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A GENERALIZATION OF THE BROWN-PEARCY THEOREM

P. W. NG

(Communicated by V. V. Peller)

Abstract. Let o/ be a unital separable simple exact C*-algebra. Suppose that either
1. o/ is purely infinite, or
2. &/ @ has strict comparison of positive elements and stable rank one, and ./ has unique tracial
state.

Then for all X € #(«/ ® ), X is a commutator if and only if X does not have the
form ol 4 (e.0) +x, for some o € C— {0} and for some x belonging to a proper ideal of
M(ARDH).

1. Introduction

A commutator in a C*-algebra € is an element of the form [x,y] =;¢ xy — yx for
some x,y € ¢ . The study of commutators in the context of operator theory has a long
history, starting with Quantum Mechanics where the Heisenberg Uncertainty Principle
is implied by a commutator relation. This is one of the original motivations for the
development of “noncommutative mathematics” (operator algebras, “noncommutative
topology”, “noncommutative measure theory” etc.) which is a part of today’s functional
analysis.

Another early result is Shoda’s 1940 result that for a field F with characteristic
zeroand n > 1, an element [x; ;] € M, (F) is a commutator if and only if 7T7([x;«]) =4
i1, =0 (31D).

The questions of when an element of a C*-algebra (or more general ring) is a
sum or limit (of sums) of commutators have been studied by many authors (e.g., [2],
[31, (4], [5], [6], [7], [8], [91, [14], [22], [23], [25]1, [27], [28], [31], [32] etc.) with far-
reaching connections and implications (e.g., equivalence relations on C*-algebras ([5]),
noncommutative dimension theory in C*-algebras ([28]), operator decomposition ques-
tions ([22], [14]), and determinant theory and the uniqueness theorems of classification
theory ([11], [32], [18]) etc.).

Perhaps one of the most definitive early results is the theorem of Brown and Pearcy,
which showed that for a separable infinite dimensional Hilbert space .72 and for an
operator T € B(s¢), T is a commutator if and only if T is either a compact or nonthin
operator, i.e., does not have the form o145 where oo € C—{0} and S € % () (the
compact operators on 7). (See [3].)
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Since then, there have been many attempts to generalize the Brown—Pearcy The-
orem to C*-algebras (or even Banach algebras) other than B(#’). Among the most
definitive generalizations are those for type /11 and type Il.. factors, where the (corre-
sponding) compact or nonthin operators are exactly the single commutators. (See [4]
and [10]. See also [6].) There are also interesting generalizations where the analogous
operators can be expressed as a sum of at least two commutators. (Examples include
UHF-algebras and type 11, factors ([22]). In fact, the following is an open question of
Fack and de la Harpe (Marcoux): If % is a type II; factor (resp. UHF-algebra) with
tracial state 7, then is it true that for all x € ¢, x is a single commutator if and only
if 7(x) = 07? The best result is two commutators, which follows from Marcoux’s Com-
mutator Reduction Argument ([22]). For similar results, see [8], [9], [14], [22], [23],
[271, [28], [32] and the references therein.)

In this paper, we generalize the Brown—Pearcy Theorem to the context of multi-
plier algebras. Recall that for a C*-algebra %, the multiplier algebra .# (%), of A,
is the largest unital C*-algebra containing % as an essential ideal. For % = ¢ ()
the compact operators on a Hilbert space .7, .# (% ) = B(.%¢). Moreover, for a C*-
algebra A, .# (%) encodes the extension theory of Z, and multiplier algebras give the
context for attempts to generalize BDF-Theory. (In fact, an essentially normal operator
T € B(J) is one where the self-commutator [7,7*] is compact.) Hence, multiplier
algebras are natural objects to which to generalize the Brown—Pearcy Theorem.

In this paper, we prove the following result:

THEOREM 1.1. Let <7 be a unital separable simple C*-algebra such that either
1. o is purely infinite, or

2. o/ ® A has strict comparison of positive elements, </ has stable rank one and
unique tracial state, and every quasitrace on </ is a trace.

Let X € M (A K.
Then X is a single commutatorif and only if X does not have the form a1 (s )
+x, where oo € C— {0} and x is an element of a proper ideal of M (A @ K).

We note that, by [27], every element of the multiplier algebras in Theorem 1.1 is a
sum of two commutators.

We also note that by Theorem 1.1 and [21] Theorem 5.3 (see also the remarks
after [22] Theorem 5.2), if .o/ is a unital separable simple C*-algebra satisfying the
hypotheses of Theorem 1.1 then for all X € .# (<7 ® %) such that X does not have
the form o1+ x for some o € C— {0} and x in a proper ideal of .Z (&7 ® . %), X is
a sum of 14 nilpotents of order two, and X is a linear combination of 56 projections.

Finally, we note that for the multiplier algebras in Theorem 1.1, the presence of a
unital embedding of the Cuntz algebra O, seems to be a key ingredient of the proofs of
Theorem 1.1. Hence, the next question seems natural:

QUESTION 1. Consider the Cuntz algebra O;. Is it true that for all x € O, x isa
single commutator if and only if x does not have the form o1, for some ac € C—{0}?
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Again, it is also known, by [27], that every element of O, is a sum of two com-
mutators.
In fact, we do not know the answers to the following questions:

QUESTION 2.

1. Does there exist a unital separable simple nonelementary C*-algebra </ such
that for all x € <7, x is a single commutator if and only if 7(x) =0 for all tracial
states T on .o/ ?

2. Does there exist a unital separable simple C*-algebra </ such that for all x € o7,
x is a single commutator if and only if x does not have the form o1,/ for some
o€ C—{0}?

2. Elements in the canonical ideal

For most of this paper, for a C*-algebra %, we let lower case letters denote ele-
ments of Z. If A is nonunital, we let capital letters denote general elements (espe-
cially full elements) of .# (%) and lower case letters for elements that we know are in
a proper ideal of .Z (%) (e.g., #). We occasionally vary from these conventions.

Also, for most of this paper, we use extensively the ideas developed in [2], [3], [4],
and [25].

Finally, a good reference for multiplier algebras and the strict topology is the book
[33].

The first lemma is a straightforward computation.

LEMMA 2.1. Let € be a Banach space and let {Xy,}mn>1 be a biinfinite se-
quence in ¢ such that
. mall <

mn=>1

Then ¥, p>1%mn converges in norm to an element of € .

LEMMA 2.2. Let A be a separable C*-algebra, and suppose that {P,};_, is a
sequence of pairwise orthogonal projections in M (%) and {Tyn}tmn=1 is a biinfinite
sequence in M (P) such that

(a) By~ P, in #(B) forall mn,
(b) the sum Y| P, converges in the strict topology on M (%),
(C) Pme,n = Tm,nPn = Imn fOr all m,n, and

(d) 2m,n2l ||Tm7"

< oo,

Then Y., 51 T is a commutator in A (5).
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Proof. Firstly, by Lemma 2.1, T =3, > Tu,, converges in norm to an element
in A (A).

Let P=4r Y0 1Py € # (). Replacing % with PZAP if necessary, we may
assume that P =1 ().

We may assume that & acts faithfully and nondegenerately on a separable infinite
dimensional Hilbert space .#. We may then identify .# (%) with the idealizer of %
in B(22); i.e.,

M(B)={SeB(H):SB,BS C B}.

Let {Em,n}lgmm@o be a system of matrix units for a copy of %~ (the C*-algebra
of compact operators) in .# () such that forall n > 1, E, , = P,.

