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FACTORIZATION OF SOME TRIANGULAR MATRIX
FUNCTIONS AND ITS APPLICATIONS

Yu. I. KARLOVICH, J. LORETO-HERNANDEZ AND I. M. SPITKOVSKY

(Communicated by L. Rodman)

Abstract. We consider defined on the real line R matrix functions with monomial terms of the
form ce** on the main diagonal and one row, and with zero entries elsewhere. The factorability
of such matrices is established and, moreover, the algorithm for their factorization is provided. In
particular, formulas for the partial indices are derived, and conditions for them to all equal zero
(that is, for the factorization to be canonical) are stated. These results are then used to obtain
Fredholmness criteria for some convolution type equations on unions of intervals.

1. Introduction

For any algebra 2(, we denote by ¢/2( the group of its invertible elements, and by
Anwxn the algebra of all N x N matrices with the entries in 2.

Let APP be the algebra of almost periodic polynomials, that is, the set of all finite
linear combinations of elements ¢, (A € R), with ¢, defined by

e;L()c)ze’-M7 x€R. (1.1)

The closure of APP with respect to the uniform norm is the C*-algebra AP of almost
periodic functions, and the closure of APP with respect to the stronger norm,

15 caenlly =2alenl, ¢y €C,

is the Banach algebra APW .

The basic information about AP functions can be found in several monographs,
including [3, 7] and [16]. For our purposes, the following will suffice.

For any f € AP there exists the Bohr mean value
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The functions f € AP are defined uniquely by the Bohr-Fourier series

S f(A)es

A€Q(f)

where Q(f) := {k eER: f(?t) * 0} is the Bohr-Fourier spectrum of f and the num-

o~

bers f(A) =M(fe_; ) are referred to as the Bohr-Fourier coefficients of f.
Let
APE:={f€AP: Q(f) CRy}, APW*:=AP*NAPW,

APWS := {f € APWE: f(0) =0}, APP*:=AP*NAPP,

where, as usual, Ry = {x e R: +x>0}.

A function f € AP is invertible in AP if and only if it is invertible in L..(R), that
is, if and only if inf,eg | f(x)| > 0. For every f € 4AP, the following limits exist, are
finite, equal and independent of the choice of a continuous branch of the argument of
f:

. 1 T . 1 T
K(f) = TET«: 2T { argf(x)}_T =0, T { argf(x)}o ’

Their common value is called the mean motion (or the AP index) of f.
We say that G € APyxy admits a canonical left AP factorization if

G=G.G_ (1.2)

with Gy € 9(APg, ). If in fact G4 € 9(APW;, ), (1.2) is said to be a canonical
left APW factorization of G. More generally, a left AP or APW factorization (not
necessarily canonical) of G is a representation

G=G:DG_ (1.3)

with G4 as above and an extra middle factor D = diag[eK1 ,+--,€xy]. The parameters
K; € R are defined by G uniquely up to a permutation whenever the factorization exists,
and are called the (left) partial AP indices of G. Of course, condition G € 4 (APyxy)
(resp., G € 9(APWyxy)) is necessary in order for G to admit a left AP (resp., APW)
factorization, and

K1+ -+ kv = K(detG) := k. (1.4)

A left APP factorization of G is introduced along the same lines, as a representation
(1.3) with Gy € 9(APPg, ). The latter condition implies that detG. is constant, and
so G can possibly admit an APP factorization only if

G € APPyyy and detG = ce, with some non-zero ¢ € C. (1.5)

Conversely, under conditions (1.5) an AP factorization of G is in fact its APP factor-
ization whenever at least one of four matrix functions G, G;l belongs to APPyxy -
An important invariant of the canonical factorization (1.2), if it exists, is the prod-
uct d(G) := M(G+)M(G-), with the Bohr means of matrices understood entry-wise.
Since for N =1
d(G) =expM(logG),
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d(G) is called the geometric mean of G, even when N > 1.

A canonical AP factorization of G € APWy«y is automatically its (naturally, also
canonical) APW factorization. For N = 1, any G € YAPW admits an APW factoriza-
tion, and thus AP (and even APW) factorable functions form a dense subset of AP. As
was discovered recently [6], this is not the case any more if N > 1.

AP factorization arises in a number of applications. In particular, consideration of
convolution type equations on systems of intervals yields the factorization problem for
matrix functions of the form

G= ) (1.6)

elnfl
81 82 --- 8n—1 €},

where Ai,...,4,_; are the lengths of intervals in question,
Mn=—=(M~+- A1), (L.7)

and g; are in a certain way associated with the Fourier transforms of the equations’
kernels. One such application is considered in the final Section 9 of this paper, while
the preceding Section 8 contains the necessary function-theoretic background. The
constructive results are obtained in the case of monomial g; arising in matrices (1.6):

gj=ajey, j=1,....n—1 (1.8)

They are based on the fact that all matrices (1.6) satisfying (1.8) are APP factorable,
established in Section 2, and on the criterion of their canonical factorability derived in
Section 3. Note that, due to (1.4), condition (1.7) is necessary for the factorization of
G to be canonical, but will not be a priori imposed.

In the case when the APP factorization of G is not (necessarily) canonical, for-
mulas for its partial AP indices are provided in Section 4. These results, including
the factorization construction, are illustrated on matrices of low size in Section 5 (for
n = 3) and Section 6 (for n = 4). Finally, a short Section 7 concerns the extension of
the factorization results from Sections 2—6 to the setting of abstract ordered groups.

2. Factorization existence

The following notation will be used in this and the next section: E;; is the matrix
with the only non-zero entry, equal one, in the (i, j) position.

THEOREM 2.1. Any matrix function (1.6) with the last row entries given by (1.8)
admits a left APP factorization.

Proof. The proof is by induction on the size of the matrix. The base is trivial: a
function e, admits an obvious APP factorization (1.3) with G1 = 1,D = ¢, . Note that
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the case n =2 is also elementary, and has been treated in passing a long time ago (see
[14, 15]). So, we may suppose that n > 3.

As the induction step, we will show how to obtain an APP factorization of n x
n matrix functions of the given pattern, provided that such a factorization exists for
similarly patterned matrices of a smaller size.

The reduction is obvious if a; = 0 for some j, because then G splits into the
direct sum of an 1 x 1 block e;, and an (n— 1) x (n— 1) matrix function of the same
type. So, without loss of generality a; # 0 for all j. Multiplying the jth row of G

by a; while dividing its jth column by the same number for j =1,...,n— 1, we may
even without loss of generality suppose that a; = --- =a,_1; = 1, that is,
e;Ll
E)LZ
G= . . (2.1)
e)Lnfl

e')/l eh e e')/n71 ekn

If A; < ¥; for some i, then multiplication of G on the left by F =1 — ey Eni
cancels out the (n,i)-element ey, of G, leaving others unchanged. Since obviously
F € 9(APP,,), this has no effect on the APP factorability of G while reducing the
situation to already considered.

