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BOUNDARY DATA MAPS AND KREIN’S RESOLVENT FORMULA
FOR STURM—LIOUVILLE OPERATORS ON A FINITE INTERVAL

STEPHEN CLARK, FRITZ GESZTESY, ROGER NICHOLS AND MAXIM ZINCHENKO

(Communicated by L. Rodman)

Abstract. We continue the study of boundary data maps, that is, generalizations of spectral pa-
rameter dependent Dirichlet-to-Neumann maps for (three-coefficient) Sturm-Liouville operators
on the finite interval (a,b), to more general boundary conditions, began in [8] and [17]. While
these earlier studies of boundary data maps focused on the case of general separated boundary
conditions at @ and b, the present work develops a unified treatment for all possible self-adjoint
boundary conditions (i.e., separated as well as non-separated ones).

In the course of this paper we describe the connections with Krein’s resolvent formula
for self-adjoint extensions of the underlying minimal Sturm-Liouville operator (parametrized in
terms of boundary conditions), with some emphasis on the Krein extension, develop the basic
trace formulas for resolvent differences of self-adjoint extensions, especially, in terms of the as-
sociated spectral shift functions, and describe the connections between various parametrizations
of all self-adjoint extensions, including the precise relation to von Neumann’s basic parametriza-
tion in terms of unitary maps between deficiency subspaces.

1. Introduction

The principal theme developed in this paper concerns a detailed treatment of gen-
eralizations of the spectral parameter dependent Dirichlet-to-Neumann map for (three-
coefficient) Sturm-Liouville operators on the finite interval (a,b) to that for all self-
adjoint boundary conditions. While the earlier treatments of boundary data maps in [&]
and [17] focused on the special case of separated boundary conditions at @ and b, this
paper now treats the case of all self-adjoint boundary conditions in a unified matter. Ap-
plications of the formalism discussed in this paper include the precise connections with
Krein’s resolvent formula for self-adjoint extensions of the underlying minimal Sturm—
Liouville operator (parametrized in terms of boundary conditions); in particular, we
will describe in detail the connections with Krein’s extension of the minimal operator.
We also offer a systematic treatment of the basic trace formulas for resolvent differ-
ences of self-adjoint extensions, including the connection with the associated spectral

Mathematics subject classification (2010): Primary 34B05, 34B27, 34L.40; Secondary 34B20, 34L.05,
47A10, 47E05.

Keywords and phrases: Self-adjoint Sturm—Liouville operators on a finite interval, boundary data
maps, Krein-type resolvent formulas, spectral shift functions, perturbation determinants, parametrizations
of self-adjoint extensions.

Based upon work partially supported by the US National Science Foundation under Grant No. DMS 0965411.

© ey, , Zagreb 1
Paper OaM-08-01


http://dx.doi.org/10.7153/oam-08-01

2 S. CLARK, F. GESZTESY, R. NICHOLS AND M. ZINCHENKO

shift functions. Moreover, we describe the interrelations between various parametriza-
tions of all self-adjoint extensions of the minimal Sturm-Liouville operator, including
the precise connection with von Neumann’s basic parametrization.

We turn to a brief description of the content of this paper: Section 2 recalls a
variety of convenient parametrizations of all self-adjoint extensions associated with a
regular, symmetric, second-order differential expression. This section is of an introduc-
tory character and serves as background material for the bulk of this paper. Section 3
is devoted to a comprehensive discussion of all self-adjoint extensions of the minimal
Sturm-Liouville operator in terms of Krein’s formula for resolvent differences, given
the Sturm—Liouville operator with Dirichlet boundary conditions at @ and b as a conve-
nient reference operator. In particular, we carefully delineate the cases of separated and
non-separated self-adjoint boundary conditions. We conclude this section with a de-
tailed description of the Krein extension of the minimal Sturm—Liouville operator (this
result appears to be new in the general case presented in Example 3.3). Boundary data
maps for general self-adjoint extensions of the minimal operator are the principal topic
in Section 4. Special emphasis is put on a unified treatment of all self-adjoint extensions
(i.e., separated and non-separated ones). In particular, the resolvent difference between
any pair of self-adjoint extensions of the minimal Sturm-Liouville operator is charac-
terized in terms of the general boundary data map and associated boundary trace maps.
Again, the precise connection with Krein’s resolvent formula is established. Trace for-
mulas for resolvent differences and associated spectral shift functions and symmetrized
perturbation determinants are the focus of Section 5. In particular, it is shown that in
the general non-degenerate case, the determinant of the boundary data map coincides
with the symmetrized perturbation determinant up to a spectral parameter independent
constant (the latter depends on the boundary conditions involved). In Section 6 we
provide the precise connection with von Neumann’s parametrization and the boundary
data map Aﬁ}g,(-), the principal object studied in this paper. A very brief outlook on
the applicability of boundary data maps to inverse spectral problems is provided in our
last Section 7. (A detailed discussion of this circle of ideas is beyond the scope of this
paper and hence will appear elsewhere.)

To achieve a certain degree of self-containment, we also offer Appendix A which
recalls the basics of Krein’s resolvent formula for any pair of self-adjoint extensions of
a symmetric operator of finitely-many (equal) deficiency indices.

Finally, we briefly summarize some of the notation used in this paper: Let .7#” be a
separable complex Hilbert space, (-,-)» the scalar product in .# (linear in the second
argument), and 1 the identity operator in .7 . Next, if T is a linear operator mapping
(a subspace of) a Banach space into another, then dom(7') and ker(7') denote the do-
main and kernel (i.e., null space) of T'. The closure of a closable operator § is denoted
by S. At times, and only for typographical reasons, we will also use S° for the closure
of S. The spectrum, essential spectrum, discrete spectrum, and resolvent set of a closed
linear operator in .7 will be denoted by o (-), Oess(-), 0a(-), and p(-), respectively.
The Banach space of bounded linear operators on .7 is denoted by %(.%), the anal-
ogous notation A(Z21,Z>), will be used for bounded operators between two Banach
spaces 2 and 23 . Moreover, %, + % denotes the (not necessarily orthogonal) direct
sum of the subspaces %] and %5 of a Banach (or Hilbert) space % .
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The Banach space of compact operators defined on ¢ is denoted by HB..(#) and
the ¢7-based trace ideals are denoted by %,(s¢), p > 1. The Fredholm determinant
for trace class perturbations of the identity in .7 is denoted by det_»(-), the trace for
trace class operators in 7% will be denoted by tr»(+).

For brevity, the identity operator in L?((a,b);rdx) will be denoted by I(4p) and
that in C" by I,, n € N. For simplicity of notation, the subscript L*((a,b);rdx) will
typically be omitted in the scalar product (-,-) 12((a,b)srdx) 10 the proofs of our results
in Sections 3-5. For an n x n matrix M € C"*", its operator norm, ||M||z(cn), will
simply be abbreviated by ||M]|.

2. Basics on the classification and parametrization of all self-adjoint regular
Sturm-Liouville operators

In this section we recall several convenient parametrizations of all self-adjoint ex-
tensions associated with a regular, symmetric, second-order differential expression as
discussed in detail, for instance, in [50, Theorem 13.15] and [53, Theorem 10.4.3].
While the first part of this section is of an introductory character and serves as back-
ground material for the bulk of this paper, its second part provides a detailed discussion
of the extent to which these parametrizations uniquely characterize self-adjoint exten-
sions.

Throughout this paper we make the following set of assumptions:

HYPOTHESIS 2.1. Suppose p,q,r satisfy the following conditions:
(i) r>0ae on (a,b), reL((a,b);dx).
(ii) p>0ae. on (a,b), 1/pcL'((a,b);dx).
(iii) q € L'((a,b);dx), q is real-valued a.e. on (a,b).

Given Hypothesis 2.1, we take T to be the Sturm-Liouville-type differential ex-
pression defined by

1 d d
_ . — oo ) 2.1
T= e dxp(x)dx+q(x) , XE€(a,b), <a<b<eo, 2.1

and note that 7 is regular on [a,b]. In addition, the following convenient notation for
the first quasi-derivative is introduced,

y(x) = p(x)y (x) forae. x € (a,b), y € AC(|a, b]). (2.2)

Here AC([a,b]) denotes the set of absolutely continuous functions on |[a, b].
Given that 7 is regular on [a,b], the maximal operator Hpyax in L?((a,b);rdx)
associated with 7 is defined by

Hoax f = 1f, (2.3)
f € dom(Hmax) = {g € L*((a,b);rdx) | .8V € AC([a,b]); tg € L*((a,b); rdx)},
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while the minimal operator Hpy, in L*((a,b);rdx) associated with 7 is given by

Hminf = Tf7
f € dom(Hpin) = {g € L*((a,b);rdx) | g,8""l € AC([a,b]); (2.4)
g(a) = g"(a) = g(b) = ¢! (b) = 0; 1g € I*((a,b); rdx)}.

We recall that an operator H in L*((a,b);rdx) is an extension of Hyiy, and de-
noted so by writing Hyin C H, when dom(Hyin) € dom(H), and Hf = Hy;yf for all
f € dom(Hyy). H is symmetric when its adjoint operator H* is an extension of H,
that is, H C H*, and said to be self-adjoint when H = H*. We note that the operator
Hpin 1s symmetric and that

;ﬁn = Hmax; H;lkqax = Hmin; (2-5)

(cf. Weidmann [49, Theorem 13.8]). If Hisa symmetric extension of Hpy,, then, by
taking adjoints, one has _

Hmin CHC Hmax; (2-6)

so that any symmetric extension of Hy;, is actually a restriction of Hp.x. Thus, in
order to completely specify a symmetric (in particular, self-adjoint) extension of Hpy;y,
it suffices to specify its domain of definition.

We now summarize material found, for instance, in [50, Ch. 13] and [53, Sects.
10.3, 10.4] in which self-adjoint extensions of the minimal operator Hy,, are charac-
terized.

THEOREM 2.2. (See, e.g., [50~], Theorem 13.14; [53], Theorem 10.4.2) Assume
Hypothesis 2.1 and suppose that H is an extension of the minimal operator Hp, de-
Jfined in (2.4). Then the following hold:

(i) H is a self-adjoint extension of Hyy if and only if there exist 2 X 2 matrices A and
B with complex-valued entries satisfying

rank(A B) =2, AJA*=BJB*, J= (? _01) , .7)

with I-If = 1f, and where

dom(ﬁ) = {g € dom(Hpmax)

g(a) g(b)
A =B . 2.8
() =2 =
Henceforth, the self-adjoint extension H corresponding to the matrices A and B will

be denoted by Hy p.
(ii) For z € p(Hag), the resolvent Hy g is of the form

b

((Hap —Zl(a,b))flf) (x) = /u r(x')dx' G p(z,x,x') f(x'), (2.9)

fELz((aJ?);rdx)7
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where the Green’s function G p(z,x,x") is of the form given by

z?,k:l m;’tk(x)uj(zvx)uk(zvx/% ¥ <

/

Hk=t ", / (2.10)
ikt m(uj(z,x)ue(z,x'), ¥ >x.

Gap(z,x,x') = {

Here {uy,uy} represents a fundamental set of solutions for (T —z)u =0 and mjfk,
1 < j,k < 2, are appropriate constants. In particular,

(Hap—2(ap) " € B(L*((a,b);rdx)), z€p(Hap) (2.11)

(iif) Hap has purely discrete spectrum with eigenvalues of multiplicity at most 2.
Moreover, if 6(Hap) = {AaB,j} jen, then

S gl <o (2.12)
jeN
Aag,j70

The characterization of self-adjoint extensions of Hp,;, in terms of pairs of matri-
ces (A,B) € C**? x C?*? satisfying (2.7) is not unique in the sense that different pairs
may lead to the same self-adjoint extension (i.e., it is possible that Hy p = Hys g with
(A,B) # (A’,B')) as the following simple example illustrates.

EXAMPLE 2.3. Let A,B € C>*? satisfy (2.7). If C € C**? is nonsingular, then
the pair (A’,B’) with A’ = CA and B’ = CB satisfies (2.7) and one readily verifies
dom(Hy g) = dom(Hy p) so that Hy p = Hyr . One can actually show Hpp = Hy' pr
if and only if A’ = CA and B’ = CB for a nonsingular matrix C € C?>*?, see Corollary
2.8 below.

Thus, Theorem 2.2 (i) establishes the existence of a surjective mapping from the
set of all pairs (A, B) € C?>*? x C**? which satisfy (2.7) to the set of self-adjoint exten-
sions of Hpyin,

(A,B) +— Hy p, where A,B € C**? satisfy (2.7). (2.13)

Example 2.3 shows that the mapping (2.13) is not injective.

To obtain unique representations for the self-adjoint extensions of Hp, described
in Theorem 2.2, we first take note of some additional consequences for matrix pairs
(A,B) € C?*? x C**? satisfying the conditions given in (2.7).

LEMMA 2.4. Let A and B be 2 x 2 matrices with complex-valued entries which
satisfy the conditions given in (2.7). Then the following hold:
(i) rank(A) = rank(B) # 0.
(ii) Col(A) NCol(B) = {0} if and only if rank(A) = rank(B) = 1, where Col(A)
represents the span of the columns of a matrix A.
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Proof. With A and B representing 2 x 2 matrices with complex-valued entries
that satisfy (2.7), we note that |det(A)|* = | det(B)|?; which, together with rank(A B) =
2, implies that rank(A) = rank(B). Let

p =rank(A) = rank(B), (2.14)

and observe that while a priori p € {0,1,2}, in fact, p # 0; for otherwise one concludes
that rank(A B) = 0, in violation of the rank condition imposed in (2.7).

If p =1 and Col(A) N Col(B) contains a nonzero vector, then Col(A) = Col(B),
and rank(A B) = 1, thus violating the rank condition given in (2.7). If p = 2, then
Col(A)NCol(B) = C?. Thus, Col(A)NCol(B) = {0} if and only if p = 1 when A and
B satisfy the conditions provided in (2.7). [

The next result provides unique characterizations for all self-adjoint extensions of
Hin and hence can be viewed as a refinement of Theorem 2.2.

THEOREM 2.5. (See, e.g., [50], Theorem 13.15; [53], Theorem 10.4.3) Assume
Hypothesis 2.1. Let Huyin be the minimal operator associated with T and defined in
(2.4) and Hpp a self-adjoint extension of the minimal operator as characterized in
Theorem 2.2; then, the following hold:

(i) Hy p is a self-adjoint extension of Hpyi, where rank(A’) = rank(B') = 1 if and only
if Hy g = Hp g, where

A (cos(()ea) singe»)’ B_ (—002(61,) sin(()eb))’ (2.15)

for a unique pair 6,0, € [0,1), where
dom(Hy ) = {g € dom(Hpay) | g(a)cos(6,) + gl (a)sin(6,) = 0,
g(b)cos(6,) — g () sin(6;) = 0}.

(it) Hy p is a self-adjoint extension of Hyin with rank(A") = rank(B") =2 if and only
ifHA/7B/ :HA,B: where

(2.16)

A=¢"R, B=1, (2.17)
for a unique ¢ € [0,21), and unique R € SLy(R), and where

()=o)} o

Proof. First, with A and B defined either by (2.15) or by (2.17), one notes that A
and B satisfy the properties in (2.7). Hence, by Theorem 2.2, Hy p is a self-adjoint ex-
tension of the minimal operator Hy,, . Clearly, when (2.15) holds, rank(A) = rank(B) =
1, and when (2.17) holds, rank(A) = rank(B) = 2.

With A,B € C2x2 satisfying (2.7), Hp p as characterized in Theorem 2.2 rep-
resents a self-adjoint extension of the minimal operator Hy,,. By Lemma 2.4, p =
rank(A) = rank(B) # 0.

dom(Hy g) = {g € dom(Hpax)
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When p =1, the row vectors of A and B are linearly dependent, and

_[coy car (B B
A_<d(x1 daz), B_<d,ﬁ1 78 ) (2.19)

with (c,d) # (0,0), (c’.d") # (0,0), (a1, ) # (0,0), (B1,B2) # (0,0). We note that
Col(A)NCol(B) = {0}, which is equivalent to p = 1, implies that

A& = Bn only when A =0 = Bn), (2.20)

and hence that AJA* = 0 = BJB*. As a consequence, Im (0, @) = Im(B;8,) = 0; by
which it follows that the C?-vectors (o, ) and (By, ;) are complex multiples of
R2 -vectors; thus, without loss of generality, we may assume in (2.19) that

oy =cos(0,), op=sin(6,), Py =—cos(y), Pr=-sin(6y), (2.21)

with 6,,6, € [0, 7). A second consequence of (2.20) is that the domain of Hy p, pro-

vided in (2.8), is then given by
gla) 8(b)
A =0=8B 2.22
() =o=2(fim) e
and consequently, by (2.16).

With A and B defined in (2.15), and 6, and 6, defined in (2.8), Hy p is a self-
adjoint extension with rank(A) = rank(B) = 1 as noted at the beginning of the proof.
Then, as a consequence of the principle provided in (2.20) applied to A and B , we see
that dom(Hy ) = dom(Hy p) and hence that Hy g = Hp p.

Uniqueness of the representation given in (2.16) follows by noting that if (2.16)
holds for the distinct pairs (6, 6},),(6,,6;) € [0,7) x [0,7), then sin(6, — 6),) = sin(6), —
6,) =0.

When p =2, then A and B are invertible and hence the boundary condition
present in the definition of the domain of Hy p in (2.8) can be rewritten as

(gﬁ?;)) = Bha (gigc(lc)l))’ Boa=B'A. 229

With By, = B~'A, one notes that By, ,JB; , = J; hence, that |det(By,)| = 1, and as
a consequence that det(B,) = ¢'V. In addition, By, = —J(B;,)”'J = ¢VYBy, and
hence that By, , = ¢V/2R, where R is a 2 x 2 matrix with real-valued entries for which

det(R) =1, that is, R € SLy(R). Thus, the boundary condition in (2.23) can now be
rewritten as

dom(Hy g) = {g € dom(Hmax)

(;1 %)) R (;136(2))’ 0 €[0,27), R € SLy(R). (2.24)

Uniqueness of the representation given in (2.18) follows by notjng that if (2.18)
holds for the distinct pairs (¢,R),(¢’,R) € [0,27) x SLy(R), then /¢~ RR-1 =1,
and hence that ¢’ = ¢, R'=R. [
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We now elaborate on two alternative characterizations for the self-adjoint exten-
sions of Hy,. These characterizations are summarized below in Theorems 2.7 and 2.9.
The characterization given in Theorem 2.7 is directly related to that found in Theorem
2.2 and proves central to the development of Sections 4 and 5. Like in Theorem 2.2,
the extensions in Theorem 2.7 are not uniquely characterized. By contrast, the char-
acterization given in Theorem 2.9 provides a unique association between elements of
the space of 2 x 2 unitary matrices and the set of all self-adjoint extensions of Hpyjy -
Theorem 2.9 can be derived from the theory of Hermitian relations as developed by
Rofe-Beketov and Kholkin in Appendix A of [45]. In particular, Theorem 2.9 repre-
sents the scalar case of [45, Theorem A.7]. We begin with a characterization of the
self-adjoint extensions of Hy;, in the language of boundary trace maps to be discussed
in detail in Section 4.

For a pair A, B € C?>*? satisfying (2.7), one introduces the general boundary trace
map, Y g, associated with the boundary {a,b} of (a,b) by

C'([a,b]) — C2,

YAB: u(a) u(b) (2.25)
A,.B u— A (lﬂ”(a)) —B (um(b)> .

