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ALGEBRAIC PROPERTIES OF THE SET OF OPERATORS
WITH 0 IN THE CLOSURE OF THE NUMERICAL RANGE

CRISTINA DI1I0GO

(Communicated by P.-Y. Wu)

Abstract. Sets of operators which have zero in the closure of the numerical range are studied.
For some particular sets .7 C Z(¢), we characterize the set of all operators A € Z(.7¢) such
that 0 € W(TA) forevery T € 7.

1. Introduction and preliminaries

Let #(s) be the Banach algebra of all bounded linear operators on a separable
complex Hilbert space ¢ and ., = {x € J; ||x|| = 1} be the unit sphere of .77
The numerical range of A € A(.5) is defined by

W(A) = {{Ax,x); x € L }.

It is well known that W(A) is a convex subset of the complex plane C (Toeplitz-
Hausdorff Theorem) which contains in its closure the convex hull of the spectrum
o(A), ie., conv(o(A)) CW(A). If A is normal, then conv(c(A)) = W(A). For an
arbitrary operator A, conv(c(A)) is the intersection of the closures of numerical ranges
of all operators which are similar to A (Hildebrandt’s Theorem). This and other prop-
erties of the numerical range can be found, for instance, in [5, 6, 8]. To determine the
numerical range of an arbitrary operator is a difficult task. However, there are some
classes of operators for which a complete description of W(A) is known (see [7] and
references cited therein). For instance, if .77 is a two-dimensional space, then each

Ao
0 u

able orthonormal basis. By the Elliptic Range Theorem (see [5]) we have that W(A)
is the elliptical disc with foci at the eigenvalues A, y and with semiaxes %\a)| and

2V/|®>+ |4 — u|?. A similar result holds for quadratic operators on any Hilbert space
(see [9]). One among the important problems related to the numerical ranges is to find
necessary and sufficient conditions on an operator A such that 0 € W(A). This problem
has been addressed by many authors (see, for instance, [1, 4]) and in this paper we are

operator A can be represented by a matrix of the form } with respect to a suit-
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also concerned with it. We study the set of all operators which have 0 in the closure of
the numerical range, i.e.,

Wiy = {A € B(A); 0 W(A)}.

It is obvious that this is a proper non-empty subset of %8(#"). We will use the following
notation: for & C B(H), let &/* = {A*; A€ &/}. Itis easy to see that 7/{0} is
selfadjoint in the sense that 7/{*(‘)} = 7/{0}. Moreover, from [3, Theorem 3.6] it follows

easily thatif T € Z(J) is an invertible operator, then T € #]qy if and only if T-'e
Yo}

In [2], it was shown that #/g, is not closed under addition and multiplication.
Let B C B(H#) be the set of all operators which are not left invertible and % C
PB(H) be the set of all operators which are not right invertible. If A € %, then TA €
Py, for any T € B(°), which gives B(H4) Ay, C W0y Similarly, BrAB(HA) C
0y - Taking this into account, it is natural to consider an algebraic structure in %},
which can be described in the following way. Let .7 C %(.%°) be a non-empty set of
operators. It is easily seen that

Qz={AcB(H), 0cW(TA)foreveryT € T}

is the largest set of operators such that 7Q 7 C %[y . Analogously,

Ry ={AcB(H); 0cW(AT)foreveryT € T}

is the largest set of operators such that R 7 C #q,. Let By = % U B be the set
of all non-invertible operators. For a non-empty set .7 C A(H), we define 25 =
0 7\ Py and, similarly, Z5 = R 7\ %B. The next proposition follows easily from [2,
Proposition 2.6].

