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NORM CONVERGENCE OF SECTORIAL
OPERATORS ON VARYING HILBERT SPACES
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(Communicated by F. Gesztesy)

Abstract. Convergence of operators acting on a given Hilbert space is an old and well studied
topic in operator theory. The idea of introducing a related notion for operators acting on varying
spaces is natural. Many previous contributions to this subject consider either concrete examples
of perturbations, or an abstract setting where weak or strong convergence of the resolvents is
used. However, it seems that the first results on norm resolvent convergence in this direction have
been obtained only recently, to the best of our knowledge. Here we consider sectorial operators
on Hilbert spaces that depend on a parameter. We define a notion of convergence that generalises
convergence of the resolvents in operator norm to the case when the operators act on different
spaces. In addition, we show that this kind of convergence is compatible with the functional
calculus of the operator and moreover implies convergence of the spectrum. Finally, we present
examples for which this convergence can be checked, including convergence of coefficients of
parabolic problems. Convergence of a manifold (roughly speaking consisting of thin tubes)
towards the manifold’s skeleton graph plays a prominent role, being our main application.

1. Introduction

Convergence of operators in the resolvent sense is a classical issue in operator
theory. Early results go back, at least implicitly, to Rayleigh and Schrodinger. The first
systematic investigations are due to Trotter, Rellich and Kato.

If the operators under consideration arise from sesquilinear forms on a Hilbert
space, there are powerful methods available to study convergence of the operators, in
particular in the self-adjoint case. In Kato’s classical monograph [18] one finds a de-
tailed study of various kinds of convergence with focus on strong and norm convergence
in the resolvent sense and the consequences of the respective convergence for the be-
haviour of the spectrum. Moreover, Kato gives criteria in terms of the forms that allow
to check easily in many situations that a sequence of operators arising from uniformly
sectorial forms converge either strongly or in norm. Those criteria are particularly easy
to verify if the forms satisfy some monotonicity assumptions, i.e., they converge from
above or from below.
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A similar, very successful approach has been developed by Mosco [27] in the
context of symmetric Dirichlet forms, i.e., forms associated with sub-Markovian self-
adjoint Cp-semigroups. He succeeds in obtaining strong resolvent convergence, spec-
tral convergence and convergence of the generated semigroups from simple conditions
on the forms, and in fact resolvent convergence can be easily characterised via the
forms.

In the context of homogenisation problems, convergence results for operators act-
ing in different spaces have been considered e.g. in [34, 29, 20, 24, 25, 33] on an ab-
stract level and in concrete examples like L?(Q, te) with e-depending measures i
converging weakly to a measure [, or even with changing domains. In the case of
homogenisation problems on varying domains, the identification operators often con-
sists of restrictions and extensions of functions, and the latter operator is not always
bounded on the form domains (see e.g. [23]). Note that these results imply strong or
weak convergence of the resolvents, and imply convergence of the discrete spectrum.
Moreover, the strong convergence of the corresponding semigroups follows, see [33]
and references therein. On the other hand, these methods can also be extended to certain
nonlinear settings, cf. [26].

On the other hand, a natural approach to infinite dimensional problems is based on
approximation via finite dimensional spaces, see e.g. [15]. If in particular one consid-
ers diffusion-like processes, form methods are a mighty tool. Convergence schemes for
Dirichlet forms on varying spaces of finite dimension have been considered by Mosco
and others, particularly in the context of stochastic diffusion equations and diffusion
on fractals, see e.g. [19, 11, 14, 5, 28]. There are similar convergence results for
manifolds, metric measure spaces, Hilbert spaces, quadratic forms on different Hil-
bert spaces in [21, 16, 17]. Though, in these works only the strong convergence of the
associated operators is considered.

Moreover, elliptic equations on varying domains with respect to several boundary
conditions on several spaces have been widely studied. We refer to the work of Stoll-
mann [35] on strong and norm resolvent convergence of Dirichlet Laplacians on varying
domains (see also [38] for the strong resolvent convergence), as well as the works of
Stolz and Weidmann about the approximation of singular Sturm-Liouville operators by
regular ones; using again a domain change, see e.g. [36]. Finally, we refer to Daners’
survey article [9] for more results on problems in the spirit of form methods and further
references.

In this article, in contrast, we are interested in convergence properties in operator
norm of operators associated with forms that act on varying Hilbert spaces, where the
identification operators are not necessarily given in a canonical way. Although our
setting is more restrictive than e.g. the strong convergence one used in homogenisation
problems, there is still a wide class of examples in which the necessary assumptions are
naturally fulfilled. We would like to stress that the convergence in operator norm of the
resolvents in [35] uses the fact that all spaces are canonically embedded in a common
space L?(R?), which is not necessarily true in our situation.

Let us now describe the results of this article in more details. We investigate con-
vergence of m-sectorial operators Ag, which are allowed to act on different Hilbert
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spaces Hg, towards an m-sectorial operator Ay acting on a Hilbert space Hy by form
methods. Our notion of form convergence resembles a sufficient condition for con-
vergence of the resolvent in operator norm due to Kato and is designed in a way that
allows to check the conditions easily in many applications. The notation is introduced
in Section 2. Our main abstract results are contained in Section 3. More precisely, in
Section 3.1 we show that if A, converges to A, then also @(As) converges to @(A)
in norm if @ is in a suitable class of bounded holomorphic functions (Theorem 3.7).
We prove in Section 3.2 that the spectra of A converge to the spectrum of Ay (Corol-
lary 3.14 and Theorem 3.17). Similar results for self-adjoint operators can be found
in [31]. In [32], also convergence of certain non-self-adjoint operators in a specific
situation is considered. In Section 3.3 we consider invariance of subsets of the Hilbert
spaces and extrapolated semigroups. In particular, if we assume that the Hilbert spaces
H, are L?-spaces and the semigroups (e"4¢),~o generated by the A¢ are bounded on
the corresponding L™ -spaces, then we can prove that under suitable assumptions on the
convergence scheme the semigroups e’ converge to 40 also as operators on L” for
p € [2,%0) (Theorem 3.23).

Section 4 describes several situations to which our results can be applied without
much effort. In Section 4.1 we put the Fourier series expansion with respect to eigen-
vectors into our framework to exhibit the ideas at an elementary example. In Section 4.2
we apply our results in a situation where A are elliptic operators on a domain whose
coefficients converge to the coefficients of an elliptic operator Ag. More precisely, we
consider generalised Wentzell-Robin boundary conditions, which are a natural candi-
date for our framework because the natural choice of inner products on the underlying
Hilbert space depends on the coefficients even if the Hilbert spaces coincide as sets. In
this setting we generalise results of Coclite et al. [7] and complement those of [8] (The-
orem 4.4). In Section 4.3 we adopt a variational approach to elliptic operators whose
coefficient may vanish at the boundary, as in [2] (Theorem 4.5). Observe that in this
situation the limiting Hilbert space differs from the approximating ones — not only
with respect to the inner product, but even as a set —, so that Kato’s classical results
cannot be applied directly.

Our main example, however, is the convergence of tube-like manifolds to the
skeleton graph, which we investigate in Section 5. More precisely, we let He = L?(X¢)
for € > 0, where X, is a manifold consisting of (m+ 1)-dimensional objects resem-
bling tubes (edge neighbourhoods) that are connected in (m+ 1)-dimensional junction
regions (vertex neighbourhoods). If these tubes have a uniform thickness €, then it is
natural to expect that the behaviour of physical processes on X, which are described
by an elliptic operator is close to the behaviour of an analogous process on the skeleton
graph Xy, which is a 1-dimensional manifold with singularities at the vertices. We
show that under some uniformity assumptions we indeed have resolvent convergence
and convergence of finite parts of the spectrum (Theorem 5.9). Note that the conver-
gence results for manifolds and metric measure spaces of Kasue et al. [21, 16, 17]
cannot be used here, since our families of manifolds (X¢)e do not satisfy the necessary
curvature bounds (see e.g. [16], p. 1224).

Robin boundary conditions are closely related to Neumann boundary conditions
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from the perspective of the quadratic (or, more generally, sesquilinear) form approach.
In fact, the form domain is the same, while the forms differs only by a (possibly non-
symmetric) boundary term. This allows us to rely on the results in [31] for treating the
principal term, so that we only have to handle the boundary term.

One of our motivations for this example is given by the articles of Grieser [12]
and Cacciapuoti—Finco [6]. Grieser considered general boundary conditions (Dirichlet,
Robin or Neumann) on a manifold (if embedded, the embedding is “straight”) shrinking
to a metric graph. He showed that the limit behaviour depends on the scattering matrix
at the threshold of the essential spectrum, so that, generically, the limit operator is de-
coupling. Cacciapuoti and Finco use a simple wave-guide model (in our terminology, a
flat manifold converging to a graph consisting of two (half-infinite) edges and one ver-
tex only). Using curved embedded edges with different scalings of the transversal and
longitudinal curvature, they obtain non-trivial couplings starting with Robin boundary
conditions. However, their notion of convergence differs significantly from ours since
one can use separation of variables due to the simple product topology of the space. For
the convergence of unitary groups in a similar setting we refer to the work of Teufel and
Wachsmuth [37].

Grieser and Cacciapuoti-Finco use scale-invariant Robin boundary conditions of
the form g—"‘/ = Beu with Bz = B /€. This scaling leads to transversal eigenvalues of
the order £2. In particular, a rescaling of the limit operator is necessary in order to
expect convergence, see Remark 5.2. Using Robin boundary conditions with coupling
of order B = O(1) near the vertices and B = O(&%/?) along the edge neighbourhoods,
we are able to construct a family of manifolds with boundary, such that, in the limit, the
corresponding Laplacians converge to a Laplacian on the underlying metric graph with
generalised, possibly non-local J -interactions in the vertices. Using the same idea as
in [10], we can further approximate other couplings like the 0 ’-interaction.

Acknowledgements. This article has been written while the third author was vis-
iting the University of Ulm. He would like to thank the University of Ulm for the
hospitality and the financial support.

2. Notation

We consider m-sectorial operators (in the sense of Kato) on Hilbert spaces. For our
approach, it is convenient to work with such an operator in terms of its associated form.
We briefly sketch the correspondence of m-sectorial operators and sesquilinear forms.
For these results and much more information we refer to [18], Chapter VI. We point
out that there is a one-to-one correspondence between bounded, H -elliptic forms and
m-sectorial operators, so there is no loss of generality in working with an m-sectorial
operator only in terms of its form.