Comparing (2.25) with (2.8), the boundary trace formalism allows one to write
dOm(HAJg) = {g S dom(Hmax) ‘ YA,.BE = 0} (2.26)

Two special cases of (2.25) are to be distinguished, namely,

_ (u(a) _ [ ull(a)
that is,
10 00
Yo = Yap.Bps AD= (0 0) , Bp= (_1 0) , (2.28)
01 00
W = ’)/AN,BNa AN = (0 O) 3 BN — (0 1) . (229)

The boundary trace maps yp and Yy are canonical in the sense that any other boundary
trace map Y4 p can be directly expressed in terms of yp and yy by

YA, = DaBYp +Na W, (2.30)

where the 2 x 2 matrices Dy p and Ny p are given by

Ay —B A2 B
DA7B:< L1 “), NA7B:< 1.2 12). (2.31)

By the elementary Lemma 2.6 below, the conditions in (2.7) are equivalent to

rank(DAB NA7B) = 2, DA.,BNA*7B = NA,BDZ7B~ (232)
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Therefore, one obtains an alternative characterization of all self-adjoint extensions of
Hpin in terms of pairs of 2 x 2 matrices satisfying the conditions in (2.32).
The following result is elementary, but we include it for future reference.

LEMMA 2.6. Let A and B denote 2 x 2 matrices with complex-valued entries.
Then A and B satisfy (2.7) if and only if

A1_1 —311 A12Bl2
X = ) ) , Xv = ’ ’ 2.33
b <A2,1 —Bz,1> N <A2,2 Bz,z) (2.33)
satisfy

rank(XD XN) = 2, XDX; = XNXB- (234)

Proof. The equivalence of the statements regarding the ranks in (2.7) and (2.34)
is clear. The equivalence of the matrix identities in (2.7) and (2.34) is an elementary
calculation. [

The alternative characterization of self-adjoint extensions in terms of matrices sat-
isfying (2.32) is summarized in the following theorem, and its connection to the char-
acterization of self-adjoint extensions given by Theorem 2.2 is made explicit.

THEOREM 2.7. Assume Hypothesis2.1. Suppose that H is a symmetric extension
of the minimal operator Hy, defined in (2.4). Then the following hold:
(i) H is a self-adjoint extension of Hpin if and only if there exist 2 X 2 matrices Xp
and Xy with complex-valued entries satisfying

rank(Xp Xn) =2, XpXy =XnXp. (2.35)
with
Hf=r1f, fecdom(H)={g¢c dom(Hmax)|Xp¥pg+Xnyng=0}. (2.36)

Henceforth, the self-adjoint extension H corresponding to the matrices Xp and Xy,
and defined by (2.36), will be denoted by Hy,, x,, .
(ii) Given matrices A,B € C**? satisfying (2.7), the corresponding self-adjoint exten-
sion Hy p satisfies

Hyp g = Hxp xy» (2.37)

with
Xp =Dyp, Xn=Naps, (2.38)

where Dy p and Ny g are defined by (2.31).
(iti) Given matrices Xp,Xn € C?*? satisfying (2.34) and the corresponding self-adjoint
extension, Hx, x, , one has

Hyp, xy = Ha g, (2.39)
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with

_ (XD,l,l XMLI) B— (‘XDJ:Z XNJ@) (2.40)

Xpp1 Xnp1 —Xppp Xnpp

(iv) Hy,xy, = ITIX&X& if and only if X], = CXp and Xj, = CXy for some nonsingular
matrix C € C**2,

Proof. We begin with item (i). Suppose H is defined by (2.36) for a pair of
matrices Xp, Xy € C>*? which satisfy (2.35). For A and B as defined in (2.40), Lemma
2.6 guarantees that (2.7) is satisfied. By construction (cf. (2.30) and (2.31)),

XpYpu+Xnywu = Yapu, u € dom(Hmax)- (2.41)

Thus, comparing (2.26) with the definition of dom(H) in (2.36), one concludes that
u € dom(Hpmax) belongs to dom(H) if and only if it belongs to dom(Hy g). As a result,
H = Hy g, and it follows that H is a self-adjoint extension of Hp;p.

Conversely, suppose H is a self-adjoint extension of Hp;,. According to Theorem
2.2, H = Hy p for a pair of matrices A,B € C2>*? which satisfy (2.7). Choosing Xp =
Dy p and Xy = Ny g with Dy g and Ny p as defined in (2.31), Lemma 2.6 guarantees
that Xp and Xy satisfy the conditions in (2.35). Comparing (2.26) with (2.30), gives
(2.36). This completes the proof of item (i).

Items (if) and (iii) are now immediate consequences of the proof of item (i).

Sufficiency in item (iv) is clear since

Xpyu+Xnywu =0 <= CXpypu+CXyywu=0, uéc dom(Hmax)7 (2.42)

for any nonsingular C € C?*2. In order to establish necessity, we now assume that
Hy,xy = Hyy x; or, equivalently, that dom(Hy, x,) = dom(HX/ X ). One observes
that the latter equahty (of domains) means that for u € dom(Hmdx)

Xpypu+Xnywu =0 <— Xl/))/Du +X/\,7Nu =0. (2.43)

Viewing the two equations in (2.43) as two homogeneous linear systems (in the vari-
ables (u(a),u(b),ul (a), —ul')(b))) with coefficient matrices (Xp Xy) and (X}, Xx),
the condition in (2.43) implies that these two systems are equivalent systems. There-
fore, there exists a nonsingular matrix C € C?*? relating the coefficient matrices ac-
cording to

(X}, Xy)=C(Xp Xy). (2.44)
Consequently, X/, = CXp and X}, = CXy, implying the necessity claim. This completes
the proof of item (iv). O

COROLLARY 2.8. Hyp = Hy g if and only if A" = CA and B' = CB for some
nonsingular matrix C € c2x2,
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Proof. Sufficiency is clear (and has, in fact, already been mentioned in Example
2.3). In order to prove necessity, suppose Hy p = Hy g . Then by Theorem 2.7 (ii),
Hp, ynyy =Hap=Hy p = HDA/#B/ Ny g (2.45)

where the matrices Dy p and Ny p are defined by (2.31) and Dy p and Ny p are
defined analogously. In light of (2.45) and Theorem 2.7 (iv), there exists a nonsingular
matrix C € C>*? such that

Dy p = CDy Ny pr = CNy . (2.46)
Explicitly computing the matrix products in (2.46) yields

Ay, —B, _ (CriAL1+CipA2y —CiiB11 —CipBay
Ay, =B, C 1A+ CopAr g —Co B —CopBa

A, B, _ (Cr1A12+Ci1pA2 CriB12+Ci2B2p (2.47)
A, By, Cr1A10+CopA2r Co1B1o+ConBos ) '
By equating coefficients in (2.47), one concludes that A’ = CA and B'=CB. [
The next result provides a unique characterization of self-adjoint Sturm—Liouville

extensions in terms of unitary 2 X 2 matrices:

THEOREM 2.9. Assume Hypothesis2.1. Suppose that H is a symmetric extension
of the minimal operator Hy, defined in (2.4). Then the following hold:
(i) H is a self-adjoint extension of Hni, if and only if there exists a unitary U € C**?
with

Hf=1f fe dom(H) = {g S dom(Hmax) ‘ Z(U —IQ)YDg = (U—Flz))/Ng}. (2.48)

Henceforth, the self-adjoint extension H corresponding to the unitary 2 x 2 matrix U
and defined by (2.48) will be denoted by Hy .
(ii) Given a unitary matrix U € C**2, the corresponding self-adjoint extension Hy
satisfies B

Hy = Hx, y Xy (2.49)

where Xp y,Xnuy € C2*2 are defined by
i 1
XD,U = 5(12 — U) XN,U = E(U +12). (2.50)
The matrix U can be recovered from

U= Xpy+iXny) (iXnu —Xpu)- (2.51)

(iti) Given matrices Xp,Xy € C?*? satisfying (2.35), the corresponding self-adjoint
extension Hy,, x, satisfies
Hxp xy = Huyy x,, (2.52)
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where U, xy € C**? is the unitary matrix
Uxp.xy = (Xp +iXy) ™" (iXy — Xp). (2.53)

(iv) Hy = Hyr for 2 x 2 unitary matrices U and U’ if and only if U = U’. Thus, the
mapping U — Hy, U € C2x2 unitary, is a bijection.

Proof. We begin with item (7). Suppose H is defined by (2.48) for a fixed unitary
matrix U € C2*2 and define the matrices Xp,y and Xy y according to (2.50). We claim
that

Xp :=Xpy and Xy := Xy satisfy the conditions in (2.35). (2.54)

Assuming (2.54), a self-adjoint extension Hx, , xy , Of Hmin is defined by (2.36). Evi-
dently, u € dom(Hpax) belongs to dom(Hy,, , x ) if and only if it belongs to dom(H )
as defined by (2.48); hence, dom(H) = dom(Hy,, , xy ). As aresult, H = Hy,, , xy
is a self-adjoint extension of Hpyi,. We now proceed to verify the claim in (2.54). To
this end, one computes (applying unitarity of U ),

rank(XD,U XN7U) = rank[(XD.,U XN7U)(XD7U XN,U)*] = ranklz =2. (2.55)

Once more, unitarity of U yields

X [
XpuXyy = Z(U -U), (2.56)

and consequently,

XN7UX57U = (XD7UX1§7U)* = ( U — U)) =—(U"-U) =XD,UX137U~ (2.57)

Hence, (2.54) is established, completing the proof that H defined by (2.48) is a self-
adjoint extension of Hpip .

Conversely, supposing that H is a self-adjoint extension of Hpi,, we will show
that H satisfies (2.48) for some unitary matrix U € C>*2. Since H must be a restriction
of Hax, (2.48) reduces to proving the existence of a unitary U € C>*? for which

dom(H) = {g € dom(Hmax) |i(U —L)ypg = (U +L)wg}. (2.58)

According to Theorem 2.7 (i), H = HXD,XN for two matrices Xp, Xy € C>*? satisfying
(2.35), and hence dom(H) is characterized by

dom(H) = {g € dom(Hmax) | XpYpg + Xnyvg = 0}. (2.59)
Next, one observes that the matrix (Xp + iXy) is nonsingular; in fact,

rank(Xp + iXy) = rank[(XD +iXn)(Xp + iXn) "]

k(XDXD + XnX3) (2.60)
[
nk(

ank[(Xp XN)(XD Xn)']
Xp Xy)=2. (2.61)
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To get (2.60) and (2.61) one makes use of the fact that Xp and Xy satisfy the conditions
in (2.35). The matrix Uy, x, defined by (2.53) is unitary since

Uxp xv Uxyp xy
= (Xp+iXy) ' (iXy — Xp)(—iXy — X}5) (X}, — iX3) !
= (Xp +iXn) " (XN X5+ XpX5) (X — iX5) ! (2.62)
= (Xp +iXn) " (Xp +iXy) (Xp — iXy) (Xp — iXy) ™

using the identity XpXy = XyX}5 twice. Finally, (2.59) together with the following
chain of equivalences,

i(Uxp,xy — b)You = (Uxpxy + 1) W
<~ Uxp xy (inu — ’)/Nu) =1Ypu -+ yvu
< (iXN — XD)(i’)/Du — yNu) = (XD + iXN)(i’]/Du + yNu)
— —XnYpu — iXnyywu — iXpypu + Xpynu
= iXpYpu+Xpyvu — Xnypu +iXnynu
<~ Xpypu+Xywu =0, u € dom(Hpa), (2.63)

yields (2.58) with U = Uy, x,, defined by (2.53). This completes the proof of item (7).
Regarding item (if), (2.49) with (2.50) is an immediate consequences of the proof
of item (i), while (2.51) is an elementary calculation using (2.50). Item (iii) is an
immediate consequence of the proof of item (i).
Sufficiency in item (iv) is clear. To establish necessity, suppose Hy = Hy for
some 2 x 2 unitary matrices U and U’. Then one has

ﬁXD‘vaN.U =Hy =Hy = HXD‘UUXN‘U” (2.64)

with Xp y and Xy y as defined in (2.50), and Xp y» and Xy ¢+ defined analogously. By
Theorem 2.7 (iv), (2.64) implies the existence of a nonsingular matrix C € C**? such
that

Xpy =CXpu, Xnuy =CXnvu- (2.65)

Using (2.51) to recover U’ along with the identities in (2.65), one has

CXpy +iCXyy) ' (iCXyy — CXpy)
Xpy +iXyy) 'CT C(iXyy — Xpw)

= (Xpu +iXnvu) " (iXvu — Xpv)
=U. (2.66)

U'=Xpy +iXy ) (iXyp — Xpor)
= (
= (

To get (2.66), one applies the reconstruction formula in (2.51) (this time for U). U
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Equation (2.48) in Theorem 2.9 (i) should be viewed as a general description of
all self-adjoint extensions by means of abstract boundary conditions (see also [19, Ch.
3D.

Interest in the issue of parametrizing self-adjoint extensions was revived by Kos-
trykin and Schrader in the context of quantum graphs in [27], [28]. In addition to the
fundamental treatment of unique characterizations of all self-adjoint extensions in terms
of unitary matrices and boundary conditions of the type appearing in [45, Theorem
A.7], the corresponding extension to the more general case of Laplacians on quantum
graphs has also been studied in [6], [21]-[24], [37, Ch. 3], [38], and [42, Sect. 3]. The
characterization of self-adjoint extensions in terms of pairs of matrices Xp, Xy € C>*?
satisfying (2.34) is given in [0] in the more general context of Laplacians on quantum
graphs.

We conclude this section with a remark on boundary triples.

REMARK 2.10. A straightforward computation shows that

(Hmaxf7g)L2((a,b);rdx) - (f’Hmaxg)Lz((u,h);rdx) = (YNf7 YDg)Cz — (ny, )/g\zg)(cz7
f,8 € dom(Hmax).  (2.67)

Thus, {(Cz,yN,yD} forms a boundary value triple for Hyax = HJ;, in the sense of

Kochubei [25]. For additional developments and various applications of boundary
triples (boundary value spaces) in this context we refer to [7], [9], [10], [11], [19, Chs.
3, 4], [20], and the literature cited therein.

3. Self-adjoint extensions in terms of Krein’s formula

The principal aim in this section is to relate resolvents of different self-adjoint
extensions of Hp,, via Krein’s resolvent formula. For an abstract approach to the latter
we refer to Appendix A.

In accordance with Theorem 2.5, we now introduce the following two families of
self-adjoint extensions of the minimal operator Hin: The operator Hy, g, in L*((a,b);
rdx),

Hg,0,f =7f, 064,6,€[0,7),
f € dom(Hg, g,) = {g € L*((a,b);rdx) | g,g!" € AC([a,b)); (3.1)
cos(6a)g(a) +sin(6,)g!" (a) = 0, cos(6,)g(b) —sin(6,)g"! (b) = 0;
Tg € Lz((a,b);rdx)},

and for each R = (R «)1<jk<2 € SLo(R) and ¢ € [0,27), the self-adjoint extension
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Hg in L*>((a,b);rdx) of Hpyin defined by
HR,(IJf = Tfa Re SL2(R)7 ¢ S [0727[)’

f edom(Hgy) = {g € L%((a,b); rdx) g8l € AC(|a,b)); (3.2)

e R R

As discussed in detail in Section 2, Hg, g, and Hg ¢ characterize all self-adjoint
extensions of Hp .

The generalized Cayley transform of Hoo (a convenient reference operator) is
defined by

U.2 = (Hoo — Z1(ap)) (Hoo — (ap) " 33)
I( )+(Z_Z)(H00 I(ab)) la Z7Z/€p(H0,0)7 .

and forms a bijection from ker(Hmax — 2 I(a b)) to ker(Hmax — (a’b)) (cf. (A.18), Ap-
pendix A). In particular,

dim(ker(Hmax — 2l(a))) =2, z€p(Hoo)- (3.4)
For each z € p(Hy ), a basis for ker(Hmax — zl(q)), denoted {u;(z,-)} =12, is fixed
by specifying
z € p(Hop)- (3.5)

One verifies

UZ~Z/u1(Z/7') = ul(Z,'), . /
’ € 1a2 , 2,7 € H . 3.6
Uz,z’”2(2/,') =u(z,-), J { } 2,2 €p( 0,0) (3.6)

The identities (3.6) follow easily from the representation (3.3). In fact, since U, ; maps
into ker(Hmax — zl(aJ,)),

U, yui(2,) = cram(z,-) + crpua(z, ),

/
72,2 € p(Hpyp), 3.7
Uu/uz(zl,') =02’1141(2,')4-02’2142(2,'), P( O’O) 3-7)

for certain scalars cy,1,¢12,¢2,1,¢2,2 € C. On the other hand, by (3.3),

U, oui (7)) = (2,) + (2= ) (Hoo — ehap) ' wi(Z,-) (3.8)
U zux(?,) = ua(Z,) + (2= ) (Hoo — i) ' ua(d, ), (3.9)

2,7 € p(Hop),
so that

[quul(z/, )] (a) =ui(,a), [Uu/ul(z', )] (b) = u(,b),

3.10
Uosta@ ) (@) = a), [Uowir@ )] (B) =By
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Evaluating (3.7) at a (resp., b) and comparing to (3.10) yields ¢;» =0 and ¢35 =1
(resp., c1,1 = 1 and ¢y 1 = 0), implying (3.6). Moreover, due to reality of the coeffi-
cients p, g, and r, one also verifies that

ui(z,-) =uj(z,-), j=12,z¢€p(Hoyp). (3.11)

Using a resolvent formula due to Krein (cf. (A.16), Appendix A), the next result
provides a characterization, in terms of the Dirichlet resolvent (Hp o — zI(a’b))‘l, for
the resolvents of all self-adjoint extensions with separated boundary conditions of the
minimal operator Hpip .

