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A FUNCTIONAL ANALYTIC PERSPECTIVE
TO DELAY DIFFERENTIAL EQUATIONS

RAINER PICARD, SASCHA TROSTORFF AND MARCUS WAURICK

Abstract. We generalize the solution theory for a class of delay type differential equations de-
veloped in a previous paper, dealing with the Hilbert space case, to a Banach space setting. The
key idea is to consider differentiation as an operator with the whole real line as the underlying
domain as a means to incorporate pre-history data. We focus our attention on the issue of causal-
ity of the differential equations as a characterizing feature of evolutionary problems and discuss
various examples. The arguments mainly rely on a variant of the contraction mapping theorem
and a few well-known facts from functional analysis.

1. Introduction

In this note, we present a unified Banach space perspective to a class of ordinary
differential equations with memory and delay effects. This class is often summarized
under the umbrella term delay differential equations:

X(t) = f(t,x,%) t €1, I S Rinterval,

where x denotes the (time-)derivative of x and x; denotes the history segment of x, cf.
e.g. [7, 11] see also Example 3.16 below. These equations have many applications in
engineering or sciences. We refer to [, 6] and the references therein for an account of
various applications.

The class considered here covers ordinary differential equations, differential dif-
ference equations, integro-differential equations or even neutral differential equations.
Using some basic functional analysis, the main contribution of this note is that the
aforementioned equations can be treated in a unified manner. The core idea consists
in the treatment of the problem on the whole real axis as time-line. This enables us
to conveniently detour the introduction of certain (pre-)history spaces, cf. e.g. [7, 13].
Moreover, we do not need to introduce an extended state space as it can be done for
linear theory using semi-group methods, see e.g. [2]. Dealing with possibly non-linear
equations, we cannot use the rich theory of Fourier-multipliers for delay equations, see
e.g. [16, 17] for a possible account of this technique being applied to partial differential
delay equations.

Our perspective also shows that finite and infinite delay do not need different treat-
ment. However, our focus is on existence of solutions and continuous dependence on
the data rather than the continuity or differentiability or other qualitative properties of
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the solution itself. This yields an elementary solution theory at least for L, -spaces.
Though parts of our results are covered by well-known theory, we have more freedom
in choosing right-hand sides. In particular, we can solve delay differential equations
with certain measures or functions with unbounded variation as right-hand sides, cf.
Subsection 4.2.

Our development of a solution theory for delay differential equations starts in Sec-
tion 2, where we state a variant of the contraction mapping theorem tailored for operator
equations in the abstract form

Cx=F(x),

for x residing in some Banach space X and F being Lipschitz-continuous in a suitable
sense and C: D(C) € X — X being a closed, densely defined, continuously invertible
linear operator. The remaining parts of this paper are essentially applications of the
results from Section 2. To this end, we have to establish the (time-)derivative as a con-
tinuously invertible operator. Thus, both the Sections 3 and 4 start with the definition of
the time-derivative as a continuously invertible operator in a L, -space and in a space of
continuous functions. Having our main applications of delay differential equations in
mind, we introduce the (time-)derivative on functions defined on the whole real line as
time axis. If one wants to recover classical theory, e.g. initial value problems for ordi-
nary differential equations, one has to know that the solution of a differential equation
depends only on the past of the right-hand side. The latter is summarized by the notion
of causality, see [15] or Definition 3.9 below. Thus, in both the Section 3 and 4, we also
show causality of the respective solution operators. These sections are complemented
by the discussion of several examples.

It should be noted that many ideas rely on results and strategies used in refer-
ence [14], where a Hilbert space perspective is preferred. The idea of introducing the
time-derivative as a continuously invertible operator stems from references [19, 20, 21],
which in view of the L..-considerations in Section 4 shows its kinship to ideas devel-
oped back in 1952 by Morgenstern, [18].

2. The general solution theory — a variant of the contraction mapping theorem

Let X be a Banach space and let C: D(C) £ X — X be a densely defined closed
linear operator with 0 € p(C). Then Z(C) := (D(C),|C-|y) is a Banach space.
Moreover, define 271 (C) to be the completion (X,|C~'-[,)™ of (X,|C~!|,) and
let Zo(C) := X . If the operator C is clear from the context, we omit the reference to
the operator C in the notation of the associated spaces. We have

21— 2o — 24

in the sense of continuous and dense embeddings. Furthermore, C: D(C) € 2y — 2~
is isometric and densely defined with dense range. Hence, C can be extended to an
isometric isomorphism. We identify C with its extension. The fundamental solution
theory is based on the following variant of the contraction mapping theorem.
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THEOREM 2.1. Let F : 25 — 21 be a strict contraction and let |F|Lip(< 1) be
the smallest Lipschitz constant for F. Then the equation

Cx=F(x)

has a unique fixed point x € Zy. If y € 2o and n € N then the following estimates
hold

— |F‘Lip
C'F(y)—x| < —E2 |y —x,
| 0) == T |Flup |
—1 n _ < |F‘Lip —1 n . —1 n—1
(C'F)" () S (CT'F) (- (Cc'F) ()],
1
IFI;
C'F)" (y) - ‘gi‘p -y
()" 0) =] < gy

Proof. The operator C~! : 27| — 2, is an isometric isomorphism. Hence,
C~'F(-) is a strict contraction in 2. The contraction mapping theorem yields the
assertion. The estimates are well-known. [

COROLLARY 2.2. Let F : 21 — %y be a strict contraction. Then
Cx=F(x)

has a unique fixed point x € 2.

