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LINEAR PRESERVERS ON STRICTLY
UPPER TRIANGULAR MATRIX ALGEBRAS

ALI A. JAFARIAN

(Communicated by C.-K. Li)

Abstract. Let .#,(F) be the algebra of all n x n strictly upper triangular matrices over a filed F.
In this note, we characterize linear maps @ : .7, (F) — .%,(F), with |F| > 3, that preserve the ad-
jugate function; i.e., adj(¢(A)) = @(adj(A)). Also, some results about rank-1 linear/additive
preservers on .%,(F) and, more generally, on block strictly upper triangular algebras are ob-
tained.

1. Introduction

Throughout F will denote an arbitrary field and .#,(F) the algebra of all n x n
matrices over F. Also, 7,(F) (respectively, .#,(IF)) denotes the algebra of all n x n
upper triangular (respectively, strictly upper triangular) matrices over FF. Foran n x n
matrix A, adj(A) will denote the adjugate (or the classical adjoint) of A. Let . be
any of 4, (F), F,(F), or 7 (F).

DEFINITION 1.1. We say that a linear map ¢ : . — . preserves the adjugate
function if adj(¢(A)) = ¢(adj(A)), for any A in .7

Adjugate preserving linear maps on .#,(F) were first studied by R. Sinkhorn
[5] for F = C. The author used the classical result of Frobenius [4] for determinant
preservers. In [2], Chan et al. use the structure of rank-n preservers to generalize
Sinkhorn’s result for an arbitrary infinite field. In [3], Chooi and Lim first determined
the structure of rank-1 linear preservers on .7, (F) and then used this structure to char-
acterize nonsingular adjugate preserving linear maps on .7, (F), where F is an arbitrary
field. In section 2, we extend the result of Chooi and Lim to adjugate preserving linear
maps on .%,(F). We do this by using a characterization of linear maps on .7, (F) pre-
serving singular matrices and nonsingular matrices [3]. As it will be seen, the form of
a general linear adjugate preserver on %, (IF) is completely different from that of such
a preserver on .7, (F).

In Section 3, first we consider linear rank-1 preservers on .#,(IF). And a charac-
terization similar to that of Chooi-Lim [3] is obtained for such rank-1 preservers. Then
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we consider linear rank-1 preservers on certain block strictly upper triangular matrix
algebras and arrive at some results, similar to those of Bell and Sourour [1]. Finally, in
Section 4, additive rank-1 preserver maps on such algebras will be considered. As it
will be seen, some results of Bell and Sourour [1] are valid for this case.
The author would like to acknowledge his inspiration by results of [1] and [3].
For easy reference, here we quote a needed result of [3].

THEOREM 1.2. Let |F|>3, and ¢ : T,(F) — 7,(F) be linear. Then @ preserves
both singular and nonsingular matrices if and only if there exist a permutation ¢ of
{1,...,n} and nonzero numbers Ay,...,A, in F such that

[q)([aij])}kk = x’kao'(k)ﬁ(k)v I<k<n.

2. Adjugate preservers

In the following, E;; denotes the n X n matrix which has a 1 at the ij-th position
and 0 everywhere else. Our main result is

THEOREM 2.1. Let n > 3 be an integer, |F | > 3, and ¢ : /,(F) — S, (F) be a
linear map. Then @ preserves the adjugate function if and only if either

(a) 9(E1,) =0 and rank @(A) < n—2 forall A in %,(F), or

(b) there exist a permutation ¢ of {1,...,n— 1} and nonzero numbers Ay, ..., A,
in F such that @(E1,) = A1 -+ Ay—1E1, and

[(p([aij})]kjpfl = 2’ka()'(k)70'(;()-"-1? (21)

forallk=1,....n—1.

Proof. The sufficiency part is clear. We will prove the necessity part. Define the
map v : 7 (F) — J,_1(F) by

app aiz -+ diy
0 ax -+ aop

v =| . . ) . forevery A =a;j] € Su(F). (2.2)
O O e an717n

It is clear that y is linear and bijective. Let ¢ := woy~!. Then ¢ : 7, (F) —
In—1(FF) is linear. Note that for any A € .%,(FF), the matrix adjA is an n X n matrix
whose entries are zero except possibly the one at (1,n) position with det(y(A)), i.e.,
adj(A) =det(y(A))E,,. Since ¢ preserves the adjugate function, we have

(det w(A))@(E1n) = @((det w(A))E1,) = @(adjA) = adjp(A) (2.3)
= (det y(¢(A)))E1n-
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Now we consider two cases:

Case I. rank @(A) < n—2 for all rank- (n — 1) matrices A € .7,(F).

