr ) 2.14)

' Jx

A

Finally, taking the limit 7 | O renders the first term on the right-hand side of (2.14)
zero as g(-) is strongly continuous in 7 and xo is a Lebesgue point of [|Q(-)||z(.x)
by (2.11). Similarly, taking ¢ | O renders the second term on the right-hand side of
(2.14) zero by (2.12). Again by (2.11), the third term on the right-hand side of (2.14)
approaches 2||Q(xo)|| z(» Vs 18n(x0)en]| s 3 t | 0 and hence vanishes in the
limit N — oo (cf. (2. 13))

In connection with (2.7) we also refer to [39, Theorem I1.2.9], [ 54, Subsect. I11.3.8],
[109, Theorem V.5.2].

DEFINITION 2.2. Let (a,b) C R be a finite or infinite interval, Q: (a,b) — B(H)
a weakly measurable operator-valued function with [|Q(-)|| () € Liy.((a,b);dx), and

suppose that f € L| ((a,b);dx; 5. Then the . -valued function y : (a,b) — 7 is
called a (strong) solution of

—Y'+0y=f (2.15)
if y e Wl ((a,b);dx; ) and (2.15) holds a.e. on (a,b).

‘We recall our notational convention that vector-valued solutions of (2.15) will al-
ways be viewed as strong solutions.

One verifies that Q : (a,b) — ZB(H) satisfies the conditions in Definition 2.2 if
and only if Q* does (a fact that will play a role later on, cf. the paragraph following
(2.33)).

THEOREM 2.3. Let (a,b)CR be a finite or infinite interval and V:(a,b)— B ()
a weakly measurable operator-valued function with ||V (-)|| () € Ll .((a,b);dx). Sup-

pose that xo € (a,b), z€ C, hy,hy € H#, and f € L}, ((a, ) dx H). Then there is a
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unique ¢ -valued solution y(z,-,x0) € W2 ((a,b):dx; #) of the initial value problem

loc

="+ (V—2)y=f on (a,b)\E,
2.16
{Y(Xo) = ho, Y'(x0) = hu, (210

where the exceptional set E is of Lebesgue measure zero and independent of z.
Moreover, the following properties hold:

(i) For fixed xo,x € (a,b) and z € C, y(z,x,x0) depends jointly continuously on
ho,hi € 5, and f € L} ((a,b);dx; H) in the sense that
Hy(Z,x7X();h()7h17f) _y(zvx7x0;ﬂhi07’];17f) H;f

-~ ~ ~ (2.17)
<C(z,V) [||ho _hOH%"' ||h1 _hIH%"' ||f_f||Ll([x0,x];dx;3f)]v

where C(z,V) > 0 is a constant, and the dependence of y on the initial data
ho,hy and the inhomogeneity f is displayed in (2.17).

(i) For fixed xo € (a,b) and z € C, y(z,x,x0) is strongly continuously differentiable
with respect to x on (a,b).

(iii) For fixed xo € (a,b) and z € C, y'(z,x,x0) is strongly differentiable with respect
to x on (a,b)\E.

(iv) For fixed xo,x € (a,b), y(z,x,x0) and y'(z,x,x0) are entire with respect to z.

Proof. As discussed in the proof of Lemma 2.1, if f: (a,b) — 5 is strongly
measurable, then Q(-) f(-) is also a strongly measurable .7 -valued function.

As in the classical scalar case (i.e., 7 = C), one can show that a function y(z, -, xp)
€ Wli’cl ((a,b);dx; ) satisfies the initial-value problem (2.16) if and only if y(z,,xo)
is strongly measurable, strongly locally bounded, and satisfies the integral equation,

¥(z,%,%0) = cos (/% (x — x0)) o + 2 /?sin (21/*(x — x0)) I

—|—/de/[1/2 sin (zl/z(x—x/)) [V (x)y(z,x' ,x0) — f(X')], (2.18)

X0

7€ C, Im(zl/z) >0, x,x € (a,b).

Thus, it suffices to verify existence and uniqueness for a solution of (2.18). For unique-
ness it is enough to check that y(z,,xp) = 0 is the only solution of

¥(z,%,x0) = /de/zfl/z sin (zl/z(x—x’))V(x’)y(x’). (2.19)

X0

Let K C (a,b) be a compact subset containing x, then iterations of (2.19) yield

1 * "
sup (2, 50)lle < (c<z> / ||v<x’>ew)dx/) sup (2, 0) [ n €N,
xeK n: X0 x'eK
(2.20)
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for an appropriate constant C(z) > 0. Since K and n are arbitrary, the only solution of
(2.19) is the zero solution.

To show existence one uses the method of successive approximations. Define a
sequence of vector-valued functions y,(z,-,x) : (a,b) — F, n € Ny, by

y0(z,%,X0) = cos (zl/z(x—xo))ho—f—z_l/zsin (zl/z(x—xo))hl
—/ dx/zfl/zsin(zl/z(x—x/))f(x/),

X0

Yu(zZ,%,X0) :/ dx'z7'?sin (zl/z(x—x’))V(x’)yn,l(z,x/7xo), neN. (2.21)

X0

Then for each n € Ny, it follows inductively that for fixed xy € (a,b) and z € C,
yn(z,x,X0) is strongly locally absolutely continuous with respect to x on (a,b), and for
fixed xg,x € (a,b), yn(z,%,%0), ¥,,(z,%,%0) are entire with respect to z. The estimate

[y (z,,%0) Lo + ([, (2,0, %0) [ o

. - n (2.22)
<ai(e [ Wacnar ) (Mol + 1+ [ 1)1r ).

holds uniformly in (z,x) on compact subsets of C x (a,b), where C depends only on
the compact subset of C x (a,b). This yields convergence of the series,

y(zx,x0) = Y ya(z.x,x0),  ¥'(z,%,%0) Eyn 2,%,X0), (2.23)
n=0

with

9. x.50) e < exp (c [ ||v<x'>||,W>)

X0

(ho,z e+ [ dX’IIf(x’)II.;f>, (2.24)
X0

uniformly in (z,x) on compact subsets of C x (a,b). Then (2.21), (2.23) imply that
¥(z,-,X0) is a solution of the integral equation (2.18), and (2.23), (2.24) yield the prop-
erties (i) (taking into account linearity of (2.16)) and (iv).

Finally, by (2.18), for each z € C and a.e. x € (a,b),

y”(ZJC»xO) = Zy(ZJC»xO) - V(X)Y(Z»XJCO) +f(x)7 (225)
and hence

¥(z,x,%x0) = cos (21/%(x —x0) ) ho + 2~ /?sin (22 (x — x0) ) I

X X (2.26)
+/ dx’(/ dx" [zy(z,x”,xo)—V(x”)y(z,x”,xo)+f(x”)])-

X0
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This representation of y(z,x,xp) combined with Lemma 2.1 yields the properties (if)
and (iii). In particular, y(z,-,x0) € WloC ((a,b);dx; ) and y(z,-,x0) is a strong solu-
tion of the initial value problem (2.16). [

For classical references on initial value problems we refer, for instance, to [33,
Chs. III, VII] and [40, Ch. 10], but we emphasize again that our approach minimizes
the smoothness hypotheses on V and f.

DEFINITION 2.4. Let (a,b) C R be a finite or infinite interval and assume that
F,Q: (a,b) — PB(A) are two weakly measurable operator-valued functions such
that ||F ()|l ), Q)| ) € Lige((a,b):dx). Then the ()-valued function
Y:(a,b) — %(,%”) is called a solutlon of

—Y'4+QY=F (2.27)

if Y(-)h € W2l ((a,b);dx; #) for every h € # and —Y"h+ QYh = Fh holds a.e. on
(a,b).

COROLLARY 2.5. Let (a,b) C R be a finite or infinite interval, xo € (a,b), z €
C, Yo, Yy € B(H), and suppose F,V : (a,b) — B(HA’) are two weakly measur-
able operator-valued functions with ||V (-)|| (), [|F (-)| ) € Line((a,b):dx). Then
there is a unique () -valued solution Y(z,-,xo) : (a, ) — B(H) of the initial
value problem

{;Y”JF (V—2)Y =F on (a,b)\E, (2.28)

(x0) = Yo, Y'(x0) =11.

where the exceptional set E is of Lebesgue measure zero and independent of z. More-
over, the following properties hold:

(i) For fixed xo € (a,b) and z € C, Y(z,x,x0) is continuously differentiable with
respect to x on (a,b) in the B() -norm.

(if) For fixed xo € (a,b) and z € C, Y'(z,x,x0) is strongly differentiable with respect
to x on (a,b)\E.

(iit) For fixed xo,x € (a,b), Y(z,x,x0) and Y'(z,x,x0) are entire in z in the B(H)-
norm.

Proof. Applying Theorem 2.3 to hy = Yph, h; = Y1h, and f(x) = F(x)h with
h € A yields a unique vector-valued solution yj(z,x,xp). Since yj(z,x,x9) depends
continuously on 4 by Theorem 2.3 (i), this yields a unique operator-valued solution
Y(z,-,x0) : (a,b) — PB(H) of the initial value problem (2.28), where Y (z,x,x9)h =
yu(z,x,x0) forall h € 2.

It follows from Theorem 2.3 (ii) that for fixed xo € (a,b), z € C, and every h €
., ||Y(z,-,x0)h|| s+ is continuous on (a,b) and hence bounded on every compact
subset of (a,b). Thus, it follows from the uniform boundedness principle (cf. [59,
Thm. 111.1.3.29]) that [|Y(z,,%0)| (%) is bounded on every compact subset of (a,b).