THEOREM 3.1. Assume Hypothesis 2.1, let ,,6), € [0, 1), and denote by u;j(z,-),
Jj = 1,2, the basis for ker(Hmax — 2l (q)) as defined in (3.5).
(i) If 6, #0 and 6, # 0, then the maximal common part (cf. Appendix A) of Hg, g,
and Hy o is Huyin. The matrix

Do, 6,(2) = <°°t<9b> —ul(z,b)  —u)l(z,b)

) S H ) N H ,
V(z.a) cot(ea)+u[21](z7a)> z € p(He,.0,) NP (Hoo)

(3.12)

is invertible and
(He,.0, — 2 q, b))_l = (Ho, —Zl(a,b))_l (3.13)

- Z D, 6,(2) 14 (4(Z,)s ) 12 (apysranyi(2)s 2 € p(Ha,9,) NP (Hop)-
J.k=1

(ii) If 84 # 0, then the maximal common part of Hg,o and Hyy is the restriction,
Hmin, Of Hmax Wlth domain

dom (Hyin) = dom(Hpmax) N {g € AC([a,b]) |g(b) = g(a) = g (a) =0}.  (3.14)
The quantity
do,0(z) = cot(6) +uy(z,a), € p(Hg,0)Np(Hop), (3.1)
is nonzero and

(Ho,0 = (ap)) " = (Hoo —ap) "

(3.16)
—do,0(2) " (2(2,), )12 (wpysran2(z: ), 2 € p(Ha,0) NP (Hoop)-

(iii) If 6 # 0, then the maximal common part of Hy g, and Hyg is the restriction,
Hmin, Of Hmax Wlth domain

dom (Hypin) = dom(Hmax) N {g € AC([a,b])|g(b) = g(a) = gV(b) =0}.  (3.17)
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The quantity

do e, () = cot(8,) — ' (2,6), z€ p(Hog,) Np(Hoo), (3.18)
is nonzero and
(Ho,6, — 2lap)) " = (Hoo —2(ap) "

-1 - (3.19)
—doe,(2) (u1(Z0); )12 (apyran 1 (z57), 2 € p(Ho,,) NP (Hop)

Proof. We begin with the proof of item (i). The maximal common part of Hg, g,
and Ho is Hpin since 6, # 0 and 6, # 0 imply

dom(Hg, g,) Ndom(Ho ) = dom(Hpp). (3.20)

By way of contradiction, suppose det(Dg, g,(z0)) = 0 for some z9 € p(Hg, g,) N
P (H070) . Then

S

det cos(6,)uz(z0,a) +sin(6a)u[21] (zo,a) cos(8,)ui(z0,a) +sin(0a)u[11](zo7a)
cos(0p)uz(zo,b) — sin(Gb)u[;] (z0,b) cos(6y)ui(z0,b) — sin(Ob)u[ll](zmb)

= sin(6,)sin(6,)det(Dg, g, (z)) = 0. (3.21)

Thus, there exists a constant ¢ € C such that
cos(0,)[u1(z0,a) + cua(zo,a)] + sin(6,) [u[ll] (z0,a) + cu[zl] (z0,a)] =0, (3.22)
cos(0y)[u1(z0,b) + cuz(zo,b)] — sin(6y) [ulll] (z0,b) + cu[;](zm b)]=0. (3.23)

As aresult, u;(zo,-) + cuz(z0,-) € dom(Hg, g,) is an eigenfunction with corresponding
eigenvalue 2o, contradicting zo € p(Hg,.g,) -
In order to prove (3.13), it suffices to show

gr(z.) == (Hoo—2iap) ' f (3.24)
2
— Y, D0,.0,(2) 74 (4k(Z,)s )12 ((ap)ray 4 (2 ) € dom(Ha, g,),
jk=1
fe Lz((a,b);rdx), < p(Hgmgb) ﬂp(H(),o).
One then verifies that

(Ho,.0, — 2l (a,p))8f(2:") = (Hmax — 2l (ap))81(2,7) = [,

f € L*((a,b);rdx), z € p(He, 6,) NP (Hoo),

since Hpmax is an extension of Hg, g, and Hoo and {u;(z,-)}j=12 C ker(Hpax —2).
In order to show (3.24), one need only to show that g¢(z,-) satisfies the boundary
conditions in (3.1). One has

[(HO,O - Zl(a,b))ilf][l](a) = (u2(za ')7f)L2((a,b);rdx)a
[(Hoo = 2lap) " IV (B) = =(1(Z) )12 (a)or)

(3.25)

z€ p(Hop), (3.26)
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which can be seen using the integral kernel for the resolvent of Hy,
X
(ool 716) =War (&) [ia(e) [ () . ) 10)
b
tun(e) [ i),
X

f € L*((a,b);rdx), x € [a,b], z€ p(Hoy), (3.27)

where W, 1(z) denotes the Wronskian of u»(z,-) and u;(z,-). One recalls that the
Wronskian of f and g is defined for a.e. x € (a,b) by

W(f.8)(x) = f(x)g(x) - fMx)gx),  f.g €AC(a,b]). (3.28)

A short computation using (3.5) yields

Wai(2) = ul(z,a) = —ubl(z,b), 2z € p(Hoy). (3.29)

Differentiating (3.27) and then using (3.29) yields

[(Hoo—2l(ap))” 1f]m( [1](Z7 %) dxu1 (2,2 ) f (X))
2 (Zv ) ¢
U
[1 (&) bdx’uz (z.X)f(¥), (3.30)
1 (Z7a) *

f €L2((a,b),rdx), x €la,b], z€ p(Hop),

and relations (3.26) now follow by evaluating (3.30) separately at x = a and x = b,
respectively.
Using (3.5) and (3.26), one obtains

gf(z.a) = det(Dg, g, (2)) ' [(—cot(8) + 1 (2.5)) w2z, ). f D)2 (ap)ira)

+ul(za) (2, )s )12 ((ab)srax)) (3.31)
(2.0 = det(D0,,(2) [ eot(8)-+{ (2.0 o . > iz (atyin
— 5 (2,0) (12 (.- )s )12 ((ab)srax)) (3.32)

1 (z.a) = (2(Z ). )12 (0

+det(D, 6,(2)) " [(—cot(8a) — 15 (2.0)) (41 2, )o )2 (apyryth (:0)

+ (= cot(8) + 1 (2,5)) (02(Z ). )2 (0t s (2:)

— ) (2,5) (w22, ), Nt @) + ) (2,0) (1 2o ) 2 (a8 (2:)] . (333)
811 (2b) = —(1(Z). )2 (apyra) +det(Dg, 0, (2) !

x [(—cot(6,) — 15 (2,@)) (41 Z, ), )2 (@t (2:D)
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+ (= cot(8y) + 4} 5) (028, ) /)12 iy 2:6)
- u[21] (Z7 b) (u2 (27 ')7f)L2((u,h);rdx)u[ll] (Z7 b)
+ u[ll] (Z7a) (ul (Zv ')7f)L2((a,b);rdx)u[21] (Z7 b)] y (3.34)

f € L*((a,b);rdx), z € p(Hg,e,) N p(Hoo),

and as a result, one verifies

~=

0 =cos(6,)gf(z,a) +sin(6,)g
0= cos(6)g/(z.b) — sin(8y)gy (2.), (3.36)
fe Lz((a,b);rdx), z€ p(Hg,q,) NP (Hoo)-

Proof of item (ii). If 6, # 0 and 6, = 0, then one verifies that

(z,a), (3.35)

—

dom(Hp, 0) Ndom(Ho,0) = dom(Hmax) N {g € AC([a,b]) | g(b) = g(a) = g!"(a) = 0}.
(3.37)
By definition, the maximal common part of Hg, o and Hy is the restriction of Hax to

dom(Hg, o) Ndom(Hy ), that is, the maximal common part of Hg, o and Ho o is Hpin
as defined in item (ii).

By way of contradiction, suppose dg, o(z0) = 0 for some zg € p(Hg,0)Np(Hoo)-
Then

0= Sin(@a)dem()(Zo)
= cos(6,) +sin(9a)u[21](zo,a)
= cos(0,)uz(z0,a) + sin(Oa)u[zl](zo,a), (3.38)

together with the trivial identity
0 = cos(0)uz(z0,b) — sin(0)us (0, b), (3.39)

shows that u5(zo,-) is an eigenfunction of Hy, o with eigenvalue zo, contradicting zo €

p(He,0)-
To verify (3.16), one only needs to show

8f(z,") = (Hoo — 2liap) ' f
- dem() (Z)il (u2 (?’ ')7f)L2((a,b);rdx) u (Z7 ) S dOIn(Hg{h()), (340)
f € L2((a,b);rdx), z € p(Hg,0) N p(Hoyp)-

Repeating the computation in (3.25), the proof of (3.40) reduces to showing that g(z, )
satisfies the boundary conditions for dom(Hg, o). One computes

gr(z,b) =0, (3.41)
gf(Z,a) = _dea,() (Z)_l (M2 (?a ')7f)L2((a,b);rdx)7 (342)
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¢ @@) = (122 ). )2 (b
~do,0(2) " (122 ). )12 (0o (2:), (3.43)
f € L*((a,b);rdx), z € p(Hg,0)Np(Hoo)-
where the last equality makes use of (3.26). As a result,
0 = [~ cos(8,)da, 0(z) " +sin(6,) — sin(6,)da, 0(2) ") (z,a)]
X (u2(Z,)s )12 ((a,b)ran)

= cos(84)g4(z,a) +sin(8a)g (z,a), f € L*((a,b):rdx), z € p(He,0) NP (Hoo),
(3.44)

and (3.40) follows.

Proof of item (iii). As this is very similar to the proof of item (i), we only sketch
an outline. The statement regarding the maximal common part follows since, in the
case 8, =0 and 6, #0,

dom(Hy,g,) Ndom(Ho,)
= dom(Humax) N {g € AC([a,b]) | g(b) = g(a) = ¢! (b) = 0}.

If dog,(z0) = 0, then u(z0,-) is an eigenfunction of Hyg, and zo is the corre-
sponding eigenvalue, a contradiction. Verification of (3.19) reduces to showing

87(z,) = (Hoo — 2liap) ' f
—do,0,(2) " (1(Z)s ) 2 (a1 (2, ) € dom(Ho g, ), (3.46)
ferl*((a ,b>,rdx), z € p(Hog,) Np(Hoo),

which, in turn, reduces to verifying gs(z,-) satisfies the boundary conditions for
dom(Hpg,):

(3.45)

gr(z,a) =0, (3.47)
cos(6)g(z,b) —sin(6,)g ) (z,6) = 0, (3.48)
f € *((a,b);rdx), z € p(Ho.g,) NP (Hoop)-

(3.47) and (3.48) are the results of straightforward calculations. []

The case of coupled boundary conditions is discussed next:

THEOREM 3.2. Assume Hypothesis 2.1, let R = (R )1<jx<2 € SL2(R) and ¢ €
[0,27), and denote by uj(z,-), j = 1,2, the basis for ker(Hmax — 2l (qp)) as defined in
(3.5).

(i) If R1 2 # 0, then the maximal common part of Hg ¢ and Ho is Hyin. The matrix

Ry [1] —1 (1]
Rz _ b _
Oro(2) = R12 [1(12 ) zaglRl [’14]2 (z.b) ’
e’¢R1 B +uy (z,a) RS +uy (z,a) (3.49)

z€ p(Hgrg)Np(Hop),



BOUNDARY DATA MAPS AND KREIN’S RESOLVENT FORMULA 21

is invertible and
(Hr.g —Zl(ab)) = (Hoo —(ap) " (3.50)

- 2 QR ¢ uk(Z, ) ')LZ((a,b);rdx)uj(Za ')7 z€ P(HRA)) mp(HO,O)'
Jik=1

(ii) If R12 =0, then the maximal common part of Hg ¢ and Hy is the restriction of
Hp.x to the domain

dom(Hmay) N {g € L*((a,b);rdx) | g(a) = g(b) = 0, ¢! (b) = ¥Ry 28 (a)}. (3.51)

In this case,

qr(z) =Ry 1Ry2 + Rizu[;] (z,a)+ eid’Rz,zu[ll] (z,a)
— e Ry ul (2, 0) —ull(2,0), 2 € p(Hr) NP (Hop), (3.52)

is nonzero and

(Hrp — (ap) " = (Hoo — 2(ap) " (3.53)
—qro(2) " (R 9 (Z)s )2 ((apyran) R0 (2:), 2 € p(Hrg) NP (Hop),

where

UR ¢ (Z7 ) = e_i¢R2,2u2 (Z7 ) +uy (Z7 ')7 zep (HR,(P) OP(HQ()). (354)

Proof. We begin with the proof of item (i): Let R and ¢ satisfy the assumptions
of the theorem, and suppose that Ry, # 0. By inspecting boundary conditions, one
sees that dom(Hp y) Ndom(Hy ) C dom( Hiin) so that Hp, is the maximal common
part of Hg ¢ and Hy, thatis, Hg ¢ and Hyo are relatively prime with respect to Hy;y
(in the terminology of Appendix A, cf. (A.4)).

We now show that Qg ¢ (z) is invertible for all z € p(Hg ¢) N p(Hoo). If Or,¢(z0)
is singular for some zg € p(Hg¢) N p(Hoo), then the columns of €'’Ry ,0p ¢ (z0) are
linearly dependent. Therefore, there exists a constant & € C such that

. , YR,
Ry, +e’¢R172u[ ](zo b)=«a (eT + "R, 2u[ ](zo b)) (3.55)
e R1 2
1 —ei¢R1,2u[ ](Zo a) = O‘(—elq)Rl 1 —€9Ry, 2”[2](207 ) (3.56)
We rewrite (3.56) as
1= —0e®Ry 1 + (1) (z0,a) — ! (20,a)) Ry ». (3.57)

Define the function
g(z0,-) = u1(z0,-) — auz(z0,), (3.58)
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and observe that

g(Z07a) = Ml(ZO,a) - au2(ZO7a) = -0,

(3.59)
g(Zo,b) = ul(Z(),b) — auz(zo,b) =1.
As aresult of (3.57) and (3.59),
8(20,b) = € Ry 18(20,a) + € Ry 281" (20, ). (3.60)
Moreover, using (3.55),
gV (z,b) = u[l [(z0,0) — Omlzl](zo,b)
_Ra, @
"~ Ri» e ™Ry,
= —0eRy  + R ! + Lt (3.61)
! > €"R; » Ri2 '
= Ry 18(20,@) + ¢ Ry2g(20,a). (3.62)

To get (3.61), we have used det(R) = 1; (3.62) follows from (3.57). Now (3.60) and
(3.62) yield g(zo,-) € dom(Hg4). Since 7g(z20,-) = 208(z0,-) the function g(zo,-) is
an eigenfunction of Hg ¢ corresponding to zo, contradicting zo € p(Hgg)-

Now we verify (3.50). To this end, define

8(z,0) = (HOO_ZIab 1f Z QR¢ jk(uk(zv )vf)Lz((a,b);rdx)uj(Z7')v
J.k=1

f € L*((a,b);rdx), € p(Hg ) Np(Hop). (3.63)

If
gr(z,7) € dom(Hgy), f€L*((a,b);rdx), z € p(Hrg)Np(Hoo), (3.64)

then the representation (3.50) is valid. In fact, if (3.64) holds, one computes

(HR.,(I) - Zl(a,b))gf(za ) = (Hmax - Zl(a b))gf(Z, )
:(Hmax_ I( ))(HOO_ZIab) f /s (3.65)
f € L((a,b);rdx), z € p(Hgr,g) Np(Hoo),

since Hpax 1S an extension of both Hg ¢ and Hy o and
(Hmax — zl(a.’b))ul(z, ) = (Hmax — Zl(a.’b))uz (z,-)=0, ze€ p(HR7¢) Np(Hop). (3.66)

Therefore, verification of (3.50) reduces to establishing (3.64). In turn, (3.64) reduces
to showing g(z,-) satisfies the boundary conditions in (3.2). To this end, using

[(Hoo — 2(ap) " f1(a) = [(Hoo — 2(ap)) ' fI(b) =0, z€ p(Hop), (3.67)
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one computes

_ e 0 B
87(z,a) = det(Qr ¢ (2)) " { [— R + u[lu(z,a)] (u1(z,),f) L2((a,b)irdx)
R
+ |: R2 2 + u[ll]( 7b):| (uz(Z, .)’f)Lz((a,b);rdx)}’ (368)
Ry,
i
+ {— % [1](2 b)} (u2(z, ')’f)Lz((u,h);rdx)}’ (3.69)

f €L*((a,b);rdx), z € p(Hg) N p(Hop).
With (3.26) one computes
g‘[fl](z,a) = (u2 (¢ .)’f)Lz((a,b);rdx) +det(QR,¢(Z))7l

R
) { [_ —bl _u[zﬂ(aa)} (1Z)5 1) 120 ) (z,a)

Rip
AN - U
+|- R1 2 - M2 (Z b) (uz(z’.)’f)Lz((a,b);rdx) (Z (1)
- 1 (1] - (1]
+ __ ld)Rl 2 +uy ( ):| (MI(Z’.)’f)Lz((a,b);rdx)u2 (Z,a)
[ R2,2 1 _ [ ]
+ __ E +u[l ](Zyb):| (u2(Z? .)’f)Lz((a,b);rdx) (Z (1)} (370)
@h) = (1) 1) gyt + e Qr 0 () !
R —
X { [— ﬁ - u[zl](z,a)} (u1(z, ')7f)L2((a,b);rdx)”[11] (z,b)
e [1]
+ _E_l'h (Z b):| (142(2, )7f) ((ab)rdx) (Z b)
! [
- eid)RL2 +u (Z a):l (ul(zv')vf)LZ((ab) rdx) "2 (Z,b)
b B2y, V@) | (12E).f) 12 w(z,b) 3.71)
L R172 ’ 287 ((a b); rdx) .

f € L*((a,b);rdx), z € p(Hgy) N p(Hoo)-

Using (3.68), (3.69), and (3.70) one infers, after accounting for some immediate can-
cellations, that

det(Qr o () (¢ R1,187(z,a) + € R1 28 (z,0) — g4(2,))

¢¥Ri R ;
= (MZ(Z")’f)Lz((u,h);rdx){ - # +e q)Rl lu[ ]( )
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+ ei¢R172 det(QR7¢ (Z))
— 2l (z,a) — R Hul (2, b)ul!) (z,0) — @Ry 0 (2,0)
. i
+ R ul (2, b)) (z,0) + ;— +ul)(z,b) } (3.72)
12

f € L*((a,b);rdx), z € p(Hr) N p(Hop)-

Using the expression for det(Qg ¢ (z)) dictated by (3.49), one concludes that the quan-
tity in the brackets on the right-hand side of (3.72) is zero. Moreover, since det(Qg ¢(z))
# 0 for z € p(Hgy) Np(Hop), it follows that the function gs(z,-) satisfies the first
boundary condition in (3.2) (involving g(b)). A similar calculation shows that

det(Qr.¢(2)) (¥ Ra.18/(2,a) + € Ro g (2,0) — 8 (2.)) =0,

(3.73)
f € L*((a,b);rdx), z € p(Huo)Np(Hop),

and, therefore, that g¢(z,-) satisfies the second boundary condition in (3.2) (involving
gl (b)). Hence, the containment (3.64) is proven.

Proof of item (ii). If R » =0, one infers that

dom(Hg ¢) Ndom(Ho o) = {g € L*((a,b);rdx) | g,g!" € AC([a,b));

. 374
0=g(a) = g(b), "\(b) = e Ryng!(a); g € L*((a,b);rdx)}. G

Thus, the maximal common part of Hg 4 and Hpq is the restriction, Iq&(p, of Hpax
with domain dom (Hg ¢ ) = dom(Hg ¢) Ndom(Ho ). Moreover, one computes

dom(([TIR,(p)*) ={g€ L*((a,b); rdx) |g,gm € AC([a,b]);

- (3.75)
gla)=e Ry,g(b); tg € Lz((a,b);rdx)}.

Next we show that gr ¢ (z) # 0 if z € p(Hry) Np(Hop). If gr¢(z0) =0, then zg
is an eigenvalue of Hg ¢y and

Uug,¢(20,") =€ “Rysus(z0,-) +ui(20,°)- (3.76)
is a corresponding eigenfunction. The latter reduces to showing ug ¢(z0,-) belongs to
dom(Hpg ), thatis, ug ¢ (z0,-) satisfies the boundary conditions in (3.2) (with Ry » =0).
Observe that

ur,(20,a) = e*""’Rz’zuz (z0,a) +u1(z0,a) = e*""’Rz’z, (3.77)
ur.¢(20,0) = e P Ryour(20,b) +ui(z0,b) = 1, (3.78)

and as a result,

ug¢(20,b) — € Ry 1ug ¢ (20,a) = 1 — Ry 1Ry 5 = 1 — det(R) =0, (3.79)
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that is, ug ¢(z0,-) satisfies the first boundary condition in (3.2) (involving g(b)). More-
over,

¢ Ry 1R 9 (20,@) + € Ry o1ty (20,@) — g (20,6) = qr g (20) =0 (3.80)

implies that wug ¢(z0,-) satisfies the second boundary condition in (3.2) (involving
gm(b)). Thus,
ug.¢(20,°) € dom(Hg g ). (3.81)

Since Tug ¢(20,) = zur,¢(20,), it follows that zo € 6(Hg,¢). Therefore, gg ¢(z) # 0

if z€ p(Hr) Np(Hop)-
Using the argument in (3.65), verification of (3.53) reduces to showing that

gf(z,") = (Hoo— (ap)) " f — aro(2) " (R (Z"), furo(2,-) € dom(Hgy),
f € L*((a,b);rdx), z € p(Hg ) Np(Hop), (3.82)

which, in turn, reduces to proving that g¢(z,-) satisfies the boundary conditions

gr(2,b) = e Ry 187 (2,a), (3.83)
(zb) = ¥Ry 187 (z.a) + Ry 8! (z,a). (3.84)
To show that gf(z, -) satisfies the first boundary condition (3.83), one can use (3.5),

Ry 1Ry =det(R) =1, and (3.67) to calculate

87(z,0) — ¢*Ri.1¢(z,a)
= —qro(2) " (R 6 (% )5 )2 (0
+ePR11GR (D) (R0 (2), )12 (apyran P R22 =0, (3.85)
z € p(Hgp)Np(Hop).
In view of (3.26),

g_[fl](zva) - (u2(27 ')af)Lz((u,h);rdx)

—qr () (R 9 () U 9 (2:0) 12 (0 b)) (3.86)
g(2,6) = —(u1Z, ) f) 2 ()
— k() (uro (B) o it (22D) 12 (0 (3.87)

Employing (3.54), (3.86), and (3.87), one computes for the difference
() — ¥Ry 19/ (z,0) — Ry 26l (2,0)
in terms of (u1(Z,), )12 ((ap):rax) a0 (U2(Z), )12 ((a,p):rax) -
() — ¥Ry 19/ (z,0) — ¥ Ra 26l (2,0)

= (1) )12 (0 LaR0 () [R21R22 + RE b (2, 0) + € Ry ot} (z,0)
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— e Ry pul ) (z.0) — ! (2,5)] — 1}
+ PRy 2(12(Z,) )12 (ap)ra) 19R 0 (2) T [R21R2 2 +R%,2”[21] (z.a)
+ ¢ Ry o (z,0) — e O Ry o1ty (2,6) — ) (2,5)] — 1}
= (11Z,), )12 (@) [4R0(2) R 0 (2) = 1]
+ R (12(2,), )12 (b)) [4R (D) R0 (2) — 1]
=0, feL*((a,b)irdx), z€ p(Hry)Np(Hop). O

(3.88)

Denoting by Gg, g,(z,",-) and Gg¢(z,-,-) the Green’s functions (i.e., integral ker-
nels of the resolvents) of Hg, g, and Hpg g, respectively, the Kein-type resolvent for-
mulas (3.13), (3.16), (3.19), and (3.50), (3.53), together with the normalization (3.5),

imply (for z € C\R)

Gemeh (Z7a7a) = —DG,,,(-),, (Z)Eé’ Gea:eb (Z7b7b) = _Deaaeb (Z)l_,h
Go,,0,(z,a,b) = —Dg, 4, (Z)Ei = —Dg, 0, (Z);é = Go,.9,(z,b,0),

0. # 0, 0, # 0,
Go,0(z,a,a) = —dg,0(2) "',
Go,0(z,b,b) = Gy, 0(z,a,b) = Gg, o(z,b,a) =0, 6,#0,
Go,g,(2,0,b) = —d g,(z) ",
Go,g,(z,a,a) = Go g, (z,a,b) = Gog,(z,b,a) =0, 6, #0,

and

Gro(z,a,a) = —0rg(2)22:  Gro(z:b,b) = —Or ()11,
Gry(z,a,b) = —Qrg(2)51 = —Or(2)1 2 = Gry(2:,a),
Ri» #0,
Gro(2,a,a) = —qr¢(2) 'R3,, Grolz,b,b) = —qre(z)”",
Gr¢(z,a,b) = —QR’¢(Z)71R2’2 = Ggr(z,b,a), Ri12=0.

