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HYPONORMAL TRIGONOMETRIC TOEPLITZ OPERATORS

IN SUNG HWANG AND AN HYUN KIM

(Communicated by R. Curto)

Abstract. We investigate hyponormal Toeplitz operators Ty with trigonometric polynomial sym-
bols ¢ via the Carathéodory-Schur Interpolation Problem. We present several formulae for com-
puting the rank of the selfcommutator [TJ, Ty] in the cases where Ty is a hyponormal operator.
In addition we consider the hyponormal extension problem of Toeplitz operators.

Introduction

In 1988, C. Cowen [3] characterized the hyponormality of Toeplitz operators Ty
on the Hardy space H?(T) of the unit circle T. This theorem makes it possible to
answer an algebraic question coming from operator theory by studying the function
¢ itself. K. Zhu [22] noticed that for the cases of trigonometric polynomials ¢, this
algebraic question is exactly the Carathéodory—Schur Interpolation Problem. Indeed
the Carathéodory—Schur Interpolation Problem can be carried out to obtain substan-
cial informations about hyponormal Toeplitz operators with trigonometric polynomial
symbols. The goal of the present paper is to investigate the recent development on the
study for hyponormal Toeplitz operators with trigonometric polynomial symbols and to
present some new results on the rank of the self-commutator. Our approach emphasizes
the use of the Carathéodory—Schur Interpolation Problem, and some proofs are done in
a simpler way.

A bounded linear operator A on a complex Hilbert space .7 is called hyponormal
if [A*,A] = A*A—AA* > 0. Given ¢ € L(T), the operator T on the Hardy space
H*(T) of the unit circle T defined by Ty f = P(¢- f) (where f € H*(T) and P denotes
the orthogonal projection from L?(T) onto H?(T)) is called the Toeplitz operator with
symbol ¢ . The characterization of hyponormality in [3] requires one to solve a certain
functional equation in the unit ball of H*(T). Suppose that ¢ € L™(T) is arbitrary and
consider the following subset of the closed unit ball of H*(T):

£(9) = {k € H*(T) : |Ikl|-. < L and  — kg € H*(T)}. (1)

Cowen’s theorem states that T is hyponormal if and only if &(¢) is nonempty ([3],
[19]). The hyponormality of Toeplitz operators has been studied by many authors (cf.

Mathematics subject classification (2010): Primary 47B20, 47B35, 47A20.
Keywords and phrases: Trigonometric Toeplitz operators, hyponormal operators.

The first author was supported by Basic Science Research Program through the National Research Foundation of
Korea (NRF) funded by the Ministry of Education, Science and Technology (No. 2011-0022577). The second author was
supported by the Korea Research Foundation (KRF) grant funded by the Korea government (MEST) (No. 2010-0022158).

© &1€P€N’ Zagreb 573
Paper OaM-07-31


http://dx.doi.org/10.7153/oam-07-31

574 I. S. HWANG AND A. H. KIm

[21, [31, [41, [61, [71, [8], [12], [13], [14], [15]1, [16], [17], [19], [22] and etc.). K. Zhu
[22] showed that the problem of finding a solution in &(¢) is related to the classical in-
terpolation problem so called Carathéodory—Schur Interpolation Problem and obtained
an abstract characterization of those trigonometric polynomial symbols that correspond
to hyponormal Toeplitz operators.

In Section 1 we investigate the recent development on the study for the hyponor-
mality of trigonometric Toeplitz operators, i.e., Toeplitz operators with trigonometric
polynomial symbols. In particular we focus on the relationship between hyponormality
of trigonometric Toeplitz operators and Carathéodory—Schur Interpolation Problem. In
Section 2 we derive several methods to compute the rank of the selfcommutator of hy-
ponormal trigonometric Toeplitz operators. In Section 3, we consider the hyponormal
extension problem of Toeplitz operators.