252 F. GESZTESY, R. WEIKARD AND M. ZINCHENKO

Moreover, Theorem 2.3 (ii) and (iii) also imply that ¥ (z,x,x0) and Y’(z,x,x0)
are differentiable with respect to x in the strong operator topology. Hence, using

Y (z,x,%0)h = cos (21/%(x — x0) ) Yoh + 2z~ /?sin (21 (x — x0)) Y1

X X
—|—/ dx’(/ dx”[zY(z,x”,xo)h—V(x”)Y(z,x”,xo)h—|—F(x”)h}>,
X0 X0
(2.29)

one computes

1
|0t rx0) = Yz vl - ¥ @ vxo)n|

< O()|IYoll ze) |11l e + O) Y1 || 2y | ]| 2

+ﬁUd(/ & [+ IV Lol @ 50 o ) ) e
*ﬁ([ﬂd"/(/jd""F<X”>IIW>))h%.

Since the right hand-side vanishes as 7 | 0 uniformly in h € 5 with ||k, < 1, the
solution Y (z,x,x¢) is differentiable with respect to x in the %()-norm topology.
Similarly one uses (2.29) to verify continuity of ¥'(z,x,xp) with respect to x in the
P () -norm topology, implying item (7).

Item (ii) follows directly from Theorem 2.3 (iii) with the set E possibly de-
pendent on h € 7. To remove the h-dependence one chooses an orthonormal basis
{en}neny C F and let E, be the corresponding exceptional sets. Then E = {J,_; E,
can be used as the exceptional set in item (if).

Finally, by Theorem 2.3 (iv), Y(z,x,x9) and Y’(z,x,xo) are entire with respect
to z in the strong operator topology and hence by [59, Theorem III.1.37] also in the
PB(H)-topology, implying item (iii). O

(2.30)

Various versions of Theorem 2.3 and Corollary 2.5 exist in the literature under
varying assumptions on V and f,F . For instance, the case where V (-) is continuous
in the #(s¢)-norm and F = 0 is discussed in [53, Theorem 6.1.1]. The case, where
VOl ze € L} ([a,c];dx) for all ¢ >a and F = 0 is discussed in detail in [94]
(it appears that a measurability assumption of V(-) in the Z(.¢)-norm is missing in
the basic set of hypotheses of [94]). Our extension to V(-) weakly measurable and
V()| #r € Lige(la,b):dx) may well be the most general one published to date, but
we 0bV10usly claim no originality in this context.

DEFINITION 2.6. Pick ¢ € (a,b). The endpoint a (resp., b) of the interval (a,b)
is called regular for the operator-valued differential expression —(d?/dx*) + Q(") if
it is finite and if Q is weakly measurable and [|Q(:)|| s € Liy([a,c]:dx) (resp..,

10l () € Lie([c,b):dx)) for some ¢ € (a,b). Slmllarly, —(d?/dx*) + Q(") is
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called regular at a (resp., regularat b) if a (resp., b) is a regular endpoint for —(d? /dx?*)

+0(-).

We note that if a (resp., b) is regular for —(d?/dx?) + Q(x), one may allow for
Xo to be equal to a (resp., b) in the existence and uniqueness Theorem 2.3.

If f1,f> are strongly continuously differentiable .7#”-valued functions, we define
the Wronskian of f and f> by

W.(f1,/2)(x) = (fi(x), /() e = (fi(x), fo(x)) e, x € (a,D). (2.31)

If f> is an 7 -valued solution of —y” +Qy =0 and f| is an # -valued solution of
—y" + Q*y = 0, their Wronskian W, (f1, f>)(x) is x-independent, that is,

%W*(fl,fz)(x) =0, forae. x € (a,b). (2.32)

Equation (2.55) will show that the right-hand side of (2.32) actually vanishes for all
x € (a,b).

We decided to use the symbol W,(-,-) in (2.31) to indicate its conjugate linear
behavior with respect to its first entry.

Similarly, if Fy,F> are strongly continuously differentiable %(7¢)-valued func-
tions, their Wronskian is defined by

W (F,B)(x) = Fi(x)F(x) — F{(x)F>(x), x€ (a,b). (2.33)

Again, if F> is a () -valued solution of —Y” + QY =0 and F} is a Z()-valued
solution of —Y” +YQ = 0 (the latter is equivalent to —(Y*)"” +Q*Y* =0 and hence
can be handled in complete analogy via Theorem 2.3 and Corollary 2.5, replacing Q
by Q*) their Wronskian will be x-independent,

d
d—W(Fl,Fz)(x) =0 fora.e. x € (a,b). (2.34)
X
Our main interest is in the case where V(-) =V (-)* € #(H) is self-adjoint, that
is, in the differential equation Tn = zn, where 1 represents an 7 -valued, respec-
tively, () -valued solution (in the sense of Definitions 2.2, resp., 2.4), and where T
abbreviates the operator-valued differential expression

T=—(d*/dx*) + V(). (2.35)
To this end, we now introduce the following basic assumption:

HYPOTHESIS 2.7. Let (a,b) C R, suppose that V : (a,b) — B(H’) is a weakly
measurable operator-valued function with ||V (-)|| () € Li,.((a,b):dx), and assume
that V(x) =V (x)* fora.e. x € (a,b).

Moreover, for the remainder of this section we assume that oo € Z(J) is a self-
adjoint operator,
o=0a" € B(H). (2.36)
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Assuming Hypothesis 2.7 and (2.36), we introduce the standard fundamental sys-
tems of operator-valued solutions of Ty = zy as follows: Since o is a bounded self-
adjoint operator, one may define the self-adjoint operators A = sin(co;) and B = cos(a.)
via the spectral theorem. One then concludes that sin®(ct) + cos?(a) = I and
[sino,cos ] =0 (here [-,-] represents the commutator symbol). The spectral theorem
implies also that the spectra of sin(a) and cos(a) are contained in [—1, 1] and that the
spectra of sin®(ct) and cos?(ct) are contained in [0, 1]. Given such an operator o and
a point xo € (a,b) or a regular endpoint for 7, we now define 8z, -,x0,), P (z,,X0)
as those A()-valued solutions of T¥ = z¥ (in the sense of Definition 2.4) which
satisfy the initial conditions

O, (Z7)C()7)C()) = (P(/X(Z,XO,XO) = COS((X), —¢a(z7x0,x0) = 9& (Z7)C()7)C()) = sin(a).

(2.37)

By Corollary 2.5 (iii), for any fixed x,xo € (a,b), the functions 6,(z,x,x) and

0 (z,x,x0) as well as their strong x-derivatives are entire with respect to z in the

HB(7)-norm. The same is true for the functions z — 04(Z,x,x0)" and z — @ (Z,x,x0)" .

Since 04(Z,+,x0)* and @y (Z,-,x0)* satisfy the adjoint equation —Y” +YV = z¥

and the same initial conditions as 6, and ¢, respectively, one obtains the following
identities from the constancy of Wronskians:

6&(27x7x0)*611(z7x7x0) - 6&(27x7x0)*6(;(27x7x0) = 07 (238)
¢&(2,X7XQ)*¢Q(Z7X,XQ) - ¢a(2,x7xo)*¢&(z,x7xo) =0, (2.39)
90 (Z,%,%0)" 0 (2,%,%0) — P Z,%,%0) " O, (2.%,%0) = Lz, (2.40)
ea(irxaxo)*(b(lx(zaxrxo) - 9(;(27xax0)*¢a(zyxax0) - I)?p (241)

Equations (2.38)—(2.41) are equivalent to the statement that the block operator

_ ea(Z,x,XO) (ba(Z,x,X())
Ou(z,x,x0) = (9& (2.x.50) 0L, (2.%.%0) (2.42)
has a left inverse given by
q)(/x(z_wx’xo)* —d)a(z_.,x,xo)*

(—e&(z—,x,xw* Ou(Z,x.%0)" ) (2:43)

Thus the operator O (z,x,xp) is injective. It is also surjective as will be shown next:
Let (f1,g1)" be an arbitrary element of . @ # and let y be an % -valued solution
of the initial value problem

Ty =2,
2.44
{Y(xl):flay/(xl):gly (244

for some given x| € (a,b). One notes that due to the initial conditions specified in
(2.37), O (z,x0,x0) is bijective. We now assume that (fy,go)' are given by

O (z,%0,%0) (;g) - (y(x°)> . (2.45)

¥ (x0)
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The existence and uniqueness Theorem 2.3 then yields that

Ou(z,x1,%0) (gg) = (éj 1) . (2.46)

This establishes surjectivity of ©g(z,x1,x9) which therefore has a right inverse too,
also given by (2.43). This fact then implies the following identities:

0o (2,,%0) 00 (Z,%,%0)" — O (2,%,%0) e (Z,x,%0)" = 0, (2.47)
00, (2,%,%0) 04, (Z,%,%0)* — 04 (2,%,%0) Opy (Z,%,%0)* = 0, (2.48)
9o (2,%,%0) 00 (2,%,%0)" — 6 (2,%,%0) G (2,2, %0)™ = Loy, (2.49)
B0 (2,%,%0) Per (Z,%,X0) " — B (2,,%0) 05, (2,%,%0)™ = L (2.50)

Having established the invertibility of ©¢(z,x1,x9) we can now show that for any
x1 € (a,b), any  -valued solution of Ty = zy may be expressed in terms of 6 /(z,-,x1)
and ¢ (z,-,x1), that s,

y(x) = 00 (z,%,x1) f + 9 (2,x,x1)8 (2.51)

for appropriate vectors f,g € S or B(H).
Next we establish a variation of constants formula.