By [2] Theorem 4, T is a commutator in B(¢). More precisely, by inspection of
the proof of [2] Theorem 4, we see that

T =[R,W] =RW —WR
where R,W € B(s¢) are given by the following:
1. .
R=aqr Y Ennt1-

n=1

ii. Forall m,n> 1, let Wy, =47 PuWP,. Then

0 m=1
-2
Wan = ZZL:O Em,mfkflefkfl,nkanfk,n 2<m<n
-1
22:() Em7n—k—1Tm—k—l,n—kEn—k,n m>n.

Clearly, the sum for R converges strictly in .#(%); i.e., R€ .4 (%).

To complete the proof, it suffice to show that W =%, .~ Wy » converges strictly
in # (%) (and hence, W € 4 (A)).

Firstly, note that since W € B(J7), |[W|| < oo.

Foreach N > 1, let On =4y ZLV:an.

Claim: Forall My > 1, Qp,W(1—Qn) — 0 as N — oo,
Proof of Claim: We have that Oy, W = Y1 <u<m; 1<ncoo Wi -
Let y> 0 be given. Since ¥, ;> || Tn.n|| < oo, choose Ny > 1 so that

Z ”Tmm” <7//(M1+10)!'

1<m<eo,n>=N

Choose N, > 1 so that
Ny —M; —10 > Nj.

It follows, from the definition of W, that

2 [Wonall < 7.

1<m<M1 JZZNZ
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Hence, forall N > N5,
0w, W (1—0n)| <7

Since y was arbitrary, we have proven the claim.
End of the proof of the Claim.

We now show that W € .# () and thus complete the proof.

Let b € & be given. We want to prove that bW € . We may assume that
1] < 1.

Since Y, P, converges strictly in .# (%), choose M, > 1 so that ||bQuy, —b|| <
€/(10(]|W|/ + 1)) Hence, ||bQum,W —bW|| < £/10. By the Claim, we can find N3 > 1
so that ||[bOy,WON, — bOu,W|| < €/10. Hence, ||[bW —bQOy,WOQOp,|| < €. Since
bOy, WOn, € A, bW is within € of an element of %. Since € was arbitrary, bW € %
as we wish.

By a similar argument, Wb € Z.

Since b € & was arbitrary, W € .# (), and this completes the proof. [

COROLLARY 2.3. Let & be a separable stable C*-algebra.
Then every element of B is a commutator in M (B).

Proof. Since = A ® % , we may work with Z® % (and A (B R X)).

Note that . (%B) @ B() = M (PB) @ M () can be (naturally) realized as a
unital *-subalgebra of .Z (B ® X).

Let {€;}1<jk<e be a system of matrix units for %". Note that {¥]_; 1 (2 ®
ej i}, is an approximate identity for ./# (%) @ 2 , consisting of an increasing se-
quence of projections.

Let x € Z® ¢ be arbitrary. We want to show that x is a commutator of .# (£ ®
). We may assume that ||x|| < 1.

Let {&,};_, be a decreasing sequence in (0,1) such that 3~ | &, < co.

For each subset % C Z, (Z4 1is the set of positive integers), let Pz =
df Xje7 Ly @ej j. Note that the sum converges strictly in .Z(# © %) and Pz
is a projection in . (% ® ). Moreover, if .7 is infinite then Py ~ 1 4 (557 in
M(BK).

We construct a sequence {&,}7_, of subsets of Z. and an increasing sequence of
positive integers {N, }>_, such that

i. 6, C &,y foralln>1,
ii. {1,2,3,...,N,} C &, foralln>1,

ili. %, =47 & — &,—1 is an infinite set for all n > 1 (here we take &) =47 0),

iv. [[(1 —Zyil Ly ®ej )|, [lx(1 —Zyil Lz @ejjll < &+1/(2(n+1)) for
alln>1,

v. ||P#,XPz,||,||P#,xPz,| < &/(22n) forall 2 <m < n,
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vi. Up1 & =Z4, and hence, 37 Pz, = 1 4 (s where the sum converges in
the strict topology on A4 (B K').

(Note that (v.) follows from (ii.) and (iv.).)

We denote the above statements by “ ().

The construction is by induction on 7.

Basis step n = 1. Since {X7. 1 4 () ®ej j}m_; is an approximate identity for
/ﬂ(%)@%, choose N; > 1 so that H(l —zy;l l///(%) ®ej7j)x||7 ||x(1 —zy;l l///(%) ®
ejj)ll <&/4.

Let & C Z+ be such that

(@ {1,2,..,Ny+1} C &, and
(b) & and Z, — &) are both infinite sets.

Induction step. Suppose that &, has been constructed. We now construct &, 1.

Since {371 1 4(#) ®e},j}m-1 is an approximate identity for . (%) ® %, choose
Nypt1 = Ny + 10 so that [[(1 — 2?151' Lz ®ejj)x[x(1 - Zyﬂl Lyz ®ejjl <
€nv2/(2(n+2)).

Let &,+1 C Z4 be such that &, U{1,2,....N,11} C &1, Eny1 — &y 18 an infinite
set, and Z, — &, is an infinite set.

This completes the inductive construction.

From (x), we have that {Pz, }>, (as defined in (%)) is a sequence of pairwise
orthogonal projections in .# (%) such that Pz, ~ 1 (5. forall n, 37 | Pz, =
1y (#%.x) Where the sum converges strictly in .# (#Z® %), and 3, > ||P7,xP7, || <
HR?IXRQI [+ Xnn &n < oo.

Hence, by Lemma 2.2, x is a commutator in .# (%). O

3. Some technical lemmas

Here and in the rest of the paper, we will say that a unital separable simple C*-
algebra .o/ is in the class fR if either (i.) <7 is purely infinite or (ii.) .27 is stably finite
and all quasitraces extend to traces, and .o/ @ ¢ has strict comparison of positive
elements.

Firstly, multiplier elements with “large null space” are multiplier commutators.

LEMMA 3.1. Let A be a separable stable C*-algebra, and let X € # (AB). Sup-
pose that P € ./ (%) is a projection such that P ~ 1 () and XP = 0.
Then X is a commutator of M (A).

Sketch of proof. This is essentially the argument of [25].

We sketch the short argument for the convenience of the reader.

Since P~ 1 (), there exist a sequence {P,};;_, of pairwise orthogonal projec-
tions in .# (%) such that

(a) P=Y,_, P, where the sum converges strictly in .# (%), and
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() Pu~1 4z foralln>1.

Replacing 1 — P with (1 —P)+ P, if necessary, we may assume that 1 — P ~
Ly(a)-

To simplify notation, denote Py =45 1 — P. Let {Ey,}o<mn<e be a system of
matrix units for a copy of # in .# (%) so that E,, ,, = P, for all m > 0.

Let S =47 (= Xm0 Ennt1X) + (X0 En0XEopnt1),andlet R =47 37" 0 Epy1p.

It is clear that the above sums converge strictly, and hence, S,R € .4 (A).

Moreover, X = [S,R]. (See the proof of [25] Theorem 2.) [J

LEMMA 3.2. Let € be a unital C*-algebra, and suppose that ¢ € € is a commu-
tator of € .
Then for any x € M (%), if x has the form

e
T k0
then x is a commutator of M (%).

Proof. This follows immediately from [22] Lemma 2.4. An elementary proof can
be found in [3] Lemma 4.1. O

Following Brown and Pearcy, given a unital C*-algebra ¢, and x,y € ¢, a gen-
eralized sum of x and y is an element (of %) which has the form s~ 'xs+7~'yr where
s,t are invertible elements of % .

LEMMA 3.3. Let € be a unital C*-algebra. Suppose that y,z,xy € € is such that
some generalized sum of y and 7 is a commutator of €, and xq is invertible in € .
Then for any x € M (%), if x has the form

X
* Z
then x is a commutator in My ().

