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ONE-DIMENSIONAL SCHRODINGER OPERATORS WITH
&6'-INTERACTIONS ON A SET OF LEBESGUE MEASURE ZERO

JOHANNES F. BRASCHE AND LEONID NIZHNIK

(Communicated by L. Rodman)

Abstract. Let T" be a compact subset of R of Lebesgue measure zero. The notion ’Schrodinger
operator defining a &’ -interaction on I"” is introduced. The dimension of the range of the spectral
projection %(_. ) (A) of a Schrodinger operator A defining a &’ -interaction on T is not less
than the number of isolated points of T' where the intensity of the &’-interaction is negative.
In the case that the set T" is endowed with a Radon measure a method how to construct a large
class of such operators is presented and for the operators from this class it is shown that their
absolutely continuous spectra and their essential spectra are equal to the nonnegative real half-
axis. Constructive examples of such operators with infinitely many negative eigenvalues are
given.

1. Introduction

Let T" be a compact subset of R of Lebesgue measure zero. One says that A is
a Schrodinger operator defining an interaction on I', if A is a self-adjoint operator in
L>(R), its domain ©(A) contains the space Ci(R\T') of smooth functions with com-
pact support in R\ T and Ay = —y” forevery y € C;(R\T). Since the pioneering
work of Berezin and Faddeev [8] such singular Schrodinger operators have been studied
in numerous publications, cf., e.g., [1,4, 5,7, 9-12, 14-16, 19-23].

One is strongly interested in point interactions, i.e. interactions on a discrete set,
because in this case one gets solvable models in quantum mechanics [2, 3]. The starting
point for this paper is a certain kind of point interactions, the so called &’ -interactions.
Usually &’-interactions on a finite set are described with the aid of certain boundary
conditions, cf. (2.10). We solve the problem how to define &’-interactions on an ar-
bitrary compact subset I' of R of Lebesgue measure zero in the following way. We
give certain properties Py ("), P»(T"), P5(T") for operators A in Ly(R) and prove that
an operator A in L(R) defines a &’-interaction on the finite set X if, and only if, it
has the properties P;(X), P»(X), P;(X) (Proposition 2.3). Our new characterization of
&' -interactions on finite sets X is then used in order to introduce &' -interactions on T.
By definition the operator A in L,(R) defines a §'-interaction on T if, and only if, it
has the properties P, (I"), P»(I"), P3(I") (Definition 2.3).

For operators A defining a 8’ -interaction on a compact null set " we show that the
dimension of the range of the spectral projection (.. 0)(A) is not less than the number

Mathematics subject classification (2010): 47A55, 47A70.

Keywords and phrases: eigenvalues, spectrum, point interactions, singular Schrédinger operators.

© &1€P€N’ Zagreb 887
Paper OaM-07-49


http://dx.doi.org/10.7153/oam-07-49

888 J. F. BRASCHE AND L. NIZHNIK

of isolated points of I" where the intensity of the &’-interaction is negative (Theorem
3.1). If A has a pure point spectrum below zero than this dimension is equal to the
number (counting multiplicities) of negative eigenvalues of A.

We present a method how to construct a large class of operators defining a 6'-
interaction with the aid of Radon measures supported by I" and certain boundary con-
ditions on I" (Theorem 5.2, 1°). For the operators from this special class we prove that
their absolutely continuous spectra and their essential spectra are equal to the nonneg-
ative real half-axis, and zero is not an accumulation point of the set of their negative
eigenvalues (Theorem 5.2, 2°, 3°). Moreover we give a condition that is sufficient in
order that such operators have infinitely many negative eigenvalues (Theorem 5.3).

2. Local interactions on a set of measure zero

Let T" be a compact subset of R of Lebesgue measure zero. The minimal operator
Liinr in the space L, (R) is defined as follows:

D(Lminr) = C5(R\T),  Lminr(x) = —¢"(x).

The maximal operator Ly, r in [? (R) is the adjoint of the minimal operator:

D(Linax 1) = sz(R\l"), Linax ¥/ (x) = —y"(x), x€T,

where the Sobolev space W5 (R\T') consists of the functions v, such that y and v’
are absolutely continuous on R\ T and y,y’, y" are square integrable. Note that for
v € WZ(R\T) the limits y(a+0),y'(a+0),y(b—0),y'(b—0) exist, if the open
interval (a,b) is contained in R\T.

DEFINITION 2.1. Anoperator A in L,(R) defines a local interaction on T" if A is
a Schrodinger operator defining an interaction on T', and y € D(A) implies that yy €
D(A) for every function y € C*°(R) such that " € C5(R\T).

REMARK 2.1. We neither exclude the trivial case I" = 0 nor ’the trivial interac-
tion’, i.e. the kinetic energy Hamiltonian —A in L, (R), viz.

—Ay =y, yeD(-A)=W;(R),
defines an interaction on I" for every compact subset I of R of Lebesgue measure

Z€ro.

