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COMMUTING OF BLOCK DUAL TOEPLITZ OPERATORS

BO ZHANG AND YUFENG LU

(Communicated by V. V. Peller)

Abstract. In this paper, we characterize the commuting (semi-commuting) and the essentially
commuting (semi-commuting) of block dual Toeplitz operators.

1. Introduction

Let dA denote Lebesgue area measure on the unit disk D , normalized so that the
measure of D equals 1. The scalar valued Bergman space L2

a(D) is the Hilbert space
consisting of all analytic functions on D that are also in L2(D,dA) . The scalar val-
ued Bergman space L2

a(D) is a Hilbert space with the inner product given by 〈 f ,g〉 =∫
D

f (z)g(z)dA(z) , for f , g ∈ L2
a(D) . Let P0 denote the orthogonal projection of

L2(D,dA) onto L2
a(D) . For a function f ∈ L∞(D) , the Toeplitz operator Tf : L2

a(D) →
L2

a(D) and the Hankel operator Hf : L2
a(D) → (L2

a(D))⊥ are respectively defined by

Tf (g) = P0( f g), Hf (g) = (I−P0)( f g), g ∈ L2
a(D).

Tf and Hf are clearly bounded linear operators for every function f ∈ L∞(D) . We can
also define the dual Toeplitz operator S f : (L2

a(D))⊥ → (L2
a(D))⊥ , S f g = (I−P0)( f g) ,

g∈ (L2
a(D))⊥ . Clearly, S f is a bounded linear operator on (L2

a(D))⊥ for every function
f ∈ L∞(D) .

For a measurable function f : D → Cn with
∫
D
‖ f (z)‖2

CndA(z) < ∞ , we say that
f ∈ L2(D,Cn) . The space L2(D,Cn) is a Hilbert space with the inner product given
by 〈 f ,g〉 =

∫
D
〈 f (z),g(z)〉Cn dA(z) . The vector valued Bergman space L2

a(D,Cn) is
the Hilbert space consisting of all analytic C

n− valued functions on D that are also
in L2(D,Cn) . Let Mn×n be the set of n× n complex matrices, L∞

n×n(D) denote the
space of Mn×n -valued essentially bounded Lebesgue measurable functions on D and
H∞

n×n(D) denote the space of Mn×n -valued bounded analytic functions on D .
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For F = ( fi j)n×n ∈ L∞
n×n(D) , the block Toeplitz operator TF and the block Hankel

operator HF on L2(D,Cn) , the block dual Toeplitz operator SF on (L2(D,Cn))⊥ with
symbol F are defined respectively, as follows:

TF =

⎛
⎜⎜⎜⎝

Tf11 Tf12 · · · Tf1n

Tf21 Tf22 · · · Tf2n
...

...
. . .

...
Tfn1 Tfn2 · · · Tfnn

⎞
⎟⎟⎟⎠ , HF =

⎛
⎜⎜⎜⎝

Hf11 Hf12 · · · Hf1n

Hf21 Hf22 · · · Hf2n
...

...
. . .

...
Hfn1 Hfn2 · · · Hfnn

⎞
⎟⎟⎟⎠ and SF =

⎛
⎜⎜⎜⎝

S f11 S f12 · · · S f1n

S f21 S f22 · · · S f2n
...

...
. . .

...
S fn1 S fn2 · · · S fnn

⎞
⎟⎟⎟⎠ ,

where each Tfi j(1 � i, j � n) is a Toeplitz operator on L2
a(D) , each Hfi j(1 � i, j � n)

is a Hankel operator on L2
a(D) and each S fi j(1 � i, j � n) is a dual Toeplitz operator

on (L2
a(D))⊥ . Let P be the orthogonal projection from L2(D,Cn) onto L2

a(D,Cn) . It
is easy to see that TFu = P(Fu) and SFv = (I−P)(Fv) , where u = (u1,u2, · · · ,un)T ,
v = (v1,v2, · · · ,vn)T and ui ∈ L2

a(D) , vi ∈ (L2
a(D))⊥ . Clearly, TF and SF are bounded

linear operators for every function F = ( fi j)n×n ∈ L∞
n×n(D) .

The problem on commuting (dual) Toeplitz operators has attracted special atten-
tion over the years, particularly in view of the implications that commutativity has for
the study of the associated structural and spectral theories. In the setting of the Hardy
space over the unit disk, the celebrated theorem of Brown and Halmos [4] gives con-
crete necessary and sufficient conditions on the symbols to guarantee commutativity
and Gorkin and Zheng [5] completely characterized the essentially commuting Toeplitz
operators.

In the case of the Bergman space of the unit disk, the first complete result was
obtained by S. Axler and Željko. Čučković [2], who characterized commuting Toeplitz
operators with harmonic symbols. K. Stroethoff later extended that result to essentially
commuting Toeplitz operators in [9], and S. Axler, Željko. Čučković and N. V. Rao [3]
subsequently proved that if two Toeplitz operators commute and the symbol of one of
them is nonconstant analytic, then the other one must be analytic.

Recently, many mathematicians have paid more attention to dual Toeplitz opera-
tors.