Let H be a Hilbert space and let V' be a dense subspace of H that is a Hilbert
space in its own right, and which is continuously embedded into H. We say that a
sesquilinear form a: V x V — C is bounded if there exists M > 0 such that

la(u,v)| < M||u|lv|v|lv forall u,v €V, (2.1)
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and we call @ H -elliptic or simply elliptic if there exist @ € R and « > 0 such that
Rea(u,u) + o||ul|} > o|ul|}  forallucV. (2.2)

In this case

lulla = /Rea(u,u) + o lul

defines an equivalent norm on V. More precisely, since V is continuously embedded
into H, there exists ¢ > 0 such that

lullg < cvllullv forallueV. (2.3)
For any such constant ¢y, we obtain
oflulli < |ulli< (M+cjo)|uly  forallueV. (2.4)
We define the associated operator A of a by
ueDA)andAu=f < wucVanda(u,v)= (fv)uWev,

and we emphasise that since the form a is not assumed to be symmetric, the associated
operator A is in general not self-adjoint.
Consider for a moment the form b: V x V — C given by

b(u,v):=a(u,v)+ oulv)m,
which is associated with the operator A + w. Then by (2.1) and (2.4)

[mb(u, )| = [Ima(u, u)| < |au,u)| < M|y < —|| ||u_ b(u,u).

The proof of Theorem 1.53 of [30] now shows that 6(A + @) C £ 7 where

arctan Y
T :={z€C\{0}: |arg(z)| < 6 }. (2.5)
Moreover, denoting here and in the following
R(z,A) = (z—A)"",
for every 6 € (arctan ¥, 71] we have
[|z2R(z,A+ @) ) < Dg forall z¢ Xy,

ie, 0(A) C —0+Z u and

arctan —-

IR(z,A) |2 (1) < forall ¢ X9 — @ (2.6)

Dy
2+ o
with

B 1
~ sin(6 —arctan )’
Operators satisfying such a condition are frequently called m-sectorial (in the sense of
Kato).
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DEFINITION 2.1. Let (Hg)e>0 be a family of Hilbert spaces. We say that (ag)e>0
is an equi-elliptic family of sesquilinear forms with form domains (Ve)e>0, if there exist
M, o, a and cy not depending on € such that (2.1), (2.2) and (2.3) are satisfied for
all € >0, i.e., all the constants are uniform with respect to €. We call w the associated
vertex and arctan(M /o) the associated semi-angle.

REMARK 2.2. If (ag)e>0 is an equi-elliptic family of sesquilinear forms, then
by (2.4) the norms |||y, and ||-||4. are equivalent with a uniform constant. This allows
us to use either of these two norm interchangeably in the following. For the theoretical
part, the form norm is more convenient. But for applications, we usually prefer to equip
Ve with other norms that are easier to handle.

Now let (ag)e>0 be a family of equi-elliptic family of sesquilinear forms on Hil-
bert spaces (Hg)e>0. We want to “measure” the distance between the associated oper-
ators (Ag)e~o and Ag. For this, we introduce identification operators J'€: Hy — Hp
and J'¢: H, — Hy, € > 0, which are considered to be “almost unitary”, i.e., unitary
up to some error. For technical reasons, it is also convenient to introduce identifica-
tion operators JIS: Vo — V¢ and Jllgz Ve — VW, for the form domains, which are
considered to be “almost the restrictions” of J1¢ and J'¢ to V; and V¢, respectively.

We make this more explicit and use the following terminology, inspired by the
technique developed in Appendix A of [31] and [32].

DEFINITION 2.3. Let € > 0, and let qp and a, be bounded, elliptic, sesquilinear
forms on Hilbert spaces Hy and He with form domains V;) and V;. Denote the as-
sociated operators by Ay and Ag, respectively. For parameters 0 > 0 and k¥ > 1 we
say that ag and ae are O - K -quasi-unitarily equivalent if there exist bounded operators
JI€ € L(Ho,He), J'E € £ (He,Hy), JI€ € Z(Vo,Ve) and Ji€ € L (Ve,Vp) that satisty
the following conditions.

17 =T ) < 8 and (7 =T vy < O (2.72)
17 = (TT)* | o bt i) < B and I = (T5)* || o bty ) < O (2.7b)
id—J T vy ) < 8 and  [lid—J"E Y| oy, p) < 86 (2.7¢)
1770 2ty < % and ([T (e ) < K (2.7d)

lao(f,J1u) —ag(J) fou)| < 8ellfllvollullv, forall f€Vpandue Ve, (2.7e)

If (ag)ee>o is an equi-elliptic family of sesquilinear forms and if there exists x > 1
and a family (8¢ )¢~0 of positive real numbers with limg_o 8 — O such that ag is O -
K -quasi-unitarily equivalent to ag, then we say that the family (ag)e~o converges to ag
(in norm) as € — 0.

REMARK 2.4.

(i) For 6 = 0 the associated operators Ay and A, are unitarily equivalent. In fact,
if 8 =0, conditions (2.7b) and (2.7c¢) states that J'¢ is unitary with inverse J'¢.
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Since by (2.7a) the operators JlT € and Jlig are the restrictions of J¢ and J!¢,
condition (2.7¢) states that J'¢ realises the unitary equivalence of Ay and A, .

(i1) In the applications we have in mind, it is easy to check that JI‘S: Vo — Ve and

Jllg: Ve — Vp are bounded: if JIT ¢ is bounded as an operator into H, and takes
values in Vg, then it is bounded as an operator into V; by the closed graph the-
orem, and an analogous argument applies to Jll‘c’. Note that in the context of

homogenisation problems, the boundedness of J 118 is not always assured (see
e.g. [23]).

(iii) The two conditions in (2.7b) are equivalent to each other. In fact, they can be
rephrased as

|1 Flue) 1, — (19 10) 1| < el /1l lul| . For all f € Ho and e € He. (2.70)

(iv) Condition (2.7¢) does not imply that J'€J1€ or JI€JI€ are invertible operators.
In fact, in most of our examples one of the two operators will have a large kernel,
whereas the other has a small range.

(v) Only (2.7e) depends on the evolution processes acting on H, while the first four
conditions are solely related to the function spaces. So if we have verified (2.7a)—
(2.7d) in one situation, those conditions are satisfied for a large class of exam-
ples. To be more specific, we can reuse the results obtained in [3 1] for Neumann
boundary conditions and do not have to check these four conditions once again
for the discussion of the Laplace operator with Robin boundary conditions in
Section 5.

EXAMPLE 2.5. Let ap and a. be forms on a single Hilbert space H with equal
form domain V and let J¢, JlT €, JI€ and Jlle be the identity on H resp. V. Then the
conditions of Definition 2.3 are satisfied if and only if

|ao(u,v) — ae(u,v)| < Sellullv vl (2.8)

forall u,v €V, ie., ||ap—ae|| — O in the operator norm on the space of sesquilinear
formson V.

In the setting of Example 2.5, if (2.8) is satisfied for a family (0;)e~¢ satisfying
limg_0 8 = 0, then the resolvent of Ag converges to the resolvent of Ay in operator
norm uniformly on compact subsets of p(Ap). In fact, it would suffice if (2.8) is satis-
fied whenever u = v, see Theorem VI.3.6 of [18]. In this sense, our results are a gen-
eralisation of this classical result to the setting of varying spaces. We can also deduce
similar consequences like in the classical situation, e.g. convergence of the spectra.

3. Abstract results

For the whole section, let (ag)e>0 be an equi-elliptic family of sesquilinear forms
for constants M, @, a and cy as in (2.1), (2.2) and (2.3), and let (Ag)e>0 denote
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the associated operators. We always let the operators J/¢, JI€, JITS and Jlig and the
constant K be as in Definition 2.3.

3.1. Functional calculus

In our situation, each operator A¢ + @ is invertible by the Lax-Milgram theorem
due to (2.2). It is known that in this situation the operators A¢ + @ have bounded H* -
calculus, see Sec. 11 of [22], Sec. 5.2 of [4] or Sec. 7.3 of [13]. We are going to show
that if (ag)e converges to agp in the sense of Definition 2.3, then the operators @ (Ag)
convergeto @(Ap) in a suitable sense as € — 0 for an admissible holomorphic function

0.
We start with some auxiliary estimates. For brevity, in the proofs we write

Re(z) :=R(z,Ae) = (z—Ag) !

LEMMA 3.1. Let 0 € (arctan%m:] There exists Co = 0 such that for all € >
and 7 X9 — @

Co Co

R@A) L2y, < ———= and |R(z,Ae)"|| p(rowe) < ——e-.
|| ( E)H (He,Ve) \/m || ( 8) H (He,Ve) \/m
Proof. Let u € H be fixed. Then by (2.4)

o||Re(2Jullf, < |[Re(2)ullz, = Reae(Re(2)u, Re(2)u) + 0| Re (2)ull3,
=Re((0+A¢)Re (2)u|Re (2)u) e
=Re((® +z)Re (2)u|Re (2)u) H, — Re({u|Re (2)u) H,
< (|0 +2] - [|Re(@)l| 2 t1e) + 1) 1Re (@) ot 1| 7,

Now (2.6) implies the first estimate for

(1 —|—D9)D9

Co =
o o

The second estimate can be proved like the first. In fact, R(z,A¢)* = R(Z,A;) and A;
is associated with the form a} given by

ay(u,v) :=ag(vu).

Thus it suffices to realise that a; satisfies (2.1) and (2.2) for the same constants as
ae.. U

LEMMA 3.2. Let J'€ and J'¢ be as in Definition 2.3, and let Be € £ (He,Ve)
and By € £ (Hy,Vo). Then

1Be — I BoJ ¥ || o1,y < KNI Be — BoJ ** || ot 1) + Oel|Be |l e v -
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Proof. By (2.7¢) and (2.7d) we have
1Be — I BoJ || o) < |1Be — I T Be || o)+ 11674 Be — T BoJ ¥ | o,
< & ||Bell 2, ve) + K[| J*Be — BOJLSH.,?(HE,HO)' U

LEMMA 3.3. Let J'€ and J'¢ be as in Definition 2.3, and let f € Vy and u € He.
Then

[ = Fllag < Kllu=T1F 1 + Gell v

Proof. Let g € Hy. By (2.7¢) and (2.7d)
(U= 118) i | < [T (u =TT g)te| + [(T*ET1Ef = flg) e
< Kl =T f | 181y + Gell fllvo |21
Since g is arbitrary, this proves the claim. [J

Now we prove the key estimate of this section.

PROPOSITION 3.4. Let (ag)e be an equi-elliptic family of sesquilinear forms with
vertex @ and semi-angle 6y := arctan(M /o) as in Definition 2.1, and let a. and ay
be &g - K-quasi-unitarily equivalent (see Definition 2.3). Moreover; let r >0 and 6 €
(60, 7). Then there exist constants Cq 1 > 0 and Cg ;> > 0 such that

0:Co
IR (z,Ae)J '€ — JTER (2, A0) | oty 1) < ~— i 3.1)
’ Vl]z+ o)
and
Te le 5eCe.r.2
|R(z,Ae) —J“R(z,A0)J**|| 2 (h,) < = (3.2)

Vl]z+ o)

forall z ¢ %9 — o satisfying |z+ | >r.