Proof. The mapping CF(C~!.) satisfies the assumptions from Theorem 2.1. Hence,
there exists a unique fixed point X € 2y such that

Ci=CF(C '%).
Therefore x := C~'% € 2] satisfies
Cx =F(x).
Now, let u € 2 satisfy Cu = F(u). Then Cu satisfies the equation C(Cu) = CF (u) =
CF(C~!(Cu)) and thus, Cu = %, which gives u =x. [0

THEOREM 2.3. Let F,G : %y — 2| be Lipschitz continuous and assume that
the respective Lipschitz semi-norms, i.e., the smallest Lipschitz constants, |F |Lip and
|G|Lip satisfy

|Fluip +1Glup _ -
2
Let x,y € 2y satisfy
Cx=F(x) and Cy = G(y).

Then

1
=yl £ ————=— sup [F(u) — G(u)| 5 .
20 1— \F|LipJ2r‘G|LiP ue 2y o
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Proof. By assumption, we have

x—y=C'F(x)-C'G(y)
1

= S F) ~ F()
3C7(G0) ~ GO)) — 560~ F(0) + 567 (F ()~ GO)).

This yields the assertion. []

3. The reflexive case — delay differential equations in L, -spaces

For the whole section, let p € (1,e) and denote by ¢ the conjugate exponent such
that 1% + é =1. Let X be a Banach space.

3.1. Definition of the time-derivative

Denoting by u, the weighted Lebesgue measure on R with Radon-Nikodym
derivative x — e~ VP for v € R, we define

W[QV(R;X> = Lp,v(R§X) = Lp(,uv;X).

Note that the mapping e : L, v (R;X) — L,(R;X), f — (x — e~ f(x)) is isomet-
rically isomorphic'.

DEFINITION 3.1. We define
dy: CEO(R;X) g Lp,v(R;X) - Lp,v(R;X>7f = f/a

where
CZ(R;X) := {¢; ¢ indefinitely differentiable, supp ¢ compact}.

The operator d, is clearly closable and its closure coincides with the distributional
derivative. Henceforth, we will not distinguish notationally between d, and its closure.
In order to apply the general solution theory to dy in place of C, we need the following
theorem:

THEOREM 3.2. Assume v > 0. Then we have that the convolution operator

X0y Lpv(R; X) — Ly v (R; X) is continuous with operator norm equal to % More-

over, it holds (X[07w)*)71 =0dy.

I'The m in the expression e~ serves as reminder of multiplication. We will frequently use this notation.
For instance, let ¢: R — R and y: R — E for some vector space E. Then we define ¢(m)y to be the
mapping

o(m)y: R —E,t — o) y(t).
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Proof. Let ¢ € C°(R;X). Then we have, invoking Young’s inequality, that

X0 91, = [e7*" (X0.) ¥ 9)]
=[(e"x0) = (e70)]

< [ e tom(®]drle™"0] g

_1
—;|¢

p:v:

Now, for n € N and some x € X with |x| =1 define ¢,(¢) := nﬁe"mx[oﬁ] (¢)x for all
t € R. For n € N let uy := [, * $. It is easy to that u, (1) = Vn+/1’ (evmi“{t’”} —1)x
for all r € R and that |¢,] pv = 1 forall n € N. Moreover, an easy computation shows
that |u,| — % as n — oo, for the details we refer to [22, Proposition 2.2].

The equality ( x[oﬁm)*)fl = 0y follows by differentiation of the convolution inte-
gral. O

REMARK 3.3. If v <0, then a similar result holds. The respective inverse, how-
. . ~1
ever, is now given by (—x/(_e0/%)
Now, we are in the situation of our general solution theory with C = d,, .
For convenience, we describe the space 2_(dy) in more detail. We let

W, (R:X) := 21(dy).

THEOREM 3.4. Assume that X is reflexive®. We have

(W) (X)) = (Lpw(®:X (07, )

q,

in the sense of the dual pairing

Ly (ReX') x Ly, (B:X) 3 (0,9) = [ (00), w(o))xdt = (0. Whoo.
R

Proof. Let ¢ € L, (R:X') be suchthat |9, ' ¢ }W = 1. Then, for y e W}, (R:X)
with [d_yy|, _, =1 we have

{0, W)ool = (w3, ' &, w)ool
=|- <av_l¢7a—vw>0,0
= ey 9, e" vyl
< }efvm&,*lq)}p’o e d_vyl, o= 1.