1. Basic properties

If ¢ is a trigonometric polynomial of the form ¢(z) = Y¥_  a,7", where a_,
and ay are nonzero, then the nonnegative integers N and m denote the analytic and
co-analytic degrees of ¢ . If a function k € H™ satisfies ¢ —k¢ € H”, then we have

N m
k Z anz " — Z a_,z "eH” . (2)
n=1 n=1

If we write the Fourier coefficient Z(n) :=c¢,, for n=0,1,...,N — 1, then by (2),
co,...,cy—1 are determined uniquely from the coefficients of ¢ as follows: ¢y =c; =
ot =CN—m—1 =0 and

CN—m AN—m+1 AN—m+2 -+ AN—1 AN a—y
CN—m+1 an-m+2 AN-m+3 --- an 0 a—
: - : S N (3)
CN—1 an 0 ... 0 0 a—_m
. . N_l . i . . .
The function k,(z) := —N—m ¢;z/ is the unique analytic polynomial of degree less

than N satisfying ¢ —k¢ € H™. Thus the problem of finding a solution in &(¢) is to
find a function k in the closed unit ball of H* interpolating k), .

On the other hand, it was shown in [19] that if T is a hyponormal operator such
that its selfcommutator is of finite rank then &(¢) contains a finite Blaschke product
whose degree is exactly the rank of the selfcommutator [Tg, Ty).

LEMMA 1.1. (Nakazi-Takahashi’s Theorem) [19] A Toeplitz operator Ty is hy-
ponormal and the rank of the selfcommutator [Tq;k ,Ty] is finite (e.g., ¢ is a trigonomet-
ric polynomial) if and only if there exists a finite Blaschke product k € &(¢) such that
deg (k) = rank [T, Ty|, where deg (k) denotes the degree of k.

If ¢ is a trigonometric polynomial then there are several conditions that ¢ must
necessarily satisfy in order for 7 to be a hyponormal operator.
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LEMMA 1.2. (Conditions Necessary for Hyponormality) [8] Suppose that ¢ is
a trigonometric polynomial of the form ¢(z) = EHN:,m an?", where a_,, and ay are
nonzero. If Ty is hyponormal then m < N, |a_n| < |ay|, and N —m < rank [T(;‘7T¢] <
N.

Lemma 1.2 shows that the cases where |a_,,| = |ay| are, in some sense, extremal
among all possibilities for hyponormality. In the below we treat such cases and the
result will show, passing to the normality that one further feature, namely a symmetry
property of the Fourier coefficients, is present. In general if ¢(z) =3, __, a,z", then
the hyponormality of T is independent of the particular values of the Fourier coeffi-
cients agp,ai,---,an—m of ¢.

We can have more:

LEMMA 1.3. [4, Lemma 1.5] Suppose that ¢ is a trigonometric polynomial such
that ¢ :=g+ f, where f and g arein H*(T). If y:=g+ T f (r <N—m) then Ty
is hyponormal if and only if Ty is.

Lemma 1.3 shows thatif ¢(z) = ﬁ,vz_m an7", then the analytic partof ¢, 22’:0 ap7",
can be “pulled back” to ¥ qan_m4n2" when studying the hyponormality of Ty . For
example, if ¢(z) =a_1z7' + 3N (a2 and w(z) =a_1z7! +ayz then Ty is hyponor-

mal if and only if Ty is.

LEMMA 1.4. (Normality of Ty) [7] If ¢(z) = ¥0__,,an" then Ty is normal if
andonly if m=N, |a_y| = |ay|, and

a_1 aq

a-n as
ay | . =a-nN

a-n an

Proof. We here give a direct proof. By the Brown-Halmos theorem [1] T, is
normal if and only if there are scalars o, 3 € C and a real-valued y € L such that
Ty = oTy + BI. Hence T is normal if and only if m = N and

o o r(n) forn=1,---,N
") av(n) forn=—1,---,—m,

or equivalently, a_; = eiea_j for j=1,---,N and some fixed 6 € [0,27). This gives
the desired result. [

In view of Lemma 1.2 the following is a characterization of hyponormality of
trigonometric Toeplitz operators for an extremal case.
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LEMMA 1.5. (Extremal Cases of ¢) [7] Suppose that ¢(z) =3YN__ a,7", where
la_m| = |an|. Then Ty is hyponormal if and only if the following equation holds:

a an—m+1
N AaAN—m+2
an =d_py

a—m an

Furthermore if Ty is hyponormal then the rank of [Tq;‘, Ty) is N —m.
Although a proof was given in [7, Lemma 1.4] we give here a simple proof.