Proof. Let Dy be as in (2.6) and let Cg be as in Lemma 3.1. Let f € Hy and
u € H; be arbitrary, and fix 7 € X9 — @. Then by (2.7b) (see also (2.7b)), (2.6), (2.7a)
and Lemma 3.1

[{(Re(2)1% = T Ro(2)) f ), |

< |V Re (@) )y — (TR0 Pl | + 2222

|z+ o
< [((z— A0)Ro(2) FII1 Re (2) )y — (I, Ro(2) f|(z— Ae) "Re(2) ), |

28:Cqy 0:Dg
(v o el

< |ao(Ro(2)f J{*Re(2)"1t) — ae(J]*Ro(2) f. Re (2) u)|
+ 12| (Ro(2) 715 Re (2) )ty — (J1°Ro(2) f|Re (2) )z, |

28:Cqy 0:Dg
(ot oo el

aal e 1.7 1| 1
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Using (2.7e) and once again (2.7b) we can further estimate

[(Re ()18 = TRy (2)) f1u) s, |
< O[Ro(2) f lIvo 1 Re (2) ullv,
+ |2l (Ro(2) f17 Y Re (2) iy — (IR0 (2) fIRe (2) )z, |
(o e o) el
(ag(DeJng) 8e|z|Dy  8:|z|CoDy .~ 28:Co
lz+ o] lz+o?  |z+oP? |2+ o]/

Vel 1l

For |z+ @| > r, this implies (3.1) with

Do +C}+Dj |w\c9D9+\m|D’g
/2 r 32

Cor1:= (CoDg +2Cy) +

Estimate (3.2) is a consequence of (3.1) since by Lemma 3.2 and Lemma 3.1 we have

58 Ce

V]z+ ol

IRe(z) — JT*Ro(2)J** ) < K[[J ¥R (2) — Ro(2)J | 2 (He Ho) +

so we can choose Cq .o := KCp 1 +Cq. [

REMARK 3.5. Estimate (3.2) tells us that we can find a good approximation of
the operator Ag in terms of the (often simpler) operators Ao, J'¢ and JI¢, at least
for small €. This is interesting by itself. In fact, we even have a rather explicit error
estimate; in the proof we have given concrete (though certainly not optimal) constants.
However, since these expressions are quite cumbersome, we prefer to work with the
general constants Cg .; and Cy ;> .

Define
H”(Zg — ®):={¢: Zg —® — C : ¢ is holomorphic and bounded }
and
Hy(Ze— ) :={y € H"(Zg — o) : 3u >  such that y(z) €O(|z| ™) (z— =) }

and equip these spaces with the supremum norm. Let 6 € (arctan %7 7] We define the
primary functional calculus of A¢ for y € Hy(Zg — @) by

1
Vo) =5 /a ooy VRGEA) (3.3)

where o € (arctan%, 0). By Cauchy’s integral theorem, this definition is indepen-
dent of the choice of o and agrees with the usual definition of the functional calculus,
compare also Sec. 2.5.1 of [13].
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REMARK 3.6. In our setting, the natural space for the primary functional calculus
would be the larger space

Hi (Zo) :={ w € H*(Zg) : 3 1 > 0 such that y(z) € O(|z] ) (z — ) }

since in fact (3.3) is defined even for y € Hy' (X9 — w). However, using estimate (3.2)
we can show convergence of y(Ag) to y(Ag) only for v € Hp(Zg — ).

Since the operators A, are m-sectorial in the sense of Kato, this functional calculus
has a natural extension to ¢ € H”(Zg — @), and the operator ¢(A¢) is bounded with
norm

2
lo(ae)lwim < (2472 0l (3.4)

cf. Corollary 7.1.17 of [13]. It is important for us to have a bound on the norm of @(Ag)
that is uniform with respect to €.

We are now able to show that ¢(A¢) converges to @(Ap) is the following sense if
(age)e>0 converges to ag in the sense of Definition 2.3, which is our main result in the
context of the functional calculus.

THEOREM 3.7. Let ay and (ag)e be equi-elliptic sesquilinear forms with asso-
ciated operators Ay and (Ag)e as in Section 2. Assume in addition that ag is Og- K-

. . . . M oo
quasi-unitarily equivalent to ag. Let 0 € (arctan ¢, ]. Then for all y € Hy)(Zg — @)
there exists Cy > 0 such that

1778w (A0) 7Y — y(Ae) || (1) < CyBe. (3.5)
Moreover, for all y € H*(Zg — @) there exists Cy > 0 such that
1€ 0(A0)7 ¥ u — p(Ae)ull, < Codell(@+1+Ae)uls, (3.6)

forall ue D(Ag).

Proof. Fix y € Hj)(X¢ — ) and 0 € (arctan%’,@). Let v € (0, 0c;,%) be such
that

o M
:= arctan > ) <o,
o —vcy

where o, M and cy are as in (2.1), (2.2) and (2.3). Since

2 2 2 2 2
ag(u,u) + (@ = v)|ullig, = ollully, = vlullz, = (= vey)ully,,

the operator A, is m-sectorial with vertex —@ + v and semi-angle 6’, and the same is
true for Ag on Hp. Hence by Proposition 3.4

0:Coyr v /22

Vi0z+o—V|

IR(z,Ae) = J1*R(z,A0)J || (1) <
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for all z ¢ g — @+ v such that [z4+® —v| > ¥. If r > 0 is sufficiently small, then
B(—m,r) N (dZs — @) has distance at least ¥ to g/ — @+ Vv, and hence

IR(z,A¢) — JTER(2,A0)T ¥ || 2 (h1,) < BeCorv (3.7)

forall z € d(Xs — w) satisfying |z+ | < r, where ¢,y and r are constants depending
on ¢ and v, so in principle only on M, o and cy .
There exist u > % and K > 0 such that

w(2) <

STrol and  |y(z)| <K

for all z € £y — w. Thus, by (3.3), Proposition 3.4 and (3.7)

1778y (A0)T** — w(Ae) | 2(me)

1
Som /a(z —w)W(Z)| 177¥Ro (271 = Re(2) | 2t d2

1 0:Cs 0K 1
< _/ ebo.n2 : z+—/ OccovKdz.
270 Jo (2o 0)\B(-0.1) |z + w|tF2 27 J9(Ss— ) B(-o,r)

Therefore, we have shown (3.5) with
Cc,r,2K Cc,er

(u—p)rt-in 7

CW =

In particular, there exists a constant Cy+ belonging to the function y* € Hg)(Zg)
defined by

O ———
vz T w414z

such that
HJTS‘I/*(AO)JlS - W*(AS)H;’Z(HS) < Cy e,

i.e.,
ITTE(@+ 1+ A0) T4 — (0+ 1+ A¢) | 2(a1,) < Cy . (3.8)

Now let ¢ € H*(Z9 — ) be fixed and define y € Hy(Zg — @) by
_ 9@
V(@) = o+1+z

Then @(Ag)(@+1+A:) "' = w(Ae) by the construction of the functional calculus (see
Sec. 2.3.2 of [13]. Hence for all u € D(A;) we have
17T €@ (A0) (@ + 1+ Ag) (@ + 1+ Ae)u — @(Ag)ul| 1,
= [T (A0)J (@ + 1 +Ae)u— W(Ae) (@ + 1 +A)ul|,
< Cydell(@+ 1+ Ae)ul|p,
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Moreover, from (2.7d) and (3.4) we obtain that
[TT€@(Ao)T eu — JTE@(Ag) (@ + 1 +Ag) "I (@ + 1+ Ag)ul|m,

2
<x(2+ —3) @I et — (0+ 14 A0) T E (@ + 1+ Ag)ul| 1, -

5

Finally, by Lemma 3.3, (3.8), Lemma 3.1 (for z=—® — 1) and (2.7d)

U — (@ + 1+ Ag) "I (0 + 1+ Ag)ul|m,
<kllu—JE(@+1+A0) U (@+ 1+ Ae)ulln,
+ 8e[|(@+1440) E(1 + 0+ Ag)ully,
< KCy e[ (0+ 1+ Ag)ullm, + 8:Cokl|(@+ 1 + Ag)ul| .-

Combining the previous three estimates, we have proved (3.6) with

2
Cpi=C +;<2<2+—
® 4 \/g

COROLLARY 3.8. If (ag)e>0 converges to ay in the sense of Definition 2.3, then
the family (J€@(Ag)J'€)e=o converges in operator norm to ¢(Ag) (regarded as opera-

tors on Hy) for every ¢ € Hy(Zg — ), 6 € (arctan %,n}. Ifmerely ¢ € H* (X9 — ),
then we have at least convergence in the strong operator topology.

)@l (Cy- +Ca). O

Proof. Since all conditions in Definition 2.3 are symmetric with respect to a¢ and
ag , interchanging the roles of the two forms we obtain as in Theorem 3.7 that

1w (A0) — T W (Ae)T €| 2 (ay) < CyBe

for v € Hj) (X9 — @), which proves the first claim. Similarly,
1@(A0)f =T 9(Ae)T " fl so(t1y) < CopBe | (@+ 1+ Ao) £l

for all f € D(Ap) if ¢ € H*(Zg — ), implying that (J'€@(Ag)J )~ converges to
¢©(Ap) on a dense subspace of Hy. Since the operators are uniformly bounded by (2.7d)
and (3.4), this implies strong convergence. [

EXAMPLE 3.9. The function z+— e™"* is in Hj(Zg — ) for 6 € (0,5 — o) and
forall 1 € £5, ¢ € (0,%). Hence the semigroups (e "4¢)z- converge to e 40 in
operator norm (in the sense of Theorem 3.7 and Corollary 3.8) for ¢ in the common
sector of holomorphy of the semigroups, i.e., for every fixed ¢ € X5, where 0 := 7 —

M
arctan o

Note, however, that we cannot expect this for 7 = 0 since typically J'€J'¢ does
not tend to the identity in operator norm even if H; = Hy for all € > 0. Thus we cannot
expect uniform convergence near ¢ = 0. However, the explicit constant Cy, in the proof
of Theorem 3.7 shows that the convergence is uniform on compact subsets of X .
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3.2. Spectral convergence

It has been proven in Sec. A.5 of [31] that if a family of non-negative forms
(ag)e>0 converges to ag in the sense of Definition 2.3, then the spectra of the asso-
ciated operators 0(Ag) converge to 6(Ag). In [32], a similar result for certain non-
self-adjoint operators arising in the treatment of resonances via complex scaling are
considered. Here we prove that a similar result is true in the general (m-sectorial) case,
where the spectra need not to be real. This is a part of the justification why we re-
gard our notion of convergence as a reasonable generalisation of the classical resolvent
convergence (see also Example 2.5).

We consider the following notion of spectral convergence, which is quite natural.
It is often called “upper semi-continuity” of the spectrum. This type of convergence is
precisely what we obtain if in a fixed Hilbert space we have a family of operators whose
resolvents converge in operator norm, see Theorem IV.3.1 of [18].

DEFINITION 3.10. We say that the spectra 6(Ag) of the family (Ag)eo converge
to the spectrum o (Ag) of Ao as € — 0 if for each compact set K C p(Ap) there exists
€ >0 such that K C p(A¢) forall € € (0,¢1).

Ideally, we could hope that the spectra 6(A.) converge to 6(Ag) if (ag)e=o con-
verges to ag. In fact, this is true if in addition p(Ay) is connected, see Corollary 3.14.