Note that, as a consequence, we have for any o -finite measure space (Q, ) the property L,(u;X)' =
Ly(u;X') (cf. [8, p. 82: Corollary 4 and p. 98: Theorem 1]).
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This establishes the continuity of 1: L, y(R;X") — W, _,(R;X)', f — f with norm
less than or equal to 1. Now, since L, o(R;X)" = L, o(R;X’) by the reflexivity of X,
we find  in the unit ball of L,(R;X’) such that (e"¥"d, 19, ¥)oo = 1. Defining
V= —0d_} ("), we get that \Wl,—y.1 = 1. Thus, t is isometric.

It remains to prove that L, , (R;X’) is dense in (W;’_V(R;X ))/ Let ¢ be a contin-
uous linear functional on (W, _, (R; X )" vanishing on L,y (R;X’). By the reflexivity
of X, we deduce that ¢ € W;’_V(R;X). Hence, ¢ =0. O

For our general solution theory the following corollary will be useful.
COROLLARY 3.5. Let £ € {1,0,—1} and v € R\ {0} and assume X to be re-

flexive. Then, we have
W, L (R:X') =W, (R:X).

Proof. The result is clear as a consequence of Theorem 3.4. [

3.2. Solution theory

We restate the basic solution theory in our particular situation. However, we shall
restrict ourselves to a particular form of right-hand sides. We will need the following
types of additional test function spaces:

C T (R;X) := {¢; ¢ indefinitely differentiable,
supsupp @ < oo, 3n € N: supp(p(") compact}
and
CoT(R;X) :={u:C>"(R;X) — K; u linear}.

We note here that we do not assume any specific continuity property of the functionals
in Co’ ’+(R;X ). The particular continuity property will be assumed in the following
definition.

DEFINITION 3.6. (eventually (k,¢)-contracting) Let k,¢ € {1,0,—1} and let ¥
be a reflexive Banach space. A mapping F : C7(R;X) — Co " (R;Y')' is called even-
tually (k,!)-Lipschitz continuous if the following assumptions are satisfied:

e there exists Vo > 0 such that for all v = vy we have F(0) € qufv(R;Y’)’,
e there exists v; > 0 and C > 0 such that for all v = v;, u,v € CZ(R;X),¢ €
CZ°’+(R;Y’) we have

‘F(u)((b) _F(V)((P)‘ g C‘¢|Wl;fv(R;Y/) |u - V‘W,’,‘#v(R;X) .

For an eventually (k,¢)-Lipschitz continuous mapping F, we denote by F, its Lip-
schitz continuous extension from WZ," V(R;X) to WIf’V(R;Y ). Moreover, denote by
|Fy|Lip the infimum over all possible Lipschitz constants for F,,. We call F eventu-
ally (k,0)-contracting if limsup,,_ ., |Fy|rip < 1.
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THEOREM 3.7. (L, -solution theory) Let X be reflexive and let F : C'(R;X) —
CoH (R XY be (0,—1)-contracting. Then, for v large enough, the equation

avl/l == Fv(l/l)

admits a unique solution u € L, (R; X).

Proof. This result is a special case of Theorem 2.1. [

REMARK 3.8. The analogous result also holds for (1,0)-contracting mappings.
Moreover, since the norm of 9, ! as a mapping from L,y into itself is bounded by
L we also get a solution theory for (0,0)- and (1,1)-Lipschitz mappings, cf. [14,

Ve

Corollary 3.4].

As causality is a characterizing feature of time-evolution, we are particularly in-
terested in establishing causality of the solution operator.

DEFINITION 3.9. (Causality) Let E, F be vector spaces. A mapping W : D(W) €
E® — FR is called causal if for all x,y € D(W) and t € R we have

AR, (m)(x_y) =0= AR, (m)(W(x) _W(y)) =0.

Similar to [14, Definition 4.3], we have to define a notion of distributional integrals
or distributional convolutions.

DEFINITION 3.10. Let w € C2F (R; X)'. Then we define
Xi0.00) ¥ W Co T (R X) = K, @ = W(Y(—oo ] % )
REMARK 3.11. Assume that X is reflexive. For w € WI;‘} (R;X) we have that

Xjo.) ¥ W = 9, 'w. Indeed, by Theorem 3.4, we have w € W, _ (R;X’)’ and thus, for
¢ € C(R:;X"), we get that

X[0,00) ¥ W(9) = W(X (o) ¥9) = W(—0 =y 0) = (W, =y $)o.0 = (9, ', 0)00 =9y 'w(9).

THEOREM 3.12. (Causality) Assume that X is reflexive. Let F : CZ(R;X) —
CoH(R; XY be (0,—1) contracting. Then 9, 'F is causal.