(3.89)

(3.90)

(3.91)

(3.92)

(3.93)

As an example of a self-adjoint extension of Hpj, with non-separated boundary
conditions, we now consider in detail the case of the Krein—von Neumann extension
[33], [34], [47]. For background information on this topic we refer to [4], [5] and the

extensive list of references therein.

EXAMPLE 3.3. Suppose Hpin, defined by (2.4), is strictly positive in the sense

that there exists an € > 0 for which

(f,Huminf) = €||f|*, f € dom(Hpmin).

(3.94)

Since the deficiency indices of Hy, are (2,2), the assumption (3.94) implies that

dim(ker(Hp,,)) = 2.

(3.95)
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As a basis for ker(H;. ), we choose {u;(0,-),u2(0,-)}, where u;(0,-) and u>(0,-) are
real-valued and satisfy (3.5) (with z =0).
The Krein—von Neumann extension of Hy, in L?((a,b);rdx), which we denote
by H, is defined as the restriction of H. ~with domain

dom(Hg) = dom(Hpin) + ker(Hpi)- (3.96)

Since Hy is a self-adjoint extension of Hy;,, functions in dom(Hg ) must satisfy certain
boundary conditions; we now provide a characterization of these boundary conditions.
Let u € dom(Hk); by (3.96) there exist f € dom(Hpyin) and 1 € ker(H:, ) with

u(x)=f(x)+nx), xé€la,bl. (3.97)
Since f € dom(Hpin),
f(a) = fM(a) = f(b) = fM (b) =0, (3.98)
and as a result,
u(a)=n(a), u(b)=n(b). (3.99)

Since n € ker(H;;,), we write (cf. (3.5))
N (x) = cru1(0,x) + cou2(0,x), x € [a,b], (3.100)

for appropriate scalars c¢j,c; € C. By separately evaluating (3.100) at x =a and x = b,
one infers from (3.5) that

n(a)=c2, nb)=c. (3.101)
Comparing (3.101) and (3.99) allows one to write (3.100) as

N(x) = u(b)us (0,x) + u(@)uz(0,x), x € [a,b]. (3.102)
Finally, (3.97) and (3.102) imply
u(x) = £(x) + u(b)uy (0,x) + u(@)us(0,x), x € [a,b], (3.103)
and as a result,
ul () = £V () + u(b)d(0,x) + u(a)d(0,x), x € [a,b). (3.104)

Evaluating (3.104) separately at x = a and x = b, and using (3.98) yields the following
boundary conditions for u:

u(a) = u()ul(0,a) + u(@)ud(0,a), u(b) = u®)ul(0,b) +u(@)ul(0,p).
(3.105)
Since u[ll] (0,a) # 0 (one recalls that u1(0,a) = 0), relations (3.105) can be recast as

(ul[tlgl(?;)) CRe (ﬁ%)) , (3.106)
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where
1 (0, a) 1
12 : 3.107
~0,0) (u[l 10, a)u m(o b) — (0,5 (0,a) 1l (0,) (3.107)
Then Rk € SL,(R) since (3.107) and (3.29) imply

uy'(0,b)
1,(0,)
Thus, we have shown Hgx C Hgy 0, where Hg, o is defined by (3.2) with R = Rk and
¢ = 0. Since both Hg and Hg, ¢ are self-adjoint, we conclude Hx = Hpg, o; that is,

Hpg,. o is the Krein—von Neumann extension of Hy;,.
Applying the result of Theorem 3.2, one has

det(RK) = —

=1. (3.108)

(Hx —z1<a p) "t = (Hoo—el(ap) " (3.109)
- Z Ore.0(2)j 4 (Uk(Z:)s )12 (apysran i (2:7)s - 2 € p(Hk) NP (Ho),
J.k=1
where
Oro(®) = “]1(0 b)—u'(z,b) — [i](o @)~ (eb))
K" H(O a)—i—u”( a) — H(O a)—l—u[z](z a)
z € p(Hg) N p(Hop).

(3.110)

In the special case g =0, and using the corresponding notation H (and simi-

larly, 7(©), 50)(07-), ugo)( 0,-)), the above analysis is particularly transparent. In this

case, a basis for ker(H*. ) is provided by {u(lo)(07 -),ugo)(07 )}, where

min

[/dsz? }/dtp -

(3.111)
()(Ox)—l—[/ dsp(s) ] /dtp )L xé€a,b],
as one verifies that
Hyyintd”(0,) = Hiatt”(0,-) = 7P (0,-) =0, j=1,2. (3.112)
The boundary conditions for H, ,({0) then read
(u”[’lgl(’;)) —RY (uﬁﬁ‘(’» , uedom(HY), (3.113)

where

Ry :<(1)f dtzl)() 1>. (3.114)
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Explicitly,

() = ul(a [/ di p(t) 1} u(b) —u(a)), wedom(HY).  (3.115)

We note that (3.115) has been derived in [2] and [ 14, Sect. 2.3] (see also [15, Sect.
3.3]) in the special case where p = r = 1. While it appears that our characterization
(3.106), (3.107) of the Krein—von Neumann boundary condition for general Sturm—
Liouville operators on a finite interval is new, the special case ¢ = 0 was recently
discussed in [13].

4. General boundary data maps and their basic properties

This section is devoted to general boundary data maps associated with self-adjoint
extensions of the operator Hp,;, defined in (2.4). A special case of the boundary data
maps corresponding to separated boundary conditions was recently introduced in [8]
and further discussed in [17]. At the end of this section we show how the general
boundary data map appears naturally in Krein’s resolvent formula for a difference of
resolvents of any two self-adjoint extensions of Hpp, -

We recall the general boundary trace map, ¥, g, introduced in (2.25) associated
with the boundary {a,b} of (a,b) and the 2 x 2 (parameter) matrices A, B satisfying
(2.7), the special cases of the Dirichlet trace yp, and the Neumann trace 9y (in con-
nection with the outward pointing unit normal vector at d(a,b) = {a,b}) defined in
(2.27), the matrices Ap, Bp, Ay, and By in (2.28) and (2.29), and the relations in
(2.30)—(2.32).

It follows from Theorems 2.2 and 2.5 that

Hypf=1f, [fe€dom(Hyp)={g€c dom(Hna)|va88=0}, 4.1)

defines a self-adjoint extension of Hy,;, whenever A,B € C2x2 satisfy (2.7). In partic-
ular, we note that

Mmp(Hap—2ap) ' =0, z€p(Hap) (4.2)

REMARK 4.1. Given (4.1), the Dirichlet extension of Hp, will be defined by
Hy,, B, and denoted by Hp while the Neumann extension of Hp,;, will be defined by
Hy, By and denoted by Hy. Note that Hp and Hy are associated with yp and yy,
respectively and, relative to the notation used in Theorem 3.1, that Hyo = Hp while

Hypoppp=Hy.

Given the general boundary trace map Y4 g, we now introduce a complimentary
trace map ¥; p by

Yas =Dx Yo+ NigW, (4.3)
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where the 2 x 2 matrices Dy ,, Nip are given by

Dy p=—[DasDj g+ NasNy 5] 'Nas,

N . . 4.4)
Nip = [DapDj p+NapNipl  Das,
and where the 2 x 2 self-adjoint matrix
Dp gDy p+NapNyp = (Dap Nap)(Dap Nap)* (4.5)

in (4.4) is invertible given the rank condition in (2.32). It follows from (2.32) and (4.4)
that

1 oAl Ll 1 (pl
rank(Dy g Nip) =2, Dyp(Nip)" =Nag(Dag)", (4.6)
and hence that yj p 1s also a boundary trace map for which yj B=Val Bl > where
i 1 i L
Al = (D.jl_,B,l,l N/l,B,l,l) Biy= <_Dﬁ,B,l,2 Nz‘l,B,lQ) ) 4.7)
' Dypoi Napoa ’ —Dyp2oNigoo

In particular, one notes that

B=w W=-w s =-Ys (4.8)

One reason for introducing the complimentary boundary trace map )/AL g 18 to ob-
tain a convenient way of connecting two arbitrary boundary trace maps, Yy, p and 4 5.
This is done by generalizing the identity in (2.30) to obtain

Yap =Tapap¥aB+Sapap YAL,B’ 4.9
where

Ty pap=Dap (NAL,B)* — Ny g (DiB)*:

' ' (4.10)
SarpaB=Na pDap—Da pNyp-

The above formulas (4.9) and (4.10) easily follow from (2.30), (2.32), (4.3), and (4.4).
Moreover, we note that it follows from (2.32), (4.4), (4.6), and (4.10) that

* *
rank(Ty g ap Sapap) =2, TapasSypap=SapasTypap 4.11)

Conversely, every pair of 2 x 2 matrices Ty p 4 g,Sa’ p 4 p satisfying (4.11) defines a
general boundary trace map Yy g via (4.9) with Dy g, Ny p satisfying (2.32).
For future use we record the following two special cases of (4.9),

Yo = (NAL,B)*YA,B _NZ,BYAL,Bv W= _(DX,B)*YA,B +DZ,BYAL,B' (4.12)

Moreover, interchanging the role of A,B and A’, B’ in (4.9), yields

Ya.8 =Tapa B YaB +Sapap Yﬁg/, (4.13)
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with
_ i * 1 %
TA7B’A/’BI = DA,B(NAQB’) _NA’B(DA’,B’) , “4.14)
Sapap =NapDy p—DapNy -
Comparing (4.10) with (4.14) one observes that Sy g 47 g = —S}, 5 4 5 and hence
T8 =Tanantws =Sy paslin: (4.15)

Finally, we note that the conditions of the type (2.32) and (4.11) imply the fol-
lowing useful property for the matrices involved: If a pair Ty g 4 5,Sa’ 5.4 p satisfies
(4.11) then the pair Ty g o p,Sa’ g 4.8, With

S paps=SvpaptO0Tapap O€ER, (4.16)

also satisfies (4.11) and, in addition, the matrix Sy p 4 p s is necessarily invertible for
all sufficiently small 6 # 0. The conditions in (2.32) yield a similar result for the pair
of matrices Dp g,Nap.

Next, we recall the following elementary, yet fundamental, fact.

LEMMA 4.2. Assume Hypothesis 2.1, choose matrices A,B € C**? such that
rank(A B) =2, and suppose that z € p(Hy ). Then the boundary value problem

_(u[l])/+quzzru, u,u“] EAC([CLH), (417)

YapU = (cl) e C?, (4.18)
e

has a unique solution u(z,-) = ua g(z, - ;c1,¢2) for each ci,c, € C. In addition, for
each x € [a,b] and cy,c2 € C, upp(-,x;¢1,¢2) is analytic on p(Hy p).

Proof. This is well-known, but for the sake of completeness, we briefly recall the
argument. Let u(z,-), j = 1,2, be a basis for the solutions of (4.17) and let

M(Z7') = dlul(Z7') +d2u2(z7-), d17d2 S (Ca (419)

be the general solution of (4.17). Then
d,
)/A.,B(u(z,-)) =M d N (4.20)
2
where M € C?*? and the entries are given by

(1) =t (112) = matiae. ) @

Thus, by (4.19), (4.20), the boundary value problem (4.17), (4.18) is equivalent to

di\ _[a
M ( d2> - (Cz) . (4.22)
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Given (c; ¢3)" € C?, (4.22) has a unique solution (d; d;)" € C? if and only if
det(M) # 0. Thus, it suffices to show that det(M) # 0. Assume to the contrary that
det(M) = 0. Then there is a nonzero vector (d; dy)" € C? such that

di\ _ (0
M (dz) = <0> , (4.23)

which, by (4.19), is equivalent to the existence of a nontrivial solution u(z,-) of the
boundary value problem (4.17), (4.18) with homogeneous boundary conditions (i.e.,
with ¢g = ¢; = 0). Equivalently, u(z,-) satisfies

Hypu(z,") = zu(z,), u(z,-) € dom(Hap), (4.24)

which in turn is equivalent to z € 6(Hy g), a contradiction.

The z-independence of the initial condition (4.18) yields that for fixed x € [a,b],
c1,¢2 € C, up (-, x501,¢2) is analyticon p(Hy ). O

Given A,B,A’,B' € C**? with A,B and A’,B’ satisfying (2.7) and assuming z €
p(Ha p), we introduce in association with the boundary value problem (4.17), (4.18),
the general boundary data map, Aﬁg (z) : C*> — C?, by

1 n! C ! p!
Aﬁ,’é‘ (z) (C;) = Aﬁf (2) 1a.B(uaB(z, -5c1,¢2)) 4.25)

= YA',B'(MA.,B(Z, “3€1,€2))s

where w4 (z, -;c1,¢2) is the solution of the boundary value problem in (4.17), (4.18).
As defined, Aﬁf, (z) is a linear transformation and thus representable as an ele-

ment of C>*?. A basis-independent description for the boundary data map defined in
(4.25) is provided in the next result.

THEOREM 4.3. Assume that A,B,A",B' € C**?, where A,B and A',B' satisfy
(2.7), and let z € p(Ha ). In addition, denote by y;(z,-), j = 1,2, a basis for the
solutions of (4.17). Then,

AT (@) = (e 01z 7) e (02(2))) (s () Ts02(z)) . (4.26)

! p!
Moreover, Aﬁf (z) is invariant with respect to change of basis for the solutions of

(4.17).
Proof. Letting y(z,-) = diy1(z,-) +day2(z,-), di,dr € C, be an arbitrary solution
of (4.17), one observes that
A'B A'B' d
Ny (@D1p((z,) = Ay (2) (ms01(z,0) 1a802(2,1))) (d;)

2

= (w01 ) v 02) () @21



BOUNDARY DATA MAPS AND KREIN’S RESOLVENT FORMULA 33

for every (dl a’z)T e C2.

Equation (4.26) then follows by the invertibility of (y45(vi(z,")) 1,8(02(2,)))
noted in Lemma 4.2.

Let yi(z,-), j=1,2, denote a second basis for the solutions of (4.17). Then, there
is a nonsingular matrix K € C?*? such that (y; y2) = (31 2) K. Next, by (2.27) and
(2.30), one notes that

(7a.8(1) Y4.8(32)) =Das (Yo(01) 1 (2)) +Nag (W (1) W(r2))
1(z.0) 2(z,a) ) (za) 3y (z.a)
Das (ﬁl (z,b)) +Nas (-ﬁ”(z,b) en) K
)

= (1.801) 1802)) K. (4.28)

The invariance of A" AB ( ) with respect to change of basis for the solutions of (4.17)
now follows from (4. 26) and (4.28). [

REMARK 4.4. In what follows, we let

ARp=N5 AV p =AY AR =AY (4.29)
where Ap, Bp were defined in (2.28), and Ay, By in (2.29). Similarly, we define
Ag’B, AQ’B, and AR . In other words, Ag’B (resp., AQ’B) will denote the boundary data
maps that map the Dirichlet (resp., Neumann) boundary data into a general (A, B)
boundary data set. In particular, the Dirichlet-to-Neumann boundary data map, A,
and the Neumann-to-Dirichlet boundary data map, AL, are special cases of such maps.

The following result collects fundamental algebraic properties for general bound-
ary data maps.

LEMMA 4.5. Assume that A,B,A’,B' € C**?, where A,B and A’,B' satisfy (2.7).
Then,

Ky B (2) = Dy AR 5(2) + Ny wAY5(2), 2 € p(Hap), (4.30)

AI:B( )=h, z€p(Hap), (4.31)

AYE M (@) = A @), 2€p(Has)Np(Hyw), (4.32)

N (@) = [N Q] < p(Haw) Np(Hus). (433)

AVE (2) = [P + NawAB(2)] [Das+NagAb(2)] (4.34)
z€ p(Hap)Np(Hp).

In particular, Aﬁl’g, (z) is invertible for z € p(Hap) N\ p(Hyp) and for every fixed
2€p(Hap)Np(Hyp), Aﬁ 5 ( ) depends continuously on A, B' and A,B. In addition,
for fixed A',B' and A,B, AAB () is analytic on p(Hp p).
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Proof. Given the definition of the general boundary data map in (4.25) and the
description of the boundary trace map given in (2.30), equation (4.30) follows from the
observation that

Ay Y (@ mpu(z ) = Dap () + Napw(u(z, )

; K (4.35)
= (Darp Mg 5(2) + Narp Aa p(2)) 12,8 (u(z, )

The group properties for Aﬁf/ (z) given in equations (4.31)—(4.33) follow from Theo-
rem 4.3, (cf. (4.26)). The linear fractional transformation given in (4.34) follows im-

mediately from (4.30)-(4.33) and A} 7 = A%, AG%P.
By (2.27)—~(2.31) the boundary trace map Y, p depends continuously on the pa-
rameter matrices A’, B, thus it follows from (4.25) that the boundary data map Aﬁf’g, (2)

depends continuously on A", B’ as well. By (4.33) Aﬁ/’g, (z) also depends continuously
on the parameter matrices A, B for every fixed z € p(Ha ) Np(Hy pr). Finally, analyt-

icity of Agl’g/(-) on p(Hy p) is clear from Lemma 4.2 and (4.25). O

The linear fractional transformation given in (4.34) also implies the existence of

a linear fractional transformation between general boundary data maps Aﬁf’g,() and
Ag,,_ w (+). (Of course, existence of such linear fractional transformations, even in the
context of infinite deficiency indices, is clear from the general approach to Krein-type
resolvent formulas in [16].)