LEMMA 2.8. Suppose F : (a,b) — B(H) is a weakly measurable operator-
valued function such that ||F(-)|| () € Ly ((a,b);dx), assume that Yy,Y € B(H),
and let xo € (a,b). Then the unique H(€)-valued solution Y (z,-,x9) of the initial

value problem

—72)Y=F

(1-g¥ =F, , (2.52)
Y()C()) = YO? Y (xo) = Yla

is given by Y, +Y,, where Y, is the particular solution of (t—z)Y = F (in the sense
of Definition 2.4) of the form

70 = Buzxon) [ 0u(Zdox0) F()
oo (2.53)
—¢a(Z,X,x0)/ dxl 90{(27~x/7x0)*F(x/)’

X0

and Yy, is the unique solution of the homogeneous initial value problem (again in the
sense of Definition 2.4 )

1Y =17¥,
2.54
{Y(xO)ZYOa Y'(x0) =11. (239

The analogous statement holds when F is replaced by f € Ll ((a,b);dx; ) and
Yo,Y1 are replaced by yy,y, € .
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Proof. This follows from a direct computation taking into account the identities
(247)and (2.49). O

Finally we establish several versions of Green’s formula (also called Lagrange’s
identity) which will be used frequently in the following.

LEMMA 2.9. Let (a,b) C R be a finite or infinite interval and [x1,x3] C (a,b).
(i) Assume that f,g € Wl(z)’cl((a,b);dx;%). Then

)
/ dx[((Tf)(x),8(x))r — (f(x),(8)(x))r] = Wu(f,8) (x2) = Wa(f,8) (x1). (2.55)
xq

(ii) Assume that F : (a,b) — B(H) is absolutely continuous, that F' is again differ-
entiable, and that F" is weakly measurable. Also assume that ||F" ||, € L. ((a,b);dx)
and g € Wli’cl((a,b);dx;%”). Then

X2
/ dx[(TF")" (x)g(x) — F(x)(18)(x)] = (F§' = F'g)(x2) — (F§' — F'g)(x1). (2.56)
x|

(iii) Assume that F, G : (a,b) — B(H) are absolutely continuous operator-valued
functions such that F', G’ are again differentiable and that F", G" are weakly mea-
surable. In addition, suppose that ||F"|| sz, ||G"|| » € L. ((a,b);dx). Then

/x2 dx[(tF")(x)"G(x) = F(x)(1G)(x)] = (FG' = F'G)(x2) = (FG' = F'G)(x1).

X1

(2.57)
Proof. The product rule for scalar products
d / /
2 (),8(0)r = (f(x),8°(x))e + (' (), 8(x)).o (2.58)

implies, as usual, the formula for integration by parts. Equation (2.55) is then an im-
mediate consequence of the latter and the fact that V is self-adjoint so that (V f,g) »» =
To prove (2.56), we first note that g : (a,b) — . is strongly continuous so that, by
Lemma 2.1 the function F”g is (strongly) measurable and integrable. Lemma 2.1 then
shows that also Fg” and FVg are measurable. Consequently, the integral on the left-
hand side of (2.56) is well-defined in the strong sense. The remainder of the proof relies
again on a product rule. The product rule follows from the fact that each summand in

[roe+o (£ ) | +irarer-Fenetoe

n H (F(x+ £)g(x) — F(x)glx) F,(x)g(x)) (2.59)

: .

tends to zero as € | 0, recalling that x € (a,b) is fixed.
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Finally, to prove (2.57), we first note that Gh : (a,b) — . is strongly continuous
forany h € 2. Again, Lemma 2.1 shows that F”Gh is strongly measurable and inte-
grable for any i € 5. The same applies to the terms FG”h and FVGh. Consequently,
the integral on the left-hand side of (2.57) is well-defined in the strong sense. The stated
equality (2.57) now follows from an integration by parts as before. []

LEMMA 2.10. Suppose that yo,y| € S and either xo € (a,b) or xq is a regular
endpoint of t. Let y(z,-,x0) be the unique solution of

Ty =2y,
2.60
{)’(XO) =0, Y (x0) = y1. (2.60)

Then there is a constant ¢y > 0 and a constant C(z,V) < 1 depending only on z and
V such that

X

2
dx' [[y()Ze = cx—x0)*[| o, 30) T[S e (2.61)

X0

provided 0 < x —xo < C(z,V). A similar estimate holds for x < xo.

Proof. Define r(t) = y(t) —yo — (t —x0)y1. Then —r" = (z—V)y so that the
vector version of the variation of constants formula (Lemma 2.8) treating (z—V)y as
the non-homogeneous term implies

r(x) = /xdx' (X = xX)z—=V(X)yE). (2.62)

X0

Hence,

[r ()] < \/E(x—xo)H(ymyl)Tij@%/xdx/||Z—V(x/)HL@(%)

X (2.63)
=) [ @ 2=V o 1)
Xo
provided |x — xg| < 1. Gronwall’s lemma then implies the estimate

X

()l < CllG0y) g (x—x0) [ dx'llz=V )| 500r) (2.64)
&
X0

for an appropriate constant C depending on V —z. Thus, using an integration by parts,

X 1 2 X 2
[ 11 < 50000 e 607 ([ le= Vo) -
X X0

0
(2.65)
On the other hand,

X
/ d¥ llyo+ (& —xo)y1 1

X0

1
> (x—x0) [0/l 3% — (x—x0)* [yoll[[y1 ]2 + g(x—xo)3\\y1||§f

> 4c§(x—x0)* (IIvoll 3 + Iy111%) (2.66)
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for some constant ¢y > 0, provided x — xp is sufficiently small (for instance, ¢y = 1/10
will do if 0 < x—xp < 1). Combining this with (2.65) yields

X 1/2
( / dx’y(x’)zjf) > (=012 009" ||y
X0 (2.67)

B |-

X [200 - C/ dx'[|z—V(¥)
X0

Finally, if x is sufficiently close to x¢ in (2.67), the term inside the square brackets will

be larger than ¢p. O

3. Weyl-Titchmarsh theory

In this section we develop Weyl-Titchmarsh theory for self-adjoint Schrodinger
operators Hy in L?((a,b);dx; s#) associated with the operator-valued differential ex-
pression T = —(d?/dx*)+V(-), assuming regularity of the left endpoint a and the limit
point case at the right endpoint b (see Definition 3.6). We prove the existence of Weyl—
Titchmarsh solutions, introduce the corresponding Weyl-Titchmarsh m-function, and
determine the structure of the Green’s function of Hy, .

The broad outline of our approach in this section follows to a certain degree the
path taken in the scalar case by Bennewitz [24, Chs. 10, 11], Edmunds and Evans [42,
Sect. 111.10], and Weidmann [106, Sect. 8.4]. However, the operator-valued context
also necessitates crucial deviations from the scalar approach as will become clear in the
course of this section.

We note that the boundary triple approach (see, e.g., [36], [37], [68], [69], [50,
Chs. 3, 4] and the extensive literature cited therein) constitutes an alternative way to
introduce operator-valued Weyl-Titchmarsh functions. However, we are not aware that
this approach has been established for potentials V satisfying our general Hypothesis
2.7. Moreover, we intend to derive the existence of Weyl-Titchmarsh solutions from
first principles and with minimal technical efforts.

As before, .7 denotes a separable Hilbert space and (a,b) denotes a finite or
infinite interval. One recalls that L?((a,b);dx;.7¢) is separable (since .7 is) and that

b
(f7g)L2((a,b);dx;jf) :/ dx(f(x)ug(x))ﬁfa /.8 eLz((avb);dX;jf)' (3.1

Assuming Hypothesis 2.7 throughout this section, we are interested in studying
certain self-adjoint operators in L?((a,b);dx; ) associated with the operator-valued
differential expression 7 = —(d?/dx?)+ V(). These will be suitable restrictions of the
maximal operator Hmax in L?((a,b);dx; 5#) defined by

Hmaxf = Tf7
f € dom(Hma) = {g € L*((a,b):dx; ) | g € Wi ((a,b):dx; #);  (3.2)

tg € L*((a,b);dx; ) }.
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We also introduce the operator Hyy, in L?((a,b);dx;.##) as the restriction of Hpax to
the domain

dom(Hpmin) = {g € dom(Hpmax) | supp(u)is compact in (a,b)}. (3.3)

Finally, the minimal operator Hyi, in L*((a,b);dx;.7) associated with 7 is then de-
fined as the closure of Hpyp,

Hpin = .min~ (34)

Next, we intend to show that Hy,, is the adjoint of Hiin (and hence that of Hyip ),
implying, in particular, that Hp,yx is closed. To this end, we first establish the following
two preparatory lemmas for the case where a and b are both regular endpoints for 7 in
the sense of Definition 2.6.

LEMMA 3.1. In addition to Hypothesis 2.7 suppose that a and b are regular
endpoints for t. Then

ker(Hmax — 212 ((ap):av, )

3.5)
= {[90(27'7a)f+ (Z)()(Z7',61)g] € Lz((a7b);dX;%) |f7g € '%p}

is a closed subspace of L*((a,b);dx; 7).

Proof. Ttis clear that the set on the right-hand side of (3.5) is contained in ker(Hmax
— 22 (4 p)ax, ) - The existence and uniqueness result, Theorem 2.3, also establishes
the converse inclusion. Thus, we only need to show that ker(Hmax — 212 ((4,p):ax. 7)) 18

a closed subspace of L?((a,b);dx;.7#) (one recalls that we did not yet establish that
Hax 1 a closed operator).

Suppose that {un}pen C Ker(Hmax — 2l12((4 p):ax, ) i @ Cauchy sequence with
respect to the topology in L?((a,b);dx; 7). By Lemma 2.10 one has for some &€ > 0,

a+€
2 2
R (e ]
a

> ¢6€° | (un(@) — (@), up (a) — (@) 5 -

(3.6)

This implies that both {u,(a)},en and {u),(a)},en are Cauchy sequences in 77 and
hence convergent. Denoting the limits by f and g, respectively, one concludes that

u= [60(27 '7a)f+ ¢0(Z7 '7a)g] S ker(Hmax - ZILZ((u,h);dx;.%”)) . Since
1t = ]l 2 sy < [2(0 = @)] 2 [C1(2)[n(@) = flo + Ca(2) |ty (@) — gl ]
(3.7)

where

Ci(z) = xlél[g)z] HGO(Z7xva)H!’Z((9f)v G(z) = x?[%] H(Z’()(&X,CI)HL@((%), (3.8)

the element « is the strong limit if of the sequence u, in L*((a,b);dx;.7#) and hence
ker(Hmax — 2I12((q p):ax ) 18 closed. [
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REMARK 3.2. If 47 is finite-dimensional (e.g., in the scalar case, dim(5¢) = 1),
then ker(Hmax — 2l12((4,p):ax;.)) i finite-dimensional and hence automatically closed.