Proof. The argument is exactly the same as that of [3] Lemma 4.2. One notes that
[12] Corollary 3.2 works in general Banach algebras. (See also [20] Theorem 10.) [J

LEMMA 3.4. Let € be a unital C*-algebra, and suppose that there exists an open
subset O C € such that

i. forall 71,20 € O, some generalized sum of z; and zp is a commutator of €, and

ii. O is closed under multiplication by nonzero scalars.
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Suppose that y1,y2,v3,y4 € € and 7 is an invertible operator in O .
Then for sufficiently large A > 0, the element x € M (%), which is given by

e |2 2 +Aiz
y3 ova |’

is a commutator of M (%).

Proof. The proof is exactly the same as that of [4] Lemma 4.5, except that [4]
Corollary 4.4 is replaced with (this paper) Lemma 3.3. [

LEMMA 3.5. Let € be a unital C*-algebra such that there exists a unital *-
embedding of O, into €. Suppose that there exists an open subset O C € such that

i. forall 71,20 € O, some generalized sum of 71 and z is a commutator of €,
ii. O is closed under multiplication by nonzero scalars, and

iii. O contains all elements of the form p+2q, where p,q € € are projections such
that p+qg=1,p Lgand p~q~1.

Then for all a € € and all v € € such that v is an isometry and 1 —vw* ~ 1,
there exists an x € € such that xv =0 and a+ vx is a commutator in € .

Proof. Let e =4 vw*. So e ~ 1 —e ~ 1. There exists a *-isomorphism ®: ¢ —
M,(%) such that d(e) [(1) 8] cand @(1—¢) = [
exactly the same as that of [4] Lemma 4.6, except that we replace [4] Lemma 4.5 with
(this paper) Lemma 3.4. [J

] . The rest of the argument is

DEFINITION 3.6. Let ¢ be a unital C*-algebra such that there exists a unital *-
embedding of O, into €. Let x € €.

Then we say that x has property (my) if there exists a *-isomorphism ® : ¢ —
M, (%) such that

1. every minimal projection in M, ® l¢ is Murray—von Neumann equivalent to
IMZ(%”) in Mz(%), and

2. ®(x) has the form

where v € € is an isometry such that 1¢y —v* ~ 1.

PROPOSITION 3.7. Let € be a unital C*-algebra such that there exists a unital
*-embedding of O, into €. Suppose that there exists an open subset O C € such that

i. forall z1,70 € O, some generalized sum of z; and zp is a commutator of €,
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ii. O is closed under multiplication by nonzero scalars, and

iii. O contains all elements of the form p+2q, where p,q € € are projections such
that p+qg=1,p Lgand p~q~1.

If x € € has property (1) then x is a commutator in 6 .

Proof. The proof is exactly the same as that of [4] Theorem 1, except that [4] Lem-
mas 4.6 and 4.2 are replaced with (this paper) Lemmas 3.5, and 3.2 respectively. [J

DEFINITION 3.8. Let % be a unital C*-algebra, and let x € €.
Then we say that x has property (m) if there exists a *-isomorphism ® : ¢ —
M;3(%’) such that ®(x) has the form

0 * x
Dx)=| 1=
0 x *

LEMMA 3.9. Let of be a unital separable simple C*-algebra in the class ‘R.
IfAe (o @ K) has property (Tt) then A has property (7).

Proof. Since of ® J¢ is stable, there is a unital *-embedding of O, into .# (&7 ®
H).
Since A has property (1), let @ : A (A QH ) —> M3z M (A @K ) be a *-
isomorphism such that ®;(A) has the form

* % 0
‘D](A): * k1
* % 0

Let f1, f> € M3 ®%(ﬂ®%) be given by f) =df diag(l'///(ﬁ/@jg% L/{(EQ/(@J//%O)
and f> =4y diag(0,0,1 4 (s.x))-

If o is purely infinite then f] ~ f, (since both are full projections in M3 ®
M(A Q@A) ~ M @A) and since o/ @ % has the corona factorization prop-
erty ([15] Theorem 5.3; also [24] Proposition 2.5)).

If o7 is not purely infinite then (since <7 is in class R), 7(f;) = 7(f2) = o for
all 1€ T(«7); and hence, fi ~ fo in M3 @ A4 (o @ H )= M (o @ %) (again since
both are full projections and since .o# ® %" has the corona factorization property ([24]
Proposition 2.5)).

With respect to the decomposition f; + fo =1, A will have the form

V!
a=[1%]
where V' is an element of f;(Mz @ .# («/ ® #))f> such that V"V’ = f,, and f —
VIV~ fy
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Let Wi, € M3 @ # (o/ ® ) be a partial isometry with initial projection f> and
range projection f .

Let {ej}1<jr<2 be system of matrix units for M.

Let ®) : M3 ®@ # (7 @K%) — My ® f11(M3 @ .4 (/' @ %)) f1,1 be the *-iso-
morphism given by @, (X) =47 (11 ® fiX f1) + (e12® AXW)'5) + (€21 @ Wi 2X f1) +
(€22 ®W1,2XW1*72) Jforal X e Mz @ A (A @ K.

Noting that fi (M3 ® # (o @ X)) fi1 = #(F @K ), we can take @ =,
D, 0®y, and D is the map that witnesses that A has property (my). [

LEMMA 3.10. Let of be a unital separable simple C*-algebra in the class ‘R.
If A,B € (o @A) both have property () then some generalized sum of A
and B is a commutator:

Proof. There are two *-isomorphism ®, ¥ : .# (o @ %) - Mz @ M (A @ K)
such that ®(A) and ®(B) have the forms stated in Definition 3.8.

Let {ej}1<ji<3 be a system of matrix units for M.

If 7 is purely infinite, then for all j, e;;® 1 4 (w.x) is Murray-von Neumann
equivalent to 1y ® 1 (o70.) in M3 @ A (o @ ) ([15] Theorem 5.3).

Suppose that <7 is not purely infinite (but still in 2R). Then for all j, k, and for all
TeT (), ()@ L y(mar)) = oo

Hence, €ji® 1//@{@%/) ~ 1M3 (9 1//@{@%/) in M3 ®%(JZ{®%) forall j ([24]
Proposition 2.5).

The rest of the argument is exactly the same as that of [4] Lemma 4.1, except that
[25] Theorem 4 is replaced with (this paper) Lemma 3.1. [J

4. The purely infinite case

For the rest of this paper, for a C*-algebra %, let I': 4 (%) — # (B)] P be the
natural quotient map.

LEMMA 4.1. Let o7 be a unital separable simple purely infinite C*-algebra. Sup-
pose that X € M (o @ K') is such that T(X) is not a scalar multiple of the identity.

Then there exists an o > 0 with o < ||XH2, where for every € > 0, for every finite
subset F C o/ ® K, there exist projections p,q € &/ @ ¥ such that

1. plag,
2. pa, ap, qa and ap are all within € of 0, for all a € %, and
3. if x=qf gXp then there exists B > o with B < | X||* and ||x*x—Bp||, [xx* —

Ball <e.

Proof. Let € > 0 and a finite subset . C &/ ® # be given. Contracting € if
necessary, we may assume that all the elements of .# have norm less than or equal to
one.
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Since 7 is unital, there exists a projection ¢ € &/ ® % such that ea, ae and eae
are all within £/100 of a forall a € .7 .

Since &7 is simple purely infinite, .# (&7 @ %) /(«/ @ ') is simple purely in-
finite and hence has real rank zero ([16]; see also [35] Theorem 3.3 and [29]). Hence,
since T'(X) is not a scalar multiple of the identity, there exist nonzero orthogonal pro-
jections R,S € A (o @ K )/(o/ @ X ) such that RT'(X)S # 0.