Proof. The proof follows essentially along the lines of [14, Theorem 4.5]. Since
we are, however, dealing with a Banach space setting here, the arguments are more
delicate and thus worth recalling in detail. Let € R, v; such that |Fy|ij, < 1 for
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all v = v. Let ¢ € C°(R) be bounded. For v = v, and w € C(R;X) and y €
C" (R;X') with supsuppy <1 we compute
|90, Foy (W) (W) = 95, Fuy (9 (m)w) (W)] = [ Xj0.00) * F (W) (W) = Xjo ) % F (9 (m)w) (w)]
= [0, 'Fy (w) () — 9y ' Fy (¢ (m)w) (w)]
= |[F(w)(=0Zy ) = Fy (¢ (m)w) (=9, )|

< }_8:\} W}W;—V(Rxl) ‘W - ¢(m)w|Lp‘v(R;X) :
= |V/|Lq v(R:X) |W—¢(m)W|L,,A’V(R;X)
< Wz, omxrye e lw—o(mwl | mx) -
By continuity, we deduce that
|90, Foy W) (W) = 95, Foy (e, (m)w) (W)] < Wy, ey e (/ w(t)|e ””d1>

E
_ —pvT
= |W|Lq~Q(R;X,) (/0 ‘W T+t>| e dT)
Hence, letting v — oo, we get the assertion. [J

THEOREM 3.13. (Independence of v) Assume that X is a reflexive Banach space.
Let F : C2(R;X) — C&" (R; XY be (0,—1)-contracting. Let v € Rwq be such that
|Fy|Lip < 1 forall v = vi. Let vy 2 vy. Then, if wy,,wy, satisfy

vy wy, = Fy (wy,) and dy,wy, = Fy,(wv,),

we have wy, = wy, .

Proof. The proof follows the ideas of the proof of [14, Theorem 4.6]: Let 7 € R,
v € R>,, . Denoting by wy the solution of

(9va == Fv(Wv) € WI;\} (R;X),
we recall wy € L, v(R;X). Moreover, we have due to Theorem 3.12

AR, (M)wy = xr_, (M) dy ' Fy (wy)
= XR</ (m) av_lFV (XR<I (m) WV) .
Then, as 8‘711Fvl coincides with 8v’21Fv2 on CZ(R;X) and as an approximating se-

quence of CZ(R;X)-functions for yw_,(mo)wy, can be chosen to converge in both
Lyv, (R;X) and L, v,(R; X), we arrive at

%R<t (m)gv_leVZ (XR<t (m)wvz ) = XR<t (m)gv_llFVl (%R<t (m)wvz ) .
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Hence,
|%R<t (m) (WVI - sz) ‘Lp‘vl (R:X)
= |XR<r (m) (&V_llFVI (%R<t (m)wvl ) - aV_III:VI (XR<t (m>wV2 )) ’Lp‘vl (R;X)
S |&V_11F"1 (Xre, (m)wy, ) — 8\/_11FV1 (Xros (m>wV2)’Lp#v1 (R;X)
< |Fv1 ‘Lip ‘ZRQ (m)(Wvl - sz)|prl (R:X)

Since |Fy, |Lip < 1 the assertion follows. [J

3.3. Examples

Before we illustrate the applicability of our abstract theorems, we introduce the
notion of having delay and of being amnesic for mappings from function spaces into
function spaces.

DEFINITION 3.14. Let E, F be vector spaces. A mapping W : D(W) € ER — FR
is called amnesic if for all t € R, x,y € D(W) we have

AR, (M) (x—y) = 0= xg_ (m)(W(x) = W(y)) =0
W is said to have delay if W is not amnesic.

We shall give some examples of mappings having delay.

EXAMPLE 3.15. (Discrete delay) For 6 € R we define

To : Lpy(R:X) — Ly v(R:X),
f— (z.—>f(t+9))
It is easy to see, that Ty is not causal for 6 > 0, whereas it is amnesic. For 6 < 0, 1y

is causal and has delay. For convenience, we compute the operator norm of 7g. For
feCr(R;X), we have

to = [ Fe+0)ke ™ di = [ If(t+0)ffe ™ Oarer® = |fp er?.
Thus, ||7g|| = €"?.

EXAMPLE 3.16. (Continuous delay) The mapping

O:L,yv(R;X) =L, y(R;Ly(Reo; X))
6 9= (1 (6~ 61+ 6)))
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clearly has delay. We compute its operator norm. For f € C°(R;X), we have
©rfy= [ [ 1re+0)aoe
' RJRg
— / / £+ 0) |2 e PV i+0)dseP¥0dg
R JR
= / \f\ﬁ vepvede
Reo '

1
=11l

Py oy

Hence, ||O| = e/lp_v'

To incorporate initial value problems, it is convenient to have an adapted point
trace result.

THEOREM 3.17. (Sobolev embedding) For v € R\ {0}, define
Cv(R:X) := {f : R — X; f continuous,
Py = sup{le™"£(0) | i1 € BY < oo, €™ £(1) — 0(t — ) }

We endow Cy(R;X) with the norm va such that it becomes a Banach space. The

mapping
U CT(R:X) S W, (R X) — Cy (R X), f s f

s continuous.