On the unit disk, commutativity of dual Toeplitz operators were studied by K.
Stroethoff and D. Zheng in [11]. On the vector valued Bergman space, Kerr [7] gave
a necessary and sufficient condition for the boundedness of the Toeplitz product TFTG∗
on L2

a(D,Cn) , and Lu, Zhang and Shi [8] gave some necessary and sufficient conditions
for the product of two block dual Toeplitz operators still to be a block dual Toeplitz op-
erator. Because two matrix-valued functions may not be commuting, the commuting
problems of block (dual) Toeplitz operators are much more complicated and interest-
ing. On the vector valued Hardy space H2(Cn) , Gu and Zheng [6] gave necessary and
sufficient conditions for two block Toeplitz operators commuting or essentially com-
muting. In this paper, we investigate when two block dual Toeplitz operators on the
vector Bergman space commute or essentially commute and give some necessary and
sufficient conditions.
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2. Preliminaries

On the vector valued Bergman space, it is easy to check that

TFG = TFTG +H∗
F∗HG

and

SFG = SFSG +HFH∗
G∗ . (2.1)

If we write f = f++ f− for each f ∈L2(D) where f+ ∈L2
a(D) and f− ∈ (L2

a(D))⊥ ,
then F = ( fi j)n×n can also be written as F = F+ + F− with F+ = (( fi j)+)n×n and
F− = (( fi j)−)n×n . For A = (ai j) ∈ Mn×n , we define

‖A‖∞ = sup
1�i, j�n

|ai j|.

Let (Mn×n)1 denote the closed unit ball of Mn×n in the above norm. Let Pn be the
set of n× n permutation matrices and Ej = (aik)n×n , where a j j = 1 and aik = 0(i 	=
j or k 	= j) . Note that for a n× n matrix B , BEj and B have the same j− th column
and all other columns of BEj equal to zero.

The Bergman space L2
a(D) has reproducing kernels Kw given by

Kw(z) =
1

(1−wz)2 , z, w ∈ D.

For every h∈L2
a(D) , we have 〈h,Kw〉= h(w) , w∈D . In particular, ‖Kw‖2 = 〈Kw,Kw〉 1

2

= (1−|w|2)−1 . The functions

kw(z) =
1−|w|2
(1−wz)2

are the normalized reproducing kernels for L2
a(D) .

For w ∈ D , the fractional linear transformation ϕw , defined by

ϕw(z) =
w− z
1−wz

, z ∈ D,

is an automorphism of the unit disk. In fact, ϕ−1
w = ϕw . The real Jacobian for the

change of variable ζ = ϕw(z) is equal to |ϕ ′
w(z)|2 = (1− |w|2)2/|1−wz|4 . Thus we

have the change-of-variable formula

∫
D

h(ϕw(z))dA(z) =
∫

D

h(z)
(1−|w|2)2

|1−wz|4 dA(z) =
∫

D

h(z)|kw(z)|2dA(z), (2.2)

where h is a positive measurable or integrable function on D .
For f , g ∈ L2(D) , define the rank 1 operator f ⊗g : L2(D) → L2(D) by

( f ⊗g)h = 〈h,g〉 f
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for h ∈ L2(D) .
Also for F = ( fi j)n×n,G = (gi j)n×n ∈ Mn×n(L2(D)) , define the operator F ⊗G :

L2(D,Cn) → L2(D,Cn) by

(F ⊗G)h =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

n
∑

k=1
f1k ⊗gk1

n
∑

k=1
f1k ⊗gk2 · · ·

n
∑

k=1
f1k ⊗gkn

n
∑

k=1
f2k ⊗gk1

n
∑

k=1
f2k ⊗gk2 · · ·

n
∑

k=1
f2k ⊗gkn

...
...

. . .
...

n
∑

k=1
fnk ⊗gk1

n
∑

k=1
fnk ⊗gk2 · · ·

n
∑

k=1
fnk ⊗gkn

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

h

for h ∈ L2(D,Cn) .
Given a linear operator T on (L2

a(D))⊥ and w ∈ D , we define the operator Sw(T )
by

Sw(T ) = T −SϕwTSϕw
.

Note that

S2
w(T ) = Sw(Sw(T )) = T −2SϕwTSϕw

+S2
ϕw

TS2
ϕw

.

From the proof of Proposition 4.8 in [10], we have

(Hf kw)⊗ (Hgkw) = Hf (kw ⊗ kw)H∗
g = S2

w(Hf H
∗
g ).

Let T be a linear operator on (L2
a(D))⊥⊗Cn , we can also define the operator SW (T ) =

T −SψwTSψw
, where

Sψw =

⎛
⎜⎜⎜⎝

Sϕw 0 · · · 0
0 Sϕw · · · 0
...

...
. . .

...
0 0 · · · Sϕw

⎞
⎟⎟⎟⎠

n×n

.

It follows that

S2
W (T ) = T −2SψwTSψw

+S2
ψw

TS2
ψw

.

3. Commuting block dual Toeplitz operators

Stroethoff and Zheng [11] showed that the semi-commutator S f Sg − S fg is zero
exactly when either f or g is analytic for the scalar functions f and g , and they
also characterized when the commutator S f Sg − SgS f is zero. In this section, we
will characterize when the semi-commutator (SF ,SG] = SFSG − SFG or the commu-
tator [SF ,SG] = SFSG − SGSF is zero for block dual Toeplitz operators with matrix
symbols F and G .
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THEOREM 3.1. Let F = ( fi j)n×n , G = (gi j)n×n ∈ L∞
n×n(D) . Then:

(i) (SF ,SG] = 0 if and only if F−⊗G− = 0 ;
(ii) (SF ,SG] = 0 if and only if there exist matrix A j ∈ (Mn×n)1 and Rj ∈ Pn for each
j = 1, · · · ,n, such that

(Rj −Aj)FT ∈ H∞
n×n(D) and A∗

jGE j ∈ H∞
n×n(D), j = 1, · · · ,n.