On the other hand, multiplication on the right by 7 — ey 2, Eni has a similar effect,
while this matrix function belongs to 4 (APP,,,,) whenever ¥; < A4,. So, without loss

of generality we may suppose that -
Ai>v%>A, i=1,...,n—1. (2.2)
By a permutational similarity it can be arranged that, in addition,
N<PL< < (2.3)

We now consider two complementary cases under the conditions (2.3).
Case 1. For some i € {2,...,n— 1}, the inequalities

Ai—M = Y%—n(=0) (2.4)

hold. Due to (2.4), multiplication of G by I+ €p—y—M4n il on the left and 1 —
ey —yEi1 on the right does not change its APP factorability properties. But upon this
multiplication G becomes a direct sum of e; ~with the (n—1) x (n— 1) matrix of
the same structure, which is obtained from (2.1) by deleting the first row and the first
column.

Case 2. It remains to consider the situation when A; —A; < 3, — 1 for all i =
2,3,...,n—1 or, equivalently, when

O<)Ahi—-v<h—mn, i=2,....n—1. (2.5)
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Let us multiply G on the left by

—_

n—

( - YlEln) (1+67Ll—y1—li+)/iE1i)
=2

and on the right by 7 — €-nEin- Conditions (2.2), (2.5) guarantee that there will be
no change in APP factorability. Finally (also without influencing APP factorability)
switch the first and the last columns of the resulting matrix. Simple computations show
that this sequence of operations results in the direct sum of —e; 3, With

e;Lz
e;L3
(2.6)

elnfl
672 ey3 €yn71 eyl

Since (2.6) has the same structure as (2.1) but its size is one less than that of the latter,
we are done. [

Note that arguments used in Case 2 of the proof of Theorem 2.1 are also valid if
the inequalities in (2.5) are non-strict.

3. Canonical factorization

The proof of Theorem 2.1 actually provides an algorithm allowing to construct
explicitly the factorization of matrices (1.6) satisfying (1.8). Examples illustrating this
point will be provided in Section 4. In the meanwhile, we would like to address the
question when the resulting factorization is canonical.

PROPOSITION 3.1. Let G be given by (1.6), with the off-diagonal entries g; sat-
isfying (1.8). Then for G to admit a canonical AP factorization it is necessary that
Aj =0 whenever at least one of the conditions

a;j =0, < An,Yj = Aj, or hi — A; = ¥ — ¥ for some i # j 3.1)

holds, and A; > 0 for all other values of j=1,...,n—1.

Proof. From the proof of Theorem 2.1 it immediately follows that, whenever one
of the conditions (3.1) holds (the latter — with j = 1), the respective A; is a partial
index of G. For j # 1 the reasoning for the last case of (3.1) has to be modified slightly.
Namely, it suffices to observe that multiplication of G by I+e3,_,,_ Ay Eij on the left
and [ — ey, E;j on the right does not change its APP factorability properties. But upon
this multiplication G becomes a direct sum of e;, withan (n—1) x (n— 1) matrix of
the same structure. This proves that indeed A; must equal zero whenever one of the
conditions (3.1) holds in order for G to admit a canonical AP factorization.
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Moreover, for any j satisfying one of the conditions (3.1), the respective row
and column of G can be deleted, and the elements of the resulting matrix renumbered
accordingly. It remains therefore to consider matrix functions (2.1) for which (2.2)
and (2.5) hold. We may (and will) also without loss of generality impose the ordering
(2.3). But this puts us into the setting of Case 2 in the proof of Theorem 2.1. As was
established there, A, +A; — ¥ then emerges as one of the partial indices. So, in order
for the factorization to be canonical, we must have y; = A + A,. When combined with
the second inequality in (2.2) for i = 1, this implies positivity of A;.

Furthermore, the matrix (2.6) should admit a canonical factorization along with the
given G. Then, by the part already proved, A, =0 if =79, and A, > 0 if > 7.
The mathematical induction principle thus completes the proof. [J

Observe that the last diagonal exponent A,, of the matrix (1.6) admitting a canoni-
cal factorization must of course be non-positive, due to (1.7).

Necessary and sufficient conditions for (1.6) to admit a canonical factorization in
principle can be stated in general, though for large n they get rather convoluted because
of the growing number of subcases to be considered. One particular situation, having
practical importance, can however be treated more easily. To simplify the statement,
and without loss of generality, we will suppose that (2.3) holds.

THEOREM 3.2. Let G be of the form (1.6), with the elements of the last row given
by (1.8) satisfying (2.3), and such that A; #0, j=1,...,n—1. Then its AP factor-
ization is canonical if and only if in fact A; >0, a;j #0 for j=1,...,n—1, while A,
satisfies (1.7), and

Yi=M+-+A+A, i=1,....n—1. (3.2)

Proof. Necessity. Positivity of A; and condition a; # 0 for j=1,...,n—1 follow
immediately from Proposition 3.1; the necessity of (1.7) was mentioned earlier as well.
We also see from the proof of Theorem 2.1 that Case 1 should not materialize, and
(3.2) holds for i = 1. Moreover, the matrix (2.6) should admit a canonical factorization
along with (1.6). Observe that p > ¥ because otherwise A; # 0 becomes a partial AP
index of the matrix (2.6), which contradicts its canonical AP factorability. A simple
recursive procedure, with an obvious notational adjustment, yields all other equalities
in (3.2). In particular, taking into account the equality 7, = A; + A,,, we deduce for the
matrix (2.6) that » = A, + ¥ = A1 + A2 + A4,, and so on.

Sufficiency. Conditions imposed on the signs of A; and formulas (3.2) guarantee
that (2.2), (2.5) hold. Equivalently, we are in the Case 2 setting of the proof of The-
orem 2.1. Consequently, one of the partial indices of G is A, +A; — ¥ =0, and the
others coincide with the partial indices of (2.6). But the latter matrix (once again, af-
ter an obvious notational adjustment) satisfies the alleged sufficiency conditions, along
with the given one. Since the n =2 case is known, this completes the proof. [J

Note that the sufficiency was also proved in [21], though in a slightly different
way. We provided the proof here for consistency and convenience of reference.

