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THE WEIGHTED MOORE-PENROSE INVERSE FOR SUM OF MATRICES

ZHIPING XIONG AND YINGYING QIN

(Communicated by F. Hansen)

Abstract. In this paper we exhibit that under the rank additivity condition r(A+ B) = r(A) +
r(B), aneat relationship between the weighted Moore-Penrose inverse of A+ B and the weighted
Moore-Penrose inverses of A and B.

1. Introduction

Throughout this paper C"*"* denotes the set of all m x n matrices over the complex
field C. I; denotes the identity matrix of order k, O, is the m x n matrix of all zero
entries (if no confusion occurs, we will drop the subscript). For a matrix A € C"*", the
symbols A*, R(A), N(A) and r(A) denote the conjugate transpose, the range space,
the null space and the rank of A, respectively.

Adopting the notations of [12], let A € C"™*", a generalized inverse X of A is a
matrix which satisfies some of the following four Penrose equations [9]:

(1) AXA=A, (2)XAX =X, (3) (AX)" =AX, (4) (XA)" = XA.

For a subset {i,j,---,k} of the set {1,2,3,4}, the set of n x m matrices satisfy-
ing the equations (i), (j), ---, (k) from among equations (1) — (4) is denoted by
A{i,j, - k}. A matrix in A{i,j,---,k} is called an {i,j,--,k}-inverse of A and is
denoted by A(/-"*)  The unique {1,2,3,4}-inverse of A is denoted by A", which
is called the Moore-Penrose inverse of A. The weighted Moore-Penrose inverse ALN
with respect to a pair of Hermitian positive definite matrices M € C"™*" and N € C"*"
is defined to be the unique solution of the following four matrix equations [12]:

AXA=A, XAX =X, (MAX)* = MAX, (NXA)* = NXA. (1)

When M =1,, N = I,, the matrix X satisfying (1.1) is called the Moore-Penrose
inverse of A and is denoted by X = A;rm L= AT. Further, A* = N~'A*M stands for the
weighted conjugate transpose of A.
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Although the theory of generalized inverses has had a substantial development
over the past several decades, there are lots of fundamental problems on generalized
inverses of matrices that need further investigation. One such problem is concerned to
the generalized inverse for a sum of matrices. Suppose A and B are a pair of matrices of
the same size. In many situations, one wants to know the expressions of (A —|—B)("7~f 7K)
and its properties. For example, give a decomposition (A + B);[,[N = P 4+ P> under
various given conditions, where P; and P, have some close relationship with weighted
Moore-Penrose inverses of A and B, respectively.

The generalized inverse for a sum of matrices was introduced by Penrose [9]. It
has quite important applications in numerical linear algebra and applied fields, such as,
linear control theory [1], statistics [8], projection algorithms [2] and perturbation anal-
ysis of matrix [6]. Moreover, as one of the fundamental research problems in matrix
theory, the generalized inverse for a sum of matrices is a very useful tool in many algo-
rithms for the computation of the generalized parallel sum of A and B. The generalized
parallel sum originally arose in an attempt to generalize a network synthesis procedure
of Duffin [4] and has been studied in the scalar case by Erickson [5]. Suppose that
A,B € C™ " then we define the generalized parallel sum of A and B by A(A+B)'B
or A(A +B)LNB. One such problem concerns to the Moore-Penrose inverse or the
weighted Moore-Penrose inverse of A+ B.

Various generalized inverses for sums of two rectangular matrices were developed
by Cline [3], Hartwig [7], Y.Tian [10], Z.Xiong [13], and so on, see [9, 12]. In this
paper, we exhibit a neat relationship between the weighted Moore-Penrose inverse of
A+ B and the weighted Moore-Penrose inverses of A and B under some rank additivity
conditions.

As the main tools in our discussion, we first mention the following three lemmas,
which will be used in this paper.

LEMMA 1.1. [12] Let A € C"*", and let M and N be two Hermitian positive
definite matrices of order m and n, respectively. Then

(1) (Ajg)” = (A)} 1y 1

(I) Ay =N7'A*(ANTIAY)] = (A"MA)] | A™M,
(D) A}, = N~V2(M' 2AN-1/2) M1 /2,

(IV) R(AAYy) = R(A), N(AAjy) = M~IN(A*) = N(A%),
(V) R(A};yA) = N"'R(A*) = R(AY), N(A]yA)=N(A),
(VD) AT = (A*A)TA* = A*(AA")T.