LEMMA 3.3. In addition to Hypothesis 2.7 suppose that a and b are regular
endpoints for T. Denote by Hy the linear operator in L*((a,b);dx; #) defined by the
restriction of Hpnax to the space

dom(Ho) = {g € dom(Hmax)|g(a) = g(b) =¢'(a) =g'() =0}.  (3.9)

Then
ker(Hpax ) = [ran(Hp)]*, (3.10)

that is, the space of solutions u of tu = 0 coincides with the orthogonal complement
of the collection of elements Tuq satisfying uy € dom(Hy).

Proof. Suppose u € ker(Hmax) and ug € dom(Hy). Let fy = Houp. Then Green’s
formula (2.55) yields (fo,u)12((ap):ax, ) = O so that ran(Ho) C [ker(Hmax)]* .

Next, assume that fy € [ker(Hmax )] - Since fj is integrable, there is a solution uq
of the initial value problem Tug = fy, uo(b) = uj(b) = 0. If u; € ker(Hmax), one has

0= (fo,u1)12((apyane) = —wola),uy (@) + (up(a), u(a)) (3.11)

using Green’s formula (2.55) once more. Since one can choose u; so that u}(a) =0 and
uy(a) is an arbitrary vector in .7, one necessarily concludes that u(,(a) = 0. Similarly,
choosing u;(a) =0 and i/ (a) arbitrarily shows that uo(a) = 0. Hence ug € dom(H)
and fy € ran(Hp).

We have now shown that ran(Hy) = [ker(Hmax )] . Taking orthogonal comple-
ments and recalling from Lemma 3.1 that ker(Hpyax) is closed, concludes the proof of
Lemma3.3. [

THEOREM 3.4. Assume Hypothesis 2.7. Then the operator Hy, is densely de-
fined. Moreover, Hyax is the adjoint of Hpin,

Hmax = (Hmin)*- (3-12)

In particular, Hmax is closed. In addition, Hyy is symmetric and H} . is the closure
of Hpin, that is,

H« = Hinin = Hipin- (3.13)

Proof. Suppoge f1 is perpendicular to dom(Hmin) and let u; be a solution of
Tu; = fi. Let [@,b] be a compact interval contained in (a,b) and introduce the op-

erators % and H, associated with that interval and acting in the Hilbert space

Lz((amx;,%”) = 1*((a,b);dx; ) with inner product ("')LZ(( )" We ex-

tend any function uy € dom <Hmin> by zero outside the interval [d, 5] to get an element
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of dom(Hpin ), also denoted by . Similarly, we consider the restriction of fi to [d,b],
and for simplicity, also denote it by f. Thus, setting fo = Tug, we get via Green’s for-
mula (2.55)

0= (0, /1) 12((a,p):axsr) = (Mo7f1)L2((um;%p) = (fo7M1)L2((umx;%)~ (3.14)

Lemma 3.3 then implies that u; € ker (FI;;) and hence that f; is zero almost every-

where in [d,i)]. Since we may choose d arbitrarily close to a, and b arbitrarily close
to b, we get f = 0 a.e., proving that Hy;, is densely defined.

To show that Hpy is the adjoint of Hp, (and hence a closed operator), we first
recall that the domain of (Hyy;,)* is given by

dom ((Hmin) ") = {u € L*((a,b);dx; /) |there exists u* € L*((a,b);dx; ), such

that for all ug € dom(Hmin), (Hmin0, 1) 12 (4 ) ) = (4058 ) 12((a )it -
(3.15)

The inclusion dom(Hpax) € dom((Hpin)*) then follows immediately from Green’s for-
mula (2.55) because we can choose u* to be Tu whenever u € dom(Hpay ) -

For proving the reverse inclusion, let u € dom((Hpin)*), note that u* = (Hpyin)*u
is locally integrable, and let /& be a solution of the differential equation th = u*. As a
consequence of Green’s formula (2.55) one obtains that

b b
/ dx (tv,u —h) s = (HininVs 1) 12 (0 b)sa. ) —/ dx (tv,h)
a a (3.16)

b
= (VM*)LZ((a,b);dx;ﬁf) _/ dx (v,Th) ;= 0,

whenever v € dom(Hyy ). Thus, the restriction of u — h to any interval [@,b] O supp(v)

is orthogonal to ran (Hmin> and hence lies in ker (HE) . This shows that « and

are locally absolutely continuous and that Tu = u* € L?((a,b);dx; ), that is, u €
dom(Hmax ) -
Since
Hmin C Hmax = (Hmin)*7 (3.17)

Hyin is symmetric in Lz((a,b);dx; ). Hence H},, is arestriction of Hpnyx and thus

an extension of Hy,. Finally, (3.13) is an immediate consequence of (3.12). [

Lemmas 3.1, 3.3, and Theorem 3.4, under additional hypotheses on V (typically
involving continuity assumptions) are of course well-known and go back to Rofe-
Beketov [88], [89] (see also [50, Sect. 3.4], [91, Ch. 5]).

REMARK 3.5. In the special case where a and b are regular endpoints for 7, the
operator Hy introduced in (3.9) coincides with the minimal operator Hyp .
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Using the dominated convergence theorem and Green’s formula (2.55) one can
show that limy_, W, (u,v)(x) and lim,_,W,(u,v)(x) both exist whenever u,v €
dom(Hmax ). We will denote these limits by W, (u,v)(a) and W, (u,v)(b), respectively.
Thus Green'’s formula also holds for x; = a and x, = b if u and v are in dom(Hpax),
that is,

(Hmaxtt, V) 12 ((a,):dr) — (s HmaxV) 12 (0 )iy = We (0, 9) (D) = Wie(u,v) (a). (3.18)
This relation and the fact that Hpin = H;,,, 1s a restriction of Hp,x show that

dom(Hpin) = {u € dom(Hmax) | Wi (u,v)(b) = Wy (u,v)(a) =0

3.19
for all v € dom(Hmax) }- ( )

DEFINITION 3.6. Assume Hypothesis 2.7. Then the endpoint a (resp., b) is said
to be of limit-point type for t if W, (u,v)(a) =0 (resp., W, (u,v)(b) = 0) for all u,v €
dom(Hpax ) -

By using the term “limit-point type” one recognizes Weyl’s contribution to the
subject in his celebrated paper [108].
Next, we introduce the subspaces

2. = {u € dom(Hmax) | Hmaxtt = zu}, z€C. (3.20)

For z € C\R, Z. represent the deficiency subspaces of Hp,. Von Neumann’s theory
of extensions of symmetric operators implies that

dom(Hpyy) = dom(Hpin) + i + 2— (3.21)
where + indicates the direct (but not necessarily orthogonal direct) sum.

LEMMA 3.7. Assume Hypothesis 2.7. Suppose a is a regular endpoint for T,
let fi € H, fr € A . Then there are elements u € dom(Hmax) such that u(a) = fi,
u'(a) = fa, and u vanishes on [c,b) for some ¢ € (a,b). The analogous statements
hold with the roles of a and b interchanged.

Proof. Let h = [00(0,-,a)g1+ ¢0(0,-,a)g2]Xa,] » Where g1 € H, g2 € S, and
c € (a,b) are as yet undetermined. Then & € L*((a,b);dx; ). Solving the initial
value problem tu = h, u(c) = u'(c) = 0, implies that u € dom(Hmax) and that u is
zero on [c,b). Moreover, Green’s formula (2.56) shows that

/ dx' 6y(0,x',a)*h(x') :/ dx' 6(0,x',a)" (—u" + Vu) = u'(a) (3.22)
and

/Cdx/q)o(O,x’,a)*h(x/) = /Cdx’ 00(0,x',a)" (—u" +Vu) = —u(a). (3.23)

a a
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We want to choose g; and g, so that u(a) = fi and u/(a) = f», thatis, A.(g1,82)" =
(f27_f1)T’ where Ac : %@% — %@% is givenby

A (f dx' 6p(0,x',a)*6y(0 f dx' 69(0,x',a)* ¢0(07x’7a)> . (3.24)

[ dx ¢0(0,x',a)*60(0,x,a) [ dx' ¢o(0,x',a)*90(0,x,a)
Hence the proof will be complete if we can show that A, is invertible for a proper
choice of c. Let F = (g1,82)" € 5@ . Since

(FAAF) o = / 4 00,7, a)g1 + 0004, )ga % (3.25)

and since 0y(0,x",a)g; + ¢0(0,x’,a)gy = 0 only if g = go = 0, it follows that A, is
positive definite and hence injective. To show that A, is also surjective we will prove
that (F,A.F) o = V|F ||2,f®)f for some constant y > 0 since this implies that zero
cannot be in the approximate point spectrum of A, (we recall that the spectrum and
approximate point spectrum coincide for self-adjoint operators and refer for additional
comments to the paragraph preceding Lemma 3.12).

By Lemma 2.10,

(FvACF)JfQBJf :/ dx' ||00(07x/7a)g1 + ¢0(07x/7a)g2||?}f > C(z)(c_a)BHFH?}f@jf

(3.26)
provided ¢ — a is sufficiently small. Thus, y can be chosen as c3(c —a)?. O

We now set out to determine the self-adjoint restrictions of Hpax assuming that
a is a regular endpoint for 7 and b is of limit-point type for 7. To this end we first
briefly recall the concept of a Hermitian relation. For more information the reader may
consult, for instance, [91, Appendix A].