More precisely, let R = [R; ] 1<jia € C4, with Rj, € C**%, 1< j,k<2,and
L € C**2_ chosen such that ker(Ry 1+ R L) = {0} ; thatis, (R ; +R; L) is invertible
in C?. Define for such R (cf., e.g., [35]),

" B///

Mg(L) = (Ro.; +RaoL)(R11 +RioL) ™", (4.36)
and observe that
My, (L) =L, (4.37)
Mgs(L) = Mg(Ms(L)), (4.38)
Mp-1(Mg(L)) = L = Mg(Mp-1(L)), R invertible, (4.39)
Mg(L) = Mpg-1(Mg(L)), S € C** invertible, (4.40)

whenever the right-hand sides (and hence the left-hand sides) in (4.37)—(4.40) exist.
Thus, with the choices

RaBAB) = (5 )
B A, (4.41)
S ) = (e S ),
one infers that
3B (2) = Myia s 0 )50 50 100 37 <A§g < ) @42
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Unfortunately, the computation of S(A”,B” A" B")~! appears to be too elaborate to
pursue explicit formulas for (4.42). (The special case of separated boundary conditions,
however, is sufficiently simple, and in this case S(A”,B" A" B")~! was explicitly
computed in [8]).

We now turn our attention to a derivation of a representation for the general bound-
ary data map Ag:’g/ (z) in terms of the resolvent (Hy p— zl(%h))’l and the boundary
trace map Yy p (cf. Theorem 4.8).

Assuming z € p(Hp), let u;(z,-), j=1,2, denote the solutions of (4.17) satis-
fying (3.5). Then the system {u;(z,-),u2(z,-)} is a basis for solutions of (4.17). The
solution up(z, -;¢2,¢1) of (4.17) with the boundary data yp (up(z, -;¢2,¢1)) = (¢2 cl)T
is given by

up(z, -3c2,¢1) = crun(z,7) + coun(z, ). (4.43)
Using the basis {u)(z,-),u2(z,-)} one can represent the boundary data maps, A%°, as

2 x 2 complex matrices. First, the special case of the Dirichlet-to-Neumann boundary
data map is given by

w(ciu(z,-) +caua(z,-))

(1] (1]
(—ué‘%z,b) “dipy ) \er ) 2EPHR)

Then, by (2.30), the boundary data map Ag’B(z) is given by

>
o=
D
N
° 8
~~—
Il

(4.44)

A0 () = malenn (e + (e )
= Dapyp(ciui(z,-) +c2ua(z,-)) + Napw(ciu(z,-) + coua(z, )
= (DA,B +NA,BA%(1)> (Z) , z€p(Hp). (4.45)

One can also represent A’g’B(z) in terms of the resolvent (Hp — ZI(aJ,))_l and the
boundary trace ¥4 g. One recalls that

b
((Hp2la)8) ) = | ¥ Golz,xx ()

(4.46)
g€ L?*((a,b);rdx), z € p(Hp), x € (a,b),
where the Green’s function Gp(z,x,x’) is given by (cf. (3.5))
1 ), 0<X <x,
GD(Z7.XI,X/) _ MQ(Z,X)ul(Z,X/), X )f
W(uz(z,-),u1(z,-)) | ur(z,x)uz(z, ), 0<x<x, (4.47)

z€p(Hp), x,x' € (a,b).
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Here W (uz(z,-),u1(z,-)) is the Wronskian of uy(z,-) and u;(z,-),
W) @) = w@an @o) —w GaneEa
= u[1 ](z,a) = —ug](z b),

and I, ;) denotes the identity operator in L?((a,b);rdx).
Now it follows from (2.27) and (4.46)—(4.48) that

W(Hp —2(ap) '8

1 u) ) (z.a) [P d¥ un(e,0)g ()
W(ua(z: ) @)\~ (2,0) 7 dd wy (2,08 ()
(u2 <N )7

((ul o ;LZ ab rdx>, gGLZ((a,b);rdx). (4.49)
)8 Lz (a,b)srdx

Thus, changing z to z and noting that u;(z,-) = uj(z,-), j = 1,2, (cf. (3.11)) one
obtains from (4.49),

[YN(HD — Z_,I(a7b))7lj| * <2T> =cC1uy (Z, ) + Czl/tz(z7 .)’
and hence, by (4.45),

(4.50)

AAB( )

Vg [ W(Hp — 24 1))~ 1]*, z€ p(Hp). 4.51)
In addition, we note that, by (4.2), yp(Hp — 2, h))

~1 =0, and hence (2.30) implies

Ya,8(Hp — Zl(a,b))_l = Napw(Hp — Zl(a,b))_l

, z€p(Hp). (4.52)
Thus, combining (4.51) with (4.52) yields

AP (2N, 5 ="a8lasHp—21,p) """, z€p(Hp) (4.53)
We will obtain analogous formulas for the general boundary data map A
short preparatory lemmas.

B
5 after two

LEMMA 4.6. Assume that A,B,A’,B' € C**?, where A,B and A',B' satisfy (2.7),
and let the self-adjoint extensions Hy p,Hy g be defined as in (4.1). In addition, let
SapaB€E C>*2 be as in (4.9), (4.10), and suppose that z € p(Ha ). Then

ran (Y g (Ha g — 21, (a,b))_l) =ran (Sy pap),

(4.54)
ran (ya,5(Harpr — Zl(a,b))_l) =ran (Sjv,B' AB)

(4.55)

In particular,

ran (Y p(Has —2l(ap) ") = C*. (4.56)



BOUNDARY DATA MAPS AND KREIN’S RESOLVENT FORMULA 37

Proof. First, one notes that it suffices to establish (4.56) since (4.54) and (4.55)
follow from (4.9), (4.15), and (4.56).

Let ¢,y € dom(Hpax), then using integration by parts, (2.30), and (4.12), one
computes

((Hmax — Zl(a)) 9 ‘I/)Lz((a b)irdx) (6, (Himax — 21, b))‘/’)LZ((a,h);rdx)

/dx( +/d¢— ) (x)

= —olI(B)y(b) + 0l (a)y(a) + o)yl (b) — da)y!!) (a) (4.57)

= (Wo. W) 2 — (WO WV) 2
= (VAL,B¢7YA,BW)C2 - (YA,B(IJ—’»YAL,BW)(CZ

Next, pick an arbitrary v = (v vz)T € C? and using Lemma 4.2 let {¢;,¢,} be
the basis of solutions of T¢ = z¢ with

T T
sdr=(10) , msp=(01) . (4.58)
Since, by construction, the functions ¢; and ¢, are linearly independent, the matrix
M = (97,0 2 (ab)rd)) o1 2 (4.59)

is invertible. To establish (4.56), we will show that the function

v(:) = ((Hap —2(ap)” ¢1()(HAB_ZIab) Yoa ()M, (4.60)

satisfies %t pY = v. Indeed, since by construction (Hmax — Z1(45))¢; =0, j = 1,2, and
by (4.2), yasy = 0, it follows from (4.57) that

(¢j7(Hmax_Zl(avb))u/)Lz((a,b);rdx) = (YA,B¢]7YAI:BW)(C27 .] = 172 (461)
Substituting (4.58)—(4.60) into (4.61) then yields,

vi= (0,00 12 ((ap)r) (85 9212 ((wpyrar) M~ v = (apW)j, j=12. (4.62)

O

LEMMA 4.7. Assume that A,B,A’,B' € C*>*2, where A,B and A',B' satisfy (2.7),
and let the self-adjoint extensions Hp p,Hy g be defined as in (4.1). In addition, let
Sa pr.ap € C¥2 be asin (4.9), (4.10), and suppose that z € p(Hy ) \p(Hyrp). Then

(Hy g = 2iap) " = (Hap —ap)

. 3 (4.63)
+ Vap(Has — 2liap) ' (s (Hap — ap) "'
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In addition, depending on the rank(Sy: g 4 ), one of the following three alternatives
holds: If rank(Sa g 4 g) = 2, that is, if the matrix Sy p 4 p is invertible, then

(Hap = o)™ = (Hap—2liap) ™ (4.64)
+ [ (Has = ) ] [Sulgan] [anHaw —2liap) ']
If Sur g a g is not invertible, then either rank(Sy g 4 ) = 1 and
(Hyp —2l(ap) " = (Hap—ap)

+ [varp (Hap — Z_I(a,b))fl] NSamasll Sapas (4.65)
X [YA,B(HA’7B’ — Zl(a’b))_l] 3

or rank(Sy g a ) =0 (i.e., Sy p o p=0) and then

(HA’,B’ — Zl(a.’b))_l = (HA7B — Zl(a.’b))_l. (4.66)

Proof. To get started, we pick f,g € L?>((a,b);rdx) and introduce

=(H, z1, € dom(H,
¢ = (Hap—Zap) " f (Ha ), 467
V= (Hyp — Zl(a,b)) g € dom(Hy pr).

Then using (4.57) and the fact that by (4.2), y4 3¢ = 0, one computes

-1 -1
(f7 (HA/vB/ - Zl(a’b)) g)Lz((u,h);rdx) - (f’ (HA=B - Zl(a’b)) g)Lz((u,h);rdx)
= ((HA B ZI (a,b) )¢, lI/)Lz((a,b);rd)c) - ((P’ (HAlaB/ - ZI(“vh))W)LZ((a,b);rdx)
= (59, 1BY) 2 (4.68)
(ﬁ (Hap— 7liap))” Y oms(Hap — iap)” g)(cz
= (/. [msHas — 2lap) '] [sHan — ) ~'18)) 12 (b))
Since f and g are arbitrary elements of L?((a,b);rdx), (4.63) follows from (4.68).

Next, we note that by (4.2) and (4.9),

Yarp (Ha — Zl(a,b))_l =SA' B .AB 'YA{B(HA,B - Zl(a,b))_l, z€p(Hpp).  (4.69)
Thus, if Spr pr 4 p is invertible, then (4.64) follows immediately from (4.63) and (4.69).
Alternatively, if Sy pr o p is not invertible, then by (4.55), (4.63) is equivalent to

(Hap = 2liap) ™" = (Hap = 2iap) " (4.70)
+ [s(Has— ) Pangs:, ) [vas(Hag —ap) '],

A’ B' AB

where Py S o) is the orthogonal projection in C? onto the range of S}, 5 4 5-
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Finally, if Sy g o 5 = 0 then S}, 5 , , =0 as well, and (4.66) follows from (4.70).
If Sy p 4 p is not invertible and nonzero then

ISar 5.8 > Sh g4 pSarmrap = Pran(S3, 4 ) 4.71)
Applying ||Sar pra gl 72} g 4 p to both sides of (4.69) one obtains
I1Sar 54,81 Sk g 4 sYarr (Has — el ap) ™
= 1w a8 Sk 455w 5 a8V B(HAs — A ap) "
_ -1
= Pan(s;, , , ) Yan(Han = 2lap) (4.72)

Taking adjoints on both sides of (4.72), replacing z by z, and substituting into (4.70)
then yields (4.65). O

I p!
Next, we derive a representation of the general boundary data map Aﬁ_’g (z) in

terms of the resolvent (Hp g — zl(a’b))_l and the boundary trace map Yy p' .

THEOREM 4.8. Assume that A,B,A’.B' € C**?, where A,B and A',B’ satisfy
(2.7), let the self-adjoint extensions Ha g, Hy g be defined asin (4.1), and let Sy pr o g €
C%*2 pe as in (4.9), (4.10). Then

Ai’g (D)Sy pap="Tap [yarp (Hap — Zfl(u,h))il] ", ze€p(Hap). (4.73)

Proof. Applying the boundary trace y4 g on both sides of (4.63) and using (4.2),
one obtains

Ys(Hyp — iap) "

_ s N (4.74)
= s Yas(Has— Tap) '] [as(Hap — iap) |-
Taking A’ B’ in (4.74) to be such that 4 g = ;i 5 and recalling (4.56) yields
ms|vas(Has — Zap) '] =D (4.75)
Then for every ¢ = (c; cz)T € C? the function,
s B(z, 501,¢2) = [Vag(Hag — Tlap) '] (2) ; (4.76)

solves the boundary value problem (4.17), (4.18). Indeed,

Ya,.BUA B(Z, -5C1,C2) = (cl) , 4.77)

2
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by (4.75), and (Hmax —zI(a’b))uAB(z, -;¢1,¢2) =0 since

((Hmax — 2l(a.5))uaB(2: 3€1,€2):.f) 12((0.)ora)
= (uap(z, -1c1,¢2), (Hmin — Zl(a,b))f)Lz((a,b);,dx)
= (e, vap(Has — Zliap) " (Hmin — ZL(ap))f) o2
=(c.7asf) 2 =0, f € dom(Hpin), (4.78)
and dom(Hp,) is dense in L?((a,b);rdx). Thus, according to the definition of Aﬁi’g,
in (4.25), one obtains

Ai,‘:ﬁ" = Yap [YAL,B(HA,B - Z_-I(a,b))il] ", z€p(Hap) 4.79)

In addition, we note that (4.2) and (4.9) imply

Yarp (Hap — Zl(a,b)f1 =Su g apYap(Has— Zl(a,b))717 z€p(Hpp),  (4.80)
and hence, combining (4.79) with (4.80) yields (4.73). U

One can use the representation (4.73) to prove that Aj“f,(-)Sj‘,. pap isa2x2
matrix-valued Nevanlinna—Herglotz function (cf. the proof of Theorem 4.6 in [8]). In
this paper we will pursue an alternative route based on Krein’s resolvent formula in
Corollary 4.12.

Next, we explore reflection symmetry of the expressions in (4.73). Applying yu
to both sides of (4.63) and using (4.79) and the fact that yy g (Ha g — zl(%b))_l =0,
by (4.2), one obtains

Yarp (Hap — Zl(a,b))_1 = —Aﬁ,’g (2)[va8(Hapr — Zl(a,b))_l] . (4.81)

Using the identities (4.2), (4.9), (4.13), and (4.15) in (4.81) then yields
S apYas(Has—2igp) "
A B -
= AA,B (Z)SZ’,B’,A,B [YAL’,B’ (HA’,B’ _Zl(a.,b)) 1]'

Changing z to Zz, taking adjoints, applying Y g to both sides of (4.82), and utilizing
(4.75) and (4.79) then implies,

(4.82)

AB AB
AA,B (Z)SZ’,B’,A,B = SA’7B'7A7BAA,B (2)

A'B oy ok *
= (M7 D)Shwan) » 2€p(Han). (4.83)

The principal result of this section, Krein’s resolvent formula for the difference of
resolvents of Hy g and Hy g, then reads as follows:

THEOREM 4.9. Assume that A,B,A’.B' € C**?, where A,B and A’,B’ satisfy
(2.7), and let the self-adjoint extensions Ha p,Hp g be defined as in (4.1). In addition,
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let Sy prap € C?*2 be as in (4.9), (4.10), and suppose that z € p(Hya p) Np(Hyp).
Then

(Harp —2liap) " = (Hap —2liap) (4.84)
- [YAL,B(HA,B - Zfl(u,h))il] *Aﬁ}f (@) 'Swwan [YAL,B(HA,B - Zl(a,h))71]~
In addition, if Sy g 4 g is invertible (i.e., rank(Syr g o ) =2 ), then
(Hap — 2iap) ' = (Hap—liap) "
— —17* A' B * -1
— [ws (Has = Zlap) '] [Ads (S pra 5] (4.85)
X [yarp (Hap — Zl(u,h))iljl .
If Sar pr 4 g is not invertible and nonzero (i.e., rank(Sq g 4 g) = 1), then
(Hup — ap) " = (Hap = 2(ap) "
_ _17*r4 AB -1 _
— [y p (Has — 20 ) g MA,B @] [ (Has — 2 (o) , (4.86)
where

! p!
AA-B

AB
)LA,B (Z) —Pran(SA/‘B/‘A‘B) 'A,B (Z)SZ’,B’,A,BPMH(SA/,B/,A,B)|ran(SA, (4.87)

B/ ,A,B) '

Proof. First, using (4.80) and the fact that A‘:l’g, (z) is invertible, one rewrites
(4.81) as

YaB(Hyr g — Zl(u,h))71 = —Aﬁf (2)~! [Yarp (Hap — Zl(u,h))iljl

AB -
=Ny (2) Surprap [%ﬁ{:B(HA,B_ZI(a,b)) .

Then inserting (4.88) into (4.63) yields (4.84).

Next, if Sy pr 4 p is invertible then combining (4.80) and (4.73) with (4.84) implies
(4.85). In the case Sy pr 4 p is not invertible and nonzero, it follows from (4.55) and
(4.81) that

— Y (Hap—2iap) " (4.89)

=B ()8 S = H Iyp) !
=NMaB 2) A/,B’,A,BH A8/ A8l A',B’,A,B[}’A.,B( B — () ]

(4.88)

Since ran(yy g (Ha g — zI(uJ,))’l) =ran(Sy g 4 ) by (4.54), it follows from (4.89) that

ISar 5 a8l 2Sa a5 [ Va8 (Harg — 2lap) '
"B, 11 _
= —[A45 @] [ (Has—2ap) ']
Inserting (4.90) into (4.65) yields (4.86). O
It is instructive to compare the resolvent formulas obtained via the boundary data
map approach in Theorem 4.9 with the resolvent formulas in Krein’s abstract approach
discussed in Appendix A, and more concretely, in Theorems 3.1 and 3.2. For this

purpose we now restate the resolvent formulas (4.84) and (4.86) using an explicit basis
of ker(Hmax — zI(aJ,)).

(4.90)
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COROLLARY 4.10. Assume that A,B,A',B' € C*>*2, where A,B and A',B' satisfy
(2.7), and let the self-adjoint extensions Hx p,Hp g be defined as in (4.1). In addition,
let Syrpap € C>*2 be as in (4.9), (4.10), and suppose that z € p(Ha p) Np(Harp).
(i) If Sar pr a p is invertible (i.e., rank(Syr g s g) =2 ), then

(HA’,B’ — Zl(a’b))_l = (HA,B - ZI(a,b))_l

2 1 _ 4.91)
= 2 [Prpas@] i, asa@ ) )2 @by tasi(z:),
k,n=1

9

where the 2 x 2 matrix Py g 4 g(-) is given by

Py an(z) = Su'pashas () (4.92)

and {up p1(z,-),uap2(z,")} is the basis of ker(Hmax — 2l(4p)) satisfying the boundary
conditions

1 0
YaBAB1(2,7) = (O) s YaBuap2(z,0) = <1> : (4.93)
(it) If Sar pr 4 g is not invertible and nonzero (i.e., rank(Sy g 4 ) = 1), then

(HA’,B’ — Zl(a’b))_l = (HA,B - ZI(a,b))_l

B ! (4.94)
—Pap A2 (Ua B ABOE )y )12 ((ab)dn)ha’ B ABO(Z )
where the scalar py g 4 p(-) is given by
ALB

PA’,B’,A,B(Z) = Pran(SAer/A?B)AAB (Z)Sj;,,B,,A,B})l'an(SAererrB) ’ran(SAhB",AA,B) (4.95)

and the element uy g p p0(2,°) € Ket(Hmax — 2l(q)) is given by
MA’,B’,A,B.,O(Zv )= [YAlaB/ (Hap— Zl(avb))_l] ) |raH(SA/‘B/‘A‘B). (4.96)

Proof. 1t follows from (4.76)—(4.78) that the maps

[an(Has = 2liap) '] € = Ker(Hmax — 2l(ap), (4.97)

(YA s(Hap—iap) "] :ker(Hmax — 24 p)) — C2,
are given by

*

N
(S

[YAL,B(HA,B - Z_I(u,h))fl] ;) =c1upp1(z,7) +cauap2(z,7), c1,c2€C,

[VAL,B(HA,B—ZI(a,b))_I]fZ (E ) . feL?((a,b);rdx).

(4.98)
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Thus, if Sy pr 4 g is invertible, (4.91) and (4.92) follow from (4.84) and (4.98).