Proof. (i) If(SF ,SG] = 0, that is SFSG = SFG , applying (2.1), then we have HFH∗
G∗ =

0. It is easy to check that S2
W (HFH∗

G∗) =
( n

∑
k=1

(Hfikkw)⊗ (Hgk j kw)
)
n×n . Therefore,

n
∑

k=1
(Hfik1)⊗ (Hgk j1) = 0, that is F−⊗G− = 0.

Conversely, suppose F−⊗G− = 0. Claim 1: SFSG is a dual Toeplitz operator.
We use induction to prove Claim 1. If Hf111⊗Hg11

1 = 0, then f11 or g11 is
analytic on D . Therefore, the result is true for 1.

Now assume the result is true for n−1. That is, if
n−1
∑

k=1
(Hfik1)⊗ (Hgk j

1) = 0, then

n−1
∑

k=1
S fikSgk j is a dual Toeplitz operator.

In the following, we prove that the result is true for n .

If
n
∑

k=1
(Hfik1)⊗ (Hgk j1) = 0, then we get

〈u,Hg1 j
1〉Hfi11+ 〈u,Hg2 j

1〉Hfi21+ · · ·+ 〈u,Hgnj
1〉Hfin1 = 0 (3.1)

for all u ∈ (L2
a)⊥ . Let Qj = V{Hgk j1;1 � k � n− 1} . For every u ∈ Q⊥

j , we have
〈u,Hgnj

1〉Hfin1 = 0. It follows that Hfin1 = 0 (Case 1) or 〈u,Hgnj
1〉 = 0 (Case 2).

Case 1. If Hfin1 = 0, then fin is analytic on D and
n−1
∑

k=1
(Hfik1)⊗ (Hgk j1) = 0. By

the induction hypothesis, we obtain that
n−1
∑

k=1
S fikSgk j is a dual Toeplitz operator. Since

n
∑

k=1
S fikSgk j =

n−1
∑

k=1
S fikSgk j +S finSgn j and fin is analytic, we can conclude that

n
∑

k=1
S fikSgk j

is also a dual Toeplitz operator.
Case 2. If 〈u,Hgnj1〉 = 0 for each u ∈ Q⊥

j , then Hgnj1 ∈ Qj . So we get that there
exist λ1 , λ2 , · · · , λn−1 ∈ C such that

Hgnj
1 =

n−1

∑
i=1

λiHgi j
1.

So gn j −λ1g1 j −λ2g2 j − ·· ·−λn−1g(n−1) j is an analytic function, denoted by h . Re-

placing gn j by λ 1g1 j + λ 2g2 j + · · ·+ λ n−1g(n−1) j +h in (3.1), we get

n−1

∑
k=1

〈u,Hgk j1〉Hfik1+ 〈u,
n−1

∑
k=1

λkHgk j1〉Hfin1=0.
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Thus

〈u,Hg1 j
1〉Hfi1+λ1 fin

1+〈u,Hg2 j
1〉Hfi2+λ2 fin

1+· · ·+〈u,Hg(n−1) j
1〉Hfi(n−1)+λn−1 fin

1=0.

It is equal to
n−1

∑
k=1

(Hfik+λ k fin
1)⊗ (Hgk j1) = 0.

By the induction hypothesis, we get
n−1
∑

k=1
S( fik+λ k fin)

Sgk j is a dual Toeplitz operator. Note

that

n

∑
k=1

S fikSgk j =
n−1

∑
k=1

S fikSgk j +S finSgn j

=
n−1

∑
k=1

S fikSgk j +S finSλ1g1 j+λ2g2 j+···+λn−1g(n−1) j+h

=
n−1

∑
k=1

S fikSgk j +
n−1

∑
k=1

λ kS finSgk j +S finh
,

where the last equality follows from that h is an analytic function. So
n
∑

k=1
S fikSgk j is

also a dual Toeplitz operator. By the arbitrary of i and j , we conclude that SFSG is a
dual Toeplitz operator. Claim 1 is proved.

If SFSG is a dual Toeplitz operator, then there exists an H = (hi j)n×n ∈ L∞
n×n(D) ,

such that SFSG = SH . Applying (2.1), we have SFG−H = HFH∗
G∗ . It is easy to check

that S2
W (HFH∗

G∗) =
( n

∑
k=1

(Hfikkw)⊗ (Hgk j kw)
)
n×n . Thus

S
(1−|ϕw|2)2(

n
∑

k=1
fikgk j−hi j)

=
n

∑
k=1

(Hfik kw)⊗ (Hgk j kw).

In particular, S
(1−|z|2)2(

n
∑

k=1
fikgk j−hi j)

=
n
∑

k=1
(Hfik1)⊗ (Hgk j1) .

Since rank(S
(1−|z|2)2(

n
∑

k=1
fikgk j−hi j)

) � n , there exist not all zero complex numbers

a1 , a2 , · · · , an+1 , such that

S
(1−|z|2)2(

n
∑

k=1
fikgk j−hi j)

(a1z+a2z
2 + · · ·+an+1z

n+1) = 0.

Combining the above equality with facts that ϕ = (1− |z|2)2(
n
∑

k=1
fikgk j − hi j)(a1z +

a2z2 + · · ·+an+1zn+1) is analytic and lim
|z|→1−

ϕ(z) = 0, we get ϕ(z) = 0 for all z ∈ D .
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Thus
n
∑

k=1
fikgk j = hi j with the exception of at most n+ 1 points. Therefore, SFSG =

SFG .