Let @ =4y (1/2)||RT(X)S|]> > 0.

Lift R, S to orthogonal positive elements A,B € (1 —e).# (& @ #)(1 —e) with
normone (i.e.,,e LA LB le, T(A)=R, T(B)=S and ||A||=||B|| = 1).

Choose a number 8; > 0 so that forall Z € .# («/ @ #") and for every projection
Re # (o @X),if ZZ* is within 8, of R then Z*RZ is within £/(100(20.+ 1)) of
Z*Z. Contracting §; > 0 if necessary, we may assume that §; < £/100.

Choose 6, > 0 so thatforall Z € .# (& ® '), if Z*Z within 6, of a projection
then ZZ* is within 6;/(100(20c+ 1)) of a projection in Her(ZZ*). Contracting 6, >0
if necessary, we may assume that &, < £/100.

Since &/ ® % has real rank zero ([34]), we can choose projections ¢’ € A(«Z @ ')A
and p’ € B(«/ ® #)B so that  =4¢ ||¢'Xp'||> > (100/51)cx > 0.

Note that p’ 1 ¢'.

Let iy : [0, 8] — [0, 1] be the unique continuous function satisfying:

—1 sdﬁ-ﬁﬂ“}
hi(s){ =0 €0, — m]

linear on[f —

5P B— &P ]
100(B+1)(IX]+1)° 1000(B+1)(IX]+1D)1-

Hence, hi(p'X*¢'Xp’) # 0 (indeed, ||h1(p'X*¢'Xp')|| = 1).

Since &/ ® % has real rank zero, let p € Her(h(p'X*¢'X p')) be a nonzero pro-
jection.

Hence, p < p' and pX*q'Xp = pp'X*q¢'X p'p is within % of Bp. Hence,
B~ 'pX*q'Xp is within W of the projection p.

Hence, by our choice of &, B~!¢’XpX*q is within &;/(100(2cc+ 1)) of a pro-
jection, say g € Her(q'). Hence, B~ 'gX pX*q is within &; /(100(2cc+1)) of g. Hence,
we have that gX pX*q is within €/100 of Bq.

Also, by our choice of &, B! pX*qXp is within &/(100(2a + 1)) of
B~ 'pX*q'Xp. Hence, B~ pX*qXp is within = (/3+1) of p. Hence, pX*¢Xp is wthin

eof Bp. O

LEMMA 4.2. Let € be a C*-algebra, and let x € €. Suppose that there exist
projections p,q € € — {0} such that

i. plg
ii. px“gxp is invertible in p%p, and

iii. qxpx*q is invertible in q€q.
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Then

(a) either xpx* is invertible or O is an isolated point of the spectrum of xpx* (and
hence the support projection of xpx™* isin € ),

(b) if r € € is the support projection of xpx* then ||pr|| < 1, and

(c) if ¢ €€ isaprojectionwith ¢ L p and r ~ ¢, and v € € is a partial isometry
with v¥v = ¢’ and w* =r, then (p+v)*(p+v) is an invertible element of (p+
q)¢(p+q).

Proof. Since px*gxp is invertible in p€'p and 0 < px*qxp < px*xp, px*xp is
invertible in p€’p.

Hence, (in €’) 0 is an isolated point in the spectrum of px*xp. Hence, either xpx*
is invertible or 0 is an isolated point in the spectrum of xpx*.

Hence, let r € € be the support projection of xpx*.

Suppose that ¢ acts faithfully and nondegenerately on a Hilbert space .77 . Hence,
xp|p is a (continuous) bijective linear map in B(p.7#,r7¢"). Hence, by the Open
Mapping Theorem, there exists T € B(r.Z, p##’) such that T o (xp) = p. Hence, there
exists o0 > 0 such that ||xp(h)|| > a||h|| forall h e 2.

Also, gxp|p.» is an invertible bijective linear map in B(pJ?Z,q. 7).

Hence, let § > 0 be such that ||gxp(h)|| = B||h| forall h € pi?.

Choose 0 > 0 so that § < min{1/100, ¢¢/100,3/100}.

Suppose, to the contrary, that ||pr||=1.

Since r is the range projection of xp (and xp is surjective onto r.7¢”) and since we
have assumed that ||pr|| = 1, choose h € p# with ||h|| =1 so that if k =45 xh = xph
then ||pk||> > ||k||*> — 8%. (Note that since ||h]| =1, |k|| = ||lxph|| = a||h| =« > §.
Hence, ||k||> —68%>0.)

Hence, ||k[|* = ||pk||* + || (1 — p)k||* > [|k]]* — 8% + ||(1 — p)&]]*.

Hence, ||(1—p)k|?> < 8%. Le., ||(1—p)k|| < & < B/100.

But ||(1—p)k|| > ||gk|| = ||gxph|| = BI|h|| = B . This is a contradiction.

Hence, we must have that ||pr| < 1.

Hence, by [4] Lemma 2.1, po# Nro# = {0} and ps# +r is a closed linear
subspace of J7.

Suppose that ¢’ € € is a projection with ¢’ L p and r ~ ¢’, and suppose that v € ¢
is a partial isometry with v*v = ¢’ and w* = r. Then (p +v)|, 4. is a bijective
linear map in B(ps# +q' 77, ps# + r5#). Hence, by the Open Mapping Theorem,
there exists S € B(p3# + r#, p# + g ) such that So (p+v) = p+¢’. Hence,
(p+v)*(p+v) is an invertible element of (p+ ¢ )€ (p+4'). O

LEMMA 4.3. Let &/ be a unital separable simple purely infinite C*-algebra. Sup-
pose that X € M (o @ H') is such that T(X) is not a scalar multiple of the identity.
Then for every € > 0, there exist projections P,Q,R,S € .# (o @ X ") such that

1. P~Q~S~1 ygex)
2.81LPLQLS,



BROWN—PEARCY THEOREM 69

3. PX*QXP is invertible in P.# (o @ X )P

4. OXPX*Q is invertible in Q.# (7 @ #')Q,

5. 0 is an isolated point of the spectrum of X PX*,
6. R is the left support projection of XP,

7. ||PR| < 1,

8. |ISR|| < &, and

9. T(S)T'(R)=0.

10. if Q" € M (o @ X') is a projection such that Q' ~ 1 4y and Q' 1 P, and
ifVe (o @X) isapartial isometry such that V*V = Q' and VV* =R then
(P+V)*(P+V) is an invertible element of (P+ Q)M (4 @ X )(P+ Q).

Proof. Apply Lemma 4.1 to X to get a number || X||*> > o > 0.

Since o @ % is separable, let b € (& @ )+ be a strictly postive element with
bl = 1.

Let {g,};_, be a strictly decreasing sequence in (0,1/100) such that ¥, ; &, <
1/100.

We now construct two sequences {p,},_, and {g,};_, of projections in &7/ @ ¢
and a sequence {0, };_; of numbers in (0,e0) such that the following statements hold:

1. pm L pyand g, L g, forall m #n.
2. pm-L gy forall m,n.

3. X0 pnand X7 g, both converge in the strict topology on .Z (<7 ® % ). In
particular, for all n > 2, p,b and g,b are both within g, of 0.

4. |IX|1> = o > @/2 forall n.

5. |pnX*quX pn— Cupul| < & for all n.
6. || gnX pnX*qn — Ongqn|| < €, forall n.
7. |lgmX pall < 1/1000™*" for all m # n.

The construction is by induction on 7.
Basis step n = 1. Apply Lemma 4.1 to get projections pj,q; € &/ ® # and
oq > o so that

(@) p1 L p2,and

®) [P X g1 Xp1 —oupil, |l Xp1X g1 — ougqi|| < €.
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We denote the above statements by “(x)”.