If Sur pr 4 p is not invertible and nonzero it follows from (4.54), (4.80), and (4.97)
that [yup (Hag —2l(ap)) '] is surjective, mapping ker(Hmax — Zl(4)) onto the one-
dimensional subspace ran(Syp 45) C C*. Hence [y p(Hap — Z1p)"']" maps
ran(Sy 4 ) onto a one dimensional subspace of ker(Hmax — zl(u7h)) spanned by the
function uyr g 4 po(2,-). Thus,

[VAL',B/ (Hap— Zl(a,b))_l] i ran(Sy g a.8) — span(ur g4 go(2,°)),
[VAL',B/ (Hap— Zl(a,b))_l] sspan(uy g a po(Z,7)) — ran(Sa pr 4 5),

and hence (4.94)—(4.96) follow from (4.86) and (4.87). [

(4.99)

The above result shows that, depending on the rank of Sy p 4 p, the abstract
Krein’s formula (A.16) is equivalent either to (4.91) (and hence to (4.84)) or to (4.94)
(and hence to (4.86)). Moreover, straightforward computations show that in the spe-
cial case of Hy p = Hp, Corollary 4.10 reduces to Theorem 3.1 if Hy g corresponds
to separated boundary conditions (2.15) and to Theorem 3.2 if Hy g corresponds to
non-separated boundary conditions (2.17). Explicitly, one obtains the following result.

COROLLARY 4.11. Assume that Hy p = Hp (i.e., A=Ap and B = Bp given by
(2.28)) and A',B' € C**? satisfy (2.7). Suppose that z € p(Hp) N p(Hy p'), and let
{u(z,-),u2(z,-)} be the basis of ker(Hmax — 2l (q)) dictated by (3.5).

(i) If A = (COS(()OG) Si“gef’)), B = (_ 0 0 ) 00,0, € (0,77), then

(4.91) holds with Py g 4 p(z) = <(1) (1)> D, 0, (2) (? (l)> , where Dg, g, (2) is given
by (3.12).
.. , [cos(6,) sin(6y) ;L 0 0 B
(i) If A" = ( 0 0 B = —cos(6p) sin(6) )’ 0 € (0,7), 6, =0,

then (4.94) holds with pa pr 4 (z) = sin?(6,)dg, o(z), where dg, (z) is given by
(3.15) and uyr pr o po(z,) = sin(0a)uz(z, ).

; _ [cos(6,) sin(6,) ;L 0 0 _

(iii) If A’ = ( 0 0 , B = —cos(8y) sin(6y) )’ 6,=0, 6, € (0,m),
then (4.94) holds with pa g g(z) = sin®(6,)dy g, (z), where dy g, (z) is given by
(318) and MA’,B’7A,B,O(Z7 ) = sin(Ob)ul (Z, )

(iv) IfA'=e“R, B'=1, RESLy(R), Ri2#0, then (4.91) holds with Py g 4 p(z) =
01 01 .
(1 0) Or,¢(2) <l O)’ where Qg ¢(z) is given by (3.49).
(v) IfA'=¢"R, B'=h, RESLy(R), Ry » =0, then (4.94) holds with py p 4 p(z) =

qr.¢(z), where the scalar qg(z) is given by (3.52), and for uy p 4 po(2,-) =
ur,y(z,-), with ug ¢(z,-) given by (3.54).
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At this point we are ready to demonstrate the Nevanlinna—Herglotz property of
A‘;‘"’g ()84 g ap- Wedenote C = {z€ C|Im(z) > 0}.

COROLLARY 4.12. Assume that A,B,A’,B' € C**%, where A,B and A',B' sat-
isfy (2.7), and let the self-adjoint extensions Hyp,Hy p be defined as in (4.1). In
addition, let Sy p s € C>*2 be as in (4.9), (4.10). If Sa g .ap is invertible, then
AAB

AB (-)Sfu BAB is a 2 X 2 matrix-valued Nevanlinna—Herglotz function satisfying

m(AYF ()Sypag) >0, z€Cu. (4.100)

Proof. Analyticity of Aﬁf’g/()Sz, pap ON z € p(Hyp) follows from that of
AAB

W s () described in Lemma 4.5. Equation (4.92) then proves that

S papP@)Sh g ag= Ag;g ()Shpap 2€P(Hag). (4.101)

By Theorem A.1 (iii), P(-) and hence Sa g 4 pP(-)S}/ p 4 5 15 @ 2 X 2 matrix-valued
Nevanlinna—Herglotz function satisfying (4.100) as a consequence of (A.37). O

5. Trace formulas, symmetrized perturbation determinants, and spectral shift
functions

In this section we present the connection between the general boundary data maps,
symmetrized perturbation determinants, trace formulas, and spectral shift functions for
general self-adjoint extensions of Hpy,, described in Theorems 2.2 and 2.5.

Assuming as before Hypothesis 2.1 and (2.7), we start by recalling the sesquilinear
form, denoted by Q4 g, associated with the general self-adjoint extension Hy p of Hpin .
If the matrix Ny p, defined as in (2.30)—(2.31), is invertible (i.e., rank(Ny p) = 2) then

0rs(7.9) = [ ¥ [pOTTI (0) +a(0TT00)] ~ (1o Ny bPaso8) o
f.g € dom(Qu 5) = {h € L*((a,b); rdx)| h € AC([a,b)); (5.1)
(p/r)' 2K € L*((a,b);rdx)}.
If Ny p is not invertible then either Ny g is nonzero (i.e., rank(Ns ) = 1) and

b —— — N Dy .
Onalf:8) = [ dx[pl)F e () +a(0FEs(0)] - (o] e ;im)c ,

/.8 € dom(Qa p) = {h € L*((a,b);rdx) | h € AC([a,D]); (5.2)
Yph € ran(N} p); (p/r)l/zh’ € Lz((a,b);rdx)},

or NA7B =0 (i.e., rank(NA7B) = 0) and

0rs(1.8) = [ x| T8 () + () T3]
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f.g € dom(Qa g) = {h € L*((a,b);rdx) |h € AC([a,b]); yph = 0; (5.3)
(p/r)'*H € L*((a,b):rdx)}.

To see the connection between Q4 g and the self-adjoint extension Hy p it suffices
to perform an integration by parts. For instance, in the case of (5.2), one obtains for all
f €dom(Qy p) and g € dom(H, ),

(WS N; 3Da BYDE) 2

QA,B(fag) = (f’Hmaxg)Lz((a,b);rdx) - (’)/Dfa YNg)CZ -

(| Na 5|2
(vof, INag|*weg + NXBDA,BYDg)Cz

= (f;HA,Bg)LZ((mb);rdx) - HNA’B”z . (54

Since yp f € ran(Ny p) one has ypf = ||NA.,BH72NX’BNA,BYDJC and hence
(w5 INag*W8) 2 = (1., N pNaBWE) 2 (5.5)

Combining (5.4) and (5.5) yields,
(WS Nx 5(Nasg+DaBYng)) 2
Onp(f.8) = (f;HA.,Bg)Lz((mb);rdx) - ||NA,BH2

= (fHAB8) 12((a ) (5.6)

since g € dom(Hy ), and by (2.30) and (4.1), ya,88 = DasYpg+ Napwg =0.
The 2nd representation theorem for densely defined, semibounded, closed quadratic
forms (cf. [26, Sect. 6.2.6]) then yields that

dom ((Ha g — 2l(ap))'/?) = dom (|Hs p|'/?) = dom(Qa5), z€C\[eas, ), (5.7)

where we abbreviated
ea = inf(0(Hap)).- (5.8)

Here (Hap— ZI(aJ,))l/ 2 is defined with the help of the spectral theorem and a
choice of a branch cut along [e4 p,°°). Employing the fact that by (5.1)-(5.3),

dom ((Hyp — Zl(a,b))1/2) = dom (|Hap|"/?)
= {h € L*((a,b);rdx)| h € AC([a,b]); (p/r)\/*h e L*((a,b);rdx)}, (5.9)
7€ C\[eqpr,), det(Ny pr) # 0,
dom ((HA’B - zl(mb))l/z) = dom (|HA’B\1/2)
C {he L*((a,b);rdx) |h € AC([a,b)); (p/r)"/*H € L*((a,b);rdx)},  (5.10)
7€ C\[eap,),

then shows that

(Hp g — el (ap) "/ (Ha g — ()~ (Harpr — () '/?
= [(Hyp — Zl(a,b))l/z (Hap— Zl(a,b))_l/z]
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< [(Harg — Zliap) " *(Hap — Zliap) ~?]
€ B(L*((a,b);rdx)), z€ C\leg,), det(Ny p) # 0, (5.11)

where we introduced the abbreviation
ey = inf(G(HA’B) @] G(HA’,B’)) = min(eA,B, eA/’B/). (5.12)

Then applying Theorem 4.9 one concludes that actually,

(Harp — 2l(ap)?(Hag — o)~ (Harp — 2iap) ' = Liap)
= {(Hup — diap) "> [(Hap — eap) ™" — (Hup — 2lap) "]
X (Hyrp —zl (a,b))1/2 }Cl
= (Hy p — Zl(a,b))l/z [Yzﬁli,B(HA,B — Z_I(a,b))_l] *Aﬁ:}g, (Z)_ISA’,B’,A,B

< [is(Has — ap) ") (Hyp — 2lap)"/?, (5.13)
z€e C\[€07°°), det(NA/’B/) 7é 0.

is a finite-rank (and hence a trace class) operator on L?((a,b);rdx). Thus, the Fredholm
determinant, more precisely, the symmetrized perturbation determinant,

detLZ((qu);rdx) ((HA/,B/ — Zl(a’b))l/z(HA,B - Zl(a,b))71 (HA/,B/ — Zl(a,b))1/2>,
z€ C\[eg,0), det(Ny pr) #0,  (5.14)

is well-defined (cf. [18, Ch. IV] and [46, Ch. 3] for basics on Fredholm determinants).
Next, we show that the symmetrized (Fredholm) perturbation determinant (5.14)
associated with the pair (Hy/ p,Hy p) can essentially be reduced to the 2 x 2 determi-

nant of the general boundary data map Aﬁ/’g/ (2):

THEOREM 5.1. Assume that A,B € C**2, where A',B' € C**? satisfy (2.7), and
let the self-adjoint extensions Hpp,Hy p be defined as in (4.1). In addition, let
Nag, Ny g € C?*2 be as in (2.30), (2.31), and suppose that det(Ny pr) # 0. Then,

det;2((q.p):rax) ((HA’.,B’ — 2 ()2 (Ha B — 2 (a) " (Harpr — () 2)

detcz(NA B) A'B (5.15)
_ e NAB) e (A : ) € C\[e, ).
detca (NA’,B’) Clez(Ap (2) z \[e() )
Proof. We start by introducing simplifying abbreviations,
Kap(z) = [1ap(Hap— Zi](a,b))il] Y (5.16)

L 4 5(2) = (Hap — 2liap) "/ *Ka (2). (5.17)
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Then substitution of (5.13) into (5.15) and employing the cyclicity property of the de-
terminant yields

dety2((q.p):rax) ((HA’.,B’ — 2 ()2 (Ha B — 2 (a) " (Harpr — ()" 2)
= detr (b)) (I(u,h) + LA’,B’,A.,B(Z)A;:,? ()" SwprapLa pap(Z )*>
= dete (12 + LA’,B’,A,B(Z_)*LA’,B’,A,B(Z)A:}? (Z)_ISA’,B’,A,B> : (5.18)

One notes that Ly 4 3(z) maps C* into L?((a,b);rdx) and hence the product
Ly g4 5(Z)*Las g (2) is a linear map on C2.
Next, we turn to the computation of the 2 x 2 matrix representation for the map
Ly g aB(Z)"La g a,p(2) using (5.1)—(5.3),
(visLar g aB(2) Lo g p(2)V2) 2
= (Lo g aB(2)v1, Ly B’A.B(Z)V2)L2((a’b);rdx)
= Qup (Kap(2)v1,Ka 5(2)v2)
—(Kap(Z)v1,N,*! ' Dw 5 0Kap(2)v 2) 2
— (YoKap(2)v1, WKap(z )VZ)Cz
_ (Vla [')/DKA7B(Z)] A’7B’YA/~,B/KA73(Z)V2)(C2' (519)
Since, by (4.79) and (5.16), 1pKa(Z) = AR 5(2) and Y pKap(z) = A} 7 (2). it fol-
lows from (5.19) that /
Ly g ap(2) Lo g ap(z) = —AR 5(2) "Ny, B/A ¥(2), (5.20)

and hence

1 n!

L+Lygap(Z) Lapa, B(Z)Aﬁjg () 'Swpan
=L~ AL p(2) Ny ySwpan (5.21)
= [b— (N Sw s an) AL p(2)] " (5.22)
It follows from (2.32) and (4.10) that
NX/}B/SA’,B’,A,B =Dyp—Ny. B/DA’ BNy g
=D} =D g (Ny'y) Nip, (5.23)
and hence, by (4.30) and (4.31),
b — (NQ}B/SA',B',A,B)*AQ,B(Z)
= Aﬁ’g —Dy BA/?,B(Z) + Na Ny B/DA’ p AL 5(2)
= NN, 5 [Nar, B’AXB(Z) + DA',B'AA,B(Z)]
= Na N, B,AA ).
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Substituting (5.22) and (5.24) into (5.18) then yields

det; 2 (q.p):rax) ((HA’,B’ — (o)) P (Hap — A (ap) " (Hur g — 2(a )"/ 2)
= detea ([NasNy AL S (D)) (5.24)
Changing z to z and taking complex conjugation on both sides then implies (5.15).

REMARK 5.2. It was crucial in Theorem 5.1 to use the symmetrized (Fredholm)
perturbation determinant,

det; 2 (qp):rax) ((HA’,B’ — (o))" 2 (Hap = diap) " (Harg — o))"/ 2) , (5.25)
as in all nontrivial circumstances the “standard” perturbation determinant,
dety2 (g p)rae) (Hars — o) (Has — iap) '), (5.26)

does not exist since (Hyp — 2l(,;))~" will not map L?((a,b);rdx) into the set
dom(Hy ') (it maps into dom(Hy g)). On the other hand, the quadratic form domains
depicted in (5.1)—(5.3) guarantee that

(Hurp — ) 2 (Hap — 2 ip) (Hap — ap)/? € B(L*((a,b);rdx)), (5.27)

and a detailed analysis reveals (cf. [17, Sect. 4]) that the latter is, in fact, at most a
rank-two perturbation of the identity 7, ;) in L?((a,b);rdx). For a discussion of sym-
metrized perturbation determinants in an abstract setting, including the case of non-
self-adjoint operators, we refer to the detailed treatment in [17].

Next, we derive the trace formula for the resolvent difference of Hy g and Hyr p/
in terms of the spectral shift function &(-;Hy/p,Ha g) and establish the connection

between Aﬁf,(-) and &(-;Hyr g, Hap).
To prepare the ground for the basic trace formula we now state the following fact:

LEMMA 5.3. Assume that A,B € C**?, where A',B' € C**? satisfy (2.7), and let
the self-adjoint extensions Hap and Hyi g be defined as in (4.1). Then, with Ag’g
given by (4.79),

d ! p! _ _ _ *
d—ZA‘Xﬁ (2) = (Hap—2diap) " [asHas— Zlap) '] z€p(Hap). (5.28)

Proof. Employing the resolvent equation for Hy g, one verifies that

d _ % _ _o7%
0 (VAs(Has— Zlap) '] = vaw [vis(Has — Zlap) ]
= Yap (Hap—2ap) " [Yap(Hap — Zlap) '] (5.29)
Together with (4.79) this proves (5.28). [
Combining Theorems 4.9 and 5.1 with Lemma 5.3 then yields the following result:
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THEOREM 5.4. Assume that A,B € C**2, where A',B' € C**? satisfy (2.7), and
let the self-adjoint extensions Hp p and Hy g be defined as in (4.1). Then,

72 (b)) (Harg = iap) ™ = (Hap = (ap) ")
. A'B -1 A'B
=t ([AA,B (Z)] 7 [AA,B (Z)]
_ d A'B
= dzln <detCz (AA’B (z)) >7 z€ C\[eg,o°). (5.30)
If, in addition, both Na p and Ny pr, defined as in (2.31), are invertible, then
72 (b)) (Harg — 21 @p) = (Hag—2ap) ")
d _
=-n (detLZ((a,b);rdx) <{ (Hyp — 2liap) "> (Has — 2liap) " (5.31)

X (Hy pr —Zl(a,h))l/z}d», z € C\Jeg,°).

Proof. The second equality in (5.30) is obvious. The first equality in (5.30) follows
upon rewriting (4.84), with the help of (4.2) and (4.9), as

(Hatp = ap)) " — (Hap—2(ap) "
=~ [ (Han — Zlap) '] AYs @7 ww (Has — o)™ ']. (532)

taking the trace, using cyclicity of the trace, and applying (5.28). Then (5.31) follows
from (5.15) and (5.30). O

In particular, in the non-degenerate case, where Ny p and Ny p are invertible,

the determinant of Agl’g/(-) coincides with the symmetrized perturbation determinant
under the logarithm in 7(5.3 1) up to a spectral parameter independent constant (the latter
depends on the boundary conditions involved).

Next, we note that the rank-two behavior of the difference of resolvents of Hys p/
and H, p permits one to define the spectral shift function é(-;HAr’ p,Ha p) associated
with the pair of self-adjoint operators (Hy g, Ha ) in a standard manner. Moreover,
using the typical normalization in the context of self-adjoint operators bounded from
below,

E(- ;HA’,B’»HA,B) =0, A<ey=inf (G(HAJ;) U G(HA’,B’))7 (5.33)

Krein’s trace formula (see, e.g., [51, Ch. 8], [52]) reads

72 (apyorar) (Has — 2iap) ™ = (Has—2(ap) ")

P, (5.34)
St
€(),°°

where & (-;Hy pr,Ha ) satisfies

E(sHyp Hap) € L'(R; (A% +1)"'dA). (5.35)
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Since the spectra of Hy g and Hy g are purely discrete, & (-;Hy g, Ha ) is an integer-
valued piecewise constant function on R with jumps precisely at the eigenvalues of
Hpp and Hy p . In particular, & (-;Hy g, Ha ) represents the difference of the eigen-
value counting functions of Hy p and Hy .

Moreover, &(-;Hy p,Hap) permits a representation in terms of nontangential

boundary values to the real axis of det( A,B/( )) (resp., of the symmetrized pertur-
bation determinant (5.11)), to be described next.

THEOREM 5.5. Assume that A,B € C**2, where A',B' € C**? satisfy (2.7), and
let the self-adjoint extensions Hp p and Hy g be defined as in (4.1). Then,

E(AHyp,Hyp)=Tm l11mIm<1n<r)A/ BA Bdetcz( (7L +l£)>>>

forae A €R,

(5.36)

ieA’,B’

where Ny g ap=e AB for some Oy p 4 g € [0,27).