As a matter of fact, it is not hard to explicitly construct a canonical factorization
of G in the setting of Theorem 3.2.
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THEOREM 3.3. Let G be given by

€
e;Lz
, (3.3)
e)Lnfl
ale'yl a2e')/1 e anfle')/nil eln

where Aj >0 and aj #0 for j=1,...,n—1, A, satisfies (1.7), and (3.2) holds. Then
G admits a canonical left APP factorization G = G G_ with

-1 1
ap —ap ¢y

1 -1
a —ay e,
G+ = _1 1 3
anfz _an72624172 1
a, 1 anfleln—l
— _1 _1 - 71
aye_y, —a 1
ay e_), —a,
G_ pr—
ale —a !
n—2¢—Ay—> ] n—2 |
Ay 1€—2y-1 Yn—1
—1 0 0 0 0

Proof. A direct computation shows in view of (1.7) and (3.2) that GG~!' = G,
while G1,G;! € APPE O

nxn:*

4. Partial indices

We now discuss in more detail how to determine the partial AP indices of the
matrix function (2.1) under conditions (2.2) and (2.3). To this end, let us introduce
recursively a sequence of matrix functions Gy of the same structure as (2.1) but de-
creasing in size. Namely, let

Chik
€k
Gy , k=0,....n—1, 4.1)
k1 k

Yk €k v @1k Chuii

where
7Lj7k:7Lj+k, Yik = Viths (j:l,...,n—k—l),
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while the right lower entry is defined recursively by the rule 4,9 = A, (so that Gy
coincides with G given by (2.1)) and, for k=1,...,.n—1,

Mirig—1 0 A1 = A1 2 Yik—1 — Yig—1
Mk = forsomei=2,...,n—k, 4.2)
Y otherwise.
Notice that A1 ,—1 = ¥,—1 in view of (4.2).

Let us also introduce a binary string .# = [my,...,m,_1] associated with the ma-
trix (2.1) in the following way: m; equals 1 or 2, depending on whether the first or
the second case of (4.2) takes place at the jth iteration. Clearly, m,_; = 2 because
7L1,n71 =Ya—-1-

THEOREM 4.1. Let G be given by (2.1), with the associated string
% = [ml,...,mn_l].

Then the partial AP indices Ui,...,U, of G can be computed by the rule: for k =
1,2,...,n—1,

Ak fme =1,
) At M— % if myis the first digit 2 in A, 4.3)
M= Yi+M—%  ifmj=m =2 for some j <k, )
and there are no 2s between mj and my,
and Uy, = Yp—1.

Proof. According to the procedure described in the proof of Theorem 2.1, for
every k=1,...,n— 1, the matrix function Gj_; via multiplication on the left (right)
by an appropriate element of %(APP&_,{H)X(H_I{H)) (resp. %(APP(;_kH)X(n_kH)))
can be reduced to the direct sum of Gy with a singleton ey, , where

Vi = 2,17]{,1 ifmk = 1,
Mgt =1 F Mgt = Vip—1 i my =2.

From (4.2) it is easy to see that in fact vy = 1 for k=1,...,n— 1, with 1 given by
(4.3). On the other hand, since G,—1 =¢;, |, = ey, ,, we deduce that t, = ¥,-1. So,
starting with Gp = G in n— 1 steps we will end up with uy,...,u, as the set of all
partial AP indices. [J

For example, for the 5 x 5 matrix function G we obtain the following possible
5-tuples of partial AP indices:

{11712»%7&5"'%4—7/4»7/4} if *%: [1717172}7
{11712’154'13—Y377/3+7L4—Y47Y4} 1f///:[1,1,2,2},
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M As+2— 1,48, +Aa— 1, 1)
MAs+h—rr+h—v13+AM—1n}
{As+A =7, 2,3.7+A— 1,1}

A+ -1+ A -1+ -1 0}

s+l —rnn+i—rAr+ia— 1%l
As+h-—nn+h-nr+ti—np+ia—1mnt

it 2 =1,2,1,2],
it =[1,2,2,2],
it =[2,1,1,2],
it #=2,1,2,2),
it A =[2,2,1,2],
it =1[2,2,2,2).

5. Case n=3

To illustrate the factorization approach described in the proof of Theorem 2.1, in
this section we construct an explicit left APP factorizations (1.3) of matrix functions
(1.6) satisfying (1.8) in the case when n = 3. That is, throughout this section

€ 0 0
G=| 0 ¢, 0
ajey axey, e;L3

with aja; # 0. (5.1

Naturally, formulas for the factors depend on the relations between the exponents 7, 4;.

i) Let us start with the situations in which the partial indices coincide with the
indices of the diagonal entries, that is,

D = diag[ell Y elz I 613} :

a) If 1 > A1 and p» > Ay, then

1 0 0 100]
Gy = 0 1 0], G_=1{010{.
[a1ey, 2, @ey 2, 1 001]
b) If ¥ > A1 and 9, < A3, then
1 00 1 0 O]
G, = 0 10|, G_=|0 1 0
_aleyl_;Ll 01 0 az2ey, )3 1_
¢c) If y <Az and p» > A5, then
1 0 O 1 00
G = |0 1 0f, G_= 0 10
0 azey, 3, 1 ajey 7,01
d) If y1 < A3 and p» < A3, then
100 1 0 O
G.=|010], G_= 0 1 0f.
001 a1y _p; A2€y, 3 1
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ii) Letnow A; > 7 > A3 and eithera) }» > A»,orb) y» < A3.

a) If 15 > A, then, disposing of ase,, as in subcase a) of case i) and applying the
factorization

-1 1
ey, 0 — % 4 €y-n| |Cut-n 0 0 -1 (5.2)
aiey, ey, 0 1 0 ey | a1 €y ]’

we obtain the following factors of a left APP factorization of G:

al_l 0 al_lellf)'l enmtaz—y 0 0
Gi=10 1 0 , D= 0 ey, 0|,
| 0 azey, 3, 1 0 0 ey
(00 —1
G_.=]101 0
[a1 0 ep;y

b) If 1» < A3 then, disposing of ase,, as in subcase b) of case i) and applying
factorization (5.2), we obtain

aIIOafleQLI_YI ep+ig—y 0 0
Gi=1|01 0 , D= 0 e, 01,
1 00 1 0 0 ey
K —A2€y, )3 -1
G_-=10 1 0
L1 @Cy—y €l3—y

iii) Let A, > 75 > A3 and either a) y; > A1, orb) 7 < A3.

a)If y1 > Ay then, getting rid of ajey, as in subcase a) of case i) and applying the
factorization

ey, 0 = a2—1 az_lelr)'z ehtrs-p O[]0 —1 (5.3)
azey, €, 0 1 0 ep| a2 €y’ ’
we obtain the following factors of a left APP factorization of G:
1 0 0 e 0 0
Gi=| 0 a'aley, 4|, D={0 e 0|,
latey, 3, O 1 0 0 ey,
(10 o0
G_.=100 -1
[0 a2 ez,

b) If 71 < A3 then, disposing of ajey, as in subcase c) of case i) and applying the
factorization (5.3), we obtain

10 0 e, 0 0
Gi=10a"as'ey, |, D=0 ern,p O],
00 1 0 0 ey
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1 0 0
G_= —a1Cy )y 0 -1
aity—yp A2 €5y

It remains to consider a more involved situation when A; >y > A4 and A, > >
A3. We summarize results for this case in the following theorem.