Induction step. Suppose that py,pa,....,Pn,q1,925---,qn, 01,02, ..., 0y have been
constructed. We now construct p,,1,¢nt1,Opt1-

Choose 6; > 0 so that for any C*-algebra %, if r,ry,r3 €% are projections such
that r; L r, and ||rr3||,||r2r3]| < 81, then there exist projections r{,r, € € such that
r’-wrj (j=12), 1 J_r/l J_r/2 1 ry,and

J
/ . Ent1 1 )
il < , =1,2).
Irj=ril m‘“{looo<X||+X||2+1> 10002"+3<X||+1>} (=12

Contracting 0; if necessary, we may assume that §; < &,1/1000.
By Lemma4.1, let p; .4, € &/ ®.% be orthogonal projections and 0,1 >
such that the following statements are true:
i p;ﬁrl €L qurl'
i | P X 1 X Py = 1 Pt 123 X G 1 X Py — O 1 Py || < €041/1000.

. pr S (Pt am)) s diy Copet (P +Gm)) > Phyy b and g, (b are all within
51 of 0.

V. [|gmX P11 a1 X pmll < 1/1000%"3 for all m < n.

We denote the above statements by ““(x)”.

By our choice of §; and by statements (), we have that there exists projections
Pn+1:49n+1 € ///(JZ%@%) such that p, 1 ~ p:,+1 s qn+1 ™ q;H s g1 L (Zf,'qzl(pm +
gm)) L pnt1 L Gni1, and

It~ Pl s~ ] < min o :
Prect = Dot et = 1000( X[+ X[+ 1)” 100023 ([X[[ +1)

From this and statements (*), we have that
Lo |pn1 X" @n1Xpust — 1 Pasr |, [ Gn 1 X Do 1 X Gt — Ot G || < €1
2. pp+1b and g, 1b are within g, of 0, and
3. 1gmX pastll, 1gne1X pml|| < 1/1000™H7F1 for all m < n.

This completes the inductive construction.

Choose 6 > 0 so thatif A,E,E' € .4 (<«/ ® %) where (a) A is positive, (b) [JA]| <
|X||?, (c) E and E’ are projections, (d) EAE =A,(e) A > (o/10)E, and () ||E'A|| <
O, then |[E'E|| < €.

Choose N > 1 so thatforall n > N, g, < a/100.

Let {n(1,k)};_, and {n(2,k)};_, be two disjoint subsequences of the positive in-
tegers greater than orequal to N, {N,N+1,...} (so, assets, {n(1,k)};_,U{n(2,k)},
C{N,N+1,N+2,..} and {n(1,k)};_,N{n(2,k)};7_, =0), such that

min{+/(c/100), 0./100}
n(16)X P 4.1
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and
Y Ngn@iXpaqll < 8/(100(1+ X)) (4.2)
1<k, l<oo

Let P,Q,S € .4 (o @ ) be projections given by P =ur 3" pu14)» O =ar
Yie149n(1,x)> and S =g Y| 4u(2x) Where the sums converge strictly on . (o7 @ ).

From statements (x) and the definitions of P,Q,S, it follows immediately that
QLPLSL1Q,P~Q~S~1 4yex). PX"OXP is invertible in P.//(o/ © )P,
and QXPX*Q is invertible in Q.# (&/ @ #)Q.

Hence, by Lemma 4.2, (i.) either XPX* is invertible (in .# (<7 @ %)) or 0 is
an isolated point in the spectrum of XPX™*, (ii.) the support projection of XPX*, say
R, is an element of ./Z (o ® ¢), (iii.) ||PR|| < 1, and (iv.) if Q' € A (F @ K) is
a projection with O’ ~ 1 and Q' L P, and if V € .4 (o/ ® ) is a partial isometry
with initial projection Q" and range projection R, then (P+V)*(P+V) is an invertible
element of (P+ Q')A (o @ % )(P+ Q).

Moreover, by the definitions of P,Q and by equation (4.1), PX*QXP > (a/10)P.
Hence, since PX*XP > PX*QXP, we have that PX*XP > (a./10)P. Hence, it follows
that XPX* > (o/10)R. (Recall that R € .Z(«/ ® %) is the support projection of
XPX*.) But also, by equation (4.2) and by the definitions of P and S, ||SXPX*|| < .
Hence, by the definition of &, we must have that |SR|| < €. And this implies that
R # 1;s0 0 is an isolated point in the spectrum of X PX*.

Finally, since Y-k 1<i<e |gn2,0X Pa1,0)X || — 0 as K — oo (and since XPX* is
invertible in R.# (<7 @ £ )R), it follows that T(S)I'(R) =0. O

LEMMA 4.4. Let # be a separable stable C*-algebra, and let T : M (A) —
M(B)] P be the natural quotient map.

Let X € M (PB) be an operator. Suppose that P,Q,R,S € # (A) are projections
such that

1. P~Q~S~1 y(wox

SLPLQLS,

PX*QXP is invertible in P.# (o @ H# )P
QXPX*Q is invertible in Q. (o @ H#)Q,

0 is an isolated point of the spectrum of X PX*,
R is the left support projection of XP,

PRI < 1,

ISR|| < 1/10,

T'(S)T'(R) =0, and

O 2 N A W

~
S

if O' € M (A @K) is a projection such that Q' ~ 1 (5.4 and Q' L P, and
ifVeM(AdRK) is apartial isometry such that V*V = Q' and VV* =R then
(P+V)*(P+V) is an invertible element of (P+ Q') (o @ X )(P+ Q).
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Then X is similar to an operator with property (t) in M (A).

Proof. Now since PX*QXP is invertible in P.Z (#)P and 0 < PX*QXP < PX*XP,
PX*XP is invertible in P.# (#)P. Hence, R~ P (~ 1 4 () in A (5).

Since O ~ 1 y(yex),let Q',Q" € M (o @ %) be orthogonal projections such
that Q' ~ Q" ~ 1 y(ys0.0) and Q=0 +0Q".

Let V € .#(%) be a partial isometry such that V*V = Q' and VV* = R. By
hypothesis, (P + V)*(P+V) is an invertible element of (P + Q).#(%)(P+ Q).
Hence, either (P+ V)(P+V)* is invertible or 0 is an isolated point in the spec-
trum of (P+V)(P+V)*. Hence, let T € .#(</ ® %) be the support projection of
(P+V)(P+V)".Hence, (P+V)(P+V)" is an invertible element of T.# (7 @ )T .

Since S ~ 1///(Qy®)£/) , S 1L Pand F(S)F(R) =0, F(S) ~ l'///(ﬁ/@;{()/(py@%) and
F(S) 1 F(T) . HCIICC, 1///(9‘¢®1/)/(Q¢®J/) = 1///(0/®J/)/(9y®)£/) — F(T) HGHCC, since
A @A isstable, 1 4 (o) —T ~ 1 y(z0.x)- Also,since &/ @ % is stable and since
Q" <1 y(wen)— (P+0Q), Q" =ur Ly(on)— P+ Q) ~ 1 g(sex) - Hence, let
W e #(o/ @ X) be apartial isometry with W*W = Q" and WW* =1 (y00)— T .

Let Y € .4 (o/ ® %) be the invertible element that is given by ¥ =, P+V +W.

Therefore, Y " 'XYP =Y 'XP =Y 'RXP = V*RXP = Q'V*RXP. Thus, with
respect to the decomposition P+ Q'+ Q" =1 (0.4, Y ' XY has the form

0 * %
Y IXy = | Z %«
0 % *

)

where Z =4 Q'V*RXP.