PROPOSITION 1.1. Let 7,91, and F5 be arbitrary non-empty subsets of B(H).
Then

(i) (27) =R7+;
(ii) if 1 € T, then 25 C Woy;
(iii) if 71 C S, then 971 D) 972

According to this result, it is enough to consider sets 24 because the properties
of Z are similar. The algebraic properties of 24, for an arbitrary . C ZB(.),
are studied in Section 2. In Section 3, we characterize 24 for some particular sets
T C H(). Namely, when T = ¥}y, some properties of Dy, are studied and
it is also shown that if .77 is finite dimensional, then QW{O} contains only non-zero
scalar multiples of the identity matrix. In the end of the section, we are concerned with
25 ,where . is the set of all selfadjoint operators.
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2. Properties of 25

Let .7 C A(H) be a non-empty set. Denote C.7 = {AT; A € C,T € T}. Itis
easily seen that 25 = 2¢ 2 and also that 245 = C25 \ {0}.

PROPOSITION 2.1. If T C B(S) is an arbitrary non-empty subset, then 2 5 =
D
7

Proof. Itis obvious that Q? C 24,0 we are left to prove the opposite inclusion.
LetAc 25 and T € 7. Let (Th);_y € 7 be asequence whose limit is 7. Then, for
€ > 0, there exists ng such that |7, — T|| < € for every n > ng. Since A € 25, we
have 0 € W(T,A) for each index n. On the other hand,

W(T,A) = W((T,,— T)A+TA) C W((T,, — T)A) + W(TA)
€ (0, [[(T, — T)A|) + W(TA) € D(0, e[|A[[) + W(TA),

which means that W(T,A) is in the €||A]|-hull of W(TA) if n > ne. Since &€ is arbi-
trarily small, we conclude that 0 € W(TA),ie,Ac 2. O

By a similar reasoning it can be shown that 9 » is a closed subset of Z(J).

PROPOSITION 2.2. Let {7;; i € I} be an arbitrary family of subsets of B(I).
Then

(1) Nier Qﬁ,— = Qu,—% and
(it) Uier 27 € 2n,7,-

Proof. (i) Let A€ Niey 2. If T € .7, for some i € I, then 0 € W(TA). Hence,
0 € W(TA) for every T € U;.J; and therefore A € 2, 5,. Now, for the opposite in-
clusion, since .7; C U;.7; for any i € I, we have 2,5 C 24 and therefore 2,5 C
Nier 971 :

(ii) Since NM;.7; C ; for any i € I, one has 245 C 2, 7. Hence, U;ci 27 C
Dz O

It can be shown by an example that the inclusion in (ii) is strict.

EXAMPLE 2.3. Let 7] = {I,N,} and 75 = {I,N,}, where N; = [} 9] and N, =
(%] Since 71N.% ={I}, we have 255 = #,\%o. Taking D = [} %] we
have, by the Elliptic Range Theorem, that W (D) = [—i,i] and therefore 0 € W (D).
Hence, D € 24,7 . On the other hand, W(N,D) = [i, 1] and W(N,D) = [i, — 1] which
means that D ¢ 25 U2, .

Let .7 C B(H) be an arbitrary non-empty set. Denote by 7 = {.7;; i € I} the
family of all subsets .7; C #() such that 25 C 24 . Itis easy to see that

T = Vie1; 2.1
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is the largest set in 7. Namely, since 25 C 24, we have, by Proposition 2.2, that
27 CNialg = 2,7 Hence, 27 C CQ? Because of 7 C 7 we also have the
other inclusion and we may conclude that for each .7 C %(.7#) there exists the largest
subset 7 C AB(A), which is given by (2.1), such that 25 = 25

For  C B(),let =T NABy and Ty =T\ T = {TG ;T is invertible}.
Since 7 = FU Fiy, it follows, by Proposition 2.2, that 27 = 24 N2 . There-
fore, it is enough to consider only 2 =~ as 2 consists of all invertible operators in
B(H).

Let .7 be a non-empty set of invertible operators and let 7! ={T~!; T € 7}.
Let us now establish the relation between 2,1 and £ z-.