Proof. We shall only prove the case v > 0. The case v < 0 can be dealt with
similarly. Let f € C°(R;X) and 5,7 € R,s <. Then

£~ FOI < [ 1207()108
= [ ur@le eeriag

<(/ tavf@)'”epvédé)’l’ (/ teqvédé)’l’

1
1 q
<\fliv, (— (e —eq”)) ~

qv
Letting s — —eo in this inequality, we arrive at

1

e )] = 7

|f|l7v7p7

which gives the continuity result. []
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By the aforementioned theorem, 1 has a unique continuous extension to the space
WPIN(R;X ). As the extension of t is the extension of the identity mapping, we omit
1 in the following, and choose, without giving explicit reference to it, the continuous
representer of a W;V(R;X )-function. (It is easy to see that the continuous extension is
one-to-one.)

Now, we have all the tools at hand to apply our general solution theory to a number
of example cases.

EXAMPLE 3.18. (Initial value problems, cf. [14, Theorem 5.4]) Let v > 0, ug €
X. Let F be (0,0)-Lipschitz and such that F(¢) =0 for all ¢ € C*(R;X) with
supp¢ € (—oo,0]. Then the equation’

dyu = F,(u) + dug

admits a unique solution u € L,y (R;X) and such that u— yr_,(m)u € Wpl,v(R;X ) and
u(0+) =uo if v is chosen sufficiently large.

Unique existence of u follows from our general solution theory. The remaining
facts follow from the representation

U— xR (mu=u—a, " dug=a,"'F,(u)
and causality of 9, 'F,.

EXAMPLE 3.19. (Finite discrete delay) Let 0y,...,0, € R<, be distinct, and let
@ : C(R: X") — CF(R:X') be (0,—1)-contracting. Then, for v sufficiently large,
the equation
oy = Dy (g, u,- -, Tg, 1)

admits a unique solution u € L, v(R; X).
It suffices to observe that the operator norm of

0: LPV(R’X) - Lp7V(R;Xn)7f = (Telfa cee 779,,f)
can be estimated arbitrarily close to 1, if v was chosen sufficiently large.

EXAMPLE 3.20. (Continuous delay) Let @ : C(R;L,(R0;X)) — Co" (R; X")’
be (0,—1)-Lipschitz. Then, for v sufficiently large, the equation

avu B ‘Dv(u())

admits a unique solution.
The assertion follows from the Example 3.16, where we estimated the operator
norm of the mapping ¢ — @) in the weighted spaces under consideration.
3By Theorem 3.17, we have that the point evaluation at 0, denoted by &, is an element of WI,"} . For a
Banach space element uo we write Sug for the derivative of the map # — (o) (*)uo . Thus, in this sense it
holds Sup € W, ) (R; X).

P,V
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EXAMPLE 3.21. (Neutral differential equations) Let @ : C°(R;L,(R<0;X)?) —
CF (R; XY be (0,0)-Lipschitz. Then the equation

dyu = D(u, (dyu).))

admits a unique solution u € WP{V(R;X ), if v was chosen large enough.
Consider the mapping

0 : Wy (R:X) = Ly v (R;Ly(R<0: X)), f = (f): (v f)()-

Note that the operator norm of W), (R:X) — L, y(R:X)?, f ~— (f,dy f) is bounded if
v — oo and that the mapping L, v(R;X) > f+— f() € Lpv(R;L,(R<0;X)) has operator
norm tending to O if v — oo, by the aforementioned example. We deduce that © is
eventually (1,0)-contracting, with arbitrarily small operator norm and that the map
@ o0 is eventually (1,0)-contracting. Hence, our general solution theory applies.

In the following, we will treat some more concrete examples from the literature.

EXAMPLE 3.22. The following example has been considered in [3, 4, 12] and the
references therein. Let B € L (R5o;R™™), (4;); € 61 (N;R™"), (¢)); € Rgo and let
f € L,(R;R") be such that the support is bounded from below. Consider the problem
of finding x € L, v (R; R"*") such that

dyx = ZAjT,,jx—l-B*x—Ff.
j=0
The unique existence of x follows by observing that the operator

F:L,y(R;R") = L, y(R;R")

X — <2Aj1,jx—|—B*x>

J=0

is Lipschitz continuous. Indeed, Young’s inequality ensures |B x| < |B|;: |x| for all
x € L, y(R;R"). The first term we estimate as follows. Let x € L, , (R;R"). Then

\E}AI\X\—} )il

j=0

2 AjT—tj
J=0

In [5] the oscillations of possible solutions to the following problem are discussed.

EXAMPLE 3.23. Let k € N,n € N5 and for j € {0,...,k} let p; : R — R be
continuous and bounded and o; € R.o. Let f € L,(R) with support bounded from
below and consider the following neutral differential equation of n’th order

(x— po(m) T,Gox m)T_g;x+ f.