Moreover, Z*Z and ZZ* are invertible elements of P.# (o/ @ # )P and Q' 4 (o ®
)Q' respectively. Let Z = U|Z| be the Polar Decomposition of Z. Then |Z| is an
invertible element of P.# (< ® 2 )P, and the partial isometry U is an element of
M @ A). Hence, let Z; € P.#(o/ @ Z )P be the inverse of |Z| in P.# (o @
H)P. LetY) € 4 (o/ @ X) be the invertible element given by Y1 = Z1 + (1 (w/e.x) —
P).

Then, with respect to the decomposition P+ Q'+ Q" =1, Y'Y "IXY¥, has the

form
0 * *

YUY IXYY = | U R x
0 * x

Note that U*U =P and UU* = Q'

From this and the fact that .# (&/ @ %) = P.# («/ ® % )P, we can construct a
*-jsomorphism @ : A (o @ #) — Mz ® 4 (o/ @ &) which witnesses that
YI’IY ~1XYY, is an operator with property (7). (E.g., see the argument in Lemma
39) O

THEOREM 4.5. Let &/ be a unital separable simple purely infinite C*-algebra.
Let X € #(/ @K ). Then X is a commutator if and only if X is either compact
or nonthin, i.e., X does not have the form &1 (5.5 +x where oo € C—{0} and
XEA QN .
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Proof. Note that since 7 is simple purely infinite, the only proper nontrivial ideal
of (@ X)is o @ % . (E.g., see [35] Theorem 3.3 or [29].)

The “only if” direction is straightforward. (If & € C — {0} and x € &7 ® # then
INal W ASH) +x)=0ol W (o)) (0. ) > and no nonzero scalar multiple of the unit,
of a unital C*-algebra, can be a commutator.)

We now prove the “if”” direction.

If X € & ® %, then, by Corollary 2.3, X is a commutator.

Hence, it suffices to prove that for all X € .#(</ ® %) such that I'(X) is not a
scalar multiple of 1 (0.%)/(o.x), X is a commutator. Let O consist of all such
elements X .

£ is an (norm topology) open subset of .# (<7 @ #). (Since the set of all Y €
M (o @ %) with T(Y) being a scalar multiple of the unit is closed.)

Clearly, © is closed under multiplication by nonzero scalars. It is also clear that
for all projections P,Q € .#(«/ @ %) such that P L. Q, P~ Q ~ 1 (.4 and
P+0=1 ywex) P+20€O. Moreover, note that since &/ ® %" is stable, there
exists a unital *-embedding of the Cuntz algebra O, into .# (&7 & ).

By Lemma 4.3, Lemma 4.4 and Lemma 3.9, every element of © is similar to an
operator with both properties () and (7). Hence, by Lemma 3.10, for all X;,X, € O,
some generalized sum of X; and X, is a commutator.

Hence, by Proposition 3.7, for every X € O, X is a commutator. [

5. The stably finite case: Part I

At some point, in the sections to follow, we will use the notion of Cuntz sube-
quivalence. For a C*-algebra ¢ and positive elements a,b € €, we say that a is
Cuntz subequivalent to b (“a < b”) if there exists a sequence {x,} in € such that
xpbx), — a. If a and b are projections, then a is Cuntz subequivalent to b if and only
if a is Murray—von Neumann subequivalent to b.

PROPOSITION 5.1. Suppose that <7 is a unital separable simple C*-algebra with
stable rank one and in class ‘R.

Suppose that P,Q € M (o @ H) — o/ @ K are two projections such that T(P) =
7(Q) forall T € T(A).

Then P~ Q in M (F @ X).

Proof. This is [19] Proposition 4.2. We note that the proof works even without the
finiteness assumption. [

PROPOSITION 5.2. Suppose that </ is a unital separable simple stably finite C*-
algebra in class R. Suppose, in addition, that for every bounded strictly positive affine
lower semicontinuous function f: T (/) — (0,e0), there exists a nonzero a € (7 @
)+ which is not Cuntz equivalent to a projection such that d.(a) = f(t) for all
TeT ().

(E.g., & can be unital simple exact finite and % -stable.)
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Then for every strictly positive, affine, lower semicontinuous function f:T(A) —
(0,0], there exists a projection P € M (o @ X ) — (o @ KX') such that

©(P) = f(1)
Sforall teT()

Proof. This is [19] Corollary 4.6. O

DEFINITION 5.3. Let Z be a separable, nonunital, nonelementary simple C*-
algebra, and let {e,};"_, be an approximate unit for 2.
Let .%,,i» be the closure of the set

{XeM(B):Naec B —{0},3ngs.t. (em—en)X X(em—en) <a,Ym>n>=np}.

By [17], Zuin is independent of choice of approximate unit {en}j;l, and also
Imin 1s the unique smallest C*-ideal in .# (%) which properly contains % (see [17]
Lemma 2.1, Remark 2.2, Lemma 2.4 and Remark 2.9).

LEMMA 5.4. Let &/ be a unital simple separable stably finite C*-algebra in class
R. Let Iin C M (I @ K) be the C*-ideal defined in Definition in 5.3.

Let a,b € (Fpin)+ — (AR H) such that ||b|| <1 and b induces a continuous
Sfunction on T(A). Suppose that

inf{z(b) — dz(a) : T € T(A)} > 0.

Then a < b.

Proof. Thisis [19] Lemma4.1. [

DEFINITION 5.5. Let 4 be a C*-algebra. % is said to have the Hjelmborg—
Rordam Property if for every a € €., and for every € > 0, there exists b € €} with
[(a—€)4+b|| <€ and (a—¢€)+ < b.

If ¥ is a separable C*-algebra, then 4 has the Hjelmborg—Rordam Property if
and only if ¥ is stable (see [13] and [30]).

LEMMA 5.6. Let </ be a unital separable simple C*-algebra with stable rank
one and in class ‘R.

Let A€ M (A @K )+ be afull positive element, and let Iyin C M (A Q H) be
the C*-ideal defined in Definition 5.3.

Then A ZyinA has the Hjelmborg—Rordam Property.

Proof. We may assume that ||A|| = 1.
Let a € (AZpinA)+ — (o @ %) and let € > 0 be given. Contracting € if neces-
sary, we may assume that € < 1/10 and ||a|| < 1.
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Since a € Iipin, L =af SUprer(oyde((a—€/100)4) < oo.

Choose N > 1 and & > 0 so that (A —8)}/"(a—€/100), . (a—&/100), (A —
8)Y/" and (A—8)"/(a—&/100), (A —8)/" are all within £/100 of (a—&/100), .
Contracting 0 > 0 if necessary, we may assume that 6 < min{e/100,1/100}.

Further contracting 6 > 0 if necessary, we may assume that (A — &) is a full

elementof (o @ 7).
Let i : [0,1] — [0,1] be the unique continuous function which is given by

=1  sele/100,1]
m(s){ =0  [0,/1000]
linear on [g/1000,e/100].

Let @' =47 hy(A—8)"(a—€/100) (A —8)™) € Fpin.

Hence, a'(A— 8)}/"(a—€/100), (A — &)Y and (A —8)""(a—€/100) (A —
8)}/Na' are both within /100 of (A—8)"/"(a—¢e/100), (A — 8)"/" . Hence, a'(a—
£/100), and (a—&/100)a’ are both within 3&/100 of (a —&/100), .

Let 7 : [0,1] — [0,1] be the unique continuous function such that

=1 s€[8/10,1]
ha(s) ¢ =0 s=0
linear  on [0,6/10].

Then hy(A)d' =d’.

Moreover, hy(A) is a full positive element of .Z (7 @ %), and hy(A) Iinha(A) =
A minA .