LEMMA 1.2. [12] Let L and M be two complementary subspaces of C"*, and let
Py m be a projector on L along M. Then

(1) (In—PLm)A =0 iff R(A) C L,
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() A(l,—Pm)=0 iff MCN(A),
(1) I,—Pry=Pur.
LEMMA 1.3. [11] [Weighted Singular Value Decomposition] Let A € C"™*" with

rank r, M € C"™"™ and N € C"™*" be two Hermitian positive definite matrices. Then
there exists an M -unitary matrix U and an N~ -unitary matrix V (i.e. U*MU = I,

V*N~IV =1,), such that
> O
A=U{, , V*, 2)

where ¥, = diag(Uy, o, -, lUy), i =2 and Ay > Ay > --- = A, > 0 are the nonzero
eigenvalues of A'A = (N"'A*M)A. Then u; > tp > --- = f, > 0 are the nonzero
weighted singular values of A and (2) is called the Weighted Singular Value Decompo-
sition of A. In this case, the weighted Moore-Penrose inverse of A with respect to the
Hermitian positive definite matrices M € C™"™ and N € C"™" is given by

>t o
Al =Ny U*M 3)
MN 0 10) .

For the convenience of readers, we will adopt the following notation

W=A+ (Y +Y,)G(Z+2,)", A=M"PANT2 ¥ =M'2ys~1/2,

> 1/2 —1/2 74 —1/2~7¢l1/2 7 —1/2 1/2
Y,=M2y,s7V2  Z=N"V2z8'2  Z,=N"1?7,52

where A € C"™", Y)Y, cC™*, GeC™, Z,Z,cC", M, N and S are three
Hermitian positive definite matrices of order m, n and s, respectively.

2. Main results

In this section, the weighted Moore-Penrose inverse of A 4 B is discussed under
the condition r(A+B) =r(A) +r(B).

THEOREM 2.1. Let Ac C"™", Y,Y, € C"™*, GeC*™*, Z,Z,c C"**, M, N and
S be three Hermitian positive definite matrices of order m, n and s, respectively. Sup-
pose that R(Y) C R(A), R(Y,) LR(A), R(Z) CR(A*), R(Z,) L R(A*), G is invertible,
Y, is of full column rank and Z,, is of full column rank. Then
Wiy = (A+ (Y +))G(Z+Zp) )iay
= Al —EZ ALy — A YC + E(G™ + Z°A]  Y)CF, 4)

where C = MY, (Yp"MYp) ™! = ((Yp)};5)" and E = N~'Z,(2,"N"'2,) ™" = (2,") -
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Proof. Let T = A}y — EZ*Aly — ALy YC* + E(G™' +Z*A},,Y)C*. Then it is
only necessary to show that 7 and W satisfy the equations in (1). From the hypothesis
R(Y,) L R(A) and R(Z,) L R(A*), we have

R(Yp) CN(A"), R(A) CN(Y,), 5)
and
R(Z,) CN(A), R(A*)CN(Z,"). (6)
Combining the formulas (IIT), (VI) in Lemma 1.1 with (5), we have
N-12p%C — N71/2A*((YP);{,[S)* — NVRPAMR (V) Ty s 12
= A (5))S V2 = A (5Tl (Fp)")"s 12
= ATYp|(Yp) Yp]'sT1 2 = 0. (7)
According to (7), we get
N~124*C=0 and C*A = 0. (8)
On the other hand, by the formula (IT) in Lemma 1.1 and (5), we have
STIPYR(ALN)T = STPYEMAATMA)T
=712 M' PM PAATMA),
= (Yp)"A(A'MA)!_,, = 0. )
From (9), we have
STV2y5 (Al )F =0 and (A})Yp=O. (10)

Similar to the proof of (8) and (10), we obtain the following formulas by the for-
mulas (IT), (IIT), (VI) in Lemma 1.1 and (6).