A subset # of 7 ® I is called a Hermitian relation in the Hilbert space 77 if
it has the following two properties:

1. If (fl;fZ) and (gl,gz) are in ./ , then (fl,gz)jf = (fz,gl)jf.

2. If (fi,/r) € DA and (f1,82)7 = (f2,81) for all (g1,82) € A, then
(fi,fr) € A .

Thus a Hermitian relatlon is a linear subspace of J7 @ ¢ and one can show that
M =M if M and A are Hermitian relations such that . C M. Moreover, the
following lemma holds:

LEMMA 3.8. The maps Ty M — I (f1,f2) — fr = fo+ifi are linear bi-
Jjections and U = m_ o 7T+ c 0 — A is unitary".

Proof. Ttis clear that 7y are linear. If (f1, f2) € ., a straightforward calculation
yields
£ = 1A% + 112213 (3.27)

'We note that U is called the Cayley transform of ./ .
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and so proves injectivity of w1 and that U is a partial isometry. The proof will be
finished when we show that 1 are also surjective.

We begin by showing that the range of 7. is dense in 7#. To do so assume that
g € S is orthogonal to f» +ify, thatis, 0= (g, o +if1).r = (g, /o). — (ig, f1) » for
all (f1,/2) € # . This implies that (g,ig) € .# . Then m_(g,ig) =0 and, using (3.27),
we have g =0. Now let f € . Then there is a sequence (f1,,f2n) € 4, n €N,
such that f>, +if1, convergesto fi. Thus f>, +ifi, is Cauchy in S and (3.27)
entails that f1, and f>,, n € N, are separately Cauchy and hence convergent in .77.
Denote the limit of (fi,,f2,) as n— e by (f1,f2). In view of the continuity of scalar
products one finds that

(f1,82) ¢ = nli_I}(}o(fngz)% = r}i_l}}o(fz,n,gﬁﬁf = (f2,81), (81,82) € . (3.28)

This implies that (fi,f>) € 4 and fy = f» +if] € ran(my). Surjectivity of 7_ is
shown in the same manner. [J

Next, suppose that o is a (bounded or unbounded) self-adjoint operator in 7.

Then
My ={(f1, /o) € H @ |sin(a)fr+cos(a)f; =0} (3.29)

is a Hermitian relation. This follows since sin(a) f> +cos(a) fi = 0 if and only if there
is an h € J such that fj = —sin(o)h and f, = cos(a)h. In fact, h = cos(a)fr —
sin(o) f1, if (f1,f2) € My is given.

We now use the theory of Hermitian relations to characterize all self-adjoint re-
strictions of Hp,x under the following set of assumptions:

HYPOTHESIS 3.9. In addition to Hypothesis 2.7 suppose that a is a regular end-
point for T and b is of limit-point type for T.

THEOREM 3.10. Assume Hypothesis 3.9. If H is a self-adjoint restriction of
Hax, then there is a bounded and self-adjoint operator o, € B(H) such that

dom(H) = {u € dom(Hpmay) | sin(o)u'(a) + cos(at)u(a) = 0}. (3.30)

Conversely, for every o € B(H), (3.30) gives rise to a self-adjoint restriction of Hmax
in L?((a,b);dx; ).

Proof. Suppose H = H* C Hpax and define

M ={(f1,f2) € A & H |there exists u € dom(H) such that f = u(a), f’ = u'(a)}.
(3.31)
We show first that .# is a Hermitian relation: For (f1,/2),(g1,82) € A let u,v €
dom(H) be such that u(a) = f1, u/(a) = f», v(a) = g1, and V'(a) = g». Since H is
self-adjoint one infers from Green’s formula (2.55) that

0= (Hu,v)12((ap)an ) — U HY) 12((ap):a )

, ) (332)
= —W.(u,v)(a) = ((a),v(@)). — (u(a),'(a)) -
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Nextassume (f1, f>) € 7 ® 2 and that (f1,V'(a))r = (f»,v(a)) s forall v € dom(H).
By Lemma 3.7 there is a u € dom(Hpax) with initial values (fi, f2) and hence,

(Hmaxt, V)12 (a,p):dv, ) — W V) 12((ap):a )
= —W.(u,v)(a) = (f2.v(a)).r — (f1,V' (@) = 0.

This implies that u € dom(H*) = dom(H ) (with H*u = Hpaxu) and hence that (f1, f>) €
A . Thus .# is indeed a Hermitian relation. Denote its Cayley transform by U
and the family of strongly right-continuous spectral projections associated with U by

{Fu(t) }iejo2n) implying?,

(3.33)

(f.U)w = /[O SR8 FO) =0 (3.34)

Additionally, let o be the bounded self-adjoint operator defined by
1
(foglr =3 [ 1d(7Fu@gr. (3.39)
[0,27]

Since U is the Cayley transform of .#, we have U(f, +if1) = f» —ifi, or equiv-
alently, (U —Ly)fr +i(U +1y)fi =0. Since U = e**, the latter relation implies
that sin(o) f> +cos(a) fi = 0. Thus, .# C .#,, implying (as shown in the paragraph
preceding Lemma 3.8), that .# = .#, . Thus the first part of Theorem 3.10 follows.

For the converse part, assume o = o € A(J) is given, and let H denote the
restriction of Hpax to those functions satisfying sin(a)u’(a) + cos(o)u(a) = 0, that
is, u € dom(H) if and only if (u(a),u'(a)) € M. Therefore, if u,v € dom(H),
then We(u,v)(a) = Wi (u,v)(b) = 0 so that (Hu,v)2((ap)ane) = UsHY) 12((a b))
implying dom(H) C dom(H*). To show the opposite inclusion one first notes that
dom(H*) C dom(Hmax) since dom(H},,) € dom(H). Now assume that u € dom(H*)
and v € dom(H). Then H*u = Hpyaxut so that Wi (u,v)(a) = 0 for all (v(a),V'(a)) €
My, . This implies that (u(a),u’(a)) € Ay, thatis, dom(H*) C dom(H). O

Henceforth, under the assumptions of Theorem 3.10, we denote the operator H
in L?((a,b);dx; ) associated with the boundary condition induced by o = o* €
PB(I), that is, the restriction of Hpax to the set

dom(Hy) = {u € dom(Hpmax) | sin(a)u (a) + cos(et)u(a) = 0} (3.36)

by H,, . For a discussion of boundary conditions at infinity, see, for instance, [68], [75],
and [90].

Our next goal is to construct the square integrable solutions Y (z,-) € B(H) of
Y =z¥, z € C\R, the #(.57)-valued Weyl-Titchmarsh solutions, under the assump-
tions that a is a regular endpoint for 7 and b is of limit-point type for 7.

For ease of notation, we denote in the following the resolvent of Hy by R, o, that

is, Rz,a = (Hoc - ZILZ((u7h);dx;.}f))_l :

2We employ the standard slight abuse of notation where Fy(t) = Fy([0,¢)), ¢ € [0,2x], and use the
normalization s-limg o Fy(—€) =0, Fy(2m) = s-limg o Fy (2m+€) =1 .
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One recalls that the graph of Hy, given by
T={(f,Haf) € L*((a,b);dx; #) ®L*((a,b);dx; )| f € dom(Hy)},  (3.37)

is a Hilbert subspace of L*((a,b);dx; #) ® L*((a,b);dx; #’). Equivalently, one can
consider dom(H,,) as a Hilbert space with scalar product

b b
(f.g)r = / dx (f(x),8() 1+ / dx ((Ha ) (), (Hag) ()
f,g € dom(Hy),

(3.38)

and the corresponding norm ||f]|r = (f, f)ll-/ 2, f € dom(H,). Given a compact in-

terval J C [a,b) we know that dom(Hy,) is contained in the Banach space C!(J;. %)
of continuously differentiable functions on J with values in .7 and norm given by
I £1l7 = supyey || £ (X)]| o2 + supyes || £/ (x)]| s~ . In fact, the following lemma holds.

LEMMA 3.11. Assume Hypothesis 3.9 and suppose that o € B(F) is self-adjoint.
For each compact interval J C [a,b) there is a constant Cy such that ||y|l; < Cy|ly||r
forevery y € dom(Hy,).

Proof. Suppose {y,}neny C dom(Hy) is a sequence converging to y € dom(Hy,)
with respect to the norm || - || and that y,|; convergesin C!(J;. %) to § as n — oo. It
follows that

1n =Yz pyans ey + 190 = Yllr2aw.2) —20- (3.39)

On account of the uniform convergence in C!(J;.7#) one also concludes that ||y, —
I 2(ax, ) — 0 as n— oo, Thus, y[; = so that the restriction map y — y|; defined
on dom(Hy,) is closed and hence bounded by the closed graph theorem. [J

We recall that a point A € C is said to be in the approximate point spectrum of a
closed operator T € Z(.) if there is a sequence {x;, },eny C 7 such that ||x,||» =1,
n €N, and lim,—o ||(T — ALy )xs|| 2 = 0. If A is an eigenvalue, then it is, of course,
in the approximate point spectrum. A is also in the approximate point spectrum, if
T — ALy is injective and its image is dense in 7 but not closed, a fact that can be
seen as follows: In this case (T — Al )~! is a densely defined unbounded operator,
that is, there is a sequence f, such that ||f,|l» =1 and |[(T — ALy) " fullow > n,
n € N. This is equivalent to the existence of a sequence {y,},en C -7 (namely y, =
(T —2)" /(T = 2)~ 1 full, n € N) such that ||y,|» =1 and |[(T — ALy )yl r <
1/n, n € N, so that A is in the approximate point spectrum. If 7 has no residual
spectrum, in particular, if 7 is self-adjoint, its spectrum coincides with its approximate
point spectrum.

LEMMA 3.12. Suppose o € B(H) is self-adjoint. If c; € C, j=1,2, with
c1/c2 € C\R, then 0 € p(cysin(o) + cacos(a)).