Proof. Suppose that T is hyponormal and let co,---,cy—1 be the solution to the
recurrence relation (3). In view of Lemma 1.1 we assume that k(z) = X7 ¢ 7 isa
finite Blaschke productin &(¢). Since ¢o = -+ = cy_m—1 =0, k is of the form

()—elGZN_mHI Bi (r<m, 0<|Bj| <1).
j=1 _ﬁjz

But since “_’” =cym=e? IT5_(—PB;). it follows that TT;_, |B;| = | &= 2 |. Since by our
assumption \a,m| = |an|, we can see that k(z) = ez¥=". By the Cowen s theorem,
a_j= eiem for j=1,---,m. The converse follows at once from Theorems 1.3
and 1.4. The second assertion follows at once from Lemma 1.1 together with the fact

that k(z) = €N, 0O

In the sequel, without loss of generality we may assume m = N when we consider
the hyponormality of 7j;. We now turn our attention to the relationship between the
hyponormality of trigonometric Toeplitz operators and a finite interpolation problem.

From the preceding argument we can see that if k(z) = Y7 =0, ,zf is a function in
H*>, then ¢ —k¢ € H* if and only if co,---,cy_1 are given by (3). So by the Cowen’s
theorem, if cp,---,cy—1 are given by (3) then the hyponormality of 7 is equivalent to
the existence of a function k € H* satisfying

() k(j)=c¢j, j=0,---,N—1;
(i) |lkl <1

This is exactly the classical interpolation theorem so called Carathéodory—Schur Inter-
polation Problem (CSIP). Thus the problem of hyponormality for 7 reduces to CSIP.
CSIP is analyzed by Schur numbers. We review here Schur’s algorithm. Suppose that
k(z) = X7 oc 2/ is in the closed unit ball of H*. Let ko := k. Define by induction a
sequence {k,} of functions in the closed unit ball of H* as follows:

kn+1 (Z) =

. el <1,n=0,1,2,---.
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Then k,(0) only depends on the coefficients cg,cy,---,c,. We write
kn(O):q)n(C(),"',Cn) (n:0,1,2,~~~),

where @, is a function of n+ 1 complex variables. We call the ®,,’s Schur’s functions
and the |®,|’s Schur numbers. Then CSIP is solvable if and only if |®,(co, -, c,)| < 1
for every n =0,1,---,N — 1 (cf. [20], [9]). Therefore if ¢(z) =N ya,z" and if
co,---,cN—1 are given by (3), then one can at once see that the following statements are
equivalent (cf. [22]):

1. T} is a hyponormal operator.
2. |®y(co,-,cn)| <1 forevery n=0,1,--- ,N—1.
By a straightforward calculation we can see that

e2(1—leo?) + ot
(1—=lcol?)? = le1*

1
C()|27

Dy(co) = co, Pi(co,c1) = and Dy (co,c,02) =

1|
Thus for example, if ¢(z) = ¥2__,a,7" then Ty is hyponormal if and only if |c| <
1 — |co|? or equivalently, det(%l ag)} < aa]? —|a_s)? (cf. [6], [22]). However, with
trigonometric polynomials of higher degree, the above criterion would be too compli-
cated to be of much value because no closed-form for Schur’s function ®,, is known.
On the other hand, CSIP can be analyzed by a matricial argument (cf. [20]): CSIP

is solvable if and only if the Toeplitz matrix

[} 0 0...0

CN—2 L0
CN—1 CN—-2 ... C1 Cp

is a contraction, i.e., ||C|| < 1. Today this result is also called the Carathéodory-Fejér
theorem. A proof of this result can be accomplished by means of the commutant lifting
theorem (cf. [9], [11]). In particular, k is a solution of CSIP if and only if the Toeplitz
operator 7 with symbol k is a contractive lifting of C which commutes with the uni-
lateral shift on />. We thus have that T is a hyponormal operator if and only if the
Toeplitz matrix C above is a contraction.