THEOREM 5.1. Let G be the matrix function given by (5.1) with
11>Y1>7L3, 12>)/2>l3.
Then G admits a left APP factorization G = G DG_ with factors given by:

i a;’ 0 0 e, 0 0
G+ = _aglelz—ll+yl—h agl aglelz—h ’ D= 0 elz+l37}'2 0 )
L 0 0 0 0 ey
[ aq 0 0
G.=| 0 0 -1 (5.4)
_ale'yl_h a2 6137},2

flh—Mzp—nadp=y;

al_l _al_le}'z*)’lflfrll 0
Gi=10 az_1 az_le;Lz,y2 ,
| O 0
el3+l|7}/1 0 0 0 0 -1
D= 0 ptdo—p 0, G_= —a; O —€h-y (5.5
L 0 0 en a1y —yp a2 €j—p

flh—M<p—nadp=y;

afl _afleyzfylflz+ll aflell*Yl eatrz—n 0 0
Gi,=1|0 a,’ 0 , D= 0 e, 0],
| O 0 1 0 0 ey
[0 0 -1
G- =10 a 0 (5.6)
A1 @2ep—y €)3—y

flh—M<p—nadp<y;

- ~1 ~1
» a (_) 4 €-n
G = | =ty en—t—p+y 4 0 ’
i 0 0 1
_eYZJFAl*Vl 0 0 0 —ar —epp
D= 0 €attp—p 0|, G-=10 0 —1 (5.7)
L 0 0 ey R T

flh—Mzp—nandp<y.
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Proof. We will treat separately the following four cases a)—d).
a)If L, — A1 > 9% — 71 >0, then in view of Theorem 2.1 we obtain

1 00| | L 00
G=A" =€y 24n-p 10| G|ey—p 10| A, (5.8)
0 01 0 01
where
" € 0 0
A:=diag{aj,a,1}, G:= |0 ¢, 0. (5.9)
0 ey ey,

Applying (5.3), we obtain the left APP factorization

~[to 0 (e, 0 0]fto o
G=101 e;Lz_h 0 612""13—7’2 0 00 -1 s
00 1 0 0  ep] [0les

which together with (5.8) gives the left APP factorization G = G+DG_ with factors
defined by (5.4).
b)If ,, — A1 < —7 and % > 71, then in view of Theorem 2.1 we get

. L —ey ytprn er-n | _ |00 —1| [10es_y
G=A""|0 1 0 |G|01 O 01 0 [A, (5.10)
0 0 1 100 00 1

where A is given by (5.9) and

Further, by analogy with (5.3), we infer that

1o 0 Jfeniny O 0][10 0
G=101 elz*}'z 0 eY1+7Lz—Y2 0 00 —1 s
00 1 0 0 672 01 er)/l_')/z

which together with (5.10) gives the left APP factorization G = G DG_ with factors
defined by (5.5).

The remaining two casesc) A —A; < —7 and p» < y1,aswellasd) A, — Ay >
Y —7 and p» < 7 are reduced to cases a) and b) by the simultaneous transposition
of the the first and second columns and rows. This gives the factors of the left APP
factorization of G defined by (5.6) in case c¢) and by (5.7) in case d). [

Theorems 3.2 and 5.1 imply the following.

COROLLARY 5.2. If the matrix function G is given by (5.1) with ajay # 0 and
MAy # 0, then G admits a canonical left AP factorization if and only if Aj,A; > 0,
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A3 =—A1 — Ay, and either yy = —X; and » =0, or y1 =0 and y» = —A,. In these
cases the geometric mean d(G) is given, respectively, by

0 0 _all 0 —aflaz 0
d(G) = |-aiq;,' 0 0 and d(G)=[0 0 —a'
0 an 0 ap 0 0

Proof. Since A1 A, #0, from the proof of Theorem 2.1 it follows that the canonical
left AP (equivalently, APP) factorization does not occur in the situations i)—iii) treated
earlier in this Section. Hence, Theorems 3.2 and 5.1 immediately imply all conditions
of the theoremon A4; (i=1,2,3) and ¥; (i =1,2), which yield zero partial AP indices.
The canonical left AP factorization can occur only with factors given by (5.5) or by
(5.7), which correspond to the cases a) 1 = —A, and , =0, andb) y, =0 and p, =
—A1, respectively. Applying these equalities, we infer from (5.5) and (5.7) that the
geometric mean d(G) = M(G4+)M(G_) of G in case a) is determined by

fa;" 000 0-1] [ 0 0 —a']
dG)=|0 a'0| |-a1 0 0 |=|-aaz' 0 0 |,
_O 0 1_ L 0 a 0_ L 0 ay 0
and in case b) is determined by
fa;' 0 0] [0 —aa 0] [0 —a;'ax 0 ]
dG)=|0 a'0o[ |0 0 -1|=]|0 0 -a',
0 0 1f]la 0 O] |a O 0

which completes the proof. [

6. Case n=4

In this section we consider the triangular 4 x 4 matrix function G given by
e, 0 0 0
0 e, 0 O

0 0 e, O
ale'yl aze'yz a}en 614

G= with ajazas # 0. 6.1

We first dispose of the cases

la) 1 >4 or 1b) 71 < A4;

2a) p=A or 2b) p <7L4;

3a) 32 A1 or 3b) 3 <
in which the reduction to a smaller size is easy. In each of these cases we will produce
matrix functions G+ € ¥(APP;. ) such that G = G, GG_ splits into the direct sum of
a 1-by-1 block and the matrix

G=| 0 ¢ , 6.2)
51671 5265;2 613
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of the form considered in Section 5. More specifically:

Case 1).
1 000 1 000
~ 0 100 ~ 0 100
Gt = 0 o1o|> ¢~ 0 010’ 6.3)
—&rajey 3, 001 —€_ajey 3,001

with €4 =1 and €- =0 in subcase 1a), & =0 and €- =1 in subcase 1b), while in
(6.2) B N N
M=k, b= L= N=0 =N d =a, d=ad.

Case 2).
1 0 00 1 0 00
~ 0 1 00 ~ 0 1 00
Gr=1o 0 1ol %= lo 0 10|’ 6.4
0 —E&raey, ), 01 0 —€_arey,_), 01

with €4 =1 and &_ =0 in subcase 2a), €& =0 and €_ =1 in subcase 2b), while in
(6.2) N N N
M=, o=A, =M. =%, L="1,d =a, ay=as.

Case 3).
10 0 0 10 0 0
~ 01 0 0 ~ 01 0 0
G+= 100 1 ol ¢ =1oo 1 0|’ 6.5)
00 —£+a3ey3,;t3 1 00 —S,age%,;u 1

where € = 1 and € = 0 in subcase 3a), €& =0 and €_ =1 in subcase 3b), and in
(6.2) N N N
M=M, =L, =M, =N, L=", a1=ai, dy=a.