Since any ideal of .Z(</ ® '), that properly contains & ® % , must contain
Imin» ha(A) —d' is a full positive element of .# (&7 @ ") ([17] Remark 2.9). Hence,
since ./ ®  has the corona factorization property ([24] Proposition 2.5), there exists
X € M (o @ %) such that X (hp(A) —d')X* =1 (5.4 From this and Proposition
5.2, there exists a projection p € F, — (& @ ') such that p € Her(h2(A) —d’) and
T(p) =L+ 1forall teT ().

Note that since p € .%,;, and since p is a projection, p induces a continuous
function on T'(<7).

Hence, by Lemma 5.4, (¢ — €)1 < p. Finally, since pa’ =0, |[p(a—¢)+|| <e.

Since a was arbitrary, A.#,;,A has the Hjelmborg—Rordam Property. [J

Note that though .#,;, (as above) has the Hjelmborg—Rordam Property, it need
not be stable, since .%,;, is not separable.

LEMMA 5.7. Let A be a separable stable C*-algebra and let 2 be the unitiza-
tion of A.
Then % C GL(9), where the closure is in the norm topology.

Proof. Thisis[1] Lemma4.3.2. [
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LEMMA 5.8. Let o/ be a unital separable simple C*-algebra with stable rank
one and in class R. Let A € M (A @ K ')+ be afull positive element.

For every € > 0, for every o > 0 and for every finite subset % C A ZpinA, there
exists a projection p € A IpinA — (' @ H) such that T(p) > o forall T € T (<), and
llpx — x|, ||xp — x|| < € forall x € F.

In particular, A inA has an (netwise) approximate unit consisting of projections.

Proof. We may assume that .% contains a nonzero element.

Let a € (ApinA)+ be givenby a =45 Yc 7 (¥ x +xx7) /|| Tyc 7 (X x4 2xx%) .

Find § > 0 so that if R € 4 (o/ @ ') is a projection with ||R(a — &)y — (a —
0)4+|| < 6 then ||Rx—x]||,||xR —x|| < € forall x € Z.

Contracting 0 if necessary, we may assume that § < min{1/100,&/100}.

Since a € Fin, L =4 SUPer(o)de((a—8/100)1) < eo.

Since A is a full positive element of .Z(</ ® #°) and since &/ @ # has the
corona factorization property ([24] Proposition 2.5), there exists X € .# (<7 ® ") such
that XAX* = 1_y (70 . From this and Proposition 5.2, let g € AIpinA — (o @ X)
be a projection such that 7(g) > max{L+ 10, + 10} forall T € T(<7).

Hence, by Lemma 5.4, (¢ —8/100)+ < q.

Hence, there exists y € A.-Z,i,A such that (a — 0/10)+ = y*y and yy* <

Let y = v|y| be the Polar Decomposition of y. Hence, (a —6/10), =
vyt < q.

Since A.#,i,A has the Hjelmborg—Rordam Property, there exists a separable C*-
subalgebra 2 C A.%,;,A such that {(a¢—6/10)4,y,q} C 2 and 2 has the Hjelmborg—
Rordam Property. Hence, since Z is separable, & is a stable C*-algebra.

Hence, by Lemma 5.7, y € GL(@), where  is the unitization of 2. Hence, by
[26] Theorem 5, let u € & (C .# (o/ ® %)) be a unitary such that u(|y|*> —&/10), u* =
v(y]* —8/10)v" <q.

Hence, (a—68/5)+ = (|y|> — 8/10);+ < u*qu, and p =47 u*qu is a projection in
AIminA such that 7(p) > o for all 7 € T(<7). In particular, p(a—8/5)+ = (a—
6/5)+. So p(a—8)4 = (a— )+ . Hence, by our choice of 8, ||px—x]|,|lxp— x| < €
forall xe .. O

q.
y[* and

LEMMA 5.9. Let </ be a unital separable simple C*-algebra with stable rank
one and in class ‘R.

Let x € Ipin be given.

Then there exists a sequence {py}_, of pairwise orthogonal projections in Frin —

(o @ A") such that
1. t©(py) 210 foralln>1,
2. the sum Y, | pn converges in the strict topology on M (f @ K'), and

3 (E0y P = (0 o) =L (0 pu)x(E5-y o) — x| — 0 as N — eo.
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Sketch of proof. The proof is an easy induction argument, repeatedly using Lemma
5.8. (In particular, we will use Lemma 5.8 (many times) to find an appropriate increas-
ing sequence {r,} of projections and then take p, =4  Tnr1 — 1y for all n. To ensure
strict convergence of Y, p,,, we will need the finite sets .% (notation as in Lemma 5.8)
to contain a fixed strictly positive element of .7 ® % . Also, at some point, we need to
use the following perturbation result: For every € > 0, there exists a 6 > 0 such that
if e,e’ are projections with ||ee’ —¢'|| < & then there exists a projection ¢” < e with
le—¢’||<e) O

THEOREM 5.10. Let o be a unital separable simple C*-algebra with stable rank
one and in class ‘R.

If x € Fpin then x is a commutatorin M (A @ K).

Sketch of proof. By Lemma 5.9, let {r, };._, be a sequence of pairwise orthogonal
projections in .%,,;, — (&/ ® ) such that

1. ©(ry) =10 forall n > 1,
2. the sum Y, r, converges in the strict topology on .Z (o/ @ ¢ ), and

3. (e r)x =), (i 7n) =l (g n)x(Epsy ) = x| — o0 as N — oo,

Claim: There exists a sequence {Q,} | of pairwise orthogonal projections in
M (o @A) such that

(@) On~ 1 y(zax) forall n,
(b) ¥, O, converges in the strict topology on .# (& @ %),
(©) (21 On)x=x(X;; Q) =x, and

(d) 21<m,n<°<> HmeQnH < oo,

Sketch of proof of Claim The proof is exactly the same as that of Corollary 2.3,
except that for all j > 1, the projection 1 ,(4) ®e; j (notation as in the proof of Corol-
lary 2.3) is replaced with 7; (notation as in this proof). Moreover, for all n > 1, Pz,
(notation as in the proof of Corollary 2.3) will be replaced with Q,, (notation as in
this proof) for some m > 1. Note that this means that each Q,, will be a strict sum of
infinitely many r;s.

End of proof of the Claim.

From the Claim and from Lemma 2.2, it follows that x is a commutator of .Z (&7 ®

x). O
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6. The stably finite case: Part II

In this section, we will assume that <7 is a unital separable simple C*-algebra
with stable rank one, unique tracial state, and in class 93. As a consequence, %, (de-
fined in the previous section) is the unique C*-ideal of .# («/ ® J£") that sits properly
between &7 ® ¥ and A (o @ HK); i.e., Imin is the unique C*-ideal for which the
inclusions &7 @ H C Fyin C M (o @ H') are proper. Moreover, if 7T is the unique
tracial state of .o/ then &, = {X € A (A @ %) : 1(X*X) < o}. (E.g., see [29]; see
also [36] Proposition 2.9 or [35] Proposition 3.6.)

For the rest of the paper, welet Iy . : A (o @ K ) — M (A @K )] Ipin be the
natural quotient map.

LEMMA 6.1. Let o/ be a unital separable simple C*-algebra with stable rank
one, unique tracial state T, and in class . Suppose that X € M (I & K is such
that Tpin(X) is not a scalar multiple of the identity.

Then there exists an o > 0 with oo < || X ||, where for every € > 0, for every finite
subset F C Fyin, there exist projections p,q € Fyin — (A Q H') such that

1. t(p),t(gq) > 10,
2. plag,

3. pa, ap, qa and ap are all within € of 0, for all a € %, and

N

. if x =47 qXp then there exists B > a with B < ||X||* and ||x*x — Bpl|, ||xx* —
Ball <e.