The hyponormality of trigonometric Toeplitz operators 7 can be also determined
by zeros of an analytic polynomial induced by ¢ . This was done in the cases where ¢
is a circulant polynomial [8] or where zV¢ satisfies the condition that the set {, 1/{ :
¢ and 1 /Z are zeros of zV ¢ } contains at least (N 4 1) elements [14]. In [16], this was
accomplished for the general polynomial symbols ¢. The main idea runs as follows.
Let f be an anlytic polynomial of the form f(z) = ZIJLO bjz/ with by = 1. Then g :=
# € &(¢) if and only if (i) g satisfies the interpolation g(j) =c¢; for j=0,---,N—1,
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where g(j) denotes the j-th Taylor coefficient for g and the ¢; are given in (3); and
(i1) g € H”. Then a straightforward calculation and a simplication shows that the first
condition (i) is equivalent to the condition that if we let H denote the block Hankel
matrix given by

0 . 0 A
: 0 Ay Ay Rec¢; Imc;
. P J J ] —
H:==1 . .|, where A;:= <Im0j 7Recj> (j=0,---,N-2)
0 Ao - An-3

Ag Ay ... AN—3 AN

and let V := (Recy,Imcy,Recy,Imey, -+, Recy_1,Imey_1) € R?M=2, then the linear
system

(I-H)XT=vT (4)
(I is the identity matrix of degree 2N — 2 and the unknown is X € R*V=2) is solvable.
Also the second condition (ii) is equivalent to the condition that if f denote the analytic

polynomial
N—1

f@)=co+ Y, (xj+iy))z +2", (5)
J=1
where X7 := (x1,y1,x2,y2, -, Xn_1,Ynv_1)" is a solution of the system (4) then for
every zero § of f such that |{| > 1, the number 1/ is a zero of f in the open unit
disk D of multiplicity greater than or equal to the multiplicity of {. In fact the latter
condition is equivalent to the condition that # is a finite Blaschke product.

We can now summarize criteria for the hyponormality of trigonometric Toeplitz
operators.

LEMMA 1.6. Suppose ¢(z) = ¥N__y a,7", where ay is nonzero and that cy, -,
cn—1 are given by (3). Then the following statements are equivalent.

1. Ty is a hyponormal operator.

2. |Dpy(coy-+yen)| <1 forn=0,1,---,N—1.

o 0 0 ..0
1 o
3. C= . is a contraction.
CN—-2 0
CN—1 CN-2 - C1 €0
4. I-CC*>0.

5. The linear system (I—H)XT =VT in (4) is solvable and if f is given by (5) then
for every zero € of f such that || > 1, the number 1/ is a zero of f in the
open unit disk D of multiplicity greater than or equal to the multiplicity of §.
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6. If f is given by (5) then ﬁ is a finite Blaschke product such that rank [Tq;‘ Ty] =
s ()

It would be interesting to compare the third criterion and the fifth criterion. The
former involves the norm of an m x m Toeplitz matrix C (and in turn, eigenvalues of
C*C). By comparison, the latter involves the zeros of an analytic polynomial of degree
N induced by the values of entries of C. So the load of working with each criterion is
on a par.

EXAMPLE 1.7. Consider the trigonometric polynomial
0(z) = =22 44973 — 127 24771 =22 4923 — 12:* + 42,

Observe that ¢g =0 and

°r 2 9 —124\ ! , 4
al_( 9 -12 40 —12) _
gl =\-124 00 9 | =
fon 4 0 00 -2

First we use the criterion (5) of Lemma 1.6 to determine the hyponormality of 7.
Observe

=

NS RN

1o oot o R
01 000 -4 ;
00 3 0-320 T 3
Ie—H = SRR and Vi=1 3
00 040 3 0
L g 39 3 o 16
2 47 8 105
1 3 11
0-34 030 4

Since rank[ls — H] = 4 = rank [Is — H : V1], the system (Is —H)X” = VT is solvable.
If X := (x1,y1,%2,Y2,%3,y3) then a solution of this system is given by x; = 1, x, =0,
X3 = —%, y1 = y2 =y3 = 0. Thus the testing polynomial f is obtained by