AE =0, ZAly=0. (11)
According to the hypothesis of Theorem 2.1, we obtain
R(Y) CR(A) & R(Y) CR(A) and R(Z) CR(A*) & R(Z) C R(A®). (12)
Then, from definition of C and E in (4) and the formulas (8), (10), (11), (12), we have
Z'E=0, C'Y =0, C'Y, =1, Zp'E =1,. (13)
Combining (8), (10), (11), (12), (13) with the formulas (IV), (V) in Lemma 1.1
and the formulas (I), (I) in Lemma 1.2, we have
wT
= (A+ (Y +Y,)G(Z+Z,)" )ALy —EZ* A}y — ALY C* + E(G™1 4+ Z*AL,\ Y)CF)
= AAl —YC* — (Y +Y,)GZ AL\ YC* + (Y +Y,)G(G ™ +Z* A}, Y ) C*
= AA}y —YC + (Y +7,)C*
— A+ 1) (14
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From (14), we obtain
MWT = MAAZTV,N —l—MYp(Yp)LS =(MWT)*. (15)
Similar to the proof of (14) and (15), we have

™W
= (Aly —EZ" Ay — Ay YC +E(G 4+ Z° AL\ Y)C) A+ (Y +Y,)G(Z + Z,)")
= AjyA—EZ' + A \YG(Z+Z,)" —EZ* A \YG(Z+Z,)"

— AL NYC (Y +Y,)G(Z+Zy) +E(G  + Z° AL\ Y)C* (Y +Y,)G(Z + Z,)*

= AlywA—EZ'+E(Z+Z,)"

= AlNA+ (2, Yin 2", (16)

and
NTW = NAjyA+N(Z,) 52, = (NTW)*. (17)

On the other hand, by (8), (10), (11), (12), (13) and the formulas (IV), (V) in
Lemma 1.1 and the formulas (I), (II) in Lemma 1.2, we have

WTW
= (AAjy + Vp(T)lys) A+ (Y + V) G(Z+2Z,)")

= A+ AAL WY G(Z+Zp) Y, (V)b (Y +Y)G(Z+Z,)*
=A+YG(Z+Z,)" +Y,G(Z+Zy)"

=W, (18)

and

TWT
= (ALN - EZ*AJTWN _AJTWNYC* +EG '+ Z*ALNY)C*)(AALN + Yp(Yp)Ls)
= Al —EZAly _ALNYC*Yp(Yp)Ls +E(G '+ Z*ALNY)C*Yp(Yp)Ls
= Al —EZ'A},y — Al YC + E(G™' + Z* A} Y)C*
—T (19)

Combining (15), (17), (18) with (19), we obtain the results in Theorem 2.1. [

THEOREM 2.2. Let Ac C"™", Y,Y, € C"°, G € C**° and Z,Z, € C"*°. As-
sume R(Y) C R(A), R(Y,) L R(A), R(Z) C R(A*) and R(Z,) L R(A*). Then the
following statements, (I) implies (Il), conversely, (I1) and (III) imply (1).

(1) Y, and Z, are of full column rank,
(I r(A+ (Y +Y,)G(Z+Z,)") =r(A)+r((Y +Y,)G(Z+ Z,)*),
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() r(Y +Y,)G(Z+Z,)*) =
Proof. (I1) and (III) = (I): using the assumption R(¥) C R(A), we have

R(Y)CR(A) and R(AA+ (Y +Y,)G(Z+Z,)") CR(A)+R(Y)+R(Y,) =R(A)+R(Y)).
Thus, if (II) and (III) in Theorem 2.2 hold, we have

rA)+s=r(A+ Y +Y,)G(Z+Z,)") <r(A)+r(Y,), (20)
from (20) and the assumption, we conclude that

s<r(Yy,) <s,

thatis Y, (and similarly Z,) is of full column rank.
(I)=-(II): Suppose Y, and Z, are of full column rank, then from Theorem 2.1 and
the formula (IV) in Lemma 1.1, we have

r(W)

r(A+ (Y +Y,)G(Z+Z,)")
(WT)
(A+(Y+Y,)G(Z+Z,)")T)
(AA MN+Y(Y Dits)
(
(A

r

r

I
\

L(A) + (Yp>*)- 1)
Since R(Y,) L R(A) and r(Y,) =s > r(G)

=r

Y
g
=
+
h<
[Q
N
+
N
£
(¢}
o
o
E
=

r(A+ Y +Y,)G(Z+2Z,)") = r(A(A)" +Y,(¥,)T)