(ii) From the proof of (i), we have if SFSG = SFG , then (
n
∑

k=1
(Hfikkw)⊗(Hgk j

kw))n×n

= 0. For each j = 1, · · · ,n, by Proposition 4 in [6], there exist matrix Aj ∈ (Mn×n)1

and permutation matrix Rj such that

(Rj −Aj)[Hfi11, · · · ,Hfin1]T = 0, i = 1, · · · ,n
and

A∗
j [Hg1 j1, · · · ,Hgnj1]T = 0.

Since (Rj −Aj)(I−P0) = (I−P0)(Rj −Aj) , we have

(Rj −Aj)[ fi1, · · · , fin]T ∈ H∞
n×1(D), i = 1, · · · ,n

and

A∗
j [g1 j, · · · ,gn j]

T ∈ H∞
n×1(D).

So we get
(Rj −Aj)FT ∈ H∞

n×n(D) and A∗
jGE j ∈ H∞

n×n(D).

Next, we prove the sufficiency. For Aj ∈ (Mn×n)1 and permutation matrix Rj . Let

xi = (xi1, · · · ,xin)T = (Rj −Aj) fiσ and y = (y1, · · · ,yn)T = A∗
j gσ ,

where σ is permutation and fiσ = ( fiσ(1), · · · , fiσ(n)) , then we have

n

∑
k=1

(Hfikkw)⊗(Hgk j
kw)= H∗

xi1
Hgi j

+ · · ·+H∗
xin

Hgn j
+H∗

fi1Hy1 + · · ·+H∗
finHyn , i = 1, · · · ,n,

where j = 1, · · · ,n . Since xik, yk ∈ H∞(D) , 1 � k � n ,
n
∑

k=1
(Hfikkw)⊗ (Hgk j

kw) = 0

for 1 � i, j � n . It is easy to check that S2
W (HFH∗

G∗) =
( n

∑
k=1

(Hfikkw)⊗ (Hgk j kw)
)
n×n .

Therefore, we have HFH∗
G∗ = 0. That is SFSG = SFG .

So we complete the proof. �
In the following, we study the commutator [SF ,SG] = SFSG − SGSF by reducing

it to the semi-commutator case. Let

B =
(

G F
0 0

)
, C =

(
F 0
−G 0

)
.

A simple calculation gives that

SBSC =
(

SG SF

0 0

)(
SF 0
−SG 0

)
=

(
SGSF −SFSG 0

0 0

)
.

Combining this with (2.1), we see that SFSG = SGSF if and only if SBC = HBH∗
C∗ . By

Theorem 3.1, we have BC = 0, that is GF −FG = 0 and HBH∗
C∗ = 0. This leads to the

following result.
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THEOREM 3.2. Let F = ( fi j)n×n , G = (gi j)n×n ∈ L∞
n×n(D) . Then:

(i) [SF ,SG] = 0 if and only if FG = GF and F−⊗G−−G−⊗F− = 0 .
(ii) [SF ,SG] = 0 if and only if FG = GF and there exist matrix A j ∈ (M2n×2n)1 and
Rj ∈ P2n for each j = 1, · · · ,n, such that

(Rj −Aj)
(

GT

FT

)
∈ H∞

2n×n(D) and A∗
j

(
F
−G

)
Ej ∈ H∞

2n×n(D), j = 1, · · · ,n.

An operator A is said to be normal if AA∗−A∗A = 0. Taking G = F∗ in Theorem
3.2 and noting that S∗F = SF∗ , we have the following characterization of normal block
Toeplitz operators.

COROLLARY 3.1. Let F ∈ L∞
n×n(D) . Then:

(i) TF is normal if and only if FF∗ = F∗F and F−⊗FT− −F∗−⊗F− = 0 .
(ii) TF is normal if and only if FF∗ = F∗F and there exist matrix A j ∈ (M2n×2n)1 and
Rj ∈ P2n for each j = 1, · · · ,n, such that

(Rj −Aj)
(

F
FT

)
∈ H∞

2n×n(D) and A∗
j

(
F

−FT

)
Ej ∈ H∞

2n×n(D), j = 1, · · · ,n.

4. Essentially commuting block dual Toeplitz operators

Stroethoff and Zheng [11] proved that the commutator [S f ,Sg] is compact if and
only if ‖(Hgkw)⊗ (Hf kw)− (Hf kw)⊗ (Hgkw)‖ → 0 as |w| → 1− , where f and g be
bounded measurable functions on D . For block dual Toeplitz operators, we will give
a necessary and a sufficient condition for the semi-commutator (SF ,SG] = SFSG −SFG

and the commutator [SF ,SG] = SFSG−SGSF to be compact, analogous to the result of
Stroethoff and Zheng.

For F = ( fi j)n×n ∈ L∞
n×n(D) , we define

HFkw =

⎛
⎜⎜⎜⎝

Hf11kw Hf12kw · · · Hf1nkw

Hf21kw Hf22kw · · · Hf2nkw
...

...
. . .

...
Hfn1kw Hfn2kw · · · Hfnnkw

⎞
⎟⎟⎟⎠ ,

then we get our main result.

THEOREM 4.1. Let F = ( fi j)n×n , G = (gi j)n×n ∈ L∞
n×n(D) .

(i) If (SF ,SG] is compact, then ‖(HFkw)⊗ (HGkw)‖→ 0 , as |w| → 1− .