PROPOSITION 2.4. Let .7 be an arbitrary non-empty set of invertible operators
in B(A). Then (25-1)" = (25) "

Proof. If A ¢ 2, then there exists T € 7 such that TA ¢ #{o,. It follows
that A='T~! ¢ %[,y . Hence we have that A~! ¢ % i, which is equivalent to A~! ¢

(,02(9771)0* by Proposition 1.1. We conclude that A € 25 if A~! € <£2(f/71)*>*.

Equivalently, if A* € 2(7-1)., then A~l € 25 . After interchanging .7 and .7*, it
follows
(25,4) C(25)7". (2.2)

Now let .7 = (.7 ~1)*. Since (2.2) holds for every set of invertible operators, we have
(2,.1)" C(25+)" or, equivalently, (27)" C (2,-1)"", which gives the desired
equality. [

Using Proposition 1.1 we can write the last result in the following form.

COROLLARY 2.5. Let 7 be an arbitrary non-empty set of invertible operators
in B(A). Then (25-1) ' =%7.

In general, 27 # %7 . Forinstance,let T = [} ] and 7 ={T}. If A= [§ 7],

where 0 < a < ? }b we have W(AT) = [a,b], which means that 0 ¢ W(AT), i.e
A ¢ %7 . On the other hand, by the Elliptical Range Theorem, W (TA) is the elliptical

disc with foci at a and b and the major semiaxis @(b —a). Hence, it is easy to

check that 0 is inside this elliptical disc so 0 € W(TA), i.e., A € 2. However, as the
following proposition shows, 25 and Z# contain the same set of unitary operators.

PROPOSITION 2.6. Let F be an arbitrary non-empty set of operators in B().
If U is unitary, then U € 24 ifand only if U € Z 7.

Proof. U € 27 ,then 0 W(TU) forany T € .7 . Since the numerical range is
unitarily invariant, one has W(TU) = W(U*UTU) =W (UT). Therefore 0 € W(UT)
forany T € .7, which means that U € % 5 . The opposite implication is proved simi-
larly. [
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Let .7 be a set of invertible operators and T € 7. For every A € Z we have
AT € 7/{0}, which means that T € ,02%9.. Therefore, we conclude that .7 C Q%y.
The inclusion .7 C # 2, is obvious, as well. Taking this into account we have the
following result.

PROPOSITION 2.7. Let .7 be an arbitrary non-empty subset of invertible opera-
tors in B(H). Then Qofgy =24 and %g%? =R7.

Proof. We will prove only the first equality since the proof of the second one is
similar. Since .7 C 2z, for every non-empty set .7 C %() of invertible operators,
we have, in particular, that 25 C 24, S On the other hand, taking into account that
7 C X2, and Proposition 1.1, we have the opposite inclusion. [J

COROLLARY 2.8. Let  be anon-empty subset of invertible operators in ().
Then T = 2y, ifand only if there exists . C B(H) suchthat T = 2.y . Similarly,
T =R, if and only if there exists ./ C B(H) suchthat T =K.y .

Proof. If T = e@%y, then .¥ = %Z 4. On the other hand, if there exists . such
that 7 = 2, then, by Proposition 2.7, we have that .7 = 2o = 2 2, = L%,
The second statement can be proved analogously. [ ’

This result raise a question which sets of invertible operators .7 can be realized
as 2y for some . C (). We are concerned with this problem in the following
section.

3. 24 of some sets .7

In this section we obtain descriptions of 24 and £ for some particular sets
T C B(H). 1tis easily seen that Q () = By (and Ry ) = Br). Let P ={P €
B(H), P> = P=P*} be the set of all orthogonal projections on .7 . Itis clear that the
only invertible element in & is the identity operator, so Q4 = #{o}. But, of course,
usually the characterization of £ 7, and consequently of 25, is not trivial.