Proof. We recall the definition of e = inf (6(Ha ) UG (Hyp)) in (5.33).
Combining (5.30) and (5.34) one obtains

d 1l é(x;HA/.BI,HAﬂ)dA
—In <nA’,B’,A,B det(C2 (Aﬁjg (Z)>> = /[90 w) (2, _ Z)2 ’ (5.37)

dz
€ p(HAJ;) ﬁp(HA/7B/),

where Ny pr 4 p 18 some z-independent constant.
Assuming temporarily that Sy pr 4 p is invertible, we note that by (4.83),

detCz< A ))detcz (Symas) €R, z€R\G(Hyp), (5.38)
and since

detcz( ())7&0 Z<eo, (5.39)

it follows that there is a unique 74/ g 4 p = s an, Ou g a5 € [0,27) such that

N wapdete: (A} (2)) >0, z<eo. (5.40)

In the case Sy pr 4 p is notinvertible, one considers a slightly perturbed boundary trace
Yarp:s = Yap +0Tapan )/AL - Then the corresponding perturbed boundary data map

converges to the unperturbed one Aﬁff,;é( ) — Ay AB ( ) as § — 0 and

detCz (Aﬁ:g/’é (Z))detcz (S:’,B’,A,B + 6TA*’,B’,A,B) eR, ze R\G(HAJg), 6 cR.
(5.41)
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As discussed around (4.16), det2 (S5, 5 4 g+ 6T ) # 0 for all sufficiently small

0 # 0, hence utilizing the identity

B AB

* * _ * *
det([:2 (SACBCA,B + 6 TA’,B’,A7B) =6 det(CZ (SA’7B’,A7B.,1 TA’,B’,A7B,2)

. . 5 . (5.42)
+6det(c2 (TA’,B’,A,B,I SA’,B’,A,B,2)+6 detCZ(TA/7B/7A7B),

where the notation Z; is used to denote the j-th column of a matrix Z, substituting
(5.42) into (5.41), dividing by &, taking 6 — 0, and invoking the continuity of Aﬁl’gl
with respect to the parameter matrices A’, B’ yields either

A B
det(c2 (AA,B (Z)) [det(c2 (SZ/7B’7A,B71 TX/7B’7A,B72)

+dete2 (T pra g1 SZ',B/,A,B,z)] e R\{0}, z<ep,

(5.43)

or
deta (Agjg’ (Z)>detC2(T§/7B,7A’B) eR\{0}, z< e (5.44)

Thus, (5.40) holds in the case of a noninvertible matrix Sy g 4 p as well.
Next, integrating (5.37) with respect to the z-variable along the real axis from z
to z, assuming z < 79 < eg, one obtains

tn (N4 pdetes (A15 2)) ) =10 (a2 pdeten (A} (@)
_ /ch E(AsHy g Hyg)dA
20 [e0,>) (A— C)z
_ /ch [6+(AsHpp Haop) — & (AsHy g, Ha )] dA
20 [e0,>) (A — C)z
: . ¢ dg
= [ (it Ha) — & (Hap Hanldh | =

[507°°)

11
A—z A—2

- 5<A;HA431,HA,BW(

[607'”)

), 7 < z0 < €. (5.45)

Here we split & into its positive and negative parts, & = [|€] £ &]/2, and applied
the Fubini-Tonelli theorem to interchange the integrations with respect to A and (.
Moreover, we chose the branch of In(-) such that In(x) € R for x > 0, compatible with
the normalization of &(-;Hy g, Ha g) in (5.33).

An analytic continuation of the first and last line of (5.45) with respect to z then
yields

In <77A',B',A,B det2 (Aﬁf (Z)> ) —In (TIA',B’,A,B detco <Aﬁ7§ (Zo)) )

1 1
:/[ )é(x;HA,’BI7HA7B)dA<—A—Z_—A,—Z())’ ZE(C\[E(),OO). (5.46)
€0, ¢
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Since by (5.40),

ln(nA/7B/7A7B det2 <Aﬁ:’g/ (zo)>> eR, 2z <ey, (5.47)

the Stieltjes inversion formula separately applied to the absolutely continuous measures
Ei(AsHy g Hag)dA (cf., e.g., [3, p. 328], [48, App. B]), then yields (5.36). [

6. Connecting von Neumann’s parametrization of all self-adjoint extensions of
AB
H,,;, and the boundary data map A AB )

In this section, we turn to the precise connection between the canonical von Neu-
mann parametrization of all self-adjoint extensions of Hp;, in terms of unitary opera-
tors mapping between the associated deficiency subspaces and the boundary data map

AB
Ny OF

According to von Neumann’s theory [47], the self-adjoint extensions of a densely
defined closed symmetric operator Ty : dom(7y) — 7, dom(Ty) = ¢, with equal
deficiency indices n+ are in one-to-one correspondence with the set of linear isometric

isomorphisms (i.e., unitary maps) from .4} to .4_, where
N =ker(Ty Fily), ny=dim(AL). (6.1)
We summarize some of the basic facts of the theory in the following theorem.

THEOREM 6.1. Let Ty : dom(Tp) — 52, dom(Ty) = S, denote a symmetric op-
erator with equal deficiency indices ny = n_ and Ny as defined in (6.1). Then the
Sollowing items (i)—(iii) hold.

(i) The domain of Ty is given by
dom(Ty) = dom(Tp) + A4 + A2, (6.2)

where + indicates the direct (but not necessarily orthogonal ) sum of subspaces.
(ii) For a linear isometric isomorphism % : N, — N, define the linear operator
Ty : dom(Ty ) — S by

Ty =Ty ldom(r, ), dom(Ty ) = dom(To) + (L + % )N (6.3)
The mapping % — Ty is a bijection from the set of linear isometric isomorphisms
U . Ny — N and the set of self-adjoint extensions of Tp.
(iii) If T is a self-adjoint extension of Ty and
1 = (T +ilyp)(T —ily)”" (6.4)

denotes the unitary Cayley transform of T, then T = Ty, with

U =6y (6.5)
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Items (i) and (i) in Theorem 6.1 are standard results in the theory of self-adjoint
extensions of symmetric operators and may be found, for example, in [1, §80], [12, Chs.
XII, XII], [41, §14.4 & §14.8], [44, Sect. X.1], and [48, §8.2]. Item (iii) in Theorem
6.1 is taken from [16].

Our next result establishes a connection between von Neumann’s isometric iso-

morphism % in Ty , the boundary trace of bases in ker(Hmax F il(4,)) - and the bound-

ary data map A‘:}g, (+). To the best of our knowledge, this appears to be new.

THEOREM 6.2. Suppose that %1 = {uy,v+} denote ordered bases for
Jﬁt = ker(Hmax + il(a,b))' (66)

For A,B € C**? satisfying (2.7), assume that Uy p : N, — N_ denotes the unique
linear isometric isomorphism with

dom(Hy p) = dom(Hyin) + (I(ap) + %a.8)N5 (6.7)

guaranteed to exist by Theorem 6.1 (ii). Suppose that [%A,B] denotes the matrix rep-
resentation of Uy g with respect to the bases %+.. Then

(5] = — (vaB(u-) ?’A,B(‘L)y1 (ras(us) aB(vy)), (6.8)

where the boundary trace map Yy p is given by (2.25).
In particular, if A',B' € C**? is another pair for which (2.7) holds and the bases
PBy ={uy,vi} consist of functions satisfying the boundary conditions

1
Yarp (Us) = <0> , Y (ve) = <(1)> ) (6.9)

then (6.8) becomes
[%3.5) = — Ny (=)~ AL (D), (6.10)

where the boundary data map Aﬁ}%,(-) is given by (4.25).

Proof. Suppose [@’/X’B] € C?*2 denotes the right-hand side of (6.8) and define

?//;’B to be the linear map from .4 to .#_ with the matrix representation [% 5| in
the bases % . That s, for f € 4, let ¢;,cy € C be such that

£=(usvy) (?), (6.11)

2

then

Unpf = (u-v_) [% )] (2) : 6.12)
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It follows from (6.8), (6.11), (6.12), and the linearity of y4 p that

Ya(f + @;,Bf)
= (ya8(ur) a8(vy)) (2) + (va8(u-) 7a8(v-)) [@X,B] <C1>

= (6.13)

= (Tap(us) 15(v+)) (2) — (mp(us) Mp(vy)) (2)
=0.

Thus, by (2.26), f+ﬁ2//;73f € dom(H, ) forevery f € 4, . By Theorem 6.1 (ii), also
[+ pf € dom(Hy ) forall f e 4. . Hence,

(Unp— Unp)f = (f+Uspf) — (f +Ussf) € dom(Hy p). (6.14)
Since both % p and ?};’B map into .4~ it follows that
(s —Unp)f € N Ndom(Hpp) ={0}, f€.N, (6.15)

that is, %A7B = @:73. O

Our final result in this section provides an explicit matrix representation of von
Neumann’s isometric isomorphism % in 7 in terms of a particular basis of solutions
in ker(Hmax F il(q)) -

THEOREM 6.3. Suppose that B+ = {u(%i,-),u2(%i, )} denote the ordered bases
Sfor
N = ker(Humax F il 4, (6.16)

with uj(£i,-), j=1,2, given by (3.5). For 6,,6y € [0, 1), assume that Uy, g, : N+ —
N denotes the unique linear isometric isomorphism with

dom(H9a79b) = dom(Hmin) + (I(a,b) + %eaﬁb)‘/%r? (6.17)

guaranteed to exist by Theorem 6.1 (ii). For R € SLy(R), ¢ € [0,27), let Uy ¢ denote
the unique linear isometric isomorphism with

dom(HR7¢) = dOIIl(Hmin) + (I(a,b) + gZ/R7¢)</ﬁ_, (6.18)

guaranteed to exist by Theorem 6.1 (ii). Let [%gmgh] and [%R7¢] denote the matrix
representations U, 9, and gy with respect to the bases 9. Then the following
items (i)—(vi) hold.

(i) If 6, # 0 and 6y, # 0, then

(%, 6,] = —De, 6,(—i) ' Do, g, (i), (6.19)
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where Dy, g, (-) is given by (3.12).
(ii) If 6, # 0 and 6, =0, then

—1 0
[#.0) = (-dea,o(—i)l (i) + i) —dea,o(—i)ldea,o(i)> - (020

where dg, o(-) is given by (3.15).
(iii) If 6, =0 and 6, # 0, then

[%.9,] = <—d0,eb(—i31do,eb(i) do.g,(—i) ™! {u[;]ii,lb) +u[11](—i,a)}> 62D
where dy g, (-) is given by (3.18).
(iv) If 6, =6, =0, then
(%) = —D. (6.22)

(v) If Ri2 #0, then

%k 9] = —Orp(—) "' Qro (1), (6.23)
where Qg ¢(-) is given by (3.49).
(vi) If Rip =0, then

. N —1 gl,l(Ra¢) E,l Ra¢)
[%R.,(P] - qR,(IJ(_l) <5172(R7(P) = 7 ( 7¢)> — D, (6.24)
where qg ¢(-) is given by (3.52) and

G (R.9) = (1,0) — ) (~i.b) — Ry [ (~i.6) -l (1) (6.25)

c12(R.¢) = Raa{e ™ [u(0.0) —ul'(—i.0)] = Roz i (—i.0) + 1,0) | },
(6.26)

5272(R7 (P) = R272{R272 {u[zl] (—i7a) — u[zl](i,a)} + P {u[zl] (i,b) + ulll](—i,a)} },
(6.27)
&1(R.9) = *Raa b (—isa) — (i) |+ b) -l (i), (6.28)

Proof. We begin with a few general observations in order to set the stage for the
proofs of items (i)—(iv). Since %p,.9, 64,05 € [0,7), maps A, onto .4~ and H_
is a basis for A4,

%ea,e,,uf(i7 ) = C€,1(6a7 eb)ul(_i7 ) +C€,2(6a7 eb)u2(_i7 ')7 = 1727 (629)

for suitable scalars {c/(6q,0p)}1<s k<2 Then by definition, the matrix representation
of %,.6, With respect to the bases % is given by

_ (c1.1(64,6p) ¢2.1(64,6p)
[%eavebjl - <Cl72(9a79b) C2,2(9a79b) ’ (6.30)
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By Theorem 6.1 (iii),

Uo,.6, = —(Hoy.0, — liap)) (Ha,0, + iliap) " s (6.31)
and as a result,
U, 0,10(i,") = —(Ho,.0, — il(ap)) (Ha,.0, + il )~ ug(i,")
= —(He, 0, + ( 20)l(4 1)) (Hg,.0, + il )~ g (i, ")
=2i(Heg, 0, + il(ap))” Yue(i, ) —ue(iy-), €=1,2. (6.32)

Proof of item (i). Applying Krein’s formula (3.13) with z = —i to the resolvent in
(6.32), relation (6.29) can be recast as

C(ﬁl(ea, Ob)ul(—i, ) + Cg’z(ea, Gb)u2(—i, ) = 2i(H()7() + i](mb))_lu((i, ) — u((i, )

2
—2i Z D9a,9h(_i);11(uk(i7')vuf(iv'))LZ((a,b);rdx)uj(_iv')v =12, (6.33)
k=1

where Dg, g, (—i) is defined by (3.12). Taking ¢ = 1 in (6.33), evaluating separately at
x =a and x = b, and using (3.5) along with

[(Hoo — il(ap)) i (i,)] (@) = [(Hoo — il 4p)) 'ui(i,)] (b) =0, (6.34)
yields
Cq, 1(9a, 9}, =—-2i z Demeb )17]16(141((1', ~),u1 (i, '))Lz((a,b);rdx) - 1, (6.35)
c12(64,6p) = —2i 2 Do, 0,(—1)5 4 (i), 1.(1)) 12 (0.t (6.36)
k=1

On the other hand, taking ¢ =2 in (6.33), evaluating separately at x =a and x = b,
and using (3.5) along with

[(HQO - il(a,b))_1u2(i7 )] (a) = [(HO,O - il(a,b))_lu2(iv )] (b) =0, (6.37)

one concludes that

2
€2,1 (6a,6p) = —2i 2 Do, 6, (_1)17]1 (ure (i), ua (i, '))Lz((a,b);rdx)v (6.38)
k=1
22(04,6p) = —2i Z Da, 0, (=) 4 (wa i), 42.(i5)) 12 (0 pyorar) — 1- (6.39)

Comparing (6.30) with (6.35), (6.36), (6.38), and (6.39), one infers

(%o,,0,) = —2iDe, 0,(—1) " [(1is-),ux (i) 12 (0 )] 1<k~ s (6.40)
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where [(14(i,),uk(i,)) 12 ((ab)iran) | 1< j xcr 15 the Gram matrix corresponding to the ba-
sis A, . Taking (A.32) in the case at hand (i.e., with P(-) = —Dg, g,(-)~") with z = —i
and 7 =i, one obtains

[(”j(ia ')7”k(i7 '))LZ((a,b);rdx)] 1< k<2 (_21.)71 [Dea.,eb(_i) - DOa,Gh(i)] : (6.41)

Using (6.41) in (6.40), one arrives at (6.19).
Proof of item (ii). Applying Krein’s formula (3.16) with z = —i to the resolvent
in (6.32), relation (6.29) (with 6, = 0) can be recast as

c0,1(04,0)ui(—i,-) +cr2(64,0)ur(—i,-) = 2i(Hoo + i)flu/;(i, S —ug(i,-)
—2idg, (=) (ua(iy ), w1 (i) 2 (a2 (—i57), £=1,2, (6.42)

where dg, o(—i) is defined by (3.15). Taking ¢ = 1 in (6.42), evaluating separately at
x=a and x = b, using (3.5) and (6.34), yields

c1,1(64,0) = —1, (6.43)

¢12(84,0) = —=2ide, (=) " (w20, )01 (1)) 12 (0 ) (6.44)

Similarly, taking ¢ =2 in (6.42), evaluating separately at x = a and x = b, using (3.5)
and (6.37), implies

2,1(04,0) =0, (6.45)

22(64,0) = —2ide, 0(—i) " (ua(i,), 42 (i) 12 (a0 yirat) — 1- (6.46)

The inner products in (6.44) and (6.46) can be calculated explicitly. In fact, all entries

of the Gram matrix [ (u; (i, ), uk (i,-)) 12 (0 p)srax) ] can be explicitly computed. To
this end, one observes that

4
dx

1</,k<2

W (uj(—i,-),u(i,-)) (x) (6.47)

d d
- uj(—i,x)aul[{l](hx) - uk(i,x)aug-”(—hx) fora.e.x € (a,b), 1 < j,k<2.

On the other hand, by the very definition of u;(+i,-), j = 1,2, one has
d
dx'
Taking (6.47) together with (6.48), and accounting for cancellations, one concludes that
1 d . .
—Z—iEW(uj(—z, s ue (i )) (x)
fora.e.x € (a,b), 1 < j,k<2.

(£i,x) = (q(x) Fir(x))uj(£i,x) fora.e.x € (a,b), j=1,2. (6.43)

r()uj (=i, x)ur (i, x) = (6.49)

With (6.49) in hand, the inner product of u;(i,-) with u(i,-) can be explicitly com-
puted:

b
(uj(i7')vuk(iv'))Lz((u,h);rdx) :/[; r(x)dxuj(_ivx)uk(ivx)
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1 0 d

:_2_i , dxd W(uj(_iv')vuk(iv'))(x)
_ _%W(u./(_i,.)’uk(i’.))(x);z, 1<jk<2. (6.50)

Finally, (6.50) and (3.5) yield

. . 1 . .

(ul (17 ')aul(la '))Lz((a,b);rdx) = _Z_i (u[ll](l’b) - u[ll](_lab)> ) (651)
. . 1 . .

(21, ), u2(5, )12 (@) = ~ 57 (’4[2”(—1751) - “[21](1,0)) ; (6.52)
. . 1 . .

(11 )02, 2wyt = =35 (186 0) +1 (i) (653)
. . L/, . 1,

(21, ), ur ()12 (@) = 55 (2 (=1:6) + 1y (l,a)) (6.54)

Combining (3.15) with (6.52) in (6.46) implies
22(604,0) = —dag, o(—i) 'dg,0(i), (6.55)
and taking (3.15) with (6.54) in (6.44) yields
¢12(64,0) = —dg, o(—i) ! (u[zl](—i,b) +u[11](i,a)>. (6.56)
Finally, (6.20) follows from (6.43), (6.45), (6.55), and (6.56).
Proof of item (iii). Applying Krein’s formula (3.19) with z = —i to the resolvent

in (6.32), relation (6.29) (with 6, = 0) can be recast as

ce,1(0,0p)ur (—i,-) +ce2(0,0p)us (—i, ) = 2i(Hoo + 1) ug(i,) — (i)
—2ido g, (=) (1 (i, ), 1 (1)) 2 (a1 (—657), - £=1,2, (6.57)

where dj g,(—i) is defined by (3.18). Taking ¢ = 1 and evaluating (6.57) separately at
x =a and x = b implies

c1,1(0,6y) = —2ido,g, (=)~ (w1 (i,),u1 (1)) 12 (0 pyrar) — 1s (6.58)
c12(0,6,) =0, (6.59)

and taking ¢ = 2, evaluating (6.57) separately at x = a and x = b yields

€21 (0,6,) = _2id0,9h(_i)71 (ur (i, ), ua (i, '))LZ((a,b);rdx)v (6.60)
C272(O, 91,) =-—1. (6.61)

Recalling (3.18) and (6.51) in (6.58) implies

c1,1(0,85) = —do.g,(—i) " do,g, (i), (6.62)
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and recalling (6.53) in (6.60) yields

¢2.1(0,6) = do,o, (~) " (1 (1.6) ! (~1,0)). (6.63)

Therefore, (6.59), (6.61), (6.62), and (6.63) imply (6.21).
Proof of item (iv). In this case, 6, = 6, = 0, so that (6.32) may be recast as

cm(0,0)ul(—i, ) + 0572(0,0)u2(—i, )
=2i(Hoo+ il(gp) uei,) —ue(i,), £=1,2, (6.64)

and (6.22) follows immediately by taking ¢ = 1,2 in (6.64) and separately evaluating
at x =a and x = b, using (3.5).

To set the stage for proving items (v) and (vi), we write the analogs of (6.29)—
(6.32) in the non-separated case. Since %_ is a basis for .4~ and %y maps .4} into
N, we write

%&q)u/;(i, ) = c/;71(R,¢)u1(—i, ) —|—Ce72(R,¢)u2(—i, '), l=1,2, (6.65)

for suitable scalars {c/ (R, ¢)}1<¢ <2, s0 that the matrix representation for %z ¢ with
respect to the bases A is given by

 (e11(R.0) e21(R.9)
(%] = <ci;<R,¢> 02,;(R7¢)> ' (6.60)

By Theorem 6.1 (iii), one has
Urg = —(Hro —i)(Hro+1i)""|s, (6.67)
and as a result,
U pui(i,-) = 2i(Hr o +1) ue(i,) —ue(iy-), €=1,2. (6.68)
Proof of item (v). Applying Krein’s formula (3.50) in (6.68), one obtains

co1(R,@)ur(—i,-) +cra(R,)uz(—i,-) = 2i(Hoo +) ug(i, ) — ug(i,-)

2
—2i 2 QR#P(_i);]l(uk(iv')7u€(i7'))LZ((a,b);rdx)uj(_iv')v (=12, (6.69)
Jk=1

where Qg ¢(—i) is defined by (3.49). At this point, repeating the argument used in the
proof of item (i), systematically replacing %, 6, by %, Cjx(64,05), 1 < j,k <2,
by cji(R,9), 1 < j,k<2,and Dg,g,(z), z==%i, by Or¢(z), 2= =£i, one arrives at
(6.23).