The factorization process can thus be completed by applying the results of Sec-
tion 5 to G given by (6.2).

Let us now pass to the remaining, more interesting, situation, when in (6.1) we
have

Ai>v>M, i=1,2,3. (6.6)

Without loss of generality we will also suppose that
N<RIB (6.7)

THEOREM 6.1. Let G be the matrix function given by (6.1) and satisfying (6.6),
(6.7). Then G admits a left APP factorization G = G DG_ with the factors given by:

a’! 0 0 0
-1 -1
Gy = Ay €h—A—ptn » a, 91 _10 ’
0 T3 Chtn-n 43 43 Ch-p
0 0 0 1
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ey 0 0 0

D— 0 e, 0 0 ,
0 0 613_,'_14_% 0
10 0 0 ey,
[ aq 0 0

_ |aiey—yp a2 0 O

G-=1"9 0 0 —1 (6.8)

[d1ey—y Q2€y—y; A3 €),—y,

fl—M=p—yadlzs—2 = %—%;

I a’! 0 0 0
~1 -1 _ 1
Gy = 4y €p——ptn 2 T A e}’s:{?—lﬁ-h B 0
0 0 as as ep,_y
L 0 0 0
_ell 0 0 0
D— 0 Clu+l—p 0 0
0 0 epits—y O
| 0 0 0 ey,
[ a 0 0 0
G — 0 0 0 -1 6.9)
—ajey—y —az 0O —€u-p
L d1€y-p @lp-y; 43 €y

flh—AM=p—yadls—H<pB—;

r -1

a; 0 0 0
0 a; ! 0 0
G+: -1 -1 2 -1 -1
A3 Cl—hi-p+n 4 Ch-l+p-p 43 A3 €y
I 0 0 0 1
fey, 0 0 0
p_|0e 0 0f
0 0 elﬁ,h,% 0
(00 0 e
[ aq 0 0
0 a 0O O
G_ = 0 02 0 1 (6.10)
[d1€y—y A2€p—y; A3 €),

fla—M=pn—yadlds—2=%—%;
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a’! 0 0
Gy = 0 ay' —ayley plaths
—a43 €n-n-n+n O as!
i 0 0 0
fes, O 0 0
D— 0 614_,,_12_}2 0 0
0 0  epiyy 0
| 0 0 0 ey,
[ a 0 0 0
0 0 0 -1
G_ pr—
0 —day 0 —614,},2
_ale'ylf% a26y27y3 as 62’4_%
fla—Mzp—nadiz—L<p—1
—1 —1
[a; 01 T4 Cnn—Ath
0 a
G.= 0 2 _
—a3'er—typn 3
L0 0 0
_el4+7Ll—Y1 0 0 0
0 e, O 0
D= 2 :
0 0 epiy—yp O
0 0 0 ey
[0 0 0 -1
0 a 0 0
G7 =
—d 0 0 —614_),1
[A1€y1-y; Q2€p—y; A3 €l4—
fh—-M<p-nMB-M<p-—nadlz—L=2p—"p;
r -1
ay al e}’z )/1 A+ | 0
0 a, —a, e
G. = 2 2 Bplath
1o 0 a3_
L0 0
_el4+7Ll—Y1 0 0 0
D— 0 nt+h-n 0 0 ’
0 0 it 0
| 0 0 ey,
0 0
G = —a 0 614 N
_ale'yl 2] —das 614 )
aleyl b2} azeh b2} a3 62’4 '}’3

0
0

-1
a3 €h-1

0
0

az €y

6.11)

(6.12)

(6.13)
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if
Mh-M<p-NB-hW<p-—rnadls—2<pB—n (6.14)
Proof. a)If Ay — Ay = % — V1, then in view of Theorem 2.1 we obtain
1 000 1 000]
Al | TCa-pin 100] 5len—p 100
G=A 0 010 G 0 010 A (6.15)
0 001 0 001]
where _
e, 0.0 0
s ~._ 10 ey, 0 0
A :=diag{a;,az,a3,1}, G:= 0 0 e 0 (6.16)
0 ey ey ey, ]

If 23— 42 > 73 — 5, applying (5.4) with an obvious notational adjustment we
obtain the left APP factorization

1 0 0 O ey 0 0 0
G- 0 1 0 O 0 e, 0 0

0—ert—pin Len—n 0 0 epiap O

0 0 0 1 00 0 ey,
1 0 0 O
0 1 0 O

“lo 0 o -1 |- (6.17)
Oep—y Ler—y

which together with (6.15) gives the left APP factorization G = G4+ DG_ with factors
defined by (6.8).

If 23— A2 < 73— 7, applying (5.5) with an obvious notational adjustment we
obtain the left APP factorization

10 0 0 e, 0 0 0
6': 01 _e%—h—lﬁ‘h 0 0 Coutro—1 0 0
00 1 Cap| | O 0 epiay O
00 0 1 0 0 0 ey
1 0 0 O
0 0 0 -1
X , (6.18)
0 —1 0—ep 4

Oep—y 1 exy
which together with (6.15) gives the left APP factorization G = G DG_ with factors
defined by (6.9).
b) If A3 — A1 > 95 — 71, then in view of Theorem 2.1 we obtain

1 000 I 000

Gl 0 1006 0 100 A,
Tl -y 010 ey -y 010
0

001 0 001

(6.19)



18 KARLOVICH, LORETO-HERNANDEZ, SPITKOVSKY

where A and G are given by (6.16).

If A3 — A2 > 95 — 7», combining (6.19) with (6.17) we obtain the left APP factor-
ization G = G DG_ with factors defined by (6.10).

If A3 — A, < 95 — 7, combining (6.19) with (6.18) we obtain the left APP factor-
ization G = G DG_ with factors defined by (6.11).

OIf ,—A4 <y»—7 and A3 — A < 35— 7, then in view of Theorem 2.1 we
obtain
L —ey g 2ot —€p—n—at+r €i—n
0 1 0 0

_ a1 G
0 0 0 1
000 1
010 O
001 o |4 (©20
1 0 0 614_3/1
where
Tl -1 000
A :=diag{a;,a,a3,1}, G:= 0 e())LZ eg 8
3
0 ey ey ey

If 23— 42 > 73 — 75, applying (5.4) with an obvious notational adjustment we
obtain the left APP factorization

1 0 0 0 —ejan-y O 0 0
G 0 1 0 0 0 €, 0 0
0 —eitpip-—n L en—n 0 0 eripy-p 0
0 0 0 1 0 0 0 ey,
1 0 0 O
0 1 0 O
1o 0 o -1 | (6.21)

Oep—p ley—
which together with (6.20) gives the left APP factorization G = G DG_ with factors
defined by (6.12).
If 23— A, < 93 — 7, applying (5.5) with an obvious notational adjustment we
obtain the left APP factorization

10 0 0
é: 01—67,3,),2,13442 0
00 1 sy
00 0 1
—eriny O o o0lft 0 0 o
0 e 0 0 0O 0 0 -1
N+i—p
8 0 0 epizy O1]0 1 0—ey | @22
0 0 0 ey | |0ep—n 1l ey—yp
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which together with (6.20) gives the left APP factorization G = G DG_ with factors
defined by (6.13). O

Theorems 3.2 and 6.1 imply the following.