LEMMA 2.1. Let A be a self-adjoint operator in the space L,(R) defining a local
interaction on T'. Let xo € R\T or let xy be an isolated point of the set T'. Then, for
all functions @,y € D(A)

X0

/ [(A@) () (x) — @(x)(Ay) (x)] dx = @(x0 — 0) ' (x0 — 0) — @' (xo — 0)y(xo — 0),

—oo

2.1
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~+oo
/ [(A9)(¥)y(x) — (x)(Ay) (x)] dx = @' (x0 +0) Y (x0 +0) — (o + )y (xo +0).

X0

(2.2)
Proof. (2.2) follows from (2.1). In fact, since for any a
J140) 0¥ - o0 ARG dx = - [ [(A0) W) ~ o) W),

we obtain the equality (2.2) if we set a =xo+ € ¢ T, apply (2.1) and pass to the limit
€ — +0.

In order to prove (2.1) first consider the case that xy ¢ I". Let b > x( be such that
the interval (xq,b) does not contain any point of I". We may assume that ¢(x) =0 and
y(x) =0 for every x > b. This may be achieved by multiplying ¢ and y by a function
x € C*(R) such that y(x) =1 for x < xp and y(x) =0 for x > b. The functions y ¢
and y y belong to the domain of the operator A since the operator A defines a local
interaction on I". Therefore

X0

b
/[(MO(x)W— P(x)(Ay)(x)]dx = (A, y) — (9,Ay) — / (o v — ¢"P|dx.

—oo

This leads to equality (2.1) since A is self-adjointand @(b) = ¢'(b) = w(b) = v/ (b) =
0.

Finally let xo € I" be an isolated point of the set I'. Then xop — & ¢ I" for small
€ > 0. Applying equality (2.1) for xo — € and passing to the limit € — +0, we receive
that (2.1) holds. [

PROPOSITION 2.1. Let xy be an isolated point of T or let xo € R\T. Let A be
an operator in L, (R) defining a local interaction on T and let A, be the restriction of
A on the set

D(Ao) :={weD(A): y(xg£0)=0=y'(xg£0)}.
Then the following holds:
1° Ao has deficiency indices (2,2).
20

DAL ={yi+v2: ¥ €D(A.), yo € W (R\ {xo}), supp(y) T C {xo}}.
2.3)

3° A is a self-adjoint extension of Ao if. and only if, there exists a Lagrangian plane
L for the form

@(v,w) 1= V3w —viw3 —vaws +vows,  vwe C (2.4)
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such that A is the restriction of A on the space

DA)={yeDAL):Jy L}, (2.5)
where
v (xo+0)
syi= | WO vewi@\ (). (2.6)
v (x0 —0)

(Recall that a Lagrangrian plane L for  is a maximal subspace of C* such that
o(v,v) =0 forevery veL).

4° Every self-adjoint extension of A, defines a local interaction on TU {xo}.

5° The restriction of Lmax on the set

{vi+v2:y1 €D(A0), y2 € W3 (R),supp(y2) T C {x0}}
defines a local interaction on T'\ {xo}.

6° If Ay and A, are self-adjoint extensions of A, then the difference (A} —z)~' —
(Ay —z) 7! is a finite-rank-operator for every 7 that belongs both to the resolvent
set of Ay and to the resolvent set of A.

Proof. 1° Put T':=TU{xo} and
Do:= {w € W3R\ {x0}) : supp(y) T C {xo}}.

Integrating by parts we obtain that

(Lo ¥ 0) = (W, Ly 10) = 0(JY,J9), Yy €Dp, 9 e WF(R\D). (27
Since A defines a local interaction, its domain is contained in

D:={yi+w:y €D(A),¥r €Dp}.
By (2.1), (2.2), and (2.7),
(Linax t ¥ 9) — (W, Lo 19) = 0(JY,J @), W, 9 €D1. (2.8)

Since A is arestriction of L,  this implies that w(Jy,Jy) =0 forevery y € D(A).
Choose a Lagrangian plane L for @ such that {Jy : yv € D(A)} C L. By (2.8), the
restriction of L,  on the space {y € D :Jy € L} is a symmetric extension of A.
Since A is self-adjoint, it is, in particular, maximal symmetric, i.e. it is symmetric and
does not possess any proper symmetric extension. Thus

DA)={ye?D,:JyeclL}.
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Since the mapping J : ® — C* is surjective, {Jy: ¢y € D(A)} = L. Choose v,y €
D(A) such that Jy,,Jys is a basis of L. Then for every y € ©(A) there exist ¢i,¢; €
C such that J(y — c;y; —c2¥2) =0 and hence ¥ — 1y — oy € D(As). Thus the
dimension of the quotient space D(A)/D(A,) is equal to 2. This implies that A, has
deficiency indices (2,2).