Let B € .%,(F) with rank B <n—2. Then adj ¢(B) = ¢ (adj B) =0, and so rank
¢©(B) < n—2. We thus conclude that rank @(A) < n—2 for all matrices A € .7, (F).
Let A € .7,(F) be of rank n— 1. Then det y(¢@(A)) =0. It follows from (2.3) that
¢©(E1,) = 0. This proves that (a) is true.

Case II. rank @(Ag) =n— 1 for some rank- (n — 1) matrix Ag € .7, (F).

So both det w(Ap) and det w(@(Ag)) are nonzero. By (2.3), we have

for some nonzero A € F. We thus conclude from (2.3)and (2.4) that rank (A) =n — 1
for all rank- (n — 1) matrices A € .7,(IF). Also, since adj ¢(A) = 0 for all matrices
A € #,(F) with rank A < n— 2, we conclude that ¢ preserves singular matrices and

nonsingular matrices. By Theorem 1.2, there are a permutation ¢ of {1,...,n— 1} and
nonzero numbers Aj,...,A,_; in [F such that for every A € .7, (F) we have
[(P(A)}k,k-&-l =[0(w(A)l = Akao(k),c(k)+l§ I<k<n—1, (2.5)
which establishes (2.1). Now we use (2.4) and (2.5) to prove A =A; -+ A, . For
010---0
001---0
A=|. .. | e (F)
000---0
we have
0 ll * - *
. . 100 Ay %
A = 9(Ew) = oladjA) = adj(p(a) =ad(| . T )
D v |
00 0-- 0

= (A1 Ap1)E1n,
which proves that A is as claimed. This proves that (b) holds. [

REMARK 1. While a map ¢ of the form given in (a) is always singular, a map
¢ of the form given in (b) could be singular or nonsingular. This is shown in below
example.

EXAMPLE. Let n>3 and |F|> 3. Also, let ¢; and ¢, be linear maps on .7, (F)
defined by ¢;(A) =A and

_O ain 0O 0 --- aip
00 any 0 --- 0
00 O asz4q - 0

o O
o O
o O
S}
=
|
B
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for every A = [a;;] € .7, (F). We see that each ¢; is a linear adjugate preserver on
Zu(F) that is of the form (b) of Theorem 2.1. Obviously ¢; is nonsingular but @, is
singular when n > 4. When n =3, a ¢ of the form given in (b) of Theorem 2.1 is
necessarily nonsingular.

REMARK 2. For n =2, itis easy to see that ¢ is adjugate preserving if and only
if it is the identity map.

3. Linear rank-1 preservers

For an n x n matrix A, we denote by A" the matrix obtained from A by taking the
symmetric image of its entries with respect to the minor diagonal (i.e., the one through
(n,1) and (1,n) positions) of A. Also, let v : .#,(F) — 7,_1(F) be the bijective linear
map defined as in (2.2).

THEOREM 3.1. Let n>2 and ¢ : %, (F) — #,(F) be linear. Then @ is a rank-1
preserver if and only if either

1. Im @ is an (n— 1)-dimensional rank-1 subspace of ,(F), or
2. There are invertible matrices P and Q in 9,_(F) such that either

(@) o(A) =y Y(Py(A)Q) forall A€ ,(F) or
(b) @(A) =y ' (P(y(A)* Q) forall A€ 7,(F).

Proof. For n=2,alinearmap ¢ :.7>(F) — .#>(F) is rank-1 preserver if and only
if @ is not the zero map, and the theorem becomes trivially true. Let n > 3 and assume
that @ is a rank-1 preserver. Note that y preserves rank and hence ¢ = yoy ! isa
rank-1 preserving linear map on .7, (F). Now the result follows from Theorem 2.3
of [3]. The sufficiency of the conditions is clear. [

REMARK 3. Let k be a positive integer < n and _Z(IF) be the set of all n x n
matrices [g;;| for which a;; is 0if 1 < j <k+i—1<n. Note that _#(F) =.7,(F).
A similar version of Theorem 3.1 is true for _#;(IF) in place of .7, (F).

REMARK 4. If the map ¢ of Theorem 3.1 is injective or if it preserves rank-1
matrices in both directions (i.e., ¢(A) is a rank-1 matrix if and only if A is a rank-1
matrix) then the alternative 1 will not occur and ¢ is in one of the forms given in (a) or
(b).

Now we consider a special class of block strictly upper triangular matrices. Let
n=mk,where k >2,m > 1, and A € .#,(F) be of the form

Ay A oo Agg
0 Ay -+ Ay
A=| . . | )

b

0 0 - Ay
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where A;;’s are m x m matrices. The algebra of all such block upper triangular matrices
will be denoted by .7, x(F). By .7, x(F) we denote the algebra of all block strictly
upper triangular matrices obtained from .7, x(F) by setting A;; =0, 1 <i < k. Note
that when m = 1 we have k =n and 7] ,(F) and .#} ,(F) become 7,(F) and .%,(F)
respectively. Define

T S ik(F) = T (F) 3.1

by
0A12 A13 Alk A12 A13 A]k
00 A23 Agk 0 A23 A2k

0 0 - A1z
Clearly, the map 7 is linear, bijective, and preserves rank.