WEYL-TITCHMARSH THEORY AND OPERATOR-VALUED POTENTIALS 267

Proof. Let A =sin(at), B = cos(o), and assume that ¢; € C, j = 1,2, with
c1/cy € C\R. The spectral theorem implies that the spectra of A and B are con-
tained in [—1,1] and that the spectra of A> and B? are contained in [0,1]. By way of
contradiction, assume that O is in the approximate point spectrum of ¢jA 4 c;B. Then
there is a sequence {x},eny C 7 such that ||x,||,» =1, n € N, and limy,_. || (1A +
c2B)x,|| » = 0. Accordingly, also

[ (c2A2 + ¢1c2AB)x, || w — 0 and ||(c1c2BA + c3B*)x, || w — 0 (3.40)

as n — oo. Hence, (c}A% — c3B?)x, = (2 + c3)A%x, — c3x, tends to zero as n — oo, 50
that ¢3/(c? +¢3) is in the approximate point spectrum of A2. This implies that ¢ /c;
is real, a contradiction. Thus, 0 is not in the approximate point spectrum of c{A 4 c;B.
Hence, for 0 to be in the spectrum of c¢;A + coB would require that its image not be
dense in 7, that is, that ker(¢jA +@3B) = ker((c1A + ¢2B)*) = ran(c1A + c2B)* 2
{0}. But this is impossible as we have just shown. [

Fix c € (a,b) and z € p(Hg). Forany fo € 7 let f = foX(a, € L?*((a,b);dx; )
and u(fo,z,-) = R,o.f € dom(Hy). By the variation of constants formula,

u(for2,%) = O (z,%,0) (g<z> +[Ca ¢a<z,x’,a>*fo)
x (3.41)

+ 9ulz,x,) (h(z)— / "4 Oa (2,0, a)" fo)

X

for suitable vectors g(z) € 2, h(z) € 7. Since u(fy,z,-) € dom(Hy), one infers that

g(z)= —/ dx' 0o (z,X',a)* fo, z€p(Hy), (3.42)
and that

h(Z) = COS((X)M/(fo,Z,a) - Sin(a)u(f07z7a) + /Cdx/ ea(zaxlaa)*f(b Z€ p(HO()
‘ (3.43)

LEMMA 3.13. Assume Hypothesis 3.9 and suppose that o € B(F) is self-adjoint.
In addition, choose ¢ € (a,b) and introduce g(-) and h(-) as in (3.42) and (3.43). Then
the maps

z € p(Ho), (3.44)

T — I T — I
Crale:2): {fo — g(z)’ 2al(c2): {fo — h(z)’

are linear and bounded. Moreover, C y(c,-) is entire and Cy 4(c,-) is analytic on
p(Hy). In addition, C) 4(c,z) is boundedly invertible if z € C\R and c is chosen
appropriately.
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Proof. According to equation (3.42) one has
C
Cialc,2) = —/ dx' ¢o (z,x',a)*. (3.45)
a

By Corollary 2.5 (iii), Cy o(c,-) is entire.

Next, one observes that p(Hy) 2 z+— u(fy,2,x) = (Rzaf)(x) is analytic and its
derivative at zo is given by (Rfoﬁa )(x). This follows from Lemma 3.11 and the first
resolvent identity since

<Gy H %ﬁ;@*"f R of ’r <Cr||(Reee = Repo)Reg.aof || (3.46)
as long as x € J, with J C (a,b) a compact interval, noting in addition that
Hy(Ro0 — Ryy0) = 2Rz .0 — 20Rz0- (3.47)

Similarly, z — u/(fy,2,x) = (R;,o.f)'(x) is analytic, proving that C; (c,-) is analytic
on p(Hy).

It remains to show the bounded invertibility of Cj 4 (c,z) for z € C\R and appro-
priate ¢ € (a,b). In order for the expression

tan(u ) _ 1—cos(2u), LeC, (3.48)

U psin(2u)

to be real-valued it is necessary that u be either real or purely imaginary. Hence, using
Lemma 3.12, one finds that the operator

sin(k(c —a)) cos(k(c—a))—1
i W Sl ) ————

k
:/Cdx’ {Sin(a)cos(k(x’—a))—Cos(a)%k/_a))

S =sin(o) +cos(at)

(3.49)

is boundedly invertible unless k> € R. A proof similar to that of Lemma 2.10 then
shows that
|C1alc. k) =S

a0 (3.50)

is arbitrarily small for ¢ — a is sufficiently small. This proves that Cj ¢(c,z) is bound-
edly invertible if z € C\R and c is chosen appropriately. [J

Using the bounded invertibility of Cj ¢(c,z) we now define
Vo (z,x) = Oy (z,x,a) + (pa(z7x,a)C27a(c7z)C17a(c7z)_17 z€C\R, x € [a,b), (3.51)

still assuming Hypothesis 3.9 and o = o* € Z(5). By Lemma 3.13, yy(-,x) is
analytic on z € C\R for fixed x € [a,b].
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Since Wy (z,-)fo is the solution of the initial value problem

ty=2y, y(c) =u(fo.z.c), Y (c)=u'(fo,z,c), z€C\R, (3.52)

the function Wy (z,x)C1 ¢ (z,¢)fo equals u(fy,z,x) for x > ¢, and thus is square in-
tegrable for every choice of fy € . In particular, choosing ¢ € (a,b) such that
Cr.a(z,¢)"' € B(), one infers that

b
/ dx||Wo(z,%)f||5p <o, f€H,zC\R. (3.53)

a

Every ¢ -valued solution of 7y = zy may be written as
y=0a(z,",a) faa+ 9a(z,@)8aa; (3.54)
with
Jfoa = (cosa)y(a) + (sin@)y'(a), gaa=—(sina)y(a)+(cosa)y'(a). (3.5

Hence we can define the maps

Gl 7 (3.56)
’ ea(ZH»a)fa,a+¢a(z7'»a)ga,a '_)foc,m

Cra Z: = I, (3.57)
’ ea(ZH»a)fa,a+¢a(z7'»a)ga,a '_)goc.,w

LEMMA 3.14. Assume Hypothesis 3.9, suppose that o, € B(H) is self-adjoint,
and let z € C\R. Then the operators 6 o, and 6 o, are linear bijections and hence
Crac Craz Cros Crg. € BH). (3.58)
Proof. 1t is clear that €] o and %3 o . are linear. Given f € ¢ one concludes
that u = Wo(z,)f and v = Wy z/2(z,-)f arein Z; and 6| g u = €20 .v = f. This
proves surjectivity of 61, ¢ and 2o ;.
Next, let u = 0y f + ¢ppg € 2, and f =0 or g =0. Then W, (u,u)(a) =0. More-
over, since b is of limit-point type for 7, W, (u,u)(b) = 0. Hence, by (3.18),

0 = (Hmaxtt, 1) 12 ((ap)ax, ) — (s Himax) 12 (0. p):as0) (3.50)
= (2, 0) 2 (apyar) — (20 2((apyaxr) = @ DUl Fa(apyar ey -

implying u = 0 and injectivity of € ¢, and %3 ¢ ;. Since for any invertible operator T
in 27 one has that 7! is closed if and only if T is (cf. [59, Sect. II1.5.2]), the closed
graph theorem (see, [59, Sect. I11.5.4]) yields (3.58). U

At this point we are finally in the position to define the Weyl-Titchmarsh m-
function for z € C\R by setting

mo(2) = 62,06 5., 7€C\R. (3.60)

;0,27
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THEOREM 3.15. Assume Hypothesis 3.9 and suppose that o € B(H) is self-
adjoint. Then

my(z) € B(H), z€C\R, (3.61)
and mg(+) is analytic on C\R. Moreover,
My (Z) = Mgy (Z)*, ze C\R (362)

Proof. The boundedness relation (3.61) follows from (3.58) and (3.60). To prove
analyticity we first show that m(z) = Cz’a(c,z)Cf(lx(c,z) where C ¢, C2,o and ¢ are
as in Lemma 3.13. To this end let / be an arbitrary element of .72. Then

2,06 g .h = Cru:Wa(z, )b
— %2,0(;(606 (Z7 '7a)h + (POC (Z7 '»a)c2,a(c7z)cl,a (Cvz)_lh)
=Cra(c,2)Cralc,2)  h (3.63)

establishing the claimed identity. The analyticity of my, on C\R now follows from
Lemma 3.13.
To prove (3.62) one first observes that (2.38)—(2.41) yield

W(Wa(Z,)" Wa(z, ) (x) = ma(z) —ma(2)". (3.64)
Fixing arbitrary f,g € .77, then yields
(f7 (mOC (Z) - ma(?)*)g)%p = W(Wa(zv )*fa lVOC (Za )g)(x) H Ov (365)

since both W (Z,-)f and Wy (z,-)g are in dom(Hp,y) and since b is of limit-point-type
fortz. O

As a consequence of (3.63), the B()-valued function Wy (z,-) in (3.51) can be
rewritten in the form

Vo (z,x) = Ou(z,x,a) + 0o (z,x,a)me (z), z€C\R, x € [a,b). (3.66)

In particular, this implies that W (z,-) is independent of the choice of the parameter
¢ € (a,b) in (3.51). Following the tradition in the scalar case (dim(s#") = 1), we will
call Wy (z,-) the Weyl-Titchmarsh solution associated with ¥ =zY .

We remark that, given a function u € Z;, the operator my(z) assigns the Neu-
mann boundary data u'(a) to the Dirichlet boundary data u(a), that is, mg(z) is the
(z-dependent) Dirichlet-to-Neumann map.

With the aid of the Weyl-Titchmarsh solutions we can now give a detailed descrip-
tion of the resolvent R, o = (Hy — zILz((%b);dx;%))_l of Hy.