HM»
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For v € R, we may equally discuss

9y (x = po(m)T—gyx) T—G,x+f

||M»

The latter is the same as

(ij m)Tg;x >+po(m)ToOX+9v”f-

We observe that this is a fixed point problem, which admits a unique solution for v
large enough. Indeed, the operator norm of

( (Z pj(m T—c,) —|—p0(m)7:_00> tLpy(R) = Lpv(R)

can be estimated by
k
El?j T—G, +p0(m)7—60 2 T—G/
1 k
72’ Pjl.exp(=0;v) + [polexp(—dov),

+[pom)7-cy |

\

which is eventually less than 1 if v is large enough. Note that for having a solution
theory, the continuity of the p;’s was not needed.

A different class of neutral differential equations, which was considered in [9, 10]
is as follows. We shall treat the Hilbert space case here for convenience.

EXAMPLE 3.24. Let H be a Hilbert space and M,L € L(Ly(Ro;H);H). Con-
sider the following equation

(t'_’Mxt)/:(t'_)th)‘i‘fa (1)

where f € L,(R;H) with support bounded from below is given. Our space-time ap-
proach prerequisites the consideration of the operator

©:C7(R:H) — CT (R; Ly (Reo3 H)), ¢ +— ¢y

in a slightly different version than before. We note that for ¢ € C°(R;H) and v € R,
we have

8\/@(]) B @(9v¢. (2)
For any v € R there is a continuous extension ©, as a mapping from L, ,(R;H) to
Ly y(R;Ly(Ro; H)) . Moreover, for all x € L, ,(R;H) we have

(Ox,0x) = — (x,x).
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This equality yields the closedness of the range of ®, . Continuous extension of (2) for
all ¢ € W217V(R;H ) yields that d, leaves R(®,) invariant. Furthermore, we have the

same property for d;!. Hence, our perspective on (1) is the following. Consider
avM(va) = L@Vx + f.

By the continuous invertibility of ® and the intertwining relation (2), this is the same
as to consider
a\/@vM(va) = @VL®v.x + Gvf.

Assume .Z, : R(©,) — R(©,),y — ©,My to be continuously invertible. Therefore,
we formulate the equation as follows

OM(y) =0,Ly+0O,f.
for y € R(©,). Now, our general solution theory applies to the equation
dvy =0y (LA, v+ ).

This yields a unique solution y € R(®,). The solution of equation (1) is then given by
x=0,'2;"y.

4. The non-reflexive case — spaces of continuous functions

In this section, we will describe how to adapt the general solution theory of Section
2 to the non-reflexive setting. The main difficulty to overcome is to give appropriate
meaning to “eventually (k, ¢)-Lipschitz continuous” in order to state a coherent theory.
For the whole section, let X be a Banach space. We focus here on the L..-norm, we
could, however, also treat the case of L;-functions. As the case of L; is a hybrid of
distributional derivatives similar to the previous part and the issues resulting from the
non-reflexivity of the underlying space as discussed in the following sections, we only
consider the L..-norm here.

4.1. The time-derivative

The distributional time-derivative as presented in Section 3 cannot be used in the
straightforward way by choosing L.. as underlying space, since the (distributional)
time-derivative would not be densely defined anymore. Thus, we consider the more
or less classical way of discussing delay differential equations and use the space of
Banach space valued continuous functions Cy(R;X), which we have already defined
in Theorem 3.17, as the underlying space.

DEFINITION 4.1. For v € R, define 9y : C}L(R;X) € Cy(R; X) — Cy(R; X), f
f', where CL(R; X) :={f € Cy(R; X); f" € Cy(R;X)}.

PROPOSITION 4.2. Let v € R\ {0}. Then 0 € p(dy), 9, f(t) = J' .. f(t)dt
(teR, v>0)and |9, = ﬁ
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Proof. For f € CZ(R;X) and v > 0, we compute

eV /_:of(r)dr = ’/_;e“’“r”f(r)e‘”dr

ro 1
< Lwe W+VTdT|f|CV(R;X) = ;|f|cv(R;x)~

In order to see the remaining inequality, for n € N take a function ¢, € CZ°(R) such that
0=¢,=1and ¢, =1 on [—n,n]. Let x € X with |x| =1 and define f;,(¢) := " §u(t)x
for n € N,# € R. Note that |fy|c, () = 1 for all n € N. Moreover, observe that for
n € N we have

sup{|e™"' (9 fn)()y;zeR}ge—V"/" e'Tdr

This yields ||0,!|| = & . The case v < 0 is similar. [J

Hence, dy is a possible choice for C in the basic solution theory. Before, we state
the solution theory also in this case, we define eventually Lipschitz continuous map-
pings to have a prototype of right-hand sides at hand. We denote C¥(R;X) := 2% (dy)
for k € {1,0,—1}. Due to the non-reflexivity of Cy(R;X), we cannot define eventual
Lipschitz continuity for mappings with values in a space of linear functionals. Instead
of characterizing the negative extrapolation spaces as suitable duals, we introduce the
space C—w(R;X) := Uyer_,Cy '(R;X). In order to compare elements of “negative”
spaces for different parameters v, we define the following equality relation between
these elements: For ¢ € C; ' (R;X) and y € CQI(R;X) we define