We start with an auxiliary lemma, allowing us to estimate the resolvent of A, if
we have a priori information about the resolvent of Ay. For the whole section, the
operators (Ag)e>o are assumed to satisfy the conditions in Section 2.

LEMMA 3.11. Forevery £ >0 and r > 0 there exist &y = 6(¢,r) >0 and L =
L(¢,r) > O with the following property: if ac is 8 - K -quasi-unitarily equivalent to ay
Jor some 3¢ € (0,8], if z € p(Ao) Np(Ae) NB(O,r), and if ||R(z,A0)|| 2, < ¢, then
IR (z,Ae) || £ (h,) < L.

Proof. For z € p(Ag) Np(Ae) we define

V(z) :=J¥Re(z) — Ro(2)J'E.

Let z and zo be in p(Ag) Np(A¢). Then by the resolvent identity we have

(Ro(z0) — Ro(2))J**Re (2)Re (20) = Ro(z)Ro(20)J** (Re(20) — Re(2))
and thus
Ro(20)V (2)Re(20) = Ro(2)V (20)Re (2)-
Hence

V(z) = (20 —Ao)Ro(2)V (20)Re (2) (20 — Ae)
= (id+(z0 — 2)R0(2))V (20) (id +(z0 — 2)Re(2))
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on D(A¢) and thus on H, by density. Setting zp := —® — 1 and using the dual version
of (3.1), which follows by exchanging the roles of A and A( in Proposition 3.4, to
estimate V(z9) we deduce that

IV (@) 2t 1) < 8eCoa1(1+ o+ 142]) (1+ |0+ 1+2| [Re(2) | 2(m). (B9

Next, we note that for all u € Hg

((0+Ae)Re (2)u|Re (2)u) e
< (lullme + o+ 2| [|Re (2)ul 1 ) | Re (2) | e

2
[1Re (2)ul|

proving by (2.4) that

IR ()% 1,.v2) < — (1+ [0+ 2] [Re (@) | o)) | Re ()| o)
(3.10)

2
<

RIm R~

(1+BlIRe (@) 2(a1e))

with  := max{1,|®+2z|}.
Now write

Re(z) = (1d—J"ETE)Re (2) + I8 (JY¥Re (2) — Ro(2)J*F) + T ¥Ry (2) .
This representation, combined with (3.9) and (3.10), shows that
IRe (D) 2t1e) < BelIRe (2) |z (tre.ve) + KUV (2) | o) + K7

O

<(
Vo
+68(% +Coaa(1+o+1+z])|w+1 -‘FZ‘)”Rg(Z)H;g(HS)

Vo

= 61 + (SsCHRS(Z)H.fZ(HE)'

+x8:Co1,1 (1 + Lo+ 1+2]) + r<212>

Thus, if 0 € (0, 8] with & := %, then

1
§||R£(Z)Hz(ﬂs) < (1= 6e0)|IRe (2) | () < 11,

i.e., we have proved the claim with L:=2¢;. O

Now we come to our main theorem regarding convergence of the spectrum.

THEOREM 3.12. Let Ay be an m-sectorial operator with vertex ®, semi-angle 0
and associated form agy. Let K C p(Ag) be compact and connected. Then there exist
constants 8 >0 and Cy x,Dg x > 0 with the following property: if ag is O¢ - K -quasi-
unitarily equivalent to aqy for 8 € (0,0)], if (ag)e is equi-elliptic, and if in addition
KNp(Ag) #0, then K C p(Ae),

17 R(z,A¢) — R(2,A0)7 || (b1, 11p) < Co.x 5% (3.11)
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and
1R (2,A0)7'® — R(z,Ae)l| (1) < Do xS (3.12)

forall zeK.

Note that Cg x,Dg x = 0 also depend on Ay and, as usual, on the constants of equi-
ellipticity (see Definition 2.1).

Proof. Since K is compact, K C B(0,r) for some r > 0 and
€ :=sup ||Ro(2) || (r,) < o
zeK

Choose &) = 6y(¢,r,w) asin Lemma 3.11. Let & € (0,0) and let a¢ be & - K-quasi-
unitarily equivalent to ag. Let Ky := p(A¢) NK, which is non-empty by assumption.
Since p(A¢) is open, the set K is relatively open in K.

Let (z,) be a sequence in Ky converging to z € K. Then from Lemma 3.11 we
know that [[Re(z)|| () is bounded, hence z € p(Ag). We have shown that Kp is
closed in K. Since K is connected, Ky =K, i.e., K C p(Ag).

Since by Lemma 3.11 we have ||Re(z)|| #(#,) < L for some L > 0, it follows
from (3.9) that

17 Re () — Ro(2)T ¥ || 2t 1y) < eCo.1.1 (1 +£(|0] + 14 7)) (1+ L(|@| + 1+ 7).
forall z € K. Thisis (3.11) for
Cox :=Co11(1+L(|o]+1+7r)(1+L(|o|+1+7))

Now (3.12) follows from Lemma 3.2 and estimate (3.10) with

Dy := kCp g + (1+BL). O

1

NG

REMARK 3.13. It can be difficult to check the condition K Np(Ag) # 0 of the
previous theorem. On the other hand, in the classical situation, i.e., if H = Hy for
all € >0 and R(z,A¢) converges to R(z,Ap) in operator norm, this is automatically
fulfilled by the fact that the set of invertible operators is open in % (Hy):

Let L € p(Ap)NK and 4 < —@ such that A # . Then R.(i) converges in
operator norm to Ro(l), since p is outside the sector g. Moreover, A € p(Ag) is
equivalent with the invertibility of ﬁ — R¢ (1) by the spectral mapping theorem. For

the same reason, ﬁ — Ro(u) is invertible. Since the set of invertible operators is
open, A € p(Ag) for sufficiently small €.

If the resolvent set is connected, a given compact set K C p(Agp) can be en-
larged to a connected compact set K’ C p(Ap) in such a way that we can guarantee
K'Np(Ae) # 0, so that the theorem applies. We make this explicit in the following
corollary. Note that in particular if the spectrum is real or discrete, the resolvent set is
connected. Hence for self-adjoint operators and operators with compact resolvent we
obtain spectral convergence.
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COROLLARY 3.14. Assume that p(Ap) is connected and that (ag)e~o converges
to ag in the sense of Definition 2.3. Then o(Ag) converges to 6(Ag) in the sense of
Definition 3.10.

Proof. Let K C p(Ap) be compact. Since p(Ap) is connected, there exists a
connected compact set K C p(Ap) such that K C K’ and —@ — 1 € K. In fact, let
R > |®|+ 1 be such that K C B(0,R), and let (O ), denote the family of (open)
connected components of the open set

Op :={z€p(Ap)NB(O,R) : dist(z,0(Ag)) <p }.

Then
KUu{—w—1}CcC (0]
{ } Up# P

and hence by compactness there exist a finite subcover (Op, ;). Let K” the be the
union of the compact, connected sets 5,,,.’“,. C p(Ap). Now K” has only finitely many
connected components. Since p(Ap) is arcwise connected, we can join these con-
nected components by finitely many paths (¥) in p(Ag). Then K" := K" U, 1 is a
connected, compact subset of p(Ag) that contains K and —® — 1.

Since —®—1 € p(Ag) forall € >0 we obtain from Theorem 3.12 that K’ C p(A¢)
if O is sufficiently small. Hence K C p(A¢) for small &, which implies the claim. [

In the rest of this section, we show that the discrete spectra of (Ag)e~0 converge to
the discrete spectrum of Ag as the forms (ag)e~0 converge to ag. In fact, we show that
for an eigenvalue A of Ay of finite algebraic multiplicity mg(A) and for sufficiently
small O, there exist exactly mg(A) eigenvalues of A, near A, where we count the
eigenvalues according to their algebraic multiplicity.

Recall that the algebraic multiplicity my(A) of an isolated point A € o(Ag) is the
rank rk Py := dimRg Py of the spectral projection

1
Py:= —/ R(z,Ap)dz,
" 2 o (z:40)

where r > 0 is such that B(A,7)No(Ag) = {1}, compare Sec. 1.3 of [3]. By Cauchy’s
integral theorem, this definition does not depend on the particular choice of r, and in
fact we could replace the circle dB(A,r) by any positively oriented, smooth curve that
surrounds A, but no other point of o(Ap).

REMARK 3.15. Since R(z,Ag) is locally bounded as a £ (Hy, Vp)-valued func-
tion, see for example estimate (3.10), the spectral projection Py is a bounded operator
from Hy to Vj.

LEMMA 3.16. There exist & >0 such that ||J'€f| g, > %Hf”Ho forall f eRgPy
l:f 68 S (0760]
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Proof. For all f € Vy we have by (2,7b’), (2.7c) and (2.7d) that

A7 = M F N7 = L — I f)
= (f =TT £ ) + Be|TTE F e L f 1] o
< S|l Fllvo 1112t + Sercll 117z, -

Now if f € RgPhy,i.e., f=PFf,and f # 0, we obtain that

1 Poll (#g,v) + &
[T fll e 4 [1.f 1] a1

1
< 50(||P0||f(H0,V0) + K)HfHHO = EHfHHO

£ 1le = 17 F Il < B¢ 1£11 7,

for 1
_1
0y := E(”POH;'Z(HOMO)"‘K) .o

We now prove our main theorem about continuous dependence of the discrete
spectrum. For simplicity we assume that p(Ag) is connected, even though it would
suffice that p(A¢) NB(A,r) # 0 for small € and all r > 0.

THEOREM 3.17. Let p(Ao) be connected, let A be an isolated point of G(Ao)
with finite algebraic multiplicity my(A) € N, and let D be a bounded, open set such
that DN o(Ag) = {A}. Then there exists & > 0 such that if ag is &8 - K -quasi-unitarily
equivalent to ag for 8 € (0,0] and if (ag)e is equi-elliptic, then there exist eigenval-

ues (kg.,i):@l(l) of Ag such that

0(A)ND = {Aeto - Aemy(n) }-

Here, the values (Mg ;) are not necessarily pairwise different, but rather each value is
repeated according to its algebraic multiplicity with respect to Ag.

Proof. We may assume that D has smooth boundary. In fact, otherwise we can
replace D by an open set D; C D with smooth boundary still containing A. Since
(D\D;)No(Ag) =0 for small &, by Corollary 3.14, the result carries over from D
to D.

By Corollary 3.14, the integral

€

1
P = — R d
i /BD e(Z) Z

is defined for sufficiently small O, and using Theorem 3.12 we see that there exist
6; >0 and C; > 0 such that

174 Pe — PoJ | o1, < C1 8

if 8 € (0,8].
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Now let u € Rg(P;), i.e., Peu =u. Then by Lemma 3.16 there exists 0, € (0,0;)
such that

1
1Pog ul| 1y = |1V Peul|aty — [1( ¥ Pe — Po ¥ )ull gy > 5 lullme = C1elullm. >0

whenever 8 € (0,8,]. This proves that PoJ'¢ is injective on Rg(P:), showing that
tk Py > rk P; whenever 0, € (0,0].