1 s, 4
f(z)——§+z—§z +7,

which has zeros at z = %, -1, (—1)%,—(—1)% . Therefore by the criterion (5), Ty is

hyponormal. Next we use the criterion (3) of Lemma 1.6. Write

-0 00
3 -Lo o
=11 2 1,
LI B S
16 8 4 2

To determine the hyponormality of 7 we will check the contractivity of C. Re-
call that the norm of C is the largest singular value of C, i.e., ||C|| = max{V/4 :
A is an eigenvalue of C*C'}. A straightforward calculation shows that eigenvalues of
C*C are ﬁ, 1, and so ||C|| = 1. Therefore by the criterion (3), T is hyponormal.
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EXAMPLE 1.8. Consider the trigonometric polynomial

0(z) =z 4 +23 427 2+ 2427+ 2%

Observe
_ 1
% 0122\ ! /0 2
al_(1220 2y [ ¢
o) =\2200 1)~ | 3
5 2000 1 5
i
First we use the criterion (5) of Lemma 1.6. Observe
1 ooo0-1o 0
1
0 1(1)0 (O 0
00loo0o0 T 3
Ie—H = 2 n =| 2
6 000300 * d v 0,
1 1 —z
_2(1)00 7 (7) 04
0 oo o ]

Then a straightforward calculation shows that rank [Is — H] = 5 # 6 =rank [l¢ — H : VT].
Thus the system Thus the system (5) (Iy — H)X” = VT has no solution, and hence by
the criterion (5), T is not hyponormal. Next we use the criterion (3) of Lemma 1.6.
Write

1000

1
c=| 2300
5320
—3303

Then a straightforward calculation shows that the largest singular value of C is ap-
proximately 1.39299, and so ||C|| ~ 1.39299. Therefore by the criterion (3), Ty is not
hyponormal.

2. The set &(¢) and rank of the selfcommutator [7;,7)]

If Ty is a hyponormal operator then &'(¢) is nonempty. Further if [Tj7,7y] is
of finite rank then by the Nakazi-Takahashi theorem, &(¢) contains a finite Blaschke
product whose degree is equal to rank [T(;‘7 Ty]. To see more informations on &(¢),
we review here the Carathéodory’s theorem (cf. [10, Theorem 1.2.1]) which states
that for every function k in the closed unit ball of H* there exists a sequence {B,}
of finite Blaschke products that converges to k(z) pointwise on ID. Its proof relies
upon a construction of a sequence {B,} of finite Blaschke products satisfying that if
k(z) = X7_gc;j2’ is in the closed unit ball of H*(T) then

E;(]):Cj fOI'j:O,"',n.

The construction runs as follows. Write ®,, for the n-th Schur’s function corresponding

to the function k. Since |@gy| = |co| < 1, we can take By := %%’Z. If |®g| =1 then
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By = ¢y is the Blaschke product such that By = k. Write B(()()) == By. If |@;| <1 for
=0, let

and define by induction

B = EL ] (j=1,---,n).
1+ ﬁzBSIFI)

Set B, := Bff'). Then B, satisfies the interpolation E(]) =cj for j=0,---,n. If
|®@,| =1, then B, is the finite Blaschke product such that B, = k. This will be referred
to the Carathéodory construction. In particular a careful analysis on the Carathéodory
construction shows that if |®,| < 1 then deg(B,) =n+ 1, and if instead |®,| =1 then
deg(B,) = n (also see [10]).

We also recall the connection between Hankel and Toeplitz operators. For ¢ in
L>(T), the Hankel operator Hy : H> — H? is defined by Hyf = J(I— P)(¢f), where
J:(H?)* — H? is givenby Jz " = 7"~! for n > 1. The following is a basic connection:

Tyy—TyTy = HiHy (9,W €L7) and Hyy =T Hy (heH),

where for § € L*(T), we define E: ¢(z) . From this we can see that if k € £(¢) then

[Ty Ty) = HHy — HyHy = HyHg — H{gHys = Hy(1 — T.T ) H;, (6)

which implies that ker Hg C ker [Ty, Ty .

We now have informations on &(¢):

LEMMA 2.1. Let ¢ € L*(T) be such that Ty is a hyponormal operator. Then we
have:

1If ¢(z) = 3N _yand* (ay #0) is such that rank[7,, Ty] < N then &(9) has
exactly one element, which is a finite Blaschke product.