THEOREM 3.16. Assume Hypothesis 3.9 and suppose that o € B(H) is self-
adjoint. Then the resolvent of Hy, is an integral operator of the type

b
((Ha = 22 () 1) (%) :/ dx' G (z,%,6 Ju(x'),

ue L*((a,b);dx; ), z € p(Hy), x € [a,b),

(3.67)
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with the B( ) -valued Green’s function Gy (z,-,-) given by

Gol(z,x,x

= )k < < /
/): {q)a(zrxaa)wa(zvx) y AXXIX <b7 ZGC\R. (368)

WQ(Z,X)¢O¢(Z,X/,(1)*, agx/<x<b7
Proof. First assume that u € L?((a,b);dx;.5¢) is compactly supported and let

X b
v(X) = Ya(z,x) / 0o (Z,x ,a) u(x)dx' + ¢o(z,x,a) / Vo (Z,x ) u(x)dy.  (3.69)

We need to show that v = R, qu. To this end one notes that both v and V' are in
W(l’l)((a7b)7dx;,%”). Near the endpoints v is a multiple of either ¢ (z,-,a) or Wy(z,-).

loc
Hence it satisfies the boundary condition at a and is square integrable. Differentiating
once more shows that Tv = u so that v € L?((a,b);dx; 5#) and v = R qu. The fact that

compactly supported functions are dense in L?((a,b);dx; #) completes the proof. [J

One recalls from Definition A.1 that a nonconstant function N : C; — B(J) is
called a (bounded) operator-valued Herglotz function, if z+— (u,N(z)u)» is analytic
and has a non-negative imaginary part for all u € 77 .

THEOREM 3.17. Assume Hypothesis 3.9 and suppose that o, € () and B €
B(IH) are self-adjoint. Then the B(H ) -valued function my(+) is an operator-valued
Herglotz function and explicitly determined by the Green’s function for Hy, as follows,

() = { — st cos(a) (Ga(z,a,a) G(mj(z,a,a)) (—sin(a)>,

GO(,X(Z7a7a) Ga,x,x’ (Z7a7a) COS((X)
z€ C\R, (3.70)

where we denoted

d
Gax(z,a,a) = s-lim =——Ge(z,x X)),
¥ —a 8.7(:
a<x<x

G (z,a,a) = s-lim J —Gg(z,x,X), (3.71)

X—’ll 8 !
a<x<x

d 8
Gy (2:a,a) = s-lim == == Ge(z,x,x')
- Y—a OX X
a<x<x
(the strong limits referring to the strong operator topology in € ). In addition, me/(+)
extends analytically to the resolvent set of H,.
Moreover, mo(-) and mg(-) are related by the following linear fractional trans-
formation,
mg = (C+Dmg)(A+ Bmg) ™", (3.72)

(£5)= (ot onif) (ol ). o

where
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Proof. Pick z € C\R throughout this proof. We begin by establishing the validity
of the linear fractional transformation. Let y be any ¢ -valued square integrable
solution of Ty = zy. Since

v(x) = 0a(z,a)f + Palz,,a)g = 0[5 (z,a)u+ op (z,,a)v (3.74)

for appropriate f,g,u,v € S, one gets

(£)=() () 619

Since v =mgu, g =mqf, and since A + Bmy(z) = ‘517/3’;5501(71 is invertible, one ob-
tains (3.72).

In view of this relationship between m -operators for different boundary conditions
we prove the first part of the theorem first for a specific boundary condition, namely
0o = 51 so that sin(ap) = L» and cos(ap) = 0. Then, for every £ > 0 there is a
0 > 0 such that [0y /5(z,x,a)||z(x) and |@r/2(z,x,a) — Lyl x) are smaller than
e provided x —a < 8. Next, for any fixed ug € S let us = uo¥[yq+5)/8"/>. Using
Theorems 3.15 and 3.16, one obtains

(u57Rz,ﬂ/2u5)L2((a7b);dx;3f)
a+0o X
=/ dx{(”a(x)ﬁn/z(ax,a)/ dx/%/z(leﬁ)*ua(x/))

b
+ (ug(x),d)ﬂ/z(z,x,a)/ dxl 97[/2(27x/aa)*u5(x/))

b
+ (”5(x)7[¢ﬂ/2(zvx7a) _Iif}mnﬁ(z)/ dx’ ¢”/2(Z,x/7a)*u5(x’))

b
n (u5<x>7mﬂ/2<z> [ @ aptzt e —ij}ua(x’)) }
a I
+ (o, my 2 (2)u0) - (3.76)
Hence,

(o, mj2(2)u0) s — (s, R /2s) 12 (a,p):av )| BN
< (e(1+2[lmg/2(2) 1)+ € (1 + [Ime/2(2) 1)) o] *-

Since & goes to zero with € one gets

Im (o, my 2 (2)u0) ) = lai?(}lm (5, R 2 /248) 12 (0 b))
(3.78)

d(us,En, , ((—o,t])Us) 12 ((a.p)dn:
— Im(z) lim (15, Er s (( _Dz )12 (b))
610 Jr |t — 2z

= ’

where Ey_ 12 (+) denotes the strongly right-continuous family of spectral projections as-
sociated with Hy ;. Since we already showed that my /; is analytic away from the real
axis, it follows that it is an operator-valued Herglotz function.
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It remains to show that mg possesses the Herglotz property for general f3. Using

(3.72) for oo = /2 and setting vy = (A + Bmy /2)’1140 for an arbitrary element ug of
¢ one finds

2iIm ((uo,mguo).w) = (uo,mpuo) 5 — (mpuo, uo)
= (vo,mz2v0) 2 — My 2v0,V0)
=2ilm ((V()7m,r/2V())jf) >0, (3.79)

proving that mg is Herglotz.
Finally, (3.70) follows by a simple calculation. [

We also mention that Gy (-,x,x) is a bounded Herglotz operator in .7 for each
x € (a,b), as is clear from (2.47), (3.66), (3.68), and the Herglotz property of m,, .

REMARK 3.18. The Weyl-Titchmarsh theory established in this section is mod-
eled after right half-lines (a,b) = (0,00). Of course precisely the analogous theory
applies to left half-lines (—eo,0). Given the two half-line results, one then establishes
the full-line result on R in the usual fashion with x = 0 a reference point and a 2 x 2
block operator formalism as in the well-known scalar or matrix-valued cases; we omit
further details at this point.

A. Basic facts on operator-valued Herglotz functions

In this appendix we review some basic facts on (bounded) operator-valued Her-
glotz functions, applicable to my and Gg(-,x,x), x € (a,b), discussed in the bulk of
this paper.

In the remainder of this appendix, let 77 be a separable, complex Hilbert space
with inner product denoted by (-,-) .

DEFINITION A.1. The map M : C; — () is called a bounded operator-
valued Herglotz function in .77 (in short, a bounded Herglotz operator in 5¢") if M
is analytic on C; and Im(M(z)) >0 forall ze C...

Here we follow the standard notation
Im(M)=(M—-M")/(2i), Re(M)=(M+M")/2, Mec B(X). (A.D)

Note that M is a bounded Herglotz operator if and only if the scalar-valued func-
tions (u,Mu) 5 are Herglotz for all u € 7 .
As in the scalar case one usually extends M to C_ by reflection, that is, by defin-
ing
M(z)=M(Z)", zeC_. (A.2)
Hence M is analytic on C\R, but M ’(C, and M |C+, in general, are not analytic con-
tinuations of each other.
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Of course, one can also consider unbounded operator-valued Herglotz functions,
but they will not be used in this paper.

In contrast to the scalar case, one cannot generally expect strict inequality in
Im(M(-)) > 0. However, the kernel of Im(M(-)) has simple properties:

LEMMA A.2. Let M(-) be a bounded operator-valued Herglotz function in €.
Then the kernel 7 = ker(Im(M(z))) is independent of z € C. Consequently, upon
decomposing H = Hy® I, A = i, Im(M(-)) takes on the form

Im(M(z)) = (8 NIO@) . zeCy, (A3)
where Ni(-) € B(JA) satisfies
Ni(z) >0, zeC,. (A.4)

For a proof of Lemma A.2 see, for instance, [38, Proposition 1.2 (ii)] (alternatively, the
proof of [45, Lemma 5.3] in the matrix-valued context extends to the present infinite-
dimensional situation).

Next we recall the definition of a bounded operator-valued measure (see, also [25,
p. 3191, [671, [85]):

DEFINITION A.3. Let JZ be a separable, complex Hilbert space. A map X :
B(R) — B(H), with B(R) the Borel o-algebraon R, is called a bounded, nonneg-
ative, operator-valued measure if the following conditions (i) and (i) hold:

(i) Z(0)=0and 0 < X(B) € B(s) forall B B(R).
(ii) X(-) is strongly countably additive (i.e., with respect to the strong operator topol-
ogy in ), that is,

N—oo 4

N
%(B) = s-lim ) X(B)) (A.5)
j=1

whenever B = U Bj, with ByNBy =0 for k # ¢, B € B(R), k,¢ € N.
jeN

In addition, X(-) is called an (operator-valued ) spectral measure (or an orthogonal
operator-valued measure) if the following condition (iii) holds:

(iii) X(-) is projection-valued (i.e., £(B)?> = X(B), B € B(R)) and Z(R) = Ly .

(iv) Let f € # and B € B(R). Then the vector-valued measure X(-)f has finite
variation on B, denoted by V (Xf;B), if

N
V(Sf:B) = sup{ 3y ||z<B,->f||3f} <o, (A.6)

J=1

where the supremum is taken over all finite sequences {B;} <<y of pairwise disjoint
subsets on R with B; C B, 1 < j < N. In particular, X(-) f has finite total variation if
V(ZfiR) < oo.
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We recall that due to monotonicity considerations (cf. (A.17)), taking the limit in
the strong operator topology in (A.5) is equivalent to taking the limit with respect to the
weak operator topology in .77 .