3.1. Positive semidefinite operators

Let . be the set of all positive semidefinite operators on .77 . In [2], we showed
that
Qu, ={Ac B(H), 0 cconv(c(A))}, 3.1
which gives
g, ={Ac B(H); 0 conv(c(A))\G(A)}. (3.2)

We will use this result to characterize Qo ¢j, where [0,C] ={T € %(7); 0 <
T < C}, fora given C € A, . If C is non-invertible, then each operator T in [0,C] is
non-invertible. Namely, if C is not invertible, then /C is also not invertible. Hence 0
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is in its approximate point spectrum. Let (x,);_; € 7 (J¢) be a sequence of vectors
such that ||v/Cx,| — 0. From

||\/Txn||2 = (Txn, Xn) < (Cxn, Xn) = ”\/Exn”2 —0

we derive that 0 € o(T) and therefore T is not invertible. Since it is a normal operator,
it is left and right non-invertible. Hence, for a non-invertible C, one has Zjg ) =
B(HA)\Hy. Assume now that C is invertible. Since [0,C] C Z;, we have 2 ¢ 2
2y . - In fact, these two sets are equal.

THEOREM 3.1. Let C € 4 be invertible. Then 2|y c) = 2, .

Proof. Assume that there exists A € Zjo¢) such that A ¢ 2, . Therefore, there
is a positive and invertible operator P € %, such that PA ¢ #{p,. Since P and C

are positive and invertible operators, we have that W (P) = [¢(P),||P||] and W(C) =
[c(C),||C]|], where the Crawford numbers ¢(P) and ¢(C) are positive ([3, Theorem
c(C)P

3.6]). Hence, taking E = S5 it is easy to see that £ € [0,C] and EA ¢ ¥}y, which

is a contradiction since A € ). U

Now we are able to show that, for a general set .7, there is not the smallest set g
such that 2 5 = 2.

EXAMPLE 3.2. Let .7 = %, . First we show that

¢= () [0,
CeBs
C invertible

is the singleton containing 0. Assume that there is A € ¢ such that A # 0. Then
there is A € W(A) C ]0,]|A]|]], which means that A = (Ax,x) for some x € .7, . Let
0<u <A.Then (ux,x) < (Ax,x) and therefore ((A —ul)x,x) >0. Hence A ¢ [0, ul].
This is a contradiction because A € % .

Assume that %’Jr, the smallest set such that ‘,0233,+ = 9., exists. Then, by The-

orem 3.1, we woulsi have %’Jr C [0,C], for every invertible positive (vleﬁnite C, which
would imply that %, = {0}. However, Zq, = B()\ %o . Thus, %, does not exist.

3.2. Unitary and normal operators
Let % C #(s€) be the set of all unitary operators and .4 C B(J€) the set of

all normal operators.

PROPOSITION 3.3. Q¢ =%By=Q 4.

Proof. Since the numerical range is unitarily invariant, one has Q4 = Ry . It
follows from % C Z( ) that Qo 2 Q () = B and Qo =Ry 2 Ry ) = PR,
which gives Q4 O %. On the other hand, if A € Z(H) is invertible with polar
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decomposition A = UP, where U € % and P > 0, then 0 ¢ W =W(U*A), i.e.,
A ¢ Qg , which proves the other inclusion.

To prove the second equality, let us suppose that there is a normal operator N
such that 0 ¢ W(NA). Then 0 is not in 6(NA). This means that NA is invertible,
and hence N is right invertible. It follows that the normal N is invertible. Thus so is
A = N"!(NA), which proves that Q4 O %,. The reverse containment follows from
Ny CQy =%By. O

3.3. Operators with O in the closure of the numerical range

In order to characterize ,@yy{o} , we list some properties of this set of operators.

LEMMA 3.4. Let A € Q"”{o} and U be unitary. Then U*AU € QW{O}'

Proof. Let U be unitary. Since W(T) =W (UTU") forany T € (%) we have
T € #{oy ifand only if UTU" € #}} . Hence, if A € 2y, . then 0 € W(UTU*A) for

every T € #)oy. This means that 0 € W(TU*AU) for every T € #)q,, and therefore
U*AU € 2y, . O

PROPOSITION 3.5. QW{O} is a semigroup which contains the identity operator I.