For the converse inequality, we interchange the roles of Py and P. In fact, the
estimate ||J'€u||y, > %||ulm, for u € Rg(P:) can be obtained as in Lemma 3.16 by ex-
ploiting the fact that Lemma 3.11 and (3.10) provide a uniform bound for ||Pe[| »(#, v,) »
compare also Remark 3.15. Now it readily follows that tk Pz > rk Py for sufficiently
small O¢.

Thus there exists 8y > 0 such that mg(A) = rkP; whenever 8 € (0,0]. This
implies that 6(A¢) N D consists of finitely many eigenvalues whose algebraic multi-
plicities add up to mg(A), compare Theorem 1.32 of [3]. [

REMARK 3.18. Theorem 3.17 says that near an isolated eigenvalue A of Ay any
sufficiently close operator A¢ also possess only isolated eigenvalues, whose multiplic-
ities add up to the multiplicity of A. This is a version of Corollary A.15 of [31] for
non-self-adjoint operators, see also [32].

The following corollary is a trivial consequence of Theorem 3.17 and Corol-
lary 3.14.

COROLLARY 3.19. Let p(Ag) be connected, let A be an isolated point of 6(Ao)
with finite algebraic multiplicity mo(L) € N,, and let (ag)e=0 converge to ap in the
sense of Definition 2.3. Then the eigenvalues Ag; in Theorem 3.17 converge to A, i.e.,
limg_gAe; — A forevery i=1,...,mp(A).

3.3. Invariance and extrapolation

Assume that (ag)e~o converges to ao in the sense of Definition 2.3. We have
already shown that the generated semigroups also converge in an appropriate sense,
see Example 3.9. It is now natural to ask whether certain properties of the semigroups
(e~"¢)¢~q are inherited by e "0 under appropriate assumptions on the operators J'€
and J'¢.

In this short section, we formulate a simple result of this kind and apply it to obtain
convergence of the semigroups in extrapolation spaces under natural assumptions.

THEOREM 3.20. Let (ag)e=o converge to ay as € — 0 in the sense of Defini-
tion 2.3, let 6 € (arctan%’,n:}, andlet @ € H*(Xg — ®). For every € >0, let C¢ be a
closed subset of Hg such that

J€Cy C Ce and J'EC, C Cp. (3.13)

If 9(A¢)Ce C Ce forall € >0, then @(Ay)Cy C Cp.
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Proof. By the assumptions,
(712 9(4e)I1*)Co C Co (3.14)

for all € > 0. Thus the result follows from Corollary 3.8 because the invariance of a
closed set is stable under strong convergence. [l

REMARK 3.21. In some applications, for example in Section 5, Condition (3.13)
is only satisfied up to a rescaling of the identification operators, i.e., we can write the
identification operators as

JT8:C£ﬁ7 118208—1111

for operators J1€ and JI€ that do satisfy (3.13). It is clear that also in this more gen-
eral situation the inclusion (3.14) is satisfied and hence the assertion of Theorem 3.20
remains valid.

It is well-known how invariance of closed convex subsets under the action of a
semigroup on a Hilbert space H generated by an operator associated with a sesquilinear
form can be efficiently characterised by a Beurling-Deny-type criterion due to Ouhabaz,
see Thm. 2.2 of [30]. Assuming that H = L?(Q, i) with a measure space Q, typical
applications of this criterion involve positivity and L™ -contractivity (i.e., invariance of
the subset of those L?-functions taking a.e. values in the interval [0,0) or [—1,1]).

A typical application of Theorem 3.20 is the following.

COROLLARY 3.22. Let p € [1,00]. Assume that He = L*(Q¢) for measure spaces
Q., € > 0. Assume that (ag)e=o converges to ay, where the operators J'¢ and J'¢ in
the definition of convergence are positive ( LP -contractive). Assume that the semigroup
(e"¢),50 is positive (LP -contractive) on Hg for every € > 0. Then (e 'A0),5¢ is
positive (L? -contractive) on Hy.

Proof. Apply Theorem 3.20 to the closed (and convex) sets
Ce={uecl*(Q:):u>0ae.}

and
e = {u e L (Q)NLP(Qe) : |l <1}, pe(l,e],

respectively. [l

If we are in the situation that the semigroups on He = L?(Q) are L™ -contractive,
we can even establish convergence in .2 (L”(Q¢)). We could also state the result in a
more general version for arbitrary interpolation spaces. But this would involve several
technical assumption that we prefer to avoid. It is clear that the analogous result for
1 < p < 2 holds if we assume the semigroups to be L!-contractive.
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THEOREM 3.23. Let (ag)e~o converge to ag in the sense of Definition 2.3 as
€ — 0, assume that He = L*(Q¢) for € > 0 with measure spaces (Q¢), let 6 €
(arctan 7], let ¢ € H*(Zg — ), and let p € [2,%0). Assume that there exists a

family (c¢)e=o of positive real numbers such that ceJ'€, cz'J'¢ and ¢(Ae) are L~-
contractive for all € > 0.

Then J'€@(A¢)J'E — @(Ag) strongly as operators on LP(Qp). If ¢ € Hiy(Ze —
), the operators convergence even in operator norm, and in this case we have

I7T€0(A0)*E — @(Ae) || (1 (e)) — O

Proof. By Corollary 3.22 and Remark 3.21 also @(Ap) is L™ -contractive. More-
over, by Corollary 3.8,

10 (Ao) f — J*E@(Ae)IE fl 1y — O

for all f € Hy. Now by the interpolation inequality

lp(A0)f — T2 @A) l|r(ay)
< llo(o)f =@l e FIL SN lo(A0)f I (el € FlI ot

< @S ey " ||<P(Ao)f—ﬂ£ (Ae) e 7, — 0
for all £ in the dense subspace L*(Q) NL”(Qo) of LP(y). Since in addition
1T @A) || 2 1r(y)) < 1
by the Riesz-Thorin interpolation theorem, this proves strong convergence.

Now if y € Hiy(Zg), then as in the proof of Corollary 3.8 there exists Cy > 0
such that

lw(Ao) = ¥y (Ae)T || () < Cye.

Moreover, by assumption and Corollary 3.22, see also Remark 3.21,

[w(Ao)f — TEW (AT fll1=(0) < 201l =()-

Thus by the Riesz-Thorin interpolation theorem
[W(A0) = 1WA | uriay) < 20 2/PCy 8
Employing Theorem 3.7 instead of Corollary 3.8, the same reasoning shows that

170 (40)7* — @(Ae) || 2(1r() — 0. O
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4. Simple examples

In this section, we collect some examples to which the theory of the previous
section can be applied without much effort. On the other hand, our main application,
which involves some delicate calculations, is contained in a section by its own.

4.1. Fourier series

We start with an almost trivial example. Let a( be sectorial form with form domain
Vo on a Hilbert space Hy as introduced in Section 2, and let Ay be the associated
operator. Assume that Vj is compactly embedded into Hy, i.e., that Ay has compact
resolvent. For simplicity we also assume that Ay is self-adjoint.

It is classical that in this situation there exists an orthonormal basis (e )ren of Ho
consisting of eigenvectors of Ay to eigenvalues (Ax)ren, and Ay — co. We can assume
that Ay < Ay forall k € N, and to make the notation simpler we assume that A; > 0.
Passing to an equivalent norm,

Vo= {7 € Ho < 171, = 3 Al et < = .
=1

We explain how this situation can be embedded into our framework. To this aim,
it is convenient to index the Hilbert spaces and operators by n € N instead of €. Let P,
denote the orthogonal projection onto H,, :=V, := span(ex);_,, J n.— JIT ":=P,, and
Jin= Jll" :=1id, where H, and V,, carry the norms induced by Hy and Vj, respectively,
and let a, be the restriction of ag to V,,, so that A, is the restriction of Ay to H, =
H,ND(Ap).

Now (2.7a), (2.7b) and (2.7d) are trivial; in fact, these conditions hold with §; =0
and K = 1. Moreover,

1f = Puf Iz, = 2 [{flew)m| < Hfllvo,
k=n+1

which implies both conditions in (2.7c). Finally, (2.7e) follows from the fact that
ao(f7u) P f7 2 A’k f P f|ek>H0 <€k|u>

for all f € Vp and u € V,,. Hence the forms a, converge to ag in the sense of Defini-
tion 2.3.
The results in Section 3 now tell us that

1PaR(2,A0) = R(2,An)l| (1) — O,

as well as that other functions of these operators like the generated semigroup converge
in this sense. Convergence of the spectrum as in Corollary 3.14 and Theorem 3.17 is of
course built into this approximation.
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4.2. Varying coefficients

Studying the convergence of elliptic operators with varying coefficients is a very
classical topic. In fact, the underlying spaces typically do not change, so that the theory
in Kato’s book applies. However, sometimes it is convenient to incorporate the coeffi-
cients into the measure of the underlying L?-space. Although such problems are still
accessible by classical methods if all the norms are uniformly equivalent, it is quite
natural to work with varying Hilbert spaces instead.

The following example is taken from [7], where the authors proved strong conver-
gence in C(Q) as well as in L? for every p € [1,) for a class of elliptic operators
with Wentzell boundary conditions. Applying our results, on the other hand, we obtain
convergence in operator norm for all p € (1,o), see Theorem 3.23. Tracing the con-
stants in the proofs, we in addition have explicit error estimates, and in particular we
know the order of convergence, which answers the open question that closes [7]. We
also mention the later article [8], where these results are refined by obtaining a detailed
estimate on the order of convergence in operator norm in H'.

Let Q be a bounded Lipschitz domain in R”. Then I" := dQ becomes an ori-
ented compact Riemannian manifold with Riemannian metric g in a natural way, where
the charts are Lipschitz regular, and the metric is bounded and measurable. As in the
smooth case, there exists a volume measure ¢ on I', which coincides with the (n—1)-
dimensional Hausdorff measure. Let H'(T") be the completion of Lipschitz-continuous
functions # on I' with respect to the norm defined by

ey = [ (P + 1) o

where .
n—
\du\f =Y g/ 4.1)
ij=1
in a chart U C I" with coordinates x;: U — R, i =1,...,n— 1, and tangential vec-

tors d; = d/dx;. Moreover, (g) is the inverse of (g;;) = (g(0;,d;)). For an ad hoc
definition of Lipschitz-regular manifolds, we refer to [1].

Now let the families (2% )e>0 C L”(Q;-Z(C")), (Be)e=o C L7(T), (Ye)ex0 C
L=(T) and (ge¢)e>0 C R be bounded in the respective spaces, and assume that there
exist & > 0 and b > 0 such that for all € > 0 we have ¢, > «,

Re(E|E)en > o€
on Q forall £ € C" and Bz > b on . For € > 0, define

He = [2(Q) x I (r;%—j)

and
Ve :={(u,f) e H'(Q) x H'(T) s ulr = f} C H,

and equip these spaces with the natural scalar products. Note that the space V and its
norm do in fact not depend on €.
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PROPOSITION 4.1. The family (ag)e>0 of sesquilinear forms with form domains
Ve which is defined by

do
ag((u,u\r),(v,v|r)) ::/ <42{8Vu\Vv><cn—|—/Yguv—+q8/<du|dv>gd0
Q r Be r
is equi-elliptic.