(ii) If ‖(HF(z)kw(z))(HG(ζ )kw(ζ ))T ‖→ 0 , as |w| → 1− , then (SF ,SG] is compact.

THEOREM 4.2. Let F , G ∈ L∞
n×n(D) .

(i) If [SF ,SG] is compact, then FG = GF and ‖(HFkw)⊗ (HGkw)− (HGkw)⊗ (HFkw)‖
→ 0 as |w| → 1− .
(ii) If ‖(HF(z)kw(z))(HG(ζ )kw(ζ ))T − (HG(ζ )kw(ζ ))(HF(z)kw(z))T ‖→ 0 , as |w| → 1− ,

then [SF ,SG] is compact and FG = GF .
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To prove the main theorems we will make use of the following lemmas.

LEMMA 4.1. If fk , gk ∈ L2(D) , k = 1,2, · · · ,n, then

‖
n

∑
k=1

fk ⊗gk‖ � ‖
n

∑
k=1

gk(ζ ) fk(z)‖.

Proof. Let u ∈ L2(D) . Then it is easy to check that

‖
n

∑
k=1

( fk ⊗gk)u‖2
2 =

∫
D

|
n

∑
k=1

〈u,gk〉 fk(z)|2dA(z)

=
∫

D

∣∣ n

∑
k=1

∫
D

u(ζ )gk(ζ ) fk(z)dA(ζ )
∣∣2dA(z)

=
∫

D

∣∣∫
D

u(ζ )(
n

∑
k=1

gk(ζ ) fk(z))dA(ζ )
∣∣2dA(z).

Applying Hölder’s inequality we have

∣∣∫
D

u(ζ )(
n

∑
k=1

gk(ζ ) fk(z))dA(ζ )
∣∣2 �

∫
D

|u(ζ )|2dA(ζ )
∫

D

∣∣ n

∑
k=1

gk(ζ ) fk(z)
∣∣2dA(ζ ).

Thus

‖
n

∑
k=1

( fk ⊗gk)u‖2 � ‖u‖2
(∫

D

∫
D

|
n

∑
k=1

gk(ζ ) fk(z)|2dA(ζ )dA(z)
)1/2

= ‖u‖2 · ‖
n

∑
k=1

gk(ζ ) fk(z)‖.

So we get the desired result. �

In the following we write P1 for the integral operator on L2(D,dA) with kernel
1/|1−wz|2 . It is well-known that P1 is Lp -bounded for 1 < p < ∞ (see [1] or [12]).

LEMMA 4.2. Let ε > 0 and δ = (2+ ε)/(1+ ε) . Then

|
n

∑
k=1

(H∗
gk

u)′(w)(H∗
fk
v)′(w)|

�n
1
δ Cε sup

1�k�n
‖gk‖

1
δ∞ sup

1�k�n
‖ fk‖

1
δ∞

4
(1−|w|2)2 P1[|u|δ ](w)1/δ P1[|v|δ ](w)1/δ

×‖
n

∑
k=1

(Hfk(z)kw(z))(Hgk(ζ )kw(ζ ))‖ 1
2+ε

where w ∈ D , Cε ∈ C , fk , gk ∈ L∞(D,dA) and u, v ∈ (L2
a(D))⊥ with k = 1,2, · · · ,n.
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Proof. Note that for every function u∈ L2
a(D) , the derivative u′(w) = 〈u,K′

w〉 . So

|
n

∑
k=1

(H∗
gk

u)′(w)(H∗
fk
v)′(w)| = |

n

∑
k=1

〈H∗
gk

u,K′
w〉〈K′

w,H∗
fk
v〉|

= |
n

∑
k=1

∫
D

u(z)zgk(z)
(1− zw)3 dA(z)

∫
D

v(ζ )ζ fk(ζ )

(1− ζw)3
dA(ζ )|.

Letting Gk,w denote P0(gk ◦ϕw)◦ϕw and G̃k,w denote P0( fk ◦ϕw)◦ϕw , 1 � k � n ,
the functions z → zGk,w(z)/(1−wz)3 and ζ → ζ G̃k,w(ζ )/(1−wζ )3 are in L2

a(D) .
Since u , v ∈ (L2

a(D))⊥ we have

∫
D

u(z)zGk,w(z)
(1− zw)3 dA(z) = 0 and

∫
D

v(ζ )ζ G̃k,w(ζ )

(1− ζw)3
dA(ζ ) = 0.

Thus

|
n

∑
k=1

(H∗
gk

u)′(w)(H∗
fk
v)′(w)|

=|
∫

D

∫
D

u(z)z
(1−zw)3

v(ζ )ζ
(1−ζw)3 [

n

∑
k=1

(gk(z)−Gk,w(z))( fk(ζ )−G̃k,w(ζ ))]dA(ζ )dA(z)|

�
(∫

D

∫
D

|u(z)|δ
|1−zw|4−δ

|v(ζ )|δ
|1−ζw|4−δ

dA(ζ )dA(z)
) 1

δ

× (∫
D

∫
D

| n
∑

k=1
(gk(z)−Gk,w(z))( fk(ζ )−G̃k,w(ζ ))|2+ε

|1−zw|4|1−ζw|4 dA(ζ )dA(z)
) 1

2+ε

=
1

(1−|w|2)2

(∫
D

|u(z)|δ
|1−zw|2

(1−|w|2)ε/(1+ε)

|1−zw|ε/(1+ε) dA(z)
) 1

δ
(∫

D

|v(ζ )|δ
|1−ζw|2

(1−|w|2)ε/(1+ε)

|1−ζw|ε/(1+ε)
dA(ζ )

) 1
δ

× (∫
D

∫
D

(1−|w|2)4|
n
∑

k=1
(gk(z)−Gk,w(z))( fk(ζ )−G̃k,w(ζ ))|2+ε

|1−zw|4|1−ζw|4 dA(ζ )dA(z)
) 1

2+ε .