COROLLARY 6.2. Ifthe matrix function G is given by (6.1) with A A;A3 # 0 and
Y; satisfying (6.7), then G admits a canonical left AP factorization if and only if

)Lh)tz,ﬂg >0, )L4 = —)Ll —AQ—A@” and N = —)Lz—ﬂ& v = —)Lg7 B = 0. (6.23)

If this is the case, then

e 0 o0 0
L 0 e, O 0
Gi= 0 0 ey, 0
ANC—_)y—3 A2€—)3 A3 €—Q1—Dp—13
afl —zlfle;Ll 0 0
10 a;l —agle;tz 0
0 0 a;l a3_16,13
0 0 0 1,
0 0 0 -1
« —a 0 0 —e_y

6.24
—ae_y, —a 0 €A1 ( )

a1€_jy-25 42023 43 €)1 Jy—24
is a canonical left APP factorization of G, and the geometric mean d(G) is given by

0 0 0 —a'
~aja,t 0 0 0

0 —aa;' 0 0

0 0 a O

d(G) =

Proof. The equivalence of (6.23) to the canonical factorability of G is immediate
from Theorem 3.2. Since (6.23) implies (6.6), Theorem 6.1 is applicable.
Moreover, conditions (6.23) imply

L—-rN=>h-ApB-Y=h+tb>L-A,n-r=k>k—1,

so that (6.14) holds. Consequently, a factorization of G can be obtained according
to formulas (6.13). The latter turn into (6.24) when simplified with the use of (6.23).
Consequently, the geometric mean of G is determined by

a0 00][0 0 0-1
0 a;' 0 0f|-a1 0 0 0
d(G) = 2
©) 0 0 a;'0[| 0 —a20 0
0 0 010 0 a0
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0 0 0 —a'
—aja,t 0 0 0

0 -—aa;'0 0 |’

0 0 a O

which completes the proof. [

7. Intermezzo

Before passing to the applications, we observe that the factorization formulas ob-
tained in this paper are purely algebraic, and make no use of the intrinsic nature of AP
functions. Therefore, the results can be reinterpreted for the following abstract setting.
Let I" be a linearly ordered additively written abelian group, with the order denoted <,
and let expI" be its (multiplicatively written) isomorphic copy. Denote by e the ele-
ment of expI" correspondingto A € ', so that e; e, = e; ., and introduce the algebra
2 generated by expI". The elements of 2 have the form

f:Ec,-elﬁ where ¢; € C,A; €T. (7.1)

Moreover, let A* consist of such f €2l for which in the representation (7.1) 0 < +4 i
for all j. Finally, we will say that (1.3) is a (left) 2-factorization of G € Ayxy if
GLe¥ (QlﬁX ~)- With these adjustments in mind, Theorem 2.1, for example, implies
that matrices (1.6) with g; asin (1.8) and A;,7; € I are -factorable. All other results
can be recast along the same lines.

Note that linearly ordered I" arise naturally as character groups of connected com-
pact abelian groups; we refer an interested reader to e.g. [18, 17] for some other aspects
of the factorization theory in this setting.

8. Some function algebras and their maximal ideals

This section contains necessary background information on some functional classes
appearing in the forthcoming description of convolution type equations. The results are
not new, and are therefore stated with pertinent references but without proofs.

A measurable function w : R — [0,0] is called a weight if w™!({0,0}) has
Lebesgue measure zero. Given 1 < p < e, we denote by L?(R,w) the weighted
Lebesgue space with the norm

£ llpw == (/R |f(x)pw1’(x)dx> 1/17.

In what follows we assume that 1 < p < e and w is a Muckenhoupt weight (notation:
w € A,(R)), that is (see [9] and also [8], [4]):

su (% /pr(x)dx)Up(%/lw_q(x)dx)l/q < oo,



FACTORIZATION OF SOME MATRIX FUNCTIONS AND APPLICATIONS 21

where 1/p+1/q =1, I ranges over all bounded intervals I C R, and || is the length
of I.
Let .7 : L*(R) — L*(R) denote the Fourier transform,

(Ff)(x) = /R e f()di, x € R. @8.1)

A function a € L”(R) is called a Fourier multiplier on LP(R,w) if the convolution op-
erator W0(a) := .7 'a.7 maps L*(R)NL’(R,w) into itself and extends to a bounded
linear operator on L”(R,w). Let M,, stand for the Banach algebra of all Fourier
multipliers a on L”(R,w) equipped with the norm

lalla,., := [[W°(a)

BLP(Rw))

where Z(L”(R,w) is the Banach algebra of all bounded linear operators acting on the
space L”(R,w). Denote by Ag(R) the set of all weights w € A,(R) for which the
functions ey € M, ,, for all A € R. According to [10, Subsection 2.2], there exists a
weight ® € A)(R) NC(R) such that w/®,w/w € L*(R).

Clearly, APP C M),,, for any w € Ag(R). The closure AP,,, of APP in M), is
a Banach subalgebra of M, ,, .

Let R = RU{e} and R = [~oo,+o0]. By Stechkin’s inequality (see, e.g., [5,

Theorem 17.1]), every function @ € C(R) of finite total variation belongs to M, ,,. We
denote by C,,,(R) the closure in M, ,, of the set of all functions a € C(R) with finite
total variation. Let SAP be the C*-subalgebra of L(R) generated by C(R) and AP,
and let SAP,,, stand for the smallest closed subalgebra of M, ,, that contains Cp,,(R)
and AP, ,,. Then SAP,,, C SAP.

Let Cp(R) be the C*-algebra of all bounded continuous functions a: R — C.

Following [19] we denote by SO the C*-algebra of slowly oscillating at - functions,

SO = {f €Cy(R): lim sup|f(1) = fls)| = 0}. (8.2)

xH+wt,s€[72x,fx]U[x,2x]

Consider the commutative Banach algebra

SO = {a € SONC}(R) : lim (D'a)(x) =0, y= 1,2,3}

x[—ee
equipped with the norm ||al|gos := yfr{)lalué X |D7al| ;=) where (Da)(x) = xd'(x) for
x € R. By [I1, Corollary 2.10], SO C M. For 1 < p < e and w € A,(R), let
SO, denote the closure of SO* in M,,,. Clearly, SO,, is a commutative Banach
subalgebra of M, ,,.