Proof. By the uniformity conditions on the coefficients,
e = gy ) < ol el < (14 ) el
which shows that the embedding of V; into H; has a uniform constant. Moreover,
lae (s ulr), (v,vIr) | < el =(@.2(c) | Vull ) VY] 20
el el 2 gy V2 + el ey ¥
which shows that the forms are uniformly bounded, and

Reag ((u,ulr), (u,ulr))

> | VullZa ) + erlidul ) — |19l llull 7o do))

€
2 2 2
> ol + el ry) = ey = (19l + e Bell) el e
which shows that the ellipticity constants are uniform with respectto € > 0. [

REMARK 4.2. Integration by parts shows that (at least formally) the operator A,
on H; associated with a. acts as

Ac((lr)) = (= div( Vio) Be (V) V) + yeul — qeBedrulr),

where v denotes the outer unit normal of Q, and Ar is the Laplace-Beltrami operator
on I',i.e., A¢ is the operator considered in [7].

PROPOSITION 4.3. There exists a constant K depending only on b and ||Bo||-
and |||« such that the forms ag are 8 - K -quasi-unitarily equivalent to ag for kK =1
and

8 = O (1| %% — Hlle + 1| Be = Bolls + 12 — ol + 1 — 0 ).
Moreover, this equivalence can be realised by taking the identification operators to be

the identity operators.

Proof. Let J1€,J IT € J¥ and J lis be the identity operators between the respective
spaces. Then (2.7a), (2.7¢) and (2.7d) hold trivially with 6 =0 and x = 1.
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To check (2.7b), fix (u,f) € Hy and (v,g) € He. Then

|18, )] (v,8)) e — (s L) (v,8)) |
|fgl

< [~ dletae <o~ il | o
< JBe— ﬁOHM||(u,f)||H0H(Vag)”HE’

i.e., (2.7b) holds with 8; = b~!|| B¢ — Bo||-, compare Remark 2.4.
Finally, to check (2.7¢), fix (u,ulr) € Vy and (v,v|r) € Ve. Then

|a0((u,u|r),lllg(v7v|r)) —ag(lfg(mu\r) (v,v|r))|
< ||l e — |- HVuHLz o) IVvll2@)

+lg- o Iz + Vo — el el oy 7

Finally, note that

Yo e ||ﬂ870_ﬁ07/£H°° ”YOHw ||ﬁ0||°°
= < oo
Ig Bl < < B Bollet

which concludes the proof. [

57— 110 = Yell,

It is easy to check using the Beurling-Deny criteria that the semigroups (e ~"4¢)
are positive and quasi-contractive in the norm of

L7 (@) x L=(T —)
T,
i.e.,
—tAg
le™* ||L°°(Q)me(F;%—‘E’) <e”,
where r € R depends only on a lower bound of (7 )¢>0. By duality, we obtain uniform
quasi-contractivity also in the space

LNQ) x L! (r;‘;—j).

In fact, the adjoint operator satisfies the same conditions as Ag itself.
Thus, by Theorem 3.23 (and its dual version for p < 2) we obtain the following
result. In fact, the proof of Theorem 3.23 provides an explicit error estimate.

THEOREM 4.4. Assume that /¢ — o, Be — Po, Ye — W and qe — qo uni-
SJormly on Q or T, respectively. Then for every t > 0 and p € (1,%) the operators
e "¢ converge to e 740 as € — 0 in the operator norm of LP (Q) x LP (F;da) and the
§P%

convergence rate can be estimated by



980 D. MUGNOLO, R. NITTKA AND O. POST

4.3. Degenerate equations in non-divergence form

Now we show that our machinery also applies to the approximation of degener-
ate elliptic operators in non-divergence form. More precisely, we study the operator
mA with Dirichlet boundary conditions on a bounded domain Q C RY for a possibly
degenerate function m. This operator has been studied for example by Arendt and
Chovanec [2], who investigated under which conditions its part in Cy(£2) generates a
Cp-semigroup.

Let mp: Q — (0,e0) be a bounded, measurable function and assume that m%, €
L9(Q), where g=1if N=1, ¢> 1 if N=2,and g = § if N > 3. Define m, :=
max{mg,e} Our goal is to show that the forms associated to the uniformly elliptic
operators mgA converge to the (possibly degenerate) form associated to the operator
mpA in the sense of our abstract framework as € — 0, where

dom(meA) := {u € Hj(Q)NL*(Q; -4

> me (x

If € LX(Q -2 ) such that Au= L}, (meA)u:=f.

> mg (x)
Here, in the definition of D(mgA), the expression Au has to be understood as a distri-
bution.
We start by introducing the forms that give rise to these operators. Define

He :=L*(Q;-%) and V.:=H}(Q).

me (x)

Z

Note that Ve C H, even for € =0 by the Sobolev embedding theorem and Holder’s
inequality due to the integrability assumption mio € L1(Q). Thus the natural inner
product

(v, = /Q ViV + (u)s,, 42)

turns Ve N H; =V, into a Hilbert space. Here we used the equivalent norm u +— || Vu||
on Hé (Q). For the norm associated to (4.2), the embedding constant of V; into He is
at most 1. We emphasise that in general the Hilbert spaces He do not agree with Hy,
not even as sets. We define the form a;: Vi x Vg — C by

ag(f,g) = /QVMW.

Then a, is bounded with constant M = 1, and a, is elliptic with constants @ = 1 and
o = 1. Hence the family (a¢)e>0 is equi-elliptic in the sense of Definition 2.1. The
form a, is associated with the operator —m¢A as defined above, compare [2].

THEOREM 4.5. The forms associated with the operators meA and myA are & -
K -quasi unitarily equivalent for x =1 and a family (0¢)e>0 of real numbers such that
0: —0ase—0.

Proof. For simplicity, we assume that N > 3. Define

Jlgu::,/@u and JI¢f = Ef.
me mg
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Then J'¢: Hy — Hy and J'¢: Hy — He are isometric isomorphisms, hence unitary.
Moreover, J1€ and J*¢ are inverse to each other, so (2.7b), (2.7¢) and (2.7d) are satisfied
with 6 =0 and kx =1.

We take J|® and Ji* to be the identity. Then (2.7¢) is fulfilled with & = 0.
Moreover, by Holder’s inequality

2
2 m 2 \’4| 2 2
e loully, < [ 5 -1 <l = el Il g,
2 o2/N
<&M ull,

for all u € V) with the embedding constant ¢ of H} (L) into LV (Q), and for

5 ! N
e /Q‘ Jmo
Since
N _ 1 .
S an eL (Q)
my,

by assumption and in addition mg(x) — mg(x) for all x € Q, we obtain that 6 — 0
by the dominated convergence theorem. The other inequality in (2.7b) is proved in a
similar way; in fact, the calculations are symmetric in mo and me. 0O

5. Shrinking tubes with Robin boundary conditions

In this section we present our main example of convergence of Laplacians acting in
different Hilbert spaces. We consider a family of manifolds X, with boundary together
with the corresponding Laplacian A with (in general) non-local boundary conditions.

We use Robin-type boundary condition of a certain scaling. In Remark 5.2 we
compare our approach with the ones used in [12] and [6].

5.1. The metric graph model

As an example of our approximation scheme, we consider a diffusive process on
a family of (m+ 1)-dimensional manifolds (X,g.) converging to a limit space given
by a metric graph X,. We will now present the construction in detail. We consider
compact spaces only. For the non-compact case, see Remark 5.10.

Let (V,E,d) be a directed graph where V and E are finite sets, the set of vertices
and edges. Furthermore, d: E — V x V encodes the graph structure and orientation
by associating to an edge e € E the pair (d_e,d;e) of its initial and terminal vertex.
The orientation is only introduced for convenience. The definition of Ay below does
not depend on the choice of orientation. We denote by

Ef:={ecE:die=v} and E,:=E, UES
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the set of edges terminating in v (+), starting in v (—) resp. adjacent with v. We
denote by degv := |E,| the degree of a vertex v, i.e., the number of edges terminating
and starting in v.

Let Xy be the topological graph associated to (V,E,d), i.e., the edges are 1-
dimensional intervals meeting in the vertices according to the graph structure. The
metric structure of Xy is defined by a function £: E — (0,c0) associating to each edge
e a length /.. We parametrise each edge with a coordinate s = s, i.e., we identify
the directed edge e with the associated merric edge I. := [0,4¢] in such a way that
d—e corresponds to s = 0 and die corresponds to s = £.. Introducing the obvious
distance function now turns the topological graph X, into a metric space, the metric
graph. Similarly, we have a natural measure on X, given by the Lebesgue measure on
each edge ds = ds..

The basic Hilbert space is

Ho:=L*(Xo) := PL*(L)

ecE

with norm' || f[|%, = Sece [l fell7, » Where L?(I) is the usual L*-space with norm given

by [I/fellf, = fo° Ifel*ds.
The Hilbert space, which will serve as domain of the sesquilinear form defined
below, is given by
Vo:=H"'(Xo) :=C(Xo) NEPH" (L
ecE
with norm defined by

1% = 2 (I +117,)

ecE

i.e., a function in V is of class H! along the edges and also continuous at each vertex.
Trivially, || f]|a, < |/f|lv,, i.e., we can choose Cy = 1 in (2.3).
We define the operator governing an evolution process via the sesquilinear form

ao(f,g) :=aov(f,8) +aoe(f,g) (5.1

for functions f,g € V, where

aov(f,8) Z Z Yowf(w)g(v)degv and

vevVweV
aelf9):= ) = % /

for a given coefficient matrix (Yw )v.wev -
The following estimate follows easily from a standard Sobolev estimate on an
interval. In particular, we have

8
171 = X 1£(v)I* degv < 4b]If'|I%, + 7 II/1%, (52)
vev

'Here and in the sequel, we use the notation || f||s for the L? -norm of a measurable function u: M — C
on a measure space M .
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for f € H'(Xo), where f = (f(v))vev and 0 < b < minele, see e.g. [10]. The next
proposition is an easy consequence of (5.2).

PROPOSITION 5.1. The sesquilinear form aq is well-defined on Vo = H'(Xp).
Moreover; given o € (0,1), there exists ® > 0 such that

Reao(f, )+ ol flz = el
forall f €Vy=H(Xo). In particular, ay is Hy-elliptic.

It is easily seen that the corresponding operator Ag acts as (Agf)e = —f. on each edge
for f € domA, where f € domA iff f € C(Xp) N Pece H*(Ie) and

1
degv

D feW)+ X K f (W) =0,

ecE, wevV

where fI(v) = —f.(0) if v=0_e and f.(v) = fi({e) if v = dse. Observe that for a
non-diagonal matrix y the vertex conditions defined above turn out to be non-local.