o=vy:=0d,'0=0,"y

REMARK 4.3. Let ¢ € C,'(R;X), w € C,;'(R; X) with ¢ = y. Then there exists
a sequence (P,)nen in C°(R;X) such that p, — ¢ in C,'(R;X) and p, — ¥ in
CIII(R;X) as n— oo. Indeed, let (7,),ey € C(R)N be a mollifier and define p, := 7, *
9,19 € Cy(R;X)NCy(R; X). Then we obtain, due to the continuity of the translation
operator
[0,1] 3 5= (f = (- +5)) € L(Cy(R; X))

for each v € R, that p, — 9, '¢ in Cy(R;X) and Cy(R;X) as n — . For k € N
let now yx € C°(R) such that 0 < yx <1 and y; =1 on (—k,k). Then an easy
computation shows yip, — p, in Cy(R;X) and Cy(R;X) as k — . Hence, we find
a strictly increasing sequence (k,), of integers such that (p,), := (()X,Pn) )n has the
desired properties.
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DEFINITION 4.4. (eventually (k,¢)-contracting) Let k,¢ € {1,0,—1} and let ¥
be a Banach space. A mapping F : C°(R;X) — C_(R;Y) is called eventually (k,{)-
Lipschitz continuous if the following assumptions are satisfied:

e there exists Vo > 0 such that for all v > vy we have F(0) € C4(R;Y),

e there exists v; >0 and C > 0 such that forall v = vy, u,v € C(R;X) we have
() = FO)legmyy < Clu—=viek ) -

For an eventually (k,¢)-Lipschitz continuous mapping F, we denote by F, its Lips-
chitz continuous extension from Ck(R;X) to CS(R;Y). Moreover, denote by |Fy|Lip
the infimum over all possible Lipschitz constants for F,,. We call F eventually (k,?)-
contracting if limsup,_ |Fy|rip < 1.

REMARK 4.5. Note that for a (k,¢)-Lipschitz continuous mapping we have the
inclusion F[CZ(R:X)] € Ny2y,Cy ' (R:X) for some vy > 0, where the intersection is
understood with respect to the equality relation defined above.

THEOREM 4.6. (Solution theory) Let F : C2(R;X) — C_w(R;X) be eventually
(0, —1)-contracting. Then there exists a unique solution u € C,(R;X) of the equation

avl/l == Fv(l/l)

if v is chosen sufficiently large.

Proof. Clear. [

REMARK 4.7. The latter theorem also extends to the case of (1,0)-contracting.
Moreover, similar to Section 3 and due to Proposition 4.2, we also have a solution
theory for (0,0)- or (1,1)-Lipschitz continuous mappings, which is the common situ-
ation.

THEOREM 4.8. (Causality) Let F : CZ(R;X) — C_w(R;X) be (0,—1)-contrac-
ting. Then 9, 'F, is causal if v is chosen sufficiently large.

Proof. Let vy € R+ be such that F admits a Lipschitz-continuous extension for
all v = vy. Let 1€ R and let ¢ € C*(R) be such that 0 < ¢ < 1, ¢(s) =0 for
s> 1 and ¢(¢) =1 for t < 7—¢ for some € € R.y. We show that 9, 'F, (v)(t) =
Ay 'Fy(¢(m)v)(t) for ve CZ(R;X) and t < T—¢. Let y € C°(R;X’) be such that
supsuppy < 7— €. We compute for v e CZ(R;X) and n = v

L1000 R0 =3 o mm), v

< L1001 Fo0) =0 Fololm)] vl = [ [0 Fa(4) =35 Fa(@m)] 1w
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< |0y En ) = 3y Enm|_, [ o)l
<=0y [ Tyl
< supf{|e Mv(1)|;T £<t<<x>}/ )| e™dr

:sup{)e"(’H (4 1—¢)

0
0=t <oo}/ lw(r+1—¢€)| "7 dr

—oo

=sup{|e "v(t+T—¢)

0
;O§t<oo}/ lw(t+1—¢)|eMdr
—0 (=),

where in the second line we have used the definition of equality of elements in C;, ! (R; X)
and C, ' (R;X). Thus,

sup{ |9y 'Fy () () = 3y "F (9 (m)v) (1) |s—oe <t S T—} = 0.

This yields causality. [

THEOREM 4.9. (Independence of v) Let F:CZ(R;X) — C_oo(R; X) be (0,—1)-
contracting and vy > 0 such that |Fv\Lip <1 foreach v = vy. Let v = 1 = vy and let
vy € Cyv(R;X), vy € Cu(R; X)) denote the solutions of the equations

ovvy = Fy(vy) and dyvy = Fy(vy),

respectively. Then vy = vy,.