2°: By 1°, the dimension of the quotient space ©(A})/D(A.) is equal to 4. Since
dim(®,/D(A,)) =4 and, by (2.8), ©; C D(A}), it follows that

3° By 1°, an extension A of A, is self-adjoint if, and only if, it is a maximal
symmetric restriction of A}. Since A* is a restriction of L it follows from (2.3)
and (2.8), that

‘max,["?

(ASv,0) — (v, A50) = 0(Jy,J @), v, €D(A]),

and the mapping J : ©(A*) — C* is surjective. Thus a restriction A of A* is maximal
symmetric if, and only if, there exists a Lagrangian plane L for @ such that

D(A) = {yeD(A): JyeL).

4° Let A be a self-adjoint extension of A, and L the Lagrangian plane for @ such
that (2.5) holds. Let y € C*(R) and y' € C;’(R\T"). Then yy; € D(A) forevery y; €
D(A), since A defines a local interaction on T". Moreover J(y ) = x (xo)Jy for every
v € WZ(R\ {xo}), since x is constant on a neighborhood of xo. Thus yy; € D(A,)
and yy, € D forevery y; € D(A,) and every ¥, € Dy, respectively. It follows now
from (2.3), that Yy € D(A}) forevery y € ©(A}). Since J(yy) = x(x0)Jy € L for
every w € D(A), this implies that yy € D(A) for every yw € D(A) and A defines a
local interaction on .

5° Lo:={ve C*:vy =vy,v3 = 14} is a Lagrangian plane for ®, and A¥isa
restriction of L, . By 3°, this implies that the restriction Ag of Ly x i ON the space
{y e DAY :Jy ey} isa self—adJ01nt extension of A, and hence it defines a local
interaction on T'. Let y» € W#(R\ {x0}). Then y, € W7(R) if, and only if, Jy» € Lo,
and it follows from 1° that

D(Ao) = {y1+ v : y1 € D(A,), ¥ € W5 (R),supp(y2) NT C {xo}}.

Thus the space Cg(R\ (T'\ {xo})) is contained in the domain of Ay and A, defines
even a local interaction on T\ {xo}.
6° follows immediately from 1° and Krein’s resolvent formula. [J

REMARK 2.2. 1° Since the form @ in the preceeding proposition satisfies

(R 3 W (31 IO
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L is a Lagrangian plane for @ if, and only if, there exists a U € U(2) such that

B 4. v3+ivy | ' V3 —ivy
L={veC '[—m—l—ivz]_U [—m—ivz]}'

By assertion 3° in the preceeding proposition this implies that A is a self-adjoint
extension of A, if, and only if, there exists a U € U(2) such that A is the restric-
tion of AZ on the space of all y from the domain of A? satisfying the following
boundary condition:

W/(x0+0)+ill/(xo+0)} _u. { W/(x0+0)—i‘//(xo+0)}
—y'(xo—0) +iy(xo—0) —y'(x0—0)—iy(xo—0) |’

2° Inthe special case that I' = @ the operator A is the kinetic energy Hamiltonian —A
and every self-adjoint extension of A, defines a so called point-interaction at the
point xg.

We are interested in a special kind of local interaction, the so called &’ -interaction.
For an isolated point xo of the set I' a §'-interaction at x is defined as follows:

DEFINITION 2.2. Let A be a self-adjoint operator in L,(R) defining a local in-
teraction on T" and let xo be an isolated point of I". The operator A defines a &’-
interaction at the point xg, if there exists a real number 8 such that

W (0—0) =¥ (x%+0) = y/(x), Wl(x+0)—w(x—0)=PBy.(x), weDA).
(2.9)
The real number f3 is called the intensity of the §’-interaction at the point xg .

For a Borel subset B of R we denote the characteristic function of B by yp, i.e.
xp(x) =1 for x € B and yp(x) =0 for x € R\ B, and we put L(B) :=={ypy: y €
L,(R)}. The following simple observation will play a key role in our discussion of
&’ -interactions at isolated points.

PROPOSITION 2.2. Let A be a self-adjoint operator in Ly(R) defining a local
interaction on T and let xo be an isolated point of I'. Suppose that there exists a
differentiable function y € D(A) such that ¥ (xo) # 0 and }'(x0) = 0. Then

either there exists a real number B such that the operator A defines a &' -interaction
at the point xq with intensity B and every y € W3(R\ {xo}) such that supp(y)n
I’ C {x0} and v satisfies the boundary condition (2.9) belongs to the domain of
A,

or every Y € D(A) satisfies Neumann boundary conditions at xg, i.e
V' (0—0)=y'(x+0)=0, weDA),

and there exists an operator Ay in Ly(—oo,x0) and an operator Ay in Ly (xo,o°)
such that A=A DA,.
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Proof. We may assume that ) (xp) = 1. As in the previous proposition let A, be
the restriction of A on the space of all y € D(A) such that y(xo+0) = y/(xg+£0) =0
and let L be the Lagrangian plane for the form

O(V,Ww) = V3w — Vw3 — vawp + oWy, VW E C4,

satisfying D(A) = {y € D(A}) : Jyw € L}. Since o(Jy,v) = va — v3 =0 for every
v € L, we have that v3 = v, forevery v € L.