THEOREM 3.2. Let k and m be integers such that k,m > 2, and ¢ : 7, 1 (F) —
Imi(F) be linear and injective. Then @ is a rank-1 preserver if and only if there are
invertible matrices P and Q in , x—1(F) such that either

1. (A)=n"Y(Py(A)Q) forall A€ ¥, (F), or

2. 9(A)=n""(P(y(A)" Q) forall A € 7, x(F),

where 1 is the bijective linear map defined in (3.1). Thus @ preserves every rank.

Proof. Let ¢ = won~'. Then ¢ : Ini—1(F) — T k-1 (F) is linear and bijective.
If ¢ preserves rank-1 matrices, then so does ¢. Now the necessity of the conditions
follows from Theorem 4.4 of [1]. The sufficiency of the conditions is clear. []

4. Surjective additive rank-1 preservers

Now we consider surjective additive maps on .7, () preserving rank-1 matrices.
Every automorphism 6 of the field F induces a map © on .#,(FF) defined by ©(A) =
[0(aij)] forevery A = [a;;] € #,(F). Obviously © preserves rank and is additive. Let
us first consider the simple case that m = 1; so k =n and .7, (F) = .7,(F). Here,
we borrow the notation and some definitions from [1]. For additive maps fi, f2,...,fu
from F to IF, where f; is bijective, let f= (f1,..., f,), and define f on .7, (F) by

ay app -+ din filan) folan)+aiz -+ falann)+ai,
0 ax - ay 0 an asy,

0 0 - am 0 0 A
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It is easy to see that f is a surjective additive rank-1 preserver on .7, (F). Also, define
f by

app a2 -+ dip
0 ar - a-n a Jn(@nn) +ain
f( )=
0 0 ---a 0 0 - falam)+an—1n
n—l,n 0 0 fl(ann)
0 0 - ay

Again, f is a surjective additive rank-1 preserver. Now we are ready to state the first
result. Note that y is the bijective linear map defined in (2.2).

THEOREM 4.1. Suppose ¢ : ., (F) — %, (F) is additive, surjective, and rank-1
preserver, where n > 4. Then ¢ = w~ oy, where the map ¢ : T, (F) — F,_{(F)
can be expressed as a composition of some or all of the following maps:

1. Multiplication from left by an invertible matrix in 7, (FF).
. Multiplication from right by an invertible matrix in 7,1 (F).
. The induced map ©.

2
3
4. The map f
5. The map f
6.

. The map Ar— AT

Proof. The proof follows from properties of the map y and use of Theorem 5.5
of [I]for ¢. [

The following corollary follows immediately.

COROLLARY 4.2. Let ¢ be as in Theorem 4.1. Then @ is injective and preserves
any rank.

To state the next result, we need a terminology. A map L from a vector space V
to vector space W is called semilinear if it is additive and there is an automorphism 6
of IF such that L(cv) = 0(c)L(v), forall ¢ in F and v in V. Note that in Theorem 4.3
given below, 7 is the bijective linear map defined in (3.1).

THEOREM 4.3. Suppose ¢ : %k (F) — 7,k (F) is additive, surjective, and rank-
1 preserver , where k >2,m > 2. Then ¢ = n~'¢m, where the map ¢ : Inje—1(F) —
T i—1(F) is semilinear and is expressible as a composition of some or all of the fol-
lowing maps:

1. Multiplication from the left by an invertible matrix in F, 1 (F).

2. Multiplication from the right by an invertible matrix in F, j—1 (F).
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3. The induced map ©.
4. The map A AT .

Proof. The proof follows from properties of = and Theorem 5.5 and Corollary 5.7
of [1]. [

REMARK 5. If F =R, then the map ¢, and consequently ¢, becomes linear.

REMARK 6. Using/adapting examples given in Section 6 of [1], it can be shown
that: (a) Surjectivity condition in both theorems of this section is necessary; (b) The-
orem 4.1 is not true for n = 3; and (c) In general the property “¢ preserves rank-1
matrices in both directions”, instead of surjectivity for ¢, is not enough.

REMARK 7. For a field F that does not have a proper isomorphic subfield, it fol-
lows from Theorem 7.2 of [1] that: Theorems 4.1 and 4.3 remain valid if the “surjectiv-
ity of ¢ is replaced with “ ¢ preserves rank-1 matrices in both directions”. Moreover,
in Theorem 4.1 it is enough to assume that the map f; is injective.
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