2. Ifo(z) =N yand" (ay #0) is such that rank [Ty, Ts] =N then &(9) contains

n—
infinitely many elements which are finite Blaschke products.

3. If ¢ is not of bounded type ( ‘bounded type’ means quotient of two bounded ana-
Iytic functions) then & (@) has exactly one element.

Proof. The assertion (1) follows at once from [18, Corollary 5]. For the assertion
(2), we suppose rank [Tg, Ts] = N. Then there exists a Blaschke product k € &(¢) of
degree N, namely k = By_; in the Carathéodory construction. Therefore by the pre-
ceding considerations on the Carathéodory construction we have |®y_1| < I: indeed
if |@y_1| = 1, then there would exist a Blaschke product b € &(¢) of degree N — 1,
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which leads a contradiction by the uniqueness property (cf. [16, Lemma 1]) that if &
and b are Blaschke product of, respectively, degrees m and r such that m+r < 2n
and satisfy the finite interpolation k(j) = b(j) for j=0,---,n— 1, then k = b. There-
fore we can choose @y so that |®y| < 1, satisfying the interpolation éj\v( J) =c¢;j for
j=0,---,N—1. Then By is a Blaschke productin &(¢) of degree N + 1. Continu-
ing this process one can get a sequence of Blaschke products B, (n =N —1,N,---) in
&(0) of degree n. For the assertion (3), we write ¢ =g+ f (f,g € H”). Then by the
Cowen’s theorem we can easily see that k € &(¢) if and only if [[k[|- < I and Hk =7g
(cf. [4], [5, Lemma 1]). Butif ¢ is not of bounded type then kerHy = kerHg = {0}
(cf. [1, Lemma 3]), so that the solution k of the equation ka =7Zg is unique. This
proves statement (3). [J

Note that if ¢ is of bounded type and is not a trigonometric polynomial then we
have no informations on & (¢). To see this consider the function

L

¢(z) =z ' +2zb(z), whereb(z) = ‘ .
1-— EZ

Then ¢ is of bounded type. We now claim that &(¢) has exactly one element &,

namely k= b. Indeed if h € &(¢) then z ' —hz 'b € H* andso z7!(1 —hb) € H.

Thus hb € 1 +zH* and ||hb|| < 1, which implies 7 = b. On the other hand, condisder

the function

@5+ 3
Ve =g+ X

If k and b are defined by

1
1732

1
k(z)zgl—%z

and b(z) =

then a straightforward calculation shows that k,b € & (y). Note that b is a Blaschke
product, whereas k is not. Therefore & () contains at least two elements which in-
cludes a finite Blaschke product.

We now derive several formulae for the rank of the selfcommutator (7, 7] in the
cases where T is a hyponormal operator

THEOREM 2.2. Suppose that ¢(z) =YY __, a,7", where a_,, and ay are nonzero,

is such that Ty is hyponormal. If co,---,cy—1 are given by (3) then the following state-
ments are equivalent.

1. rank [T, Ty| =r.
2. There exists a finite Blaschke product k € &(9) of degree r.

3. |®(co, - wyer)|=1if r <N—1; [®y_i(co,---,en—1)| < 1 if r=N.



HYPONORMAL TRIGONOMETRIC TOEPLITZ OPERATORS 583
4. rank(I —CC*) =r.

5. If f is given by (5) with m in place of N and ¢ =g+ Tv-mh inplace of ¢ =g+h
(g,h € H”), then
r:N—m—l-ZD—ZC\ﬁ,

where Zp and Z(C\D are the number of zeros of f in D and in C\ D counting
multiplicity.

Proof. (1) < (2): Thisis Lemma 1.1.

(2) = (3): Suppose the function & is a finite Blaschke productin &(¢) of degree
r. If r < N—1, we assume to the contrary that |®,| < 1. Then by the Carathéodory
construction there exists a Blaschke product b € &(¢) such that deg(b) =r+ 1. Then
by Lemma 2.1, we have k = b, a contradiction. If instead » = N then we assume to the
contrary that |@y_1| = 1. then again by the Carathéodory construction there exists a
Blaschke product b € &(¢) of degree N — 1. This leads a contradiction.

(3) = (2): Immediate from the Carathéodory construction.