If there exists a v € L such that v3 # 0, then there exist v € L such that v3 =v4 = 1.
For v,w € L such that vs =v4 =w3 = w4 = 1 we have

o(v,w) =w; —vi —wy+v, =0;

the special case that v = w provides that v; — v, is real and then it follows that there
exists a real number 3 such that vi —v, = 8 for every v € L satisfying v3 = vq =
1. Since L is a linear space it follows that vi —v, = Bvs, if v€ L and v3 #0. If
v €L and vz =0, then v4 = 0 and for every w € L such that w3 = 1 = wy we have
o(v,w) =—v;+vy=0. Thus v3 =v4 and v; —v, = Bvs forevery v € L. It follows that
v e WE(R\ {xo}) satisfies Jy € L if, and only if, y satisfies the boundary condition
(2.9). Thus A defines a &’-interaction with intensity  at the point xo and every
v € WE(R\ {x0}) such that supp(y)NT C {xo} and v satisfies the boundary condition
(2.9) belongs to the domain of A.

In the case that vz =v4 = 0 for every v € L the functions y from the domain of A
satisfy Neumann boundary conditions at the point xg, the Lagrangian plane L is equal
to the space of all v € C* such that v3 =v4 =0, and A does not define a &'-interaction
at the point xo. It only remains to prove that (.. .,y belongs to the domain of A for
every ¥ from the domain of A. Let y € D(A). Then J()(—w,)¥) € L and, by (2.1),
A=)V € D(AT), and hence x(_.., )W €D(A). O

Definition 2.2 is motivated by the well known work on &’-point interactions. Let
X = {x};_, be a finite subset of R with n points and let B = {f;}{_, be a family
of real numbers. Denote by Lx g the restriction of Lmaxx on the space of all v €
W3 (R \ X) satisfying the following boundary condition:

l[/(xk—O) = l///(xk-i-O) = l//;(xk), y(xe+0) — w(x—0) :ﬁkl//;(xk), 1<k<n.

(2.10)
One says that Ly g defines a &’ -interaction on X with intensity . Note that the trivial
interaction, i.e. the case B, = 0, is not excluded. With the aid of Proposition 2.2, we
can derive another characterization of operators defining a &’ -interaction on a finite set
X:

PROPOSITION 2.3. Let X be a finite subset of R. The operator A in Lr(R) de-
fines a &' -interaction on X if, and only if. it has the following three properties:

Pi(X) A defines a local interaction on X .

P>(X) Every function x from C3(R) such that ' € C5(R\X) belongs to the domain
of A.
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P3(X) There does not exist a point a € X such that A = Ay @A, for any operators A}
and Ay in Ly(—eo,a) and Ly(a,=), respectively.

Proof. Necessity. Let A be an operator in L,(R) that defines a &’ -interaction on
X.

Pi(X) A is a self-adjoint extension of the minimal operator Liinx ([2], p. 155).
Let y € C*(R) and ' € Cy(R\ X). Then for every point a of X the function y is
constant on a neighborhood of a. Thus y v satisfies the boundary condition (2.10), if
v satisfies (2.10), and hence Yy € ©(A) forevery y € ©(A). Thus A has the property
Pi(X).

P>(X) Every y € Cj(R) such that x’ € G5 (R\ X) satisfies the boundary condi-
tion (2.10) for every choice of the real numbers f3; and hence it belongs to the domain
of A.

P3(X) Choose any y € C(R) that is equal to 1 on a neighborhood of X. Let
a€X. Then y € D(A) and Y (_wqx € D(A). Thus A cannot be decomposed as
A=A DA, foran operator A; and A; in Ly(—oo,a) and Ly(a,oo), respectively.

Sufficiency. Suppose that the operator A in L, (R) has the properties P (X), P»(X)
and P3(X) and X consists of the n points x;,xp,...,x,. Let 1 <k < n. Since there
exists a differentiable function y from the domain of A such that x'(x;) = 0 and
x(xx) # 0, it follows from Proposition 2.2, that there exists a real number f; such
that A defines a &'-interaction at the point x; with intensity ;. Thus A is a restriction
of the operator LX7{ﬁk}r]::1 . Since A and LX7{ﬁk}Z:1 are self-adjoint, this implies that

A=Lx gy -

By the preceeding proposition, the following definition generalizes the definition
of &'-interactions on finite sets.

DEFINITION 2.3. Let I' be a compact subset of R of Lebesgue measure zero. The
operator A in L,(R) defines a ¢’ -interaction on T if, and only if, it has the following
three properties:

Pi(T") A defines a local interaction on T'.

P,(T") Every function y from Cj'(R) such that ' € C(R\T') belongs to the domain
of A.

P3(T") There does not exist a point a € T" such that A = A} & A, for any operators A}
and Ay in Ly(—eo,a) and Ly(a,ee), respectively.