5.2. The manifold model

In the sequel, we will construct a manifold X according to the graph (V,E,J)
together with a family of metrics g¢ such that (X,ge) shrinks to the metric graph X;
in a suitable sense (see Figure 1).

Figure 1: The metric graph Xy and the family of manifolds (X,ge) shrinking to the metric
graph. Here, (X,g¢) can be considered as a subset of R3, ie., asa full cylinder with boundary
consisting of the surface of the pipeline network.

Let X be an (m+ 1)-dimensional connected manifold with boundary dX. We
assume that X decomposes as

x=JxulJx, (5.3)

vev ecE
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where the vertex and edge manifolds, X, and X., are compact connected subsets with
non-empty interior. Moreover, we assume that {X, }yey and {X.}ecg are families of
pairwise disjoint sets, respectively (indicated by ), and that

X. 2] x Y,

where Y. is a compact, connected, m-dimensional manifold, the transversal or cross-
section manifold at the edge e. Note that Y. has a boundary (as far as dX NX, is
non-empty). In the sequel, we will identify X, with the product I, x Y,. Finally, we
assume that

Y., ifve de,

Yoe =X, NX =
e v {(IJ otherwise.

Let g be a smooth Riemannian metric on X having product structure on X, i.e.,
e = dsg + he

on X., where &, is a Riemannian metric on Y. Here, and in the sequel, we use the
subscripts (+), and (). to indicate the restriction to X, and X. for objects on the
manifold. By assumption, X, is a manifold with boundary in which the disjoint union
of transversal manifolds

Y, = U Yv,e

ecEy

is embedded. In addition, the embedding is isometric. We can think of X as being
constructed from the graph (V,E,d) and the family of transversal manifolds {Ye}ece
and vertex manifolds {X, },ev according to the graph.

Let us now define the family of €-depending metrics on X via

8ev = szg\, and 8ee ™= dsz + 82he,

i.e., (X,g¢) is obtained from the manifold (X,g) by €-homothetically shrinking of
the vertex manifold X, and the transversal manifold Y, of the edge manifold X, (thin
tube). Note that (X,g.) defines a smooth Riemannian manifold. The smoothness of
the metric along the passage from X, to X, is assured since the original metric g = g
is assumed to be smooth on X .

If the metric graph X is embedded in R"*!, then one can choose a closed neigh-
bourhood X, of Xy in R™*! with smooth boundary and thickness of order £. The
smoothness is assumed only for simplicity; a Lipschitz boundary would be enough.
Note that a decomposition as in (5.3) does not give an isometric decomposition, since
the edge neighbourhood X; . is slightly shorter than /. due to the presence of the ver-
tex neighbourhoods. Nevertheless, this example can be treated in the same way after
a longitudinal rescaling of the edge variable. The error made is only of order &. For
details, we refer to Lem. 2.7 of [10] or [32, Prop. 5.3.10].

The decomposition (5.3) induces a decomposition of the boundary T = dX, an
m-dimensional Riemannian manifold,

r=Jruyre,

vev ecE
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where T, C dX, and T'e = I X dY. C dX. are pairwise disjoint (or intersect only in
sets of m-dimensional measure 0). Moreover, we have

0X,=TWU|JXe and 9Xe=T.U ] Y.
ecEy vede

The Riemannian measure associated with a Riemannian manifold (M, g.) is de-
noted by dM; . In particular, we have

dXe, = "t dx,, dle, = e™drl,, (5.4a)
dXe e = €" dX. = £" dsc dYe, dTee = ™ 1dle = €™ ! dse doYe. (5.4b)

We will use the abbreviation X, , X etc. for the measure spaces (X,dXe), (X,,dXe.,),
etc.
Here and in the sequel, we use the notation

Xe=JX, xv=UX, Te=Tr.

ecE veV ecE

etc. for the (disjoint) union of the corresponding manifolds. Similarly, X¢ g, Xe v, TeE
etc. denote the corresponding Riemannian manifolds with the €-depending metric.

The basic Hilbert space we are working in is He := L?(X;). We often write ||u]|x,
instead of |u|| 12(x,) for the corresponding norm. The €-dependence of the norms for
the scaled spaces can easily calculated using (5.4); e.g. for X¢, and X¢ . we have

lulfe, =" [ Pax, andul,=e" [ juPdvds.
’ Xv ' Ie xYe

Let Ve := H'(X¢) be the Sobolev space of first order defined as the completion of
smooth functions on X, with respect to the norm defined by

el ey = 132, + 102y,

where ”d“HiZ(XE) = Jx|dul2 dXe, and [dul? is given in (4.1). Trivially, ||ullz, <
||lu|lv,, i.e., we can choose Cy =1 in (2.3).
We define a sesquilinear form by

e (u,v) = /X (duldv) g, dXe + /r BeuvdTs + /r _ B@eNdreede  (55)

for functions u € Ve = H'(X,). Here (-|-)¢, is the (pointwise) inner product on 7T*X
defined via the Riemannian metric g.. Moreover, (u®7)(x1,x2) := u(x;)v(x2). We
assume that B¢ € L(T') and 7. € L*(T' x T). In this case, a. is indeed well-defined
forall u € H'(X;) (see Proposition 5.7).

The associated operator is given by Agu = —Au = d*du for functions u € domA, .
Moreover, u € domA, iff u € H*(X,) and

1
- nu+ﬁeu+/')’sudr£:0a
3 r
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where the integral is taken with respect to the first variable of ;: I' x I' — C, and
where 0, is the normal derivative on X .

REMARK 5.2. Letusillustrate the effect of scaling the underlying space for Robin
boundary conditions in a simple example: Assume that the transversal manifold Y ¢ is
isometric to the interval [0,€] and that there is no non-local contribution, i.e., 1% =
0. We consider the Laplacian with Neumann boundary conditions at 0 and Robin
boundary conditions at €, i.e.,

v(€) + Bev(e) =0,

where B € R\ {0} is the coupling constant. An eigenfunction for the Laplacian Av =
—v" with Neumann boundary conditions at 0 is of the form

v(s) =v(0) cos(ws) and v(s) = v(0)cosh(ws),

with eigenvalue ®? and —w? if Be >0 and Be < 0, respectively. The lowest eigen-
value () is then of the same order as ¢! 3¢ for € — 0.

If one chooses scale-invariant Robin boundary conditions, i.e., e = e~ !B for
some B # 0, as e.g. in [12] and [6], then the lowest eigenvalue g (&) is of order 2
and one has to substract the divergent term tt(€) in order to expect convergence to a
limit.

Here, we use a different approach. We assume that the coupling constant ;¢ is of
order £3/2 on the edge neighbourhoods, see (5.13) (actually, €' would be enough
for some 1 > 0). In this case, the lowest (transversal) eigenvalue (i (¢€) is of order gl/?
(resp. €M), and converges to 0. We are then in the situation, where the Robin Laplacian
is close to the Neumann Laplacian. This is the reason why we are in the same setting
as in the (simpler) Neumann boundary condition case treated already in [31].

5.3. Some estimates on the manifold

Let us collect some estimates needed later on. Basically, we need a Sobolev trace
estimate. Let M be a compact Riemannian manifold of dimension n with metric g and
boundary dM, and B a compact (n — 1)-dimensional submanifold of dM carrying the
induced metric. It follows that there is a constant Cy 5, > 0 such that

el < Gl (11l + el 3) (5.62)

for all u € H'(M). The constant Cg’ u geometrically depends on the shape of B em-
beddedin M.
If we scale the metric by a factor, g, = £2g, then the estimate changes to

1
ol < Chiae (elaulliy, + < Nl ) (5.6b)

using dM, = £"dM, dB, = £"~ ! dB and the fact that \du|§g = 8’2\du|§,. Here, B¢ and
M, denote the corresponding Riemannian manifolds with the €-depending metric.
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We will apply this trace estimate basically in the situations (', X, ), (¥,,X,) and
(dYe,Ye). Let us first prove the following lemma, which shows that the trace estimate
for (dYe,Ye) gives a trace estimate for the product (T'e,Xe) = (Ie X dYe,le X Ye):

LEMMA 5.3. We have
1
2 2 2
el . < CSy v, (elldreul .+ <l )

for all u € H'(Xe.), where dy.u denotes the exterior derivative with respect to the
second variable of I, X Ye.

Proof. Let u € H'(X¢) be smooth, then

2 e 2 e 2 1 2
e = [ )3y, d5 < [ 7By, (eldru I, o+ )R, ) ds
1
2 2
= 8. (elldrenl + < Nl )

using the Sobolev trace estimate (5.6b) for dY. C Y. pointwise. Since smooth func-
tions are dense in H'(X.) and since the operators H'(X.) — L*(Te), u + ulr, and
H'(X.) — L*(Xe, T*Xe), ur dyu are bounded, the estimate also holds for u € H'(Xe).

O

It follows from these trace estimates that the global trace operator u +— u[ is
bounded, either as operator H'(X) — L*(T") or H'(X) — L*(T'¢) (see also Proposi-
tion 5.7 below).

In the following, we need several averaging operators. Let

fou ::]é udX,. (5.7)

denote the average value of u on X, (and also the corresponding constant function on
X,). Here, f,:= (volM)~! [ is the normalised volume integral. Denote by A,(X, ) the
second (first non-vanishing) eigenvalue of the Neumann problem on X, . Let us now
compare the average of u on I', with the average of u on X, :

LEMMA 5.4. Forall u € H'(X,), we have

1
€ lu— foullt, <eck, x, (s +1)Idul,
/ 7L2N(X\,) '

Proof. Interpreting u := u— §,u as a function on I, we have

1

~112 ~112 2

e, < el (1715, + laul,) < "t x, (s
9 \4

Vs

+1) fldul,
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using Cauchy-Schwarz, the Sobolev trace estimate (5.6a) for I', C X, and the min-max
principle
~2 ~12 2
A3 (X lal%, < [ldallk, = lldullg,,
since u is orthogonal to the first (constant) eigenfunction of the Neumann Laplacian on
X, . The scaling property £~ ||duH§(V = Hdu||;2(&v now gives the result. [J

Next, we compare the average of u on Y, . with the average of u on X,. To do
so, we introduce a partial averaging operator also needed later on for the identification
operators. For simplicity, we assume that

vol,, Yo = 1 (5.8)

forall e € E. We set

(Fa)(s) = ., us.3)dve0), (59)

Note that the integral exists for almost every s and f.u defines a function in L ().
If s =0 or s = £, denotes the vertex v = d_e or v = d_ e, respectively, we also write
(f o) (v).

The proof of the following lemma is similar to the proof of Lemma 5.4 (see also
Lem. 2.8 of [10]):

LEMMA 5.5. We have

1
e 3 |fyu— faut)P <ectx, (53

s 1) ldul,,
ecEy 2 (X) '

forall uc H'(X,).