Proof. Itis obvious that I € !JZW{O} . Suppose that A,B € ,@yy{o} . Let T € #}o) be

arbitrary. Then TA € ¥/, . Since B € Qw{o} ,one has 0 € W(TAB), and we conclude
that AB€ 2y, . U

LEMMA 3.6. IfA € Qw{o}, then A & Wy

Proof. Let A € QW{O} - If A were in #{qy, then A le #0; and one would have

0 e W(A~1A) = {1}, which is a contradiction. [J

Taking into account that (7/{0}\%’0)_1 = Wj0)\ %o = W[5y \Zo. it follows from
Proposition 2.4 and Corollary 2.5 that

(20) = (22, %y, (3.3)

To prove that o@w{o} is selfadjoint, i.e., (Q"/V{o}) = CQW{O} , we need the following
lemma.

LEMMA 3.7. Let A € QW{O} and let A =UP be its polar decomposition. Then
o op—1 .
(i) P7'U € Q"”{o} ;

(ii) U* e Dy, and (U*)? e Py, -
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Proof. (i)Let A € !JZW{O} .By (3.3), (A")"l e ,@yy{o} . Since U is unitary and P is
positive definite, we have that (A*)~' = UP~! € @y, and it follows, by Lemma 3.4,
that P~'U € Dy, .

(ii) By (i), P~'U € Dy, - Since 2y, is a semigroup, we have AP'U) =
U? c c,@w{o} . By (3.3), one has (U?)* € %%0} and consequently, by Proposition 2.6,
(Uz)* € "@%0} . O

PROPOSITION 3.8. (9%o}>_1 = QW{O} = (QW{O}>*.

Proof. Let A € !JZW{O} and let A = UP be its polar decomposition. Taking into

account Proposition 3.5 and Lemma 3.7, we have A~! = P~1U* = (P7'U)(U*)? €
!JZW{O} . This proves the first equality and the second follows by (3.3). O

By Propositions 3.5 and 3.8, we have that QW{O} is a group.

LEMMA 3.9. Let A€ 2y, . If B€ B(H) is such that B & W)y, then AB ¢
Yoy-

Proof. Let A € 2y, and B € #(A’) be such that 0 ¢ W(B). If 0 were in

W (AB), then one would have 0 € W(A~1(AB)) = W(B) since A~! € Ry, by (3.3).
This is a contradiction. [

Now we will characterize Qwo as the set of all non-zero scalar multiplies of the
identity operator if the underlying space is finite dimensional. We believe that the same
result holds also in the infinite dimensional case. We start with a lemma, which holds
in any separable complex Hilbert space.

LEMMA 3.10. If U € 2y, is unitary, then U = A1 for some A € C,

Al=1.

Proof. Let U € 2y, be unitary. Since the spectrum o(U) is a subset of the

unit circle and U is normal, we have W (U) = conv(c(U)) C D. Assume that there is
a number u € W(U) such that |u| < 1. By Lemma 3.6, u # 0. Hence, u~! exists
and [u~!| > 1. Since u € W(U), we have 0 € W(U — ul), i.e., U—ul € #{g;. By
Proposition 3.8, U~! € 2y, and therefore (U —ul)U~" € #jg). Since p # 0, it

follows U~' —u~'1 € #jgy, thatis, u=' e W(U~1). However U~' = U* is unitary

and therefore W(U~!) C D, which is a contradiction. We have proved that W (U)
does not contain numbers of modulus strictly less than 1. Because of the convexity of
W (U), we may conclude that W(U) = {A} for some number A of modulus 1. Hence
Uu=2Al. O

PROPOSITION 3.11. If A € Dy, , then A= AP, where A € C