3. Number of negative eigenvalues for &’ -interactions

It is known [13, 17, 18] that for an operator A that defines a &’ -interaction on a
discrete set the number (counting multiplicities) of negative eigenvalues of A and hence
the dimension of the range of the spectral projection x(_.. o) (A) is equal to the number
of points where the intensity of the &’ -interaction is negative. An analogous result is



ONE-DIMENSIONAL SCHRODINGER OPERATORS 895

true for operators defining a 8’ -interaction on any compact set I' of Lebesgue measure
zero, cf. Theorem 3.1 and Remark 3.3 below.

For the proof of the theorem we shall use special test functions: Let I" be a com-
pact subset of R of Lebesgue measure zero. Let xo be an isolated point of I". Let A be
a self-adjoint operator in L,(R) that defines a &’ -interaction on T'. Then, in particular,
the functions y € D (A) satisfy the boundary condition (2.9) at the point xo where f is
the intensity of the §’-interaction at the point xo. We construct a function that belongs
to D(A), has compact support, satisfies condition (2.9) at the point xy, and consists
piecewise of parabolas and constants.

DEFINITION 3.4. Consider the following test function that depends on 4 param-
eters €, B, 1, r

Oa X<—87

1( +e)?, e<x<0

(x Ce<x<0,

2¢e

B+e—(x—g)? 0<x<eg,
t('x?87ﬁ7lar): ﬁ+87 nggl’

B+£_w(l_ X2, I<x<l+r

&
ﬁz—:z (I4+2r—x)?, I+r<x<l+2r
0, I[+2r<x.

It is straightforward to prove the following proposition:

PROPOSITION 3.4. Let €,l.r >0 and xo,3 € R. Put
f(x):=t(xo—x,¢&,B8,l.r), xeR.
Then the following holds:
10 The function T belongs to the space W(R\ {xo}) and has compact support.
20 7 satisfies the boundary condition (2.9).

30 If 0 < € < & is such that the 2&y-neighborhood of the point xo does not contain
any point of T different from xy and the value of 1 is larger than the diameter
of T, then t belongs to the domain of every self-adjoint operator A defining a
&' -interaction on T and the &' -interaction with intensity B at the point xg.

- 2
49 If 3° holds, then (Af,7) = B + 8 —|— (ﬁ —|—£) for every self-adjoint operator A

defining a &' -interaction on F and the &'-interaction with intensity B at the
point xg.
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THEOREM 3.1. Let A be an operator in Ly(R) that defines a &' -interaction on
a compact set T of Lebesgue measure zero. Then the dimension of the range of the
spectral projection ¥ ) (A) is not less than the number of isolated points of T where
the intensity of the &' -interaction is negative.

Proof. Let x1,...,x, beisolated points of the set I" such that the intensity of the &'-
interaction at the point x;, k = 1,...,n, is equal to the negative number ;. Let g >0
be such that for k = 1,...,n the 2¢)-neighborhood of x; does not contain any point of
the set I" different from x; .

Let .%, be the n-dimensional subspace of ©(A) spanned by the test-functions
te(x) = t(x — xx; Brs &, ks 7k)» k= 1,...,n. Here the numbers &, r; and I; are chosen
such that 0 < g, < g,

2 2 , 1
=&+ — &) == 0 3.1
ﬂk+3 k+3rk(ﬂk+ ) 2l3k< (3.1
and [ is larger than the diameter of T for k=1, ...,n and the intervals I = (I, [y +2r%),
k=1,...,n, are pairwise disjoint.

Every function v € %, can be represented as

=Y at(x), (3.2)
k=1

where a; are complex constants. By Proposition 3.4 and (3.1) it is easy to see that the
quadratic form (Ay,y) is negative definite on the n-dimensional subspace ., i.e.
for y € £,\ {0} we have

n

Ay, y) =Y |ax* (At 1) =
=1

P 2 Brlax]? < 0. (3.3)
Let £~ be the range of the spectral projection )(_..)(A). If the dimension of £

would be smaller than 7, then we could choose y € %, \ {0} that are orthogonal to
Z_ and hence satisfy (Ay,y) > 0. This contradicts (3.3). O

REMARK 3.3. If, in addition, the operator A in the previous theorem has a pure
point spectrum below 0, then it follows that the number (counting multiplicities) of
negative eigenvalues of A is not less than the number of isolated points of I' where the
intensity of the &’-interaction is negative. In the following section we shall introduce
a large class of Schrodinger operators defining a &'-interaction on I" such that their
negative spectra are even discrete.