Since (1−|w|2)/|1− zw| < 2, (1−|w|2)/|1− ζw| < 2 and 2ε/(1+ε) < 2, we get

|
n

∑
k=1

(H∗
gk

u)′(w)(H∗
fk
v)′(w)|

� 4
(1−|w|2)2 P1[|u|δ ](w)1/δ P1[|v|δ ](w)1/δ

× (∫
D

∫
D

(1−|w|2)4| n
∑

k=1
(gk(z)−Gk,w(z))( fk(ζ )−G̃k,w(ζ ))|2+ε

|1−zw|4|1−ζw|4 dA(ζ )dA(z)
) 1

2+ε .

(4.1)
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By the change-of-variable formula (2.2), we have

∫
D

∫
D

(1−|w|2)4|
n
∑

k=1
(gk(z)−Gk,w(z))( fk(ζ )−G̃k,w(ζ ))|2+ε

|1−zw|4|1−ζw|4 dA(ζ )dA(z)

=
∫

D

∫
D

∣∣ n

∑
k=1

(gk ◦ϕw(z)−P0(gk ◦ϕw(z)))( fk ◦ϕw(ζ )−P0( fk ◦ϕw(ζ )))
∣∣2+ε

dA(ζ )dA(z)

=
∫

D

∫
D

∣∣ n

∑
k=1

(I−P0)(gk ◦ϕw(z))(I−P0)( fk ◦ϕw(ζ ))
∣∣2+ε

dA(ζ )dA(z).

(4.2)

Using (2.2), it is easy to check that

(
∫

D

∫
D

∣∣ n

∑
k=1

(I−P0)(gk ◦ϕw(z))(I−P0)( fk ◦ϕw(ζ ))
∣∣2dA(ζ )dA(z))1/2

=(
∫

D

∫
D

|
n

∑
k=1

Hgk
kw(ζ )Hfkkw(z)|2dA(ζ )dA(z))1/2

=‖
n

∑
k=1

(Hfk(z)kw(z))(Hgk(ζ )kw(ζ ))‖.

(4.3)

Applying Hölder’s inequality and (4.3), we get

∫
D

∫
D

∣∣ n

∑
k=1

(I−P0)(gk ◦ϕw(z))(I−P0)( fk ◦ϕw(ζ ))
∣∣2+ε

dA(ζ )dA(z)

�(
∫

D

∫
D

∣∣ n

∑
k=1

(I−P0)(gk ◦ϕw(z))(I−P0)( fk ◦ϕw(ζ ))
∣∣2dA(ζ )dA(z))1/2

× (
∫

D

∫
D

∣∣ n

∑
k=1

(I−P0)(gk ◦ϕw(z))(I−P0)( fk ◦ϕw(ζ ))
∣∣2(1+ε)

dA(ζ )dA(z))1/2

�(
∫

D

∫
D

|
n

∑
k=1

(I−P0)(gk ◦ϕw(z))(I−P0)( fk ◦ϕw(ζ ))|2(1+ε)dA(ζ )dA(z))1/2

×‖
n

∑
k=1

(Hfk(z)kw(z))(Hgk(ζ )kw(ζ ))‖.

(4.4)

Since P0 is L2+2ε -bounded, there exist constants Ck,ε > 0, 1 � k � n , such that

(
∫

D

∫
D

|
n

∑
k=1

(I−P0)(gk ◦ϕw(z))(I−P0)( fk ◦ϕw(ζ ))|2(1+ε)dA(ζ )dA(z))
1

2+2ε

=
∥∥ n

∑
k=1

(I−P0)(gk ◦ϕw(z))(I−P0)( fk ◦ϕw(ζ ))
∥∥

L2(1+ε)(D2,dA(ζ )dA(z))

�
n

∑
k=1

∥∥(I−P0)(gk ◦ϕw(z))
∥∥

L2(1+ε)(D,dA(z))

∥∥(I−P0)( fk ◦ϕw(ζ ))
∥∥

L2(1+ε)(D,dA(ζ ))
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�
n

∑
k=1

Ck,ε‖gk‖∞‖ fk‖∞ (4.5)

� nC′
ε sup

1�k�n
‖gk‖∞ sup

1�k�n
‖ fk‖∞,

where C′
ε = max{Ck,ε ,1 � k � n} .

From (4.1), (4.3), (4.4) and (4.5), we conclude that there exists a constant Cε , such
that

|
n

∑
k=1

(H∗
gk

u)′(w)(H∗
fk
v)′(w)|

�n
1
δ Cε sup

1�k�n
‖gk‖

1
δ∞ sup

1�k�n
‖ fk‖

1
δ∞

4
(1−|w|2)2 P1[|u|δ ](w)1/δ P1[|v|δ ](w)1/δ

×‖
n

∑
k=1

(Hfk(z)kw(z))(Hgk(ζ )kw(ζ ))‖1/(2+ε). �

Proof of Theorem 4.1. (i) If (SF ,SG] is compact, then HFH∗
G∗ is compact by (2.1).