Proof of item (vi). Applying Krein’s formula (3.53) in (6.68), one obtains

co1 (R, @)ur(—i,-) +cra(R, 9 uz(—i,-) = 2i(Hoo+i)  ug(i, ) — ug(i,-)
—ZiqR7¢(—i)_1(uR,¢(i,-),u/;(i,-))Lz((%h);rdx)u&q)(—i,-), l=1,2, (6.70)
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where gg ¢(—i) is defined by (3.52). By (3.5) and the very definition of the function
ug,¢(—i,-) (cf. (3.54)), one has

ug(—i,a) =e “Rya, upy(—i,b)=1. 6.71)

Taking ¢ =1 in (6.70) and evaluating separately at x = a and x = b using (3.5) and
(6.71) yields

c11(R,9) = =2iqro(—i) " (ur.o (i), 41 (i) 22 (0 )ra) — 1s (6.72)
c12(R,0) = —2ie "Ry aqr o (=)~ (urg (i), 141 (05-)) 2 (ap) vt (6.73)
Taking ¢ = 2 in (6.70) and evaluating separately at x = a and x = b using (3.5) and
(6.71) implies
22(R,0) = —2ie "R aqro(—1) " (o (i, ), 42 (i) 1y ((ab)sra) — 1o (6.74)
2.1(R,9) = =2iqr o (—i) " (ur .o (i, ),u2(i,)) 12 (0 p)orar) (6.75)
One observes that the inner products in (6.72)—(6.75) can be computed explicitly in
terms of ugl](ii,a), ugl](ii,b), j=1,2, the angle ¢, and R, using (3.54) together
with sesquilinearity of the inner product (-,);2((4p):rax) and (6.51)=(6.54). For exam-
ple,
2i(uR,¢ (i,),um (i, '))LZ((a,b);rdx)

) (6.76)
= Ry [ulV (—i,b) +ull (i,a)] - [uﬁ” (i,b) —ul (—i, b)] .

A similar expression holds for the inner product of ug ¢ (i,-) with uy(i,-). Equations
(6.25)—-(6.28) follow as a result of inserting these expressions for the inner products in
(6.72)—~(6.75). O

7. A brief outlook on inverse spectral problems

We present a very brief outlook on inverse spectral problems to be developed in a
forthcoming paper. Here we only describe a special case that indicates the potential for
results in this direction.

In this section we make the assumption that

p()=r(-)=1ae. on (a,b). (7.1)
Consider the special case
R, 0, (2) = Ay 2 mICTHOFIMACD () g 0, €[0,7), z€C\o(Ha,a,).

(7.2)
a generalization of the Dirichlet-to-Neumann map

Aon(2) = AZE (1) = Aoo(z),  z€ C\G(Hop). (7.3)
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Introduce the Weyl-Titchmarsh m-functions with respect to the reference point the
left/right endpoint a, respectively, b, denoted by m., g, (z, 6)) , respectively, m_ g, (z,6,).
Then m g,(-,6) and —m_ g, (-, 0,) are Nevanlinna—Herglotz functions and asymptot-
ically one verifies the relations,

my 0,(z,6p) e cot(6,) +o(1), 6,€(0,m), (7.4)
my 0(z,6p) o iz'/? —l—o(zl/z), (7.5)
m_ g, (z,64) H—lo: —cot(6)+o(1), 6, (0,m), (7.6)
m_(z,04) o —izl/2+0(zl/2). (7.7)

THEOREM 7.1. Assume Hypothesis 2.1 with p =r =1 and let 6,,60, € [0,T).
Then each diagonal entry of Ne,,(z) (i.e., Ag,0,(2)1,1 or Ag,0,(2)22 ) uniquely de-
termines Hg, g,, that is, it uniquely determines q(-) a.e. on (a,b), and also 6, and
0.

Proof. 1t suffices to note the identity

m+,0a(Z; 9}7) Ae{heb(z)l,z ) (7 8)

Ag,.0,(2) =
w A9a79h(z)271 _m—79h(z7 ea)

(where Ag, g,(z)12 = Ag,.6,(2)2,1), and then apply Marchenko’s fundamental 1952

uniqueness result [39] formulated in terms of m-functions. [

One notes that this is in stark contrast to the usual 2 x 2 matrix-valued Weyl—
Titchmarsh M -matrix. Theorem 7.1 has instant consequences for Borg—Levinson-type
uniqueness results (such as, two spectra uniquely determine Hyg, g, , €tc.).

It is natural to conjecture that the role m g (-,6)) (resp., m_g,(-,6,)) plays for
uniqueness results in the case of separated boundary conditions in connection with
Hg, g,, in general, is played by the boundary data map Aﬁ:gAB)’BI(A’B)(-) (for a very
particular choice of A’, B’ as a function of A, B) in the case of general boundary condi-
tions in connection with Hy g. This will be studied in detail in forthcoming work.

A. Krein-type resolvent formulas

In this appendix we provide a brief survey of Krein resolvent formulas [29], [30],
[31], [32], [40] for the convenience of the reader, closely following the discussion in [,
Sect. 84] (with additional input taken from [16]).

First, we introduce some terminology. Suppose A is a densely defined symmetric
operator in the Hilbert space .7 with finite deficiency indices (m,m). Let A; and A,
denote two self-adjoint extensions of A:

ACA,, ACA,. (A.1)
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Any operator C that satisfies
CCA, CCAy, (A2)

is called a common part of the operators A; and A, . The operator C' defined by
C'f=Af, fedom(C')={fecdom(A;)Ndom(Ay)|A1f=Axrf} (A.3)

is called the maximal common part of A; and A, since it satisfies (A.2) and is an
extension of any common part of A; and A,. C’ is densely defined since dom(A) C
dom(C’) and is either an extension of A or coincides with A. In the latter case, the
extensions A; and A, are called relatively prime. Obviously, the two extensions A
and A, are relatively prime if and only if

dom(A;)Ndom(A;) = dom(A). (A4)

We are interested in a formula that relates the resolvents of two different self-
adjoint extensions of the symmetric operator A. Thus, let A; be a fixed self-adjoint ex-
tension of A (i.e., A plays the role of a reference operator) and let A, be another self-
adjoint extension of A, and suppose that A; and A, are relatively prime with respect
to their maximal common part Ay which has deficiency indices (r,r) with 0 < r < m.

Since A; and A, are extensions of Ag,

(A —2lp) ' — (A —2ly) (Ao —2lw)g =g —g =0,

(A.5)
g € dom(Ag), z € p(A1) Np(Az).
On the other hand,
(A —z2Le) " = (A —2le) 1 f51) = (1AL —2e) ' = (Aa—2L0) 'R,
=(f,0)r =0, heran(Ag—2zly), z€p(A1)Np(A2), (A.6)

which makes use of the fact that A} and A, are extensions of Aj. In summary,

cker(Aj—zlw), feker(Aj—2ly),
z€p(A)Np(Az). (AT

[(Al—zl,;gﬂ)1—(A2—11%p)1]f{:0’ f €ran(Ag —zly),

If one chooses r linearly independent vectors (one recalls that Ag has deficiency indices
(r,r))
81(2),82(2),---,8r(2) €ker(Ag—zly), z€p(A1)Np(A2), (A.8)

then it follows from (A.7) that

(A1 —2lp) ™ = (A —2Ly) '] f = zr,ck(ﬂz)gk(z)’ fet, zep(A)np(Ay),
=1

(A.9)
for suitable scalars ¢ (f;z), k=1,...,r. By (A.9), each ¢ (+;z) is a linear functional.
Linearity follows from (A.9); boundedness follows from boundedness of the resolvent
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difference in (A.9) and an application of [36, Lemma 2.4—1]. Thus, foreach z€ p(A;)N
p(Az), there are vectors {h(z)};_, such that

ce(f:2) = (), /), fEH, zep(A)Np(A2), k=1,....r (A.10)

Moreover,

(h(2),f)r =0, feran(Ag—zly), z€p(A1)Np(A2), k=1,....r, (A.11)

in light of (A.7), (A.9), and the fact that {gx(z)};_, are linearly independent. By
(A.11),

{hi(2) by Sker(Ag—2Lw), z€p(A1)Np(A2), (A.12)

so that each /;(z) may be represented as

hj(z) == X pjx(@g@), ze€p(A)NpAr), j=1,....r (A.13)
k=1
Then (A.9) becomes

(A1 —2lp) ) — (A —2lp) 1] = —Lkilpk,,-<z><g,-<z>,f>jfgk<z>, )

feH, zep(A)Np(Az).

The rx r matrix P(z) = (p;x(2)) 1<j k<, turns out to be nonsingular for all z € p(A)N
p(Az). Indeed, if P(z9) were singular for some zop € p(A;) Np(Az), then by (A.13),
the vectors {h(z0)};_, are linearly dependent, implying the existence of a nonzero
vector h € ker(Aj —Zol ) such that (h,hi(z0)) =0 for k=1,...,r. By (A.10) and
(A.9),

(A1 — z0L) "' = (Ag — 20L) ' =0, (A.15)

contradicting the assumption that A; and A, are relatively prime with respect to Ay .
One can rewrite (A.14) as the operator equation

(A —zlw) "= A1 —2w) ' = Y pii(2)(8i(@), ) g(z), z€p(A1)Np(Ad).
j k=1
" (A.16)
The choice of basis vectors (A.8) for ker(A; —zl ) foreach z € p(A;)Np(Az) is
completely arbitrary. We now show how basis vectors for ker(Aj —zl ), z € p(A1) N
p(A2), can be specified in a canonical manner by choosing a basis for ker(Aj — zoLy)
for a single fixed zp € p(A1) Np(Az).
Let zo € p(A1) Np(Az) be fixed. The operator

U.zo= (A1 — 20l ) (A1 —2w) " =Ly + (z—20)(A1 —2l) ™', z€p(A1)Np(A),
(A.17)
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defines an injection from 7 to 7. In the case z = Zpy, the operator UZO 2 18 the

unitary Cayley transform of Ay, and it maps ker(Aj — zol) into ker(A§ —Zolz).
More generally, U, ., satisfies
U.z (ker(Ag — 20l ) =ker(Ag —zl), z€p(A1)Np(As). (A.18)

In fact, if gi(z0),...,8-(z0) is a basis for ker(Aj; —zoL), then

A§U.208k(20) = A5 (L + (2= 20) (A1 — 2lr) ") 8a(20)
= 208k(20) + (2 —20)A1 (A1 — 2L) ™' gi(20)
= 208k(20) + (2—20) (L +2(A1 — 2L) ") gk (20)
=z2(Ly+ (z—20) (A1 — 2Lyr) ") gk (20)
:ZUz,zogk(ZO)» ze€p(Ay), k=1,...,r (A.19)

Since U, is one-to-one, the vectors {U..,gk(20)};_, C ker(Aj —zl) are linearly
independent. Thus, if we define

81(2) = Uz 508k(20) = gx(20) + (2 — 20) (A1 — 2Lp) "' g(20),

A.20
ZEP(Al),kZI,...,r, ( )

then {g(z)}}_, is abasis for ker(Aj;—zl ) and (A.20) represents a systematic (canon-
ical) way of choosing the bases in (A.8), having first fixed a single basis {gx(z0)}}_;
for ker(A; — zol»). Moreover, each gi(z) is an analytic function of z € p(A;), and
the first resolvent equation for A; yields

(@) =Usg(2) =g(2) + (@ —2) (A1 —ZLw) 'ar(2), 27 €p(A1). (A21)

For ze p(A1)Np(Az), (A.20) fixes bases {gx(z)};_, and {gx(Z)};_, for ker(A;—
zl ) and ker(Aj —Zly), respectively. There is a corresponding matrix P(z) so that
(A.16) holds. The matrix P(z) is completely determined by P(zp). To see this, let
z€p(A1)Np(Az) be fixed. By (A.16),

(Az—2lw) ™' = (A1 —2lw)” 2 Prj(2)(8(2), ) e 8k(2), (A22)
Jik=1

(A2 —20Lw) ™' = (A1 —20lr)” 2 Pr.j(20)(8;(20),) 7 gk (20)- (A.23)
Jk=1

Substituting both of (A.22) and (A.23) into the (first) resolvent equation for A;,
(A2 —2lp) ™ = (As—20lp) ' + (2= 20) (A2 =) (A2 —20lr) ™', (A24)

and using the first resolvent equation for A; yields

2 Prj(2)(8)(Z,7) o gk(2) 2 Pr.j(20)(85(20), ) 7 &k(20)
Jk=1 Jk=1

T e-) i Prs(0) (81(E0), Vo (A1 — L) x(z0)
k=1
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+(z—z0) Epk, 2), (A1 —20L) ") e 8k (2)
Jjk=1
—(z—20) Z Pr,j(2)(85(2),8m(20)) .2 Pmi(20)(80(Z0), ) w8k (2).  (A.25)
Jk,,m=1

Using (A.20), the sum of the second and third summand on the right-hand side of (A.25)
can be rewritten as

S o) @) ) lerz0) — @D — Y prs (185 E) — 8@ ) 1 ).

jk=1 Jk=1
(A.26)
Substitution of (A.26) into (A.25) in place of the second and third term on the right-
hand side then yields a linear combination of {gx(z)};_;:

Z Pi,j(20)(8/(20), ). 8k (2 Z Pr.j(2)(2(20), ) 8k (2)
J.k=1 J.k=1
+(z—20) i Pr,j(2)(8(2):8m(20)) 2 Pmt(20)(8¢(20), ") &k (2) = 0. (A.27)
Jiklm=1

Since {gk(z)};_, are linearly independent, it follows that

Epkj (z0)(gj(Z0), Zpk, )(8(Z0),)
+(z—20) 2 Pi(2)(80(2): 8m(20)) 2 Pmn(20)(8n(20),) e =0, (A28)
{,mn=1

and therefore,

Pr,j(20) = pr.j(2) + (2= 20) Z Pi(2)(g0(2),8m(20)) 2 Pm.j(20) =0,  (A.29)
l,m=1

since {gx(Z0)}}_, are linearly independent. As a matrix equation, (A.29) reads
P(z) = P(z0) — (2~ 20)P(2) ((8(2),8k(20)) ) < j 4, P(20) = 0. (A.30)
Multiplying (A.30) on the left (resp., right) by P(z)~! (resp., P(zo)~!) yields
P() ' =P(z0) " = (2= 20)((8)(2):8:(20).) < e (A.31)
More generally, one can show that

—P@) ' =—PE) "+ =) (88 #) 1 jucr 27 EPANNP(A).
(A.32)
In summary, one has the following result:
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THEOREM A.l. Suppose that A is a densely defined, symmetric operator in &
with finite deficiency indices (m,m). Let Ay and A, denote two self-adjoint extensions
of A, relatively prime with respect to their maximal common part Ag. For a fixed
20 € p(A1) Np(Az), let

{8x(20) Y1 (A.33)
be a fixed basis for ker(Aj —zoly) (0 <r<m), and define
Uy = (A1 —20L) (A1 —2lw) ™', 2€p(A)). (A.34)
Then the following hold:

(i) {8k(2)}i, defined by

81(2) = Uz ,,8x(20) = 8k(20) + (z— 20) (A1 — 2L) ' gk (20),

A35
ZEP(A1)7k:17""r7 ( )

forms a basis for ker(Aj — zly).

(it) {gk(2)}i_y and {gk(')},_, for z,Z € p(A1) are related by (A.21).

(iif) For each z € p(A1) N p(Ay), there is a unique, nonsingular, r X r Nevanlinna—
Herglotz matrix P(-) = (pj.’k(-)) depending on the choice of basis (A.33), such
that

1<j,k<r’
(Ar—zly) ' = (A1 —2ly)” Ep,k ) ) 8(2)- (A.36)
Jik=1

In particular, P(-) is analytic on the open complex half-plane, C_., and

Im(—P(z) ") =1Im(2)((8/(2):84(2) ) e, > 0. 2€ Ci (A.37)

(iv) P(z) and P(Z) for z,7 € p(A1) Np(Az) are related by (A.32).
(v) If {8k(z0) Y;_, is any other basis for ker(Aj — zol) and P(z) = (P x(2)) 1< jk<r
is the corresponding unique, r X r matrix-valued function such that

r

(A —zlw) ' = (A1 —2w) ' = Y P ), ) 8i(z), z€p(A)Np(As),
k:
(A.38)
then R
Pi) = (17")"PR)((THT), (A.39)

where T is the r X r transition matrix corresponding to the change of basis from
{gi(20) ey 10 {8k(20) ey -

Proof. Choosing 7/ =7, z € C,in (A.32) immediately proves the equality part in
(A.37). Since in general, ((g;,8k).» )1 <j < Tepresents the positive definite Gramian
(cf., e.g., [43, p. 109, 297]) of the system of linearly independent elements g; € S,
1 < j <N, for arbitrary N € N, this yields the positive definiteness part in (A.37).
In particular, —P(-)~!, and hence P(-), possesses the Nevanlinna—Herglotz property
claimed in item (iii).
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To prove the uniqueness part of item (iii), suppose that in addition to the repre-
sentation (A.38), one has the representation

(A —zLp) ' = (A1 —2lw) ' = Y, P ) ) 8i(2)- (A.40)
jk=1
Then it follows that

S (5ix(0) = i) (@@ Florg)(D) =0, fet, (A4
k=

Jk=1

and since the vectors {g;(z)}"_, are linearly independent,

Z(p,k —pix(2) (@), /)l =0, feH, j=1,..r (A42)

Therefore,

2 (Pial@) = pis@)a@) =0, j=1,r (A43)
and linear independence of {g;(2)}’_, yields

ﬁj,k(z)_pj,k(z)zoﬂ j7k:1a"'ar' (A44)

Next we prove the uniqueness claim in item (v): Suppose that, in addition to
{gr(z0)}i_y» {8k(z0)};—, is also a basis for ker(A§ — zoL). Then

(A —z2ly) ' = (A1 —zly)~ 2 Pix(2)(8x(@), ) e g)(2), (A.45)
Jik=1
(A —zlw) ' = A1 —2w) ' = Y Pis()(E(E), ) gi2), (A.46)
jok=1
z€p(A1)Np(Az),
with
8k(2) = Uz z08k(20),  8k(2) = Urzy8k(20), k=1,....,r; z€ p(Ay). (A.47)

Let T € C™" denote the nonsingular transition matrix corresponding to the change
of basis from {gx(z0)};_; to {&k(z0)};_; so that

r

8i( ZTk,jngO gk(z0) Z Ni@ilz), k=1,...,r.  (A48)
Jj=1 Jj=1

From (A.47)-(A.48) one obtains the relations

8i(e) = X Tijgi(2), 8(@) = (T i 8i(e), k=1,....rz€p(Ar). (A49)
j=1 J=1
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One observes that by (A.49),

ipj,k(gk( Vo 8k(z EP,, (i T ke8e(@ ) i(Tﬁl)j,mg\(Z)

jk=1 jk=1 I m=1

= Y 3 Y p@T DT )@@ Enld). <€ p(A) NP (A
7 (A.50)

Using
(((T’I)T)*)Lk:(T*l)j’k and ((T’I)T)Lk:(T’l)kh/, 1<j,k<r, (A5

one has

(T PRUTH)),., = kil((TI)T)m,jpm(Z)(((T1)T)*)k,g

Jok=

Z jmpjk )(T_l)k,€7 z€ P(AI)QP(A2) (A.52)
J.k=1
By (A.50) and (A.52),
2 Pix(z Vg =Y, (T~ ((Tﬁl)T)*)mJj(gf(z)")jfgm(z)a
Jk=1 ml=1

z€p(A)Np(Az). (A53)

Therefore, we have the following two representations:

(Ar—zly) ' =(A1—2lp) ' = Y, Pix(@) @) ) gi(2), (A.54)

1

(T TPRUT™T)) ;4 (8k(2), ) 81(2),

1

J

(A —zly) ' = (A —2lw) ' —

TM-~ T~

J
z€p(A1)Np(Az), (AS5)

and hence, R
Pl2)=(T")'PR(T )", zep(A)np(A). (A.56)
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