4. Boundary conditions for &’ -interactions

In this section we shall show how to construct a large class of operators defining
a &' -interaction on T'. For this construction we shall use derivatives with respect to a
measure. Let 4 be Radon measure and supp(i) =T'. Let y € WZ(R\T) be a function
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such that y and its derivative ' have the following representations for x,s € R\ T with
s <x:

vx) =w(s)+ [v(E)dE+ [ f(E)u(dS),
' o) “.1)
V' (x)=y'(s)+ [ y"(§)dE +(f) 8(&)u(de),
where f and g are defined on I' and absolutely integrable with respect to the mea-
sure (. The functions f and g are called derivatives of the functions y and y’ with
dy _ady

respect to the measure [, respectively, and they are denoted by f = @, L

It follows from (4.1) that the functions ,(x) = %[I[I(X—F 0)+ y(x—0)] and . (x) =

1
3 [V (x+0)+y'(x—0)] on I are essentially bounded on T, i.e., belong to the space

L..(T,du). The set of all functions in the space W2(R\T) that admit a representation
dy dy’
du’ du
are called boundary values of y € W7 (R\T;T,u) on I'. By construction W3 (R) C
WZ(R\T;T,u) C WF(R\T).

Let y € C*(R) and x’ € C;(R\T). Then there exists finitely many pairwise
disjointopenintervals Iy, k=1,2,...,n,suchthat ) isconstanton I; for k=1,2,...,n
and I" C Uj_, L. It follows that

of the form (4.1) will be denoted by WZ(R\ T;T', it). The functions v, v,

d(xy) _ d(xy) :xd_w’
du du’ du du’

4.2)

For functions y, ¢ € WZ(R\T';T,u), it was proved in [7], Theorem 4.3, that
Green’s first and second formulas hold with boundary values of y and ¢ on T".
Green’s first formula is

Jo
(=¥ )@ =V, 0 )L,® +/ r+w££]du~ (4.3)
Green’s second formula is
d _ do’ d —
¥, 0),® — (¥, 0" ), =/ V’ —(P—l//r (p ;’f«p@du (4.4)
r

Green’s second formula allows to consider different self-adjoint boundary con-
ditions that are similar to well known boundary conditions for point interactions. In
particular, we get 8’ -interactions by the following definition, as we shall show below
(Theorem 5.2).

DEFINITION 4.5. Let B be a real-valued function defined on T" that is absolutely
integrable with respect to the measure . The operator Ly g in Ly(R) is the restric-
tion of Liax - on the space of all y € WZ(R\T;T,u) satisfying following boundary
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condition: 4y v ()
vix) yix) /
=0 T =B, xeT. 4.5)

B is the intensity of the &’ -interaction.

5. Spectral properties of Schrodinger operators with &’ -interaction

We shall show that the operator L g defined via the boundary conditions (4.5)
defines a &'-interaction on I' and its negative spectrum is discrete. We prepare the
proof by the following two lemmata.

LEMMA 5.2. Let T be a non-empty compact subset of R of Lebesgue measure
zero. Let [ be a Radon measure such that supp(it) =T and let a and b real numbers
such that T C (a,b). Let B be a real-valued function defined on T that is absolutely
integrable with respect to the measure L. Define the operator L{fl;) in Ly(a,b) as

follows:

LEDy(x) = —y/(). xR\ (TU{a.b}),
(LS = {Xary ¥ V€ D(Lrp), y(a) =0=y/(b)}.

Then Li- ﬁ) is an invertible self-adjoint operator in Ly(a,b) and its inverse (L{-ﬁ )~ !
is compact.

Proof. Green’s second formula (4.4) and an integration by parts yields that the

b
operator Liflg’) is symmetric. Let h € Ly(a,b). Put y'(x) := [h(s)ds for every x €

(a,b). Then y'(x) = y(x) forevery x € (a,b). Put

/w ds+/[3 w(ds), x € (a,b)\T, w(x):=0,xcR\ (a,b).

(5.1)
Then y(a+0)=y'(b—0)=0, y €D(L4y)) C La(a,b) and y(-) = J G (s)h(s)ds,

where 9(x,5) = X(ap)x (ap)(X:8) (Min(x,s) —a+ [ B(§)u(d&)). The integral

(a,min(x,s))
operator in L,(R) with kernel ¢(x,s) is compact and self-adjoint and L, (a,b) is an
invariant subspace for this integral operator. Thus the restriction ¢ of this integral op-
erator on Ly(a,b) is a compact and self-adjoint operator in L, (a,b). By formula (5.1),
L<;jg’>gh(x) = —y"(x) = h(x) for x € R\ (TU{a,b}) and h € Ly(a,b). Hence the

. . b) . . o 1o .
operator ¢ is invertible and L(Fap) is an extension of its inverse ¥~ !. Since the inverse

of a self-adjoint operator is selfﬁadjoint and a self—adjoint operator does not possess any
proper symmetric extension, it follows that L( =g~ O
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LEMMA 5.3. Let a,b and L(rag))
Dirichlet-Laplacian in Ly(—es,a) and let Ly be the Neumann-Laplacian in Ly (b, ).
Then the orthogonal sum A := Lp @L(”’h)

T.p
T'U{a,b}, the essential spectrum G,s5(A) of A and the absolutely continuous spectrum
Oac(A) of A are equal to the nonnegative real half-axis, and their exists an o0 < 0 such
that the interval (o,0) is contained in the resolvent set of A.