(A( »
= r(A) +r(Yp)
= r(A) +r(¥p)
> r(A) + (Y +Y,)G(Z+Z,)"). (22)

On the other hand, according to a trivially fact, we have
r(A+ Y +Y,)G(Z+Z,)") <r(A)+r(Y+Y,)G(Z+Z,)"). (23)
Combining (22) and (23), we conclude
r(A+ Y +Y,)G(Z+Z,)") =r(A)+r(Y +Y,)G(Z+Z,)"), (24)
that is the formula (IT) in Theorem 2.2 holds. [

For positive integers s and m such that s < m, let L,,; denotes a matrix of size
m x s with ones on the diagonal and zeros elsewhere. Similarly, let L, (s < n) denotes
a matrix of size n x s with ones on the diagonal and zeros elsewhere. To simplify
notations and since n and m are fixed, we short L,, s to Ly and L, ¢ to L.
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Let B € C;"". Then from Lemma 1.3, we know that the matrices B has weighted
singular value decompositions:

B = UgDgVp",

where UsMUp = I, Vg+ N~ 'Vg = I, and
X 0
Dg={, ol (25)

Y, =diag(uy, ta, -+, lis), and [y > fp > -+ > g > 0, p; are the nonzero weighted
singular values of B. In this case, the weighted Moore-Penrose inverse of B with
respect to the Hermitian positive definite matrices M € C"™*™ and N € C"*" is given
by

' oo

o o UM = N~'VaDLUM. (26)

By =N"'Vp

In the next of this section, we will consider the weighted Moore-Penrose inverse
of A+ B under the condition r(A+ B) = r(A) + r(B), where A € C,"" and B € C{"™*"
are given matrices.

THEOREM 2.3. Let A € C,™", B C/™", M, N and S be three Hermitian
positive definite matrices of order m, n and s, respectively. If r(A+ B) = r(A) + r(B),
then

(A4 B)iy = (In— F)A}y(In—J) + FBipJ, (27)
where
F= (PR(Bﬁ),N(B)PN(A),R(A:))zTVNv
T = (Pyat) reayPres) west) -
Proof. From the formula (25), we have
A+B=M"2(MVPANT2 4 M2BN 2N/
— M—l/z(Ml/2AN—l/2 +M1/2UBDBVB*N—1/2)N1/2
= M 2(MVPANT? 4 MVPUBLL* DLy (L) Vg*N~/2 N2, (28)
Let

X = PyiayM' UL, (29)

X, =P, MUsL,, (30)

()
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Q = Py N~ /2VsLY, (1)
Qp = Py ot N2Vl (32)

and
Gi = Ly"DgL, . (33)

Then, from (28-33) and the formula (III) in Lemma 1.2, we have
X +X,=M"?UpL, and Q+Q,=N""?vpL/,
and
A+B=A+M"2X +M7'2x,)G, (N0 +N'/?Q,)", (34)

where
.ul R 0

G = LS*DBLS/ = N ’

U; are the nonzero weighted singular values of B and G is invertible.

Let (M—1/2X) = M'2M~'/2X5-1/2 and (N'/2Q) = N~'/2N'/2QS'/2, then from
(29) and (31), we have

—~

R(M~1/2X) = R(XS™'/?) and R(M~1/2X) C R(A),
R(N'20) = R(0S"/2) and R(N'20) C R(A"). (35)

Let (M~1/2X,) = M'/2M~1/2X,571/2 and (N'/2Q,) = N~'/2N'/2Q,S'/2, then from
(30) and (32), we have

R(M—1/2Xp) =R(X,) and R(M_l/zxp) J-R(A)7

R(N'2Q,) =R(Q,) and R(N'/2Q,) L R(A%). (36)

From the assumptions r(B) = s and r(A+ B) = r(A) + r(B) in Theorem 2.3, and the
results in Theorem 2.2, we know M~'/2X,, and N'/2Q, are of full column rank.
Combining the formulas (29-36) with the results in Theorem 2.1, we have
(A+B)jy = A+ M 2X + M712X,)G (NV2Q+N'20,)") iy
= Al — K(N'2Q) Al — Al (M2 X)H
+K(G, + (NV2Q) AL (M2 X)) H (37)
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where

H =MM ' 2X,) (X, M P 2x,) 71 = MY2x, (X, 7X,) 7
K =N"'(N"?Q,)(Q,"N'*N"'N'0,)"' =N"20,(0,"0,) .