We finally need an estimate over the vertex neighbourhoods. It will assure that in
the limit € — 0, no family of normalised eigenfunctions (i), with uniformly bounded
eigenvalues can concentrate on X, i.e., ||u||x,,/|/u||x. — 0. A proof of the following
estimate was given e.g. in [10, Lem. 2.9]:

LEMMA 5.6. We have
2 2 2 112 2 2
Il <€Culdul, , +8ecwy B}, ¢, + 5 Iul,

Jor 0 < b < ming e, where

1
C,i=4|— JCy
oy e

1

B V01m+1 Xv
A (X)

+1)} and  cugly = . (5.10)
' degv

Moreover, u' denotes the derivative with respect to the longitudinal variable s € I, on
each component X, = I X Y. of Xg,.
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5.4. Equi-ellipticity

Let us now show that the family of sesquilinear forms (a; ), is equi-elliptic. To do
so, we need assumptions on 3¢ and 9. We assume that

Y%e € (L (Tev) @ LA(Tev)) @ (L*(Teg) @ L2 (Teg)) C L*(Te) @ L*(Te),  (5.11a)
[Be o+ [1¥ellreyxrey < Cpyvs  [IBekllo + 1%ellreexree < €Cpype  (5.11b)

for all € > 0 small enough, where B¢y is the restriction of B¢ to I'y etc. Note that
we assumed for simplicity that ¥ only couples edge neighbourhoods with edge neigh-
bourhoods and vertex neighbourhoods with vertex neighbourhoods.

PROPOSITION 5.7. Assume that (5.11a)~(5.11b) are fulfilled. Then, ag¢(u,u) is
well-defined for u € Ve = H'(X;). Moreover, given o € (0,1), there exists ® >0 and
& = &o(at) > 0 such that

Re g (ie,u) + ||z, > orlullf,
Jor all u € Ve and all € € (0,&)]. In particular, (ag)ec(0.g,] is an (He)ge(0,6,) -€qUi-

elliptic family and He = L*>(X¢).

Proof. Let us show that (2.2) holds with uniform constants @ and o. Esti-
mate (2.1) can be seen similarly; and (2.3) is fulfilled with ¢y = 1.
We start estimating the difference ae (u,u) — ||dul|%_ . We have

2 2 2
|a (u,u) — ||dull, | < Cpyvllullr,, +€CpyE ‘”HF&E

by Cauchy-Schwarz, Fubini, (5.11a)—(5.11b). It follows from the Sobolev trace esti-
mate (5.6b) and Lemma 5.6 that

1
2 2 2
lull,, < maxc¥, x, (ellduel}, , + <l , )
2
2 2 2
< max(C¥, x, +Co)elldul}, , + 16maxCl, y,coary [l %, o + lull, o

for 0 < b < mine .. For HI/LH%E . » we have the estimate

Jull, ¢ < maxcS, y, (elldully o + 2w}, )
by Lemma 5.3. It follows that
|ae(u,u) — || dulz,| < C(e,b)||dulk, + o(a)|ullx,,
where
C(e,b) := max{eCp v (CT, x, +Cv), 166C ;v CF, x, Cvolv: €2CpyeCT, x. }

(b) :=max{166™'Cg  CF, x, Cvolv, CpyeCex }-



990 D. MUGNOLO, R. NITTKA AND O. POST

For o € (0,1) we choose

£y = minf1, L )
=mi
Cﬁ YV(CF Xy + C ) Cﬁﬂ%eC{IeXe

and

1—
b:= min{ée, }
Vi€ 16Cﬁ777VCFV7XVCV017V
Then C(g,b) < C(g,b) < 1 — a and we have

Idu]|%, — [ae (i) — || dull%, |
(1~ Cleo,b))lldullg, — @ (®)ull%, > olldulk, — ollul,

Reag(u) >
Z

forall € € (0,&) with @ := @(b). In particular, the family (a¢)e is equi-elliptic. O

5.5. The identification operators

We now fix the identification operators J'€ and J'€ similar as in [31] (see also
Remark 5.2). In particular, we set

JE LX) — L2(Xe),  (J'Ef)y =0, (J'¥f)e:=fe DL, (5.12)

where we use the decomposition of u = J1€f with respect to (5.3). Here Lge(y) :=
£/ for all y € Ye, thus

(e Pe(sy) = €72 fels).

Note that ||J1€f||m, < || fllm, - For J'€, we just choose the adjoint, i.e., J'¢ := (JT€)*.
In particular, (2.7b) is fulfilled and we have

(JY¥u)e = e f u.

Moreover, we need the corresponding identification operators on the level of quadratic
form domains. As in [31], we define

U fei= " es (1l =" f (W)

(see (5.9) for the notation). Note that f(v) is well defined for f € Vj, and that JlT ffe
Ve . For the operator in the opposite direction, we choose

(1u)e(s) == Eu)e(s) + €% Y suels) (Fou— fou(v))

vEde

—g"/? (feu(s) + D xvels) (Fou— Jce”(V))>

vEde

where y, . is the continuous function on the metric edge I. with x\,@(v) =1, Xue
being affine linearon 1, ¢ :={s € L. : d(s,v) < {p} and Yy (s) =0 for s € [, .. Recall
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the definition of §,u in (5.7). In particular, it is easy to see that (Jllgu)e(v) =e"?f u,
independently of the edge e € E, , i.e., Jllsu evr.
Let y be the matrix of Section 5.1. We additionally need that

+Hy£||rsE><F£E 3/2Cﬁ 1,E? (5 13)

1% = Yl (2w < €'/°Chyy  and
where ¥ is the V| x \V|—matr1x defined by

7 R w dr dFV dl"w .
te, degv 6V / Pedl’, +€" /rvxrwy‘S ® )

Moreover, (%:9)(v) := Ywev Yeaw®(w) denotes the corresponding operator in the Hil-
bert space ¢2(V) with weighted norm | ¢||Z := 3, |@(v)[*degv. Note that the second
condition in (5.13) is stronger than the second condition in (5.11b).

PROPOSITION 5.8. Assume that (5.11a)—(5.11b) and (5.13) hold, then we have
|ae (71 f,u) = ao (£, 015 u) | < 8ell vy lullv,

forall f €Vo=H"(Xo), ucVe=H"(Xe) and & € (0,&], where 8; = O(£'/?) depends
only on the geometry of the unscaled manifold X and the metric graph.

Proof. In order to verify the estimate, we will split the estimate in its vertex and
edge part. For the edge contribution, we have

;aS,E(JISf,u) —ap, E(fJifu);
'”/2 / Befudl +¢e"~ l/r yg(f®u)dl"®dl">

UDIDW P ACE = LR

ecEvege’le

The first two integrals can be estimated by
eCp ye(cvoe) I lxolleelir, e
< 81/2C;57Y7E(CVO17E)1/2Hf“XO (mngaYe7Ye(82HduH§SE + Hqu(SE))l/z
<e'2Cp elevonemaxCly )Y ol x,)

using the assumption in (5.13), Cauchy-Schwarz, Lemma 5.3 and € < 1. Here, we have
set CyolE := maxe(vol,_; dYe). The last term of the edge contribution is small since

Y Y [ dehlfa faaw)as

ecEvede
- 1)2
<260 Py (2 3 [ f) )

veVeck,

cr 1/2 1 1)2
<26t mgn( 2 ) 7 (1) P g ol

m/2
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using Cauchy-Schwarz again, the fact that ||y, ||7. = 1/£o. where £y = mine{le,1},
and Lemma 5.5.
For the vertex contribution, we have

}a{i,V (JIgfﬂ/t) - aO,V(fr,llgu) } = 8m/2

S (e |

v,weV Ty xTw

<] X (W) (Fesms — Fo) 1) degv|

v,weV

> |

ﬁgﬁ dr\,
veVv Ty

Ye(l@u)dl'y @ dly — %w(deg V)fﬁ) ’

+e"2 3 (1 )Belir, + X 100 elirgren I L, )l = Fotll, 5:14)

veV wevV

since the derivative vanishes as JlT £ f is constant on X, , and where we replaced u by
f,u+ (u— f,u) in the first two integrals. The first sum of the last estimate can be
estimated by

"2 (f1(Fe — Vv | < 1% — Yz £ IIv (&2 |ullv),
where f = (f(v))vev and u = (f,u)vev. Now,

degv

&u 2 <eg” ——||U 2
lulfy < e 3 o5 = Il
L6 max, cyol,
< oy (emaxCulldul, + === (0 g+ )

by Lemma 5.6, where ¢\, := max,(degv)/(vol,+1X,). In particular, the first sum
equals £/ 2| (f1(% — y)g>v| and can be estimated from above by

8¢, 16¢ 12
1/2 vol,V vol,v
e CMV( Y g, 1 }) T .

by (5.2) and since € < 1. The second summand of the right hand side of (5.14) can be
estimated by

/2 volT', s \1/2
"2 (1Bl + 1 elryr) I (2, g =l )
& . Cu 1 1/2
1/2 vol,v Ty, Xy
<812y yman (S (s 1) ) iy el
using (5.11b), (5.2) and Lemma 5.4, where c[ , := (vol,, T)/(degv). [

Let us now formulate the main theorem of this section.



NORM CONVERGENCE ON VARYING HILBERT SPACES 993

THEOREM 5.9. Assume that (5.11a)—(5.11b) and (5.13) are fulfilled. Then the
sesquilinear forms (ag)ge[o’go] Sform an equi-elliptic family for some & > 0. Moreover,
ag is 8 - K-quasi-unitarily equivalent to aq for 8 = O(€'/?) and x = 1.

In particular, the convergence results of Section 2 apply, e.g., the spectra o(Ag)

of the associated operators Ag converges to the spectrum o(Ag) of Ag in the sense of
Definition 3.10.

Proof. Condition (2.7e) has been shown in Proposition 5.8. The other conditions
have already been shown in [31] or [ 10, Prp. 3.2]. Note that the spectrum of A, and Ay
is purely discrete, since the underlying spaces are compact. [

REMARK 5.10. If the graph X( and the corresponding manifold X, are not com-
pact, the corresponding forms @y and a. are still (equi-)sectorial and fulfil Defini-
tion 2.3 provided we have a uniform control of the geometry of the graph and the man-
ifold building blocks (see the constants in the proofs). For example, we need a positive
lower bound on the edge length, i.e., infe e > 0 and a uniform finite upper bound on
the Sobolev trace constants like sup,, C{-rv x, < °°. The uniform control of the geometry
is in particular fulfilled if there is a finite set of of manifolds .# such that the building
blocks X, and Y. of the manifold X, constructed according to the graph (V,E,d), are
isometric to a member in .# . Coverings of compact spaces provide such examples.

REMARK 5.11. Under suitable conditions on the coefficients we can apply The-
orem 3.23 in the context of the approximation results of this section. More precisely,
assume e.g. that B > 0 and y. = 0. Then it can easily be verified that the forms a,
satisfy the Beurling-Deny conditions for all € > 0. Thus the associated semigroups are
positive and L -contractive. Thus for ¢(z) = e % the assumptions of Theorem 3.23
are satisfied with ¢, = €"/2 . Hence

¢ 401 —ee| p0x,) — O

as € — 0.
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