(2) & (4): This follows from Lemma 2.1 together with an argument of S. Taka-
hashi [21, Theorem], which states that if I —CC* > 0 then there exists a finite Blaschke
product whose degree is equal to the rank of I — CC*.

(1) < (5): Observe that if

N —1 m
0(z):= Y, ad' and y(z):= Y, and'+ D an-min?",
n=0

n=—m n=—m

then rank[Tg, Ty] = N —m+rank[Ty;, Ty and thatif f is given by (5) corresponding
to y(z) then

rank [T,,, Ty | = deg (%) =Zp—Zc\p-

Thus we can conclude that rank [T, Ty] =N —m+Zp —Zg\. U

3. A hyponormal extension problem

In this section we consider an extension problem. To do this we need:

LEMMA 3.1. Suppose ¢ is a trigonometric polynomial such that ¢ = f + g,
where f and g are analytic polynomials of degree N. Let

80 = szgv fO = Tmea and W:f0+g_0 (m<N)

If Ty is hyponormal then Ty, is hyponormal.

Proof. Suppose Ty is hyponormal. By the Cowen’s theorem there exists a func-
tion k € H” such that ||k|| <1 and g—kf € H”. Thus 7"g —kz"f € H”, and hence
80—k fo € H”, which implies that Ty, is hyponormal. U]
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If ¢ is given as in Lemma 3.1 then we cannot, however, expect that Tj is hy-

ponormal, where ¢ = 7"f +7"g. For example, if ¢(z) = 1447427 and
¢ =773+ 772 +4722 +27%, then a straightforward calculatlon shows that Ty is hy-
ponormal, but L is not.

In view of Lemma 3.1, if ¢ = f+g (f € H?, g € zH?) is a trigonometric poly-
nomial then it seems to be natural that a hyponormal extension of Ty is defined by a
Toeplitz operator T with the symbol ¢ of the form

¢ ="g+q+p+"f,

where p and g are analytic polynomials of degree m — 1. Therefore the hyponor-
mal extension problem is equivalent to the following completion problem: If ¢ =
7"g+q+p+7"f (where f and g are analytic polynomials, and p and ¢ are ana-
Iytic polynomials of degree m — 1), find necessary and sufficient conditions, in terms
of the coefficients of p and ¢, for T to be hyponormal when T3, ; is hyponormal. In
general, for each p, there are many polynomials g for which T} is hyponormal when
T3, ¢ is hyponormal.

‘We however have:

THEOREM 3.2. Suppose that ¢ :=7"g+qG+p+7"f, where fand g are analytic
polynomials of degree N, and p and q are analytic polynomials of degree m — 1. Let
y =g+ f. If Ty is a hyponormal operator then for each polynomial p, there exists
a polynomial q for which Ty is hyponormal. In particular, if rank [T$7Tw] <N —m,
then q is unique.

Proof. 1If Ty, is hyponormal then by the Cowen’s theorem there exists ke &(9),
ie,g—kfeH” and ||k|| < 1. Write k(z) = 3pr_gcad”. If p= 3" a,z" is given
and we write p+7"f = quifvanz”, define a_; (1<j<m—1)by

a_—l ay ... ... Qp—1 ... Au+N co
a_yp B 0 C1
d—m+1 Gn 1. aGmn 0 ... O Cm+N—1

Thus if we define ¢(z) := ¥, ;a—,z " then a straightforward calculation shows that
"g+q—k(P+7"f) € H.

For the uniqueness, let rank [Ty, Ty| < N —m. Assume (q1,p) and (q2,p) (q1 #
q») are pairs of analytic polynomials of degree m — 1 such that the symbols ¢; = 7"g +
gi+p+7"f and ¢ =g+ G2+ p+2"f make Ty and Ty, hyponormal. Assume
ki € &(¢1) and ky € &(¢,). Then evidently, ki # ky, and 777g +q; — ki(p+ 2" f) € H”
(i=1,2)and so g+7"q; — ki(Z"p+ f) € H”, and hence g — k;f € H™. Thus k;,k, €
& (y), which contradicts the assumption that rank [TJ,‘, Ty| < N —m, which by Lemma
2.1, implies that &(y) has exactly one element. [
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