Proof. Let t € R and let ¢ € C*(R) be such that 0 < ¢ < 1 and ¢(s) =0 for
s=tand ¢(s) =1 for s <t — ¢ for some € > 0. Note that for w € Cy,(R; X) we have
¢ (m)w € Cy(R; X) with |¢(m)w|y . <eV"H|¢(m)w|y .. Hence, dy ' Fy (¢ (m)vy) =
n 'F, (¢ (m)vy), since we can approximate ¢ (m)v, by the same sequence of test func-
tions in both spaces Cy(R;X) and C,(R;X). Hence, we obtain by using the causality
of 9, 'F,

e (m) (v = Vi) loou = | Xy e (m) (0 Fy (@ (m)vy) = 9 Fiu (9 (m)vir)) e
= e, (m)(9g ' Fu(9(m)vy) — 3 Fu(@(m)vyr)) o
< |Fu |Lip o (m)vy — ¢(m)"u|oo,u-
<

|Fu i 2 () (00 = ) o

Thus, we get xr_, (m)vy = xr_,(m)vy foreach r € R and hence, vy =v,. 0O
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4.2. Examples

Let us describe the space C_o(R;R) := C_o(R) in more detail. Let u be a Borel
measure on R such that for some v > 0 we have 7 +— p((—oo,7]) € Cy(R). Then pu €
C, '(R). Indeed, let (g,), be a C°(R) sequence approximating t((—co,-]) in Cy(R).
Then g/, converges to u in C;,!(R). Moreover, the derivative applied to pt((—oo,]) is
just the distributional derivative: Let ¢ € C2°(R) then we have for n € N

[gio=—[ e0' - // du(s —— [ | ¢waue) = [ oan.

A particular instance of such measures are bounded measures with support bounded
below and a continuous cumulative distribution function. As a non-trivial example we
mention the derivative of the “devil’s staircase”.

Another example is the derivative of the function f: x — [0 ..y (x) cos(§ )x Slnce

/ is of unbounded variation, its derivative (x + )| ) (X) cOS(F) + X[0.00) (x )S x" 717) is
not a Borel measure.

EXAMPLE 4.10. (IVP for ODE) Let F : D(F) € X® — C_..(R;X) with F(¢) =
0 for each ¢ € C(R;X)(€ D(F)) with supp¢ & (—o0,0). We assume that for every
x € X the mapping

G, :CT(R;X) — C_we(R; X)
¢ = F (O + X[0.00)%)

s (0,—1)-contracting. Then, by Theorem 4.6, we find for every u® € X a unique
solution v € Cy(R;X) of the equation

v =G 0)(v).

Moreover, due to causality, v is supported on [0,e). We define u := v+ x[oﬁm)u(o) €
C, ' (R;X), which solves the equation # = F(u) on the half axis R~(. Furthermore,
V= U X[000) % is continuous and thus, 0 = v(0—) = v(0+) = u(0+) — u'?), which
gives that u satlsﬁes the initial condition u(0+4) = u®).

REMARK 4.11. (Nemitzkii-operator) The mapping F : ¢ — (1 — f(0(¢))) for
some Lipschitz continuous f : X — X satisfies the assumptions from the previous ex-
ample.

EXAMPLE 4.12. Let H be a Hilbert space. Let T,K € L(H). Consider the initial
value problem:

St)=TS(t)—SH)T ,t>0,
S(0) =K.

The latter equation has a unique continuous solution S : R>( — L(H ). Indeed, consider
the operator
[,T]:L(H) — L(H),S+— TS —ST.
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The latter is a continuous mapping with norm bounded by 2||T||. Considering Gk as
above with F(¢) := (t — [¢(¢),T]) for functions ¢ : R — L(H), we are in the situation
of Example 4.10.

Similarly to Section 3, we are now in the position to discuss several delay type
equations. For sake of brevity we shall only list the operators involved and compute
their operator norms.

EXAMPLE 4.13. The operator 7y : Cy(R;X) — Cy(R;X), f — f(-+ 0) has op-
erator norm ¢'? , which can be read off from the following. From

eV f(t+6)=e"0e V0 f(1r 1 6)
fort € R and f € C°(R;X), we see that || tg|| = e"9.

EXAMPLE 4.14. The operator Cy(R;X) 3 ¢ — ¢ € Cy(R;Cp(R<;X)) has a
norm bounded by 1. Indeed, for € R and ¢ € C°(R;X) we compute

_ — —v(t+0)| ,v(t+0) < vt
’¢(t)’C/,(R<o;X) GZ‘JQOWU‘F@)\ Oil;&lio ¢(1+0)e e = o]y e

REMARK 4.15. Note that ¢ — ¢(.) is not a strict contraction for v large as it has
been in the L,-case. Hence, in order to solve equations of the form

avu == Fv(l/l())

F, needs to be (0,—1)-contracting. So, Lipschitz-continuity does not suffice to estab-
lish a well-posedness theorem, at least in the continuous case. Moreover, note that this
perspective also effects neutral differential equations of the form dyu = Fy (u.y, (dvu).))
for suitable F. In that case one has to assume that F is (0,0)-contracting and not only
(0,0) -Lipschitz.
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