It is obvious that HFH∗
G∗ is compact if and only if each entry of (

n
∑

k=1
HfikH

∗
gk j

)i j is com-

pact. Then Lemma 6.2 in [10] implies that ‖
n
∑

k=1
HfikH

∗
gk j

−Sϕw(
n
∑

k=1
HfikH

∗
gk j

)Sϕw‖→ 0

as |w| → 1− . From Proposition 4.1 in [10], we know that kw ⊗ kw = I − 2TϕwTϕw
+

T 2
ϕw

T 2
ϕw

. Using identities (4.6) and (4.7) in [10], we have

‖
n

∑
k=1

(Hfikkw)⊗(Hgk j
kw)‖

=‖
n

∑
k=1

Hfik(kw ⊗ kw)H∗
gk j

‖

=‖
n

∑
k=1

(HfikH
∗
gk j

−2HfikTϕwTϕw
H∗

gk j
+HfikT

2
ϕw

T 2
ϕw

H∗
gk j

)‖

=‖
n

∑
k=1

(HfikH
∗
gk j

−2SϕwHfikH
∗
gk j

Sϕw
+S2

ϕw
HfikH

∗
gk j

S2
ϕw

)‖

�‖
n

∑
k=1

(HfikH
∗
gk j
−SϕwHfikH

∗
gk j

Sϕw
)‖+‖

n

∑
k=1

Sϕw(HfikH
∗
gk j
−SϕwHfikH

∗
gk j

Sϕw
)Sϕw

‖

�2‖
n

∑
k=1

(HfikH
∗
gk j
−SϕwHfikH

∗
gk j

Sϕw
)‖

�2‖
n

∑
k=1

HfikH
∗
gk j
−Sϕw(

n

∑
k=1

HfikH
∗
gk j

)Sϕw
‖.

Thus lim
|w|→1−

‖
n
∑

k=1
(Hfikkw)⊗(Hgk j kw)‖ = 0 for any 1 � i, j � n . Therefore ‖(HFkw)⊗

(HGkw)‖ → 0 as |w| → 1− . We get the conclusion.
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(ii) If ‖(HF(z)kw(z))(HG(ζ )kw(ζ ))T ‖→ 0 as |w| → 1− , then for each 1 � i, j � n ,

we have ‖ n
∑

k=1
(Hfik(z)kw(z))(Hgk j(ζ )kw(ζ ))‖ → 0 as |w| → 1− . In the following, we

only need to prove
n
∑

k=1
HfikH

∗
gk j

is a compact operator, for each 1 � i, j � n .

For u , v ∈Cc(D)∩ (L2
a(D))⊥ , as Theorem 6.3 in [10] we have

〈
n

∑
k=1

HfikH
∗
gk j

u,v〉 =
n

∑
k=1

〈H∗
gk j

u,H∗
fik v〉 = I + II + III,

where

I = 3(
n

∑
k=1

∫
D

(1−|w|2)2(H∗
gk j

u)(w)(H∗
fik

v)(w)dA(w)),

II =
1
2
(

n

∑
k=1

∫
D

(1−|w|2)2(H∗
gk j

u)′(w)(H∗
fik

v)′(w)dA(w)),

III =
1
3
(

n

∑
k=1

∫
D

(1−|w|2)3(H∗
gk j

u)′(w)(H∗
fik

v)′(w)dA(w)).

For 0 < s < 1 we write I = Is + I′s , II = IIs + II′s and III = IIIs + III′s , where

Is = 3(
n

∑
k=1

∫
s<|w|<1

(1−|w|2)2(H∗
gk j

u)(w)(H∗
fik

v)(w)dA(w)),

IIs =
1
2
(

n

∑
k=1

∫
s<|w|<1

(1−|w|2)2(H∗
gk j

u)′(w)(H∗
fik

v)′(w)dA(w)),

IIIs =
1
3
(

n

∑
k=1

∫
s<|w|<1

(1−|w|2)3(H∗
gk j

u)′(w)(H∗
fik

v)′(w)dA(w)).

It is easy to see that there exist compact operators KI
s , KII

s and KIII
s on (L2

a(D))⊥ such
that 〈KI

s u,v〉 = I′s , 〈KII
s u,v〉 = II′s and 〈KIII

s u,v〉 = III′s . Observing that the operator

Ks = KI
s +KII

s +KIII
s is compact, and 〈(

n
∑

k=1
HfikH

∗
gk j

−Ks)u,v〉 = Is + IIs + IIIs , we will

estimate each of the terms Is , IIs and IIIs . Note that

Is = 3(
n

∑
k=1

∫
s<|w|<1

(1−|w|2)2(H∗
gk j

u)(w)(H∗
fik

v)(w)dA(w))

= 3
∫

s<|w|<1
(1−|w|2)2(

n

∑
k=1

(H∗
gk j

u)(w)(H∗
fik

v)(w))dA(w)

= 3
∫

s<|w|<1
(1−|w|2)2(

n

∑
k=1

〈H∗
gk j

u,Kw〉〈H∗
fik

v,Kw〉)dA(w)

= 3
∫

s<|w|<1
(1−|w|2)2(

n

∑
k=1

〈u,Hgk jKw〉〈HfikKw,v〉)dA(w)

= 3
∫

s<|w|<1
〈

n

∑
k=1

((Hfikkw)⊗ (Hgk j
kw))u,v〉dA(w).
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It follows that

|Is| � 3 sup
s<|w|<1

‖
n

∑
k=1

((Hfik kw)⊗ (Hgk j
kw))‖ · ‖u‖2‖v‖2.