be as in the previous lemma. Let Lp be the

@ Ly defines a local interaction on =

Proof. A is self-adjoint since it is the orthogonal sum of self-adjoint operators.
Obviously it is an extension of Liin -

v € D(A) if, and only if, it can be represented as ¥ = y T Xap)V2 + V3,
where y; € Wi(R\ {a}), yi(a—0)=0 and y; =0 in (a,%), y» € D(Lrg) and
ya(a) = 0= y(b), and 3 € WA(R\ {b}), W4(b-+0) =0 and y5 =0 in (~eo,b).
Let y €C(R) and x' € C5(R\T). By (4.2), xy» € D(Lrp) forevery y, € D(Lrp).
Moreover yx is constant on a neighborhood of @ and on a neighborhood of b. It follows
now that yy € D(A) forevery v € D(A). Hence A defines a local interaction on T

Since A is the orthogonal sum of the self-adjoint operators Lp, LE_a_';), and Ly,

“ehue(Ly), (5.2)

(a.b)
rp

(o (+) denotes the spectrum). It is well known that

6(A) =o(Lp)Uo(L

0y(A) = ox(Lp)Uoy(L 3" )Uox(Ly), x€ {ess,ac}

o(Lp) = 0x(Lp) = o(Ly) = 0x(Ly) = [0,00), x € {ess,ac}. (5.3)

Since L(F”;) is the inverse of a compact self-adjoint operator, its essential spectrum and
its absolutely continuous spectrum are empty and its resolvent set contains a neighbor-
hood of zero. In conjunction with (5.2) and (5.3), this proves the assertions about the

spectral properties of A. [J

THEOREM 5.2. Let T" be a compact subset of the real line of Lebesgue measure
zero. Let 1 be a Radon measure and supp(it) =T, and let B be a real-valued function
on T that is absolutely integrable with respect to W. Let Ly g be the operator in L(R)
given by Definition 4.5. Then the following holds:

10 Lr g is self-adjoint and it defines a &' -interaction on T.

20 The essential spectrum Oess(Lr.g) of Lrg and the absolutely continuous spec-
trum Ogc (Lr,/i) of Lr g are equal to the nonnegative real half-axis.

3% There exists an oy < O such that the interval (00,0) is contained in the resolvent
setof Lrg.

4% The number (counting multiplicities) of negative eigenvalues of Lr g is not less
than the number of isolated points of T where the intensity of the &' -interaction
is negative.
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Proof. 1° We have to show that Lr g has the properties P;(I') - P5(I') in Definition
2.3.

P(T) LetA=Lp® L(ra }f) @ Ly be the operator from the previous lemma. Define

the operator Aq as the restriction of Limax,r on the space of all y € sz(R\ I') that can
be represented as Y = y; + y», where y; € D(A), y1(a+0) = yj(a+0) =y (b+
0) = y|(b+0) =0, and y, € W2(R) and supp(y,) NT = 0. Applying Proposition
2.1 5° twice we obtain that Ay is self-adjoint and it defines a local interaction on T".
Obviously Agy = Lrg. Thus Ly g has property Py (T).

P,(T") Every function y € Ci'(R) such that ¥’ € C(R\T) has trivial boundary
Zﬁ =0, % 0, x, =0, = x . Thus it satisfies the boundary conditions (4.5),
and hence y € D(Lrpg).

P5(I") We prove by contradiction that Lg - has the property P3(T"). Suppose that
there exists a point xog € I' such that Lrpg=A19A,, where A; and A, is an operator in
the space L, (—eo,x9) and Ly (xo,+o°), respectively. Choose any function y € C5’(R),
that is equal to 1 in the interval (a,b) DT'. Thenboth xo and Wy := ¥, ) X0 belong to

data

D(Lrg). It follows from representation (4.1) that xo € T', u({xo}) > 0 dW* \x o =

[L({x0})] " # 0. This contradicts the boundary conditions (4.5), since Xo,r = O.

2°,3° Applying Proposition 2.1, 1° and 6°, twice we obtain that A and Lr g have
a common restriction with finite deficiency indices and for every z that belongs both to
the resolvent set of A and the resolvent set of Ly g the difference (A —z)~!' — (L g —
z)~! is a finite rank operator. In conjunction with the previous lemma that proves the
assertions 2° and 3°.

4° follows from 2° and Remark 3.3. [J

THEOREM 5.3. Let T" be a compact subset of R of Lebesgue measure zero, U
a Radon measure and supp(u) =T'. Let B be a real-valued function defined on T'.
Suppose that B is absolutely integrable with respect to [ and assumes negative mean
values on an infinite number of closed pairwise disjoint nonintersecting subsets Ty of
I'. Then the Schrodinger operator Ly g with &' -interaction on T, having intensity [3,
is a self-adjoint operator in the space Ly (R), it has infinitely many negative eigenvalues
and the set of its negative eigenvalues is not lower bounded.