According to (25), (26), (33), (34) and the formula (IIT) in Lemma 1.2, we have
G~ ' = (L/)"Dp'Ls and D' = V" B};\ U = V"N~ "2 (M2 BN~1/2) M 2Up.
Thus

KG, 'H* = K(L/)*Dp' L,H*
— K(LS/)*VB*N—I/Z(MI/ZBN—I/Q)"‘Ml/2UBLSH*
= K(N'2Q+N'2Q,)* B!\ (M~ V2X + M~12X ) H*. (38)

The last equation holds since
X +X, =M"2UpL; and Q+Q,=N"12vL/.
By (37) and (38), we have

(A+B)jy = (ln— KQ"NY)AlL (b — M~ 2XH)
+ (KQ*'N'2 + KQ,*N'?)B} (M~ 2XH* + M~'2X,,H*).  (39)

This is the basic form of (A +B)]TWN that we seek. Next we proceed to compute
KQ*N'/2, M~'2XH*, KQ,*N'/?> and M~'/2X,H*.

Let B=M'2BN~1/2 Then from (29-32) and (37), we have

KQ*N1/2 — N_l/zQp(Qp*Qp)_lQ*Nl/z :N_l/z(Qp*)TQ*Nl/Z

= NV VBN By )T (L) Vo ™N 2 Py N2

= NNyl (L)) Ve*NTV2P, <”)l>TPR<A”*>N1/ ’

= N YV2(N"1V2vDp DpVE* N~ 1/2P )TPR(u)Nl/z

(N

(N R(A*)"
= N VA(NTV2VDg U M PM P U DRV N TP i) 1) PpiyN'/?

(

(

N2 (M1/2UBDBVB*N VM RURDRVE N2y 1) Py N2

= NPy L)TPR(A&)NIM

i)
= (Prso vs )PN( )R N PR(A N () (40)
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and
M-\2x = 1/2P( )Ml/ UpLy(X," X))~ lXp*Ml/z
=M 'PPy M PUsLX, M2
= M2 Py M PULy(P, (N)LMI/ZUBLS)TMW
— M 1/2P Ml/zUBLL UB*Ml/z) fpgl/2

A Pecay
_M1/2 (

Pe. l1\41/2UBDBDBTUB*MI/z)Wl/2
— M'p, (P M1/2UBDBVB*N V212, D U M) M
=M 1/2P WP, NLBBT) M'?
=Mm'2p, @) (P - Pres )TMI/2
= Prayv (At)(PN(Aﬁ) Ry Pris) w(Bt)am- (41)
Similarly, we get
KQp*N'? = (P sy Piay reas) ) un Pvia) riat)»
M_I/ZXpH = PN(At),R(A) (PN(At),R(A)PR(B),N(Bﬁ))LM' (42)
From (40-42) and the formula (IIT) in Lemma 1.2, we have
KQ*N'?*+KQ,"N'* = (Prego) nsyPnva) riat ) = F,
M™'PXH* + M 2X,H = (Pyas) roayProsy i) ) iam = - (43)
Substituting (40), (41), (42) and (43) into (39) yield
(A+B)jyy = (I — FPR(Aﬁ),N(A))ALN (I — Preay wiar)/) + FBjyy. (44)

From the formulas (IV), (V) in Lemma 1.1 and the formulas (I), (I) in Lemma 1.2, we
have

Iy R(Aﬁ),N(A)A;r\/[N :AzTuN and ALNP R(A).N (A1) :ALN’ (45)
Combining (44) with (45), we have
(A+B)yy = (b — F)Ajyy (In—J) + FBjyyJ. (46)

The proof of Theorem 2.3 is complete. [l

COROLLARY 2.4. Let Ac C,™", Be C"". If r(A+B) =r(A) +r(B), then
(A+B)' = (I, - SHAT (I, — T")+ S'B'T’, (47)
where

S/ = (PR(B*)PN(A))T and T/ = (PN(A*)PR(B))T' (48)
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