Finally, let [SO,,,, SAP, ] be the Banach subalgebra of M, , generated by all
functionsin SO, ,, and SAP, ,,. Clearly, [S0p7w, SAP,W] is contained in the C* -algebra
[SO, SAP] generated by SO and SAP.

We identify the points # € R with the evaluation functionals & on R, &(f) =
f(t). If o is a C*-subalgebra of L*(R) that contains C(R), then the fiber over oo of
the maximal ideal space .# (<7) of <7 is defined by

M) = {& € M) : E| o) = 8}
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Since C(R) C SO, we see that the maximal ideal space of SO can be represented as
M (SO) =R U M.(SO). By [2, Proposition 5], #.(SO) = (closgo+ R) \ R, where
closgo R is the weak-star closure of R in SO*, the dual space of SO.

LEMMA 8.1. [11, Lemma 3.4] If 1 < p < oo and w € A,(R), then the maximal
ideal spaces of SO, and SO coincide as sets, that is, M (SO,,,) = #(SO).

Analogously to Lemma 8.1, one can prove that
M ([SOp., SAP, ]) = 4 ([SO, SAP]) = R U .4([SO, SAP]). (8.3)
Equalities (8.3) and the Gelfand theory immediately yield the following assertion.

COROLLARY 8.2. If 1 <p <ooandw EAg(R), then the Banach algebra [SO,, ,,,
SAP,.] is inverse closed in the C*-algebras [SO,SAP] and L*(R), that is, if a €
[SOp., SAP, ] is invertible in L*(R), then a~! € [SO,, SAP, .| as well.

By [20], any function a € SAP is uniquely represented in the form

a=ajuy+a-u_+ap (8.4)

where a+ € AP, ap € C(R), ap(ee) =0, us(x) = (1 Ltanhx)/2, and the mappings
Vi @ a+— ay are C*-algebra homomorphisms of SAP onto AP.

According to [19, Section 3], the C*-algebras SO and SAP are asymptotically
independent in the following sense:

PROPOSITION 8.3. The fiber .#([SO, SAP]) is naturally homeomorphic to the
set Mw(SO) X M- (SAP), that is, for every character [ € Mw([SO, SAP]) there are
characters & € M.(SO) and v € M(SAP) such that l|so =& and U|sap = V.

By Proposition 8.3, we can identify characters 4 € .#..([SO, SAP]) with pairs
(&,V) € M(SO) X M(SAP), and hence for every & € .#..(SO) we obtain a homo-
morphism

Be : [SO, SAP] — SAP| 4 (sap), (Be @)(v) = (&,v)p for v e #.(SAP).

Thus, for every ¢ € [SO, SAP] there exists a non-unique function @z € SAP with
uniquely determined almost periodic representatives @g ;. at eo such that fz ¢ =
(p5|' a(5AP)" Since the fiber .#..(AP) is homeomorphic to .#(AP), identifying
Mo(SAP) and Mo (AP) X M-(AP), we conclude that the maps

Vet Qe |,///.,<,(SAP) = (Pé,i|,///W(AP) = Qe +
are C*-algebra homomorphisms of SAP| ,_ (sap) onto AP. Thus the maps
Ve + = Yo Be: [SO,SAP] — AP, Ve, @ = Q¢ (8.5)

are well-defined C* -algebra homomorphisms for every & € .#..(SO).
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The C*-algebra [SO, SAP] consists of all functions of the form

¢ = lim Z bixai (8.6)

k—o0

where b € SO, a; € SAP, and limit is taken in the norm || - || =(g) . Therefore, for
every § € .#..(SO), the maps V¢ . : [SO, SAP] — AP act by the rule

Vg s = lim S E(big) v (aik)- (8.7)

On the other hand, by [2, Section 4], for every ¢ € [SO, SAP] and every & € #..(SO)
there exist sequences g+ = {gif} — oo such that for x € R,

Lim bi(x+gy) = &(big),  lim aje(x+gy) = (Vaaie) (v),

where for all i,k the convergence is uniform on R for a;; and is uniform on compact
subsets of R for b; ;. Consequently, for the function (8.6) we obtain

(Ve +c)(x) = lim c(x+gF), for xeR. (8.3)
Applying (8.8), we see that

ww? (Ve ro)w™ 1 =s-lim (e =wWO(c)w™ eﬁl),

oo N 8

which implies that the maps Ve .. : : [SO, SAP] — AP restricted to the Banach algebra
[SOp ., SAP, ;| are Banach algebra homomorphisms

Ve + : [SOpw, SAP, ] — APy, forall & € .#.(S0).

9. Fredholmness of convolution type operators

As usual, yy will stand for the multiplication operator by the characteristic func-
tion of a set y C R. Also, let J = J},_; Jm», Where

Jn=lam—1,am] m=1,2,...;n—1), O=ap<a;<ay <...<ay_j <. (9.1

Applying the results of Sections 2 and 3, we establish here Fredholm criteria for the
convolution type operator
n—1
W= 2, T KnF o s L'(J,w) = L (J,w), 9.2)
m=1
where K, € [SO,v,SAP, |, Xm = XJ,, » and functions in L?(J,w) are extended by zero
to R\ J.
Following [5, p. 22], we say that two bounded linear operators A and B are
strongly ®-equivalent if either both operators are not normally solvable or both A and
B are normally solvable and

dimKerA = dimKerB, dimCokerA = dimCokerB.
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Given a measurable set ¥ C R, let L}, (y,w) be the Banach space of vector func-
tions f = [fi]}_, with entries f; € LP(y,w) and the norm

" 1/p
”fHLﬁ,’(y,w) = (kzl fk”i”(y,w)) ’

By analogy with [21], [1, Lemma 2.3] and [13, Lemma 2], we obtain the follow-
ing result for weighted Lebesgue spaces. The proof is provided in order to make the
exposition self-contained.

LEMMA 9.1. The convolution type operator W : LP(J,w) — LP(J,w) given by
(9.2) is strongly ®-equivalent to the Wiener-Hopf operator

We = x+F '1GF : LE(Ry,w) — LE(Ry,w) (9.3)
where X = Xr.
e, 0 0 0
0 e, 0 0
G=|: t | €[SOpw,SAPywlnxn, 9.4)
0 0 ... ¢, , O

K1 Kyee, ... Ky 1eg, , €,

A =am—am—1, =8€—1, En=—AM+...4+Ay) (m=12,....n—1), (9.5

and a,, are given by (9.1).