We also note that integrals of the type (A.7)—(A.10) below are now taken with
respect to an operator-valued measure, as opposed to the Bochner integrals we used in
the bulk of this paper, Sections 2 and 3.

For relevant material in connection with the following result we refer the reader,
for instance, to [1], [9], [10], [22], [25, Sect. VL5,], [29, Sect. 1.4], [30], [31], [34],
[36]-[38], [41, Sects. XII.5-XIIL.7], [55], [01], [62], [65]-[67], [80, Ch. VIJ, [81]-
[83], [102], [104], [107, Sects. 8-10].

THEOREM A.4. ([10], [29, Sect. 1.4], [102].) Let M be a bounded operator-
valued Herglotz function in .#. Then the following assertions hold:
(i) Foreach f € 3, (f,M(-)f). is a (scalar) Herglotz function.
(if) Suppose that {e;} jen is a complete orthonormal system in .7 and that for some
subset of R having positive Lebesgue measure, and for all j € N, (e;,M(-)e;) » has
zero normal limits. Then M = 0.
(iii) There exists a bounded, nonnegative Z(.¢)-valued measure Q on R such that
the Nevanlinna representation

B dQ(A) 1+ Az
M(z)—C+Dz+/RH_)Lz = (A7)
1 A
A+e
= o dQ(r)
Q((—oo0,4]) —sélll(l)n T A ER, (A.9)
Sy [ dQ(A)
O(R) = Im(M(i)) /R e An) (A.10)
C=Re(M(i)), D=slim %M(in) >0, (A.11)
r’ [=5)
holds in the strong sense in .#. Here Q(B) = Jz(1+ lz)fldQ(k), B e B(R).
(iv) Let 41,42 € R, A1 < Ay. Then the Stieltjes inversion formula for Q reads
Ar+6
Q((A1,4))f = 7' s-lims-lim AAIm(M(A +ie))f, fe . (Al2)

510 €l0 Ja,+8

(v) Any isolated poles of M are simple and located on the real axis, the residues at
poles being nonpositive bounded operators in Z(#).
(vi) Forall 2 € R,

s-lim eRe(M(% +i¢)) =0, (A.13)
€

Q({2}) = s-lim eIm(M (A + i€)) = ~is-lim eM(2 + ie). (A.14)
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(vii) If in addition M(z) € B(H°), z € C, then the measure Q in (A.7) is countably
additive with respect to the Z(s¢)-norm, and the Nevanlinna representation (A.7),
(A.8) and the Stieltjes inversion formula (A.12) as well as (A.13), (A.14) hold with the
limits taken with respect to the || - || () -norm.

(viii) Let f € # and assume in addition that Q(-)f is of finite total variation. Then
fora.e. A € R, the normal limits M (A +i0) f exist in the strong sense and

SHmM(A+ie)f = M(A+i0)f = H(Q())(2) + inQ' (A)f, (A.15)

where H(Q(-)f) denotes the 7 -valued Hilbert transform

oo

1 . 1

H(Q()f)(A) p'V'/_.x,dQ(t)ft—JL séll%n e dQ(l)ft—)L' (A.16)

Sketch of proof. Ttem (i) is clear and it implies items (ii) together with the fact
that 3 ;cn27/ (e, Q(-)e;) » represents a (scalar) control measure for Q(-).

That equations (A.7)-(A.11) hold in the strong sense in .7 and the validity of
the Stieltjes inversion formula (A.12) were proved by Allen and Narcowich [10]. Their
proofs rely on the polarization identity and the one-to-one correspondence between
bounded, symmetric sesquilinear forms on 7#” and the set of bounded self-adjoint op-
erators on 7. We also note that the proof of Theorem A.4 in the case where strong
convergence is replaced by weak convergence readily follows from the corresponding
scalar version (see also the matrix-valued case studied, e.g., in [45, Theorems 5.4 and
5.5]). The various extensions from weak convergence to strong convergence in The-
orem A.4 then repeatedly use a standard result on monotonic sequences of bounded,
nonnegative operators in ¢ (called Vigier’s theorem in [86, p. 263]):

If0 < By < By < +++ < B, With By, B € B(H), nEN,
then s-lim B,, = B for some B € A().

n—oo

(A.17)

Similarly, recalling the extension of this convergence result to compact operators (cf.
[10, Lemma 2.1]):

If0<C <G < - < Coy with Gy, Cu € B (H), n EN,

then r}i_r}r;HC,,—CHL@((;f) = 0 for some C € Boo( ), (A18)
repeated applications of this fact yield the extensions to Z(#¢)-norm convergence in
item (vii). Of course, the monotonically increasing and uniformly bounded families
{Bp}nen and {C,}uen in (A.17) and (A.18) can be replaced by monotonically de-
creasing families of uniformly bounded operators in 7. (For variations of (A.17) and
(A.18) we also refer to [59, Theorems VIII.3.3 and VIIL.3.5, Remark VIII.3.4].)

In the special case of scalar Herglotz functions m (cf. [17] and [57] for detailed
treatments), isolated zeros of m are well-known to be necessarily simple and located
on R. This can be inferred from the fact that —1/m is a Herglotz function whenever
m is one, and hence isolated poles of 1/m are also necessarily simple with a negative
residue. Studying (f,M(z)f). forall f € 5 then illustrates item (v).
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That item (vi) holds, in fact, with s-limg|o rather than w-lim,|o follows again
from monotonicity considerations: First, (choosing D = 0 in (A.8) without loss of
generality) one notes that the expression on the left-hand side in (A.19) below

1 g2
I = €l0,1], (r,A)eR? e>0, A.19

8‘n<z—(x+¢@) —arra S0l BA)EeR% e (A-19)
is nonnegative, uniformly bounded by 1, and monotonically decreasing with respect to
€ as € | 0. Moreover,

. 1 )0, teR\{1},
Eﬁﬂmc—@+m)_{ht=» (A.20)

Combining this with the analog of the monotonicity result (A.17) in the decreasing case
proves the first equality in (A.14). In the remainder of the proof of item (vi) we make
the simplifying assumption that M is of the form M(z) = [ dQ(A)(A —2)~', z€ CL,
which is permitted, without loss of generality, as only local considerations are at stake.
Since

€Re (,_(;Ll+i8)> = (:(;)_21)82 €[-1/2,1/2], (1,A)€R% >0, (A2l)

is not monotonic with respect to € as € | 0, we decompose it into three monotonic
pieces as follows,

1
Re| ————— | =wyi(t—21 t—2A,e)—2" A22
€ e(l—(l-ﬁ-is)) Wl( 78)+W2( 78) ’ ( )
where
ex[x? 4 €2 71, x| > €, ex[x? 4 €2 71, x| <&,
Wl(x78) = [ :I | | W2(x78) = [ :I | |
1/2, |x| <&, 1/2, |x| > e.
(A.23)
By monotonicity of each of the three terms with respect to €, one obtains that
. . . e(t—A)
-1 Re(M(A =s-1 dQ(t) —————
Seil(gng e(M(2 +ie) Ssil(I)n R ()(I—A)2+82
= s-lli(r)n/ dQ(t) [yi(t —A,e)+ya(t —A,e) =271 =0, (A.24)
€ R

because the corresponding weak limits equal zero by the following well-known argu-
ments: Let f € 7, then

)
8/|zl|>1d(f’g(t)f)%m

<e / A, Q) f) wrlt — AT — 0.
[r—2]>1 el0

(A.25)
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By polarization, also

. t=2)
lim |& d(f,Qt)g)w——————| =0, g EIN. A.26
imle [ 40008 | =0 S (A26)
Next, for f € J7,
, e(t—A)
lim d(f,Q)f)w——"
im| [ 4000
et —A| (A.27)
< lim d(f,Q)f)y————= =0,
iy [ A0Q0N
applying the dominated convergence theorem, as
elt—A| 1
7 AN g ) 4 Ra O A28
(—Ap+e Sy 'ERE> (A.28)
Again by polarization,
lime/ d(f,Q(1)g) =) 1y fgeH (A.29)
SLO Itillgl ’ g H (t—l)2+82 - Y 7g ) .
completing the proof of
w-}ioms Re(M(A +ig)) =0. (A.30)
€

Thus, (A.24) together with the first equality in (A.14), then also prove the second equal-
ity in (A.14) and hence completes the proof of item (vi).

Item (viii) is a consequence of [21, Subsections 1.2.4 and 1.2.5] (which in turn
are based on [18]). O

As usual, the normal limits in Theorem A.4 can be replaced by nontangential ones.

The nature of the boundary values of M(-+i0) when for some p >0, M(z) €
By(H), z € Cy, was clarified in detail in [26], [77], [78], [79].

Using an approach based on operator-valued Stieltjes integrals, a special case of
Theorem A.4 was proved by Brodskii [29, Sect. 1.4]. In particular, he proved the ana-
log of the Herglotz representation for operator-valued Caratheodory functions. More
precisely, if F is analytic on D (the open unit disk in C) with nonnegative real part
Re(F(w)) >0, we D, then F is of the form

F(w) :iIm(F(O))+y§DdT(C)m7 weD, (A31)

Re(F(0)) = Y(ID),

with Y a bounded, nonnegative % (7 )-valued measure on dID. The result (A.31) can
also be derived by an application of Naimark’s dilation theory (cf. [10] and [43, p. 68]),
and it can also be used to derive the Nevanlinna representation (A.7), (A.8) (cf. [10],
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and in a special case also [29, Sect. 1.4]). Finally, we also mention that Shmuly’an
[102] discusses the Nevanlinna representation (A.7), (A.8); moreover, certain special
classes of Nevanlinna functions, isolated by Kac and Krein [57] in the scalar context,
are studied by Brodskii [29, Sect. I.4] and Shmuly’an [102].

For a variety of applications of operator-valued Herglotz functions, see, for in-
stance, [1], [4], [16], [28], [31], [36]-[38], [44], [66]-[69], [102], and the literature
cited therein.
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