Proof. The proof is similar to the proof of Theorem 3.1. By Theorem 5.2, the
operator Lr g is self-adjoint in L, (R), its negative spectrum is discrete and there exists
an o < 0 such that the interval (of,0) does not contain any point of the spectrum of
Lr g . Thus it is sufficient to show that the range of the spectral projection Y(_.. o) (Lrg)
is infinite-dimensional. To this end, it is sufficient to show that for every positive in-
teger N there exists an N—dimensional subspace £ of the domain of Lr g such that
(Lrpgu,u) <0, forevery u € Zy \ {0}.

Fix N. By the conditions of the theorem there exists an € > 0 and N pairwise

disjoint closed subsets I'y of I', such that u(T) > 0 and [ B(x)u(dx) < —eu(T)
Ty
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for k=1,...,N. Consider analogues of the test functions of Section 3. Since the sub-
sets I’y are compact and pairwise disjoint and the number of these subsets is finite,
there exists a § > 0 such that the 0 -neighborhoods %5(I'y) = {y: [y —x| < 8, x € I}
of the sets '} are also pairwise disjoint. Let us construct a test function for each set I';
as follows. Consider the function y; € Cy’(R) that is equal to 1 on T, takes values
between 0 and 1, and is equal to zero outside of %s(T). As a candidate for the test
function, we take

(33,1, 8) /xk g+ [ BEBE)u(E), (54)
(a.%)

where the number « is chosen so that all bounded sets %5(I'y), k=1,...,N, lie to the
left of the set I". For x that lie on the right of the set I', this function takes the constant
value ¢;. While the function 7, does not belong to the space L(R), we can turn it into
a function with compact support using two parabolas on the interval [I,]+ 2r] that lies
to the right of T". We thus get the test function

fk(x)7 x<l7
(l— ) +ep [ <x<Il+,
tk(X;ﬁarkvaJar): 2 (55)
2" (I+2r—x)2, 1+r<x<Il+2rn
0, [+2r<x.

Here, the parameters / and r may depend on k.
PROPOSITION 5.5. The test functions ty, defined by (5.5), have following proper-
ties:

19 1€ Z(Lrp).

20 By choosing & sufficiently small and r sufficiently large, we have

(Lrpti,ti) < ——SH(Fk) (5.6)

that is, the quadratic form takes negative values.

N
30 The quadratic form of the linear combination t =Y, ay -t of test functions that
k=1
satisfy the condition 1°, if Iy and ry are chosen so that the intervals [Tk I + 214
are pairwise disjoint, takes negative values,

N N
1 .
LF ﬁt t 2 ak\ Lr/;l‘k,l‘k) < —gemkmu(l“k) 2 |ak\2 <0. 5.7
—1 k=1
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If these three conditions are satisfied, then we can complete the proof in the same way
as in the proof of Theorem 3.1.

Let us now show that test functions satisfy properties 1°—3°. The first property
is clearly satisfied by the construction of #; and 7 in (5.4) and (5.5) and the definition
of the operator Lr g. The second property is most important. Since the function B is
absolutely integrable on I with respect to the Radon measure t and 0 < y; < 1, we
see that there exists a 6 > 0 such that

[ BOR©@mE - [BO@WE|< zeur). 6
T’y

5(T)nT

Moreover, since the set T’ has Lebesgue measure zero, there exists a 6 > 0 such that
the following estimate holds for the Lebesgue measure of the set % (T'):

1
|%s(Th)| < Zsﬂ(rk)~ (5.9

If inequalities (5.8) and (5.9) hold, then the constant c;, which is equal to the value of
the function 7 for large x, satisfies the estimate

3
lex] < (4_18+ Bz, (r ) (Ti)- (5.10)
By choosing r; sufficiently large, we get
L +2ry !
| W@Par< geu(ry). (5.11)
I

In virtue of Green’s first formula (4.3), since the function #; satisfies the boundary
conditions (4.5) and because 7, (x) = yx(x) for x <, we have

L2y

I
(trpen) = [ Pdct [ 0P+ [BEEPE). (.12
a I r

The first integral .#] in (5.12) can be estimated in terms of the Lebesgue measure of
Us(T), since the values of the function y; belong to the interval [0, 1]. The second
integral %) = %ci . r,;l can be explicitly calculated, since the function 7, on the inter-
val [Ig,l; + 2ry] consists of two parabolas by (5.5). The third integral .#3 in (5.12) can
be estimated as follows:

< [BEau@+| [ BExEwE) - [BE)du@)
iy Us(T) T

Since, by choosing sufficiently small ¢ and sufficiently large r; we can satisfy esti-
mates (5.8)—(5.11), we see that the quadratic form (Ln/;tk,tk) is negative, i.e., inequal-
ity (5.6) is satisfied.
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Consider now property 3°. Since the intervals (I, l; +2r;) and the regions % (%)
are mutually disjoint, we have that (Lrgt,t;) = 0 for k # j. This leads to prop-
erty (5.7). O
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