Proof. Setting form=1,2,....n—1,

"Vm = x+f_1an: LP(R+7W) —)Lp(R+,W)7
Vol =04 F sy, F L PRy, w) — LP(Ry,w),
where A, are given by (9.5) and the operators V,, are right invertible, with right inverses

V!, we conclude that the operator W : LP(J,w) — LP(J,w) is strongly ®-equivalent
to the operator

n—1 n—1

Wo = Z WonJom + | X+ — Z Am |+ LP(Ry,w) — LP (R, w), (9.6)
m=1 m=1

where the projections ¥, can be represented in the form

o =1-V 'V, with I= x4,

f— _1 _1... _1 —_ _1 .o = P— (9.7)
Xm=V, 'V, Vo I=V, Vi) V- VVi (m=2,3,...,n—1).
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Taking W = W, where W is given by (9.3), and applying the equalities

Vi 0 .. 0 0
0 Vo .. 0 0
W= : : - : :
0o 0 .. Voot 0
wy Wav Wyttt ey L
I 0 0 0
0 1 0 0
= : : K : HRE
0 0o .. I 0
wivtwav v w vty v L wg
where W is given by (9.6) and
Vi 0 ... 0 0
0 v .. 0 0
Y=1: : : : )
0 0 .. Vit 0
vt vitvy v b vty eyt
VAW #ASTREER ZE A ST 5! n—2 V1 V2 n—1
v, o ..o X
0 Vv,'... 0 Vixa
yl=| : = - :
0 0 ...V Voo WVaVigu
L0 0 ... 0 VWV

we immediately infer the strong ®-equivalence of the operators Wi and Wy, which
completes the proof. [

Since APP C AP,,,, [12, Theorem 7.2] immediately implies the following result.
Note that the switch from right (as in [12]) to left factorization is caused by the accepted
in this paper definition (8.1) of the Fourier transform.

THEOREM 9.2. Let 1 < p <o, w€ A)(R), and let a € [SOp v, SAPp ylnxn- If
Jor every & € M.(SO) the matrix functions ag + = Vg +a admit left APP factoriza-
tions, then the Wiener-Hopf operator W(a) = y+.F 'a.F is Fredholm on the space
L (R, w) if and only if the following three conditions are satisfied:

(i) deta(x) #0 forall xe R;

(ii) for every & € M- (SO), the left APP factorizations of the matrix functions ag .+
are canonical;
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(iii) for every & € M« (SO) andall j=1,2,...,N, the eigenvalues N ; of the matrix
d! (ag,_)d(ag ) satisfy the condition

1 1
. +5arene ¢ 7. 9.8)

From Lemma 9.1 and Theorem 9.2 we obtain

THEOREM 9.3. Let 1 < p <o, we€ Ag(]R), Ky € [SO, v, SAP, »(R)], and let
G € [SO,.1,SAPy ]nxn be given by (9.4)~(9.5). If for every & € M(SO) the matrix
Junctions Gg . = Ve .G are in APB,x, and admit left APP factorizations, then the
convolution type operator (9.2) is Fredholm on the space LP(J,w) if and only if the
following two conditions are satisfied:

(i) for every & € M(SO), the left APP factorizations of the matrix functions Ge +
are canonical;

(ii) forevery & € M.(SO) andall j=1,2,...,n, the eigenvalues Ne,; of the matrix
d'(Gg _)d(G; ) satisfy condition (9.8).

Assume now that for every m=1,2,...,.n—1,

Ky = byt +bp sty € SO, Cpo(R)] 9.9)

where by, + € SO, and the functions uy. € Cp,,(R) are givenby u (x) = (1+tanhx)/2
forall x € R. Then Theorems 9.3, 2.1, 3.2 and 3.3 imply the following Fredholm crite-
rion for the convolution type operator (9.2).

THEOREM 9.4. Let 1 < p <o, we€ Ag(R), (9.1) hold, and let K, € [SOp,,
Cpw(R)] and G € [SO,.,,SAP, |nxn be given by (9.9) and (9.4)~(9.5), respectively.
Then the convolution type operator

n—1
W=yx Y F'KnFxy,: L'(J,w) = LP(J,w)
m=1
is Fredholm on the space LP(J,w) if and only if
(i) b+ (&) #0 forevery & € Mo(SO) and every m=1,2,....n—1;

(it) for every & € M. (SO) and all j=1,2,...,n, the numbers Ng ;, where

Nea = b (€)1 (8),

e = b L (E)br 4 (E)br—1 —(E)b Y (§) (k=2,3,....,n—1),  (9.10)
e =bu-1,-(E)b, 2 4 (E),

satisfy condition (9.8).
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Proof. We deduce from (9.4) and (9.9) that

en, 0o .. 0 0
0 e, 0 0
Gex = : : : : :
0 0 .. e 0

b1,+(8) bas(8)ee - bu—1,£(8)ee, , €y,
where, in view of (9.1) and (9.5), 4, = —(41 +...+ A,—1) <0 and
Am = am—am—1 >0, &n=—M+...+Ay) <0 forall m=1,2,...,n—1.

By Theorem 2.1, for all § € .#..(SO) the matrix functions Gg . admit left APP
factorizations. Then according to Theorem 9.3 the operator W is Fredholm on the
space LP(J,w) if and only if these APP factorizations of Gg . are canonical, and
for every & € #.(SO) and all j =1,2,...,n, the eigenvalues Ne,; of the matrix
d~'(Ge _)d(Gg ) satisfy (9.8). Changing the order of rows and columns of the matri-
ces G 1 according to the permutation (n—1,n—2,...,2,1)(n) we see that the matrix
functions

e)Lnfl
62'7172
Ges = : ©.11)

e;“
bp_1+(&)ee, , bpo+(&)ee, 5 ... b1+(&) ey,

where
E—k = —(2,1—|-...+ln,k) = (ln_1+...+ln,k+1)—z,n (k:2,3,...,n),

satisfy the conditions of Theorem 3.2. In particular, by Theorem 3.2, the existence
of canonical left APP factorizations of G¢ , implies that b+ (&) #0 for all m =
1,2,...,n—1 and all £ € #..(SO). By Theorem 3.3, the matrix functions é;i admit
left canonical APP factorizations ééi = ég iég . Wwith

(b1, L (8) —b, !, L (Ees,

Gt = L) bl e ’
bri(€) bii(§e
1

b;—ll,i(é)efl,,,l _b;_lLi(é)

Ge.= e bLE)
bri(E)e_s, brL (&)
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Hence
[ 0 0,11 (&)]
—b, 5 ((E)ba1,4(8) O
d(G57+) = . . ,
b (§)b i (§) 0
i by +(8) 0 i
0 —bia(6)b,} (&)
d7(Ge,) = —bi (b1 0 |
0 bl (§)
__bn—l.,—(g) 0 |
which implies that
d71 (6577)d(65+) = dlag [né,nfla [REX) 775,1 ) n.‘;n] ;
where Ne,j for j=1,2,...,n are given by (9.10). It remains to invoke condition (ii) of

Theorem 9.3. [
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