Proof. The proof is similar to but more complicated than that of Lemma 4.1.

Note that 4 (o7 @ H )/ Imin is simple purely infinite and hence has real rank
zero (see, for example, [16]). Hence, since T, (X) is not a scalar multiple of the
identity, there exist nonzero orthogonal projections R,S € .# (o @ H") | S in such that
RTin(X)S #0.

Lift R, S to orthogonal positive elements A, B € .# (</ ® 2£) with norm one (i.e.,
A LB, Tyin(A) =R, Tyin(B) = S and ||A|| = ||B|| = 1).

Let Y =47 ||[RTyin(X)S||* > 0.

Let 8 =4, min{1/100,7/100}.

Let A : [0,2]|X]|>+ 10] — [0, 1] be the unique continuous function that is given
by
=1 s=7v
=0 s €[0,7—8]U[y+8,2|X|]*+10]
is linear  on [y— 01,7
is linear  on [y,y+ &1].

Note that from the definitions of y and hg, ho(AXB>X*A) is a full positive ele-
ment of .#(o/ ® ). Hence, since o ® % has the corona factorization property,
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Lywer) = ho(AXB*X*A) (e.g., see [24] Proposition 2.5). Hence, there exists a pro-
jection Q € A (o/ @ ') such that Q ~ 1 y(ye.) and Q € Her(ho(AXB?X*A)). Tt
follows, from the definition of Ag, that QAXBzX *AQ is within a distance min{1/100,
y/100} of yQ. Hence, QAXB>X*AQ is a full positive element of .Z (of @ %).

But since Q € Her(A) and Ty (A) = R is a projection, I'in(Q) < R=Tpin(A).
Hence, Tin(OXB?X*Q) = Tnin(QAXB>X*AQ) . Hence, QXB>X*Q is a full positive
element of .# (<7 ® J¢'). Hence, BX*QXB is a full positive element of .# (o7 @ %").

Let ’)/ =df ||Fmin(BX*QXB)|| >0. Let & =dr m1n{1/100,)//100} Let hy :
[0,2]|X ||> 4 10] — [0, 1] be the unique continuous function such that

—1 s=7v

—0 s€1[0,7 — & U[y+ 8&.2(1X >+ 10]
is linear  on [y— ,,7]

is linear  on [y,y+ &].

hl(s

By the definitions of ¥ and A, h(BX*QXB) is a full positive element of .Z (<7 ®
X'). Hence, since «/ @ # has the corona factorization property, 1 ;(ye.x) =
h1(BX*QXB). Hence, there exists a projection P € .#(o/ ® ) such that P ~
1 y(ox) and P € Her(h(BX*QXB)). It follows, from the definition of /;, that
PBX*QXBP is within a distance min{1/100,7'/100} of ¥'P. Hence, PBX*QXBP is
a full positive element of .Z (<7 ® ). Since P € Her(B) and T';,(B) = S is a pro-
jection, Ty (P) < S = Tpin(B) . Hence, Tyyin (PX*QXP) =Ty (PBX*QOXBP). Hence,
PX*QXP is a full positive element of .Z (</ @ ).

Hence, P,Q € ./ (&/ @ %) are full projections (each MvN equivalent to the unit)
with P L Q such that QXP is a full element of .Z (/' @ X').

Let & =q7 (1/2) [T QXP) 2 > 0.

Let € > 0 and a finite subset .7 C .%,,;, be given. Contracting € if necessary, we
may assume that all elements of .% have norm less than or equal to one.

By Lemma 5.8, there exists projections e € P.%yjyP— (& @ %) and f € Q.%inQ—
(o7 @ &) suchthat ea, ae, eae, fa, af, faf are within /100 of Pa, aP, PaP, Qa,
aQ, QaQ respectively, forall a € 7.

Let Q' € Q. (o @ #)Q and P’ € P.# (<7 @ )P be projections that are given
by Q' =45 Q— f and P' =47 P—e. Note that 0, P are both full projections in .# («/ ®
) and Q'XP' is a full element of .Z (o7 @ #) with ||Tpin(Q'XP')|? = 2a > 0.
Also, Q' L P'.

Choose a number 03 > 0 so that for any C*-algebra %, for all z € ¢ and for every
projection r € €, if zz* is within 0; of r then z*rz is within £/(100(20c+ 1)) of z*z.
Contracting 63 > 0 if necessary, we may assume that 03 < €/100.

Choose 04 > 0 so that for any C*-algebra %, for all z € €, if z"z is within
04 of a projection then zz* is within 03/(100(2¢c+ 1)) of a projection in Her(zz").
Contracting 04 > 0 if necessary, we may assume that o, < €/100.
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Let ; : [0, ]|X||?+ 10] — [0, 1] be the unique continuous function satisfying:

=1 se:2“_1mmwﬁﬁmwﬂy2a+1mmw§ﬁmwﬂd

" —0 sePga—mmﬁ%%wﬂﬂuPa+ﬁmﬁ%mmﬁmmP+m
linear on _ZOC WW 200 — m}
linear  on |20+ g STy 20+ Moo (T -

Hence, by the definitions of hy and o, ||Tpin(h2(P’X*Q'XP'))|| = 1. Hence,
by Lemma 5.8, let p € Hery,, (ho(P’X*Q’XP')) be a nonzero projection such that
w(p) > 15am1ﬂpxnyxpy_r@PW'QXP’) 15.

Hence, p < P’ and pX*Q'Xp is within Woﬁrl) of 20p.

Hence, (1/(2a))pX*Q'Xp is within W of the projection p.

Hence, by our choice of &, (1/(2a))Q'XpX*Q' is within m of a projec-
tion, say g € Her 5. (Q') =45 Q' ZninQ'. So gX pX*q is within £/100 of 20g.

Also, by our choice of 83, (1/(2a))pX*qXp is wthin £/(100(2ct + 1)) of
(1/Q2a))pX*Q'X p. Hence, pX*gX p is within € of 20p.

Taking B =4f 2c¢, we are done. [J

LEMMA 6.2. Let </ be a unital separable simple C*-algebra with stable rank
one, unique tracial state, and in class ‘R.

Suppose that X € M (o @ K') is such that T,y (X) is not a scalar multiple of
the identity.

Then for every € > 0, there exist projections P,Q,R,S € .M (o @ A") such that

~

PO~ S~ ygon

SLPLQLS,

PX*QXP is invertible in P.# (o @ H )P
OXPX*Q is invertible in Q.# (/ @ #)Q,

0 is an isolated point of the spectrum of X PX*,
R is the left support projection of XP,

IPR|| <1,

ISR|| < €, and

O % N S AN

T(S)T(R) = 0.

~
S

if Q' € M(A @K) is a projection such that Q' ~ 1 (o754 and Q' L P, and
ifVeH(dQX) isapartial isometry such that V¥V = Q' and VV* =R then
(P+V)*(P+V) is an invertible element of (P+ Q)M (7 @ X )(P+ Q).
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Proof. The proof is exactly the same as that of Lemma 4.3, except that we use
Lemma 6.1 in place of Lemma 4.1. [

THEOREM 6.3. Let </ be a unital separable simple C*-algebra with stable rank
one and unique tracial state, such that every quasitrace is a trace, and </ ® & has
strict comparison of positive elements.

Let X € M (A @K ).

Then X is a commutator if and only if X does not have the form ol (0.0 +x
where o € C—{0} and x € Sy

Proof. The proof is exactly the same as that of Theorem 4.5, except that Lemma
4.3 and Corollary 2.3 is replaced with Lemma 6.2 and Theorem 5.10 respectively. Also,
the map I is replaced with T7;,. O
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