Using Lemma 4.2 we have

|IIs| �1
2

∫
s<|w|<1

(1−|w|2)2|
n

∑
k=1

(H∗
gk j

u)′(w)(H∗
fik

v)′(w)|dA(w)

�n
1
δ

2
Cε sup

1�k�n
‖gk j‖

1
δ∞ sup

1�k�n
‖ fik‖

1
δ∞

∫
s<|w|<1

P1[|u|δ ](w)1/δ P1[|v|δ ](w)1/δ dA(w)

× sup
s<|w|<1

‖
n

∑
k=1

(Hfik(z)kw(z))(Hgk j(ζ )kw(ζ ))‖1/(2+ε).

Since p = 2/δ > 1 and P1 is Lp -bounded, there exists a constant C such that∫
s<|w|<1

P1[|u|δ ](w)2/δ dA(w) � C
∫

s<|w|<1
[|u|δ (w)]2/δ dA(w) = C‖u‖2

2.

By the Cauchy-Schwarz inequality,∫
s<|w|<1

P1[|u|δ ](w)1/δ P1[|v|δ ](w)1/δ dA(w) � C‖u‖2‖v‖2.

Thus

|IIs| � Cn
1
δ

2
Cε sup

1�k�n
‖gk j‖

1
δ∞ sup

1�k�n
‖ fik‖

1
δ∞

× sup
s<|w|<1

‖
n

∑
k=1

(Hfik(z)kw(z))(Hgk j(ζ )kw(ζ ))‖1/(2+ε)‖u‖2‖v‖2.

Term IIIs is estimated similar to IIs . From the estimates of the three terms Is , IIs and
IIIs , we obtain

|〈(
n

∑
k=1

HfikH
∗
gk j

−Ks)u,v〉| � C′ sup
s<|w|<1

‖
n

∑
k=1

(Hfik(z)kw(z))(Hgk j(ζ )kw(ζ ))‖1/(2+ε)‖u‖2‖v‖2

for some constant C′ > 0, combining with Lemma 4.1, we conclude that

‖
n

∑
k=1

HfikH
∗
gk j

−Ks‖ � C′ sup
s<|w|<1

‖
n

∑
k=1

(Hfik(z)kw(z))(Hgk j(ζ )kw(ζ ))‖1/(2+ε).

So if ‖
n
∑

k=1
(Hfik(z)kw(z))(Hgk j(ζ )kw(ζ ))‖→ 0 as |w|→ 1− , then it follows from the

above inequality that Ks →
n
∑

k=1
HfikH

∗
gk j

in operator norm. Since each of the operators
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Ks is compact, we conclude that the operator
n
∑

k=1
HfikH

∗
gk j

is compact. This completes

the proof. �

By Theorem 4.1, it is easy to prove Theorem 4.2.

Proof of Theorem 4.2. Let

B =
(

G F
0 0

)
, C =

(
F 0
−G 0

)
.

Then SFSG−SGSF is compact if and only if SBSC is compact.
If SBSC is compact, then (2.1) implies that the operator SBC −HBH∗

C∗ = SBSC is
compact. Let uw,s be defined as in Corollary 6.2 in [11] and B = (bi j)2n×2n , C =

(ci j)2n×2n , it follows that (S
(

2n
∑

k=1
bikck j)

−
2n
∑

k=1
HbikH

∗
ck j

)2n×2n is compact and

‖(S
(

2n
∑

k=1
bikck j)

−
2n

∑
k=1

HbikH
∗
ck j

)uw,s‖2 → 0, s → 0+ .

By Lemma 7.1 in [11] we also have

‖
2n

∑
k=1

HbikH
∗
ck j

uw,s‖2 → 0, s → 0+ .

Since (S
(

2n
∑

k=1
bikck j)

uw,s)⊥(
2n
∑

k=1
HbikH

∗
ck j

uw,s) , we get

‖S
(

2n
∑

k=1
bikck j)

uw,s‖2 = ‖(S
(

2n
∑

k=1
bikck j)

−
2n

∑
k=1

HbikH
∗
ck j

)uw,s‖2+‖
2n

∑
k=1

HbikH
∗
ck j

uw,s‖2 → 0, s→ 0+ .

Thus Lemma 7.2 in [11] implies that

|
2n

∑
k=1

bik(w)ck j(w)|2 = lim
s→0+

‖S
(

2n
∑

k=1
bikck j)

uw,s‖2
2 = 0,

for a.e. w on D , that is B(w)C(w) = 0 for almost all w ∈ D . So we get that if SBSC is
a compact operator, then HBH∗

C∗ is compact and BC = 0.
Using Theorem 4.1, and combining with the fact that SFSG −SGSF is compact if

and only if HBH∗
C∗ is compact and BC = 0, we can get Theorem 4.2. This completes

the proof. �

An operator A is said to be essentially normal if AA∗−A∗A is compact. By taking
G = F∗ , we immediately get the following characterization of essentially normal block
Toeplitz operators.
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COROLLARY 4.1. Let F ∈ L∞
n×n(D) .

(i) If SF is a essentially normal block Toeplitz operators, then FF∗ = F∗F and ‖(HFkw)
⊗ (HFT kw)− (HF∗kw)⊗ (HFkw)‖ → 0 as |w| → 1− .
(ii) If ‖(HF(z)kw(z))(HF∗(ζ )kw(ζ ))T −(HF∗(ζ )kw(ζ ))(HF(z)kw(z))T ‖→ 0 as |w|→ 1− ,
then SF is a essentially normal block Toeplitz operators and FF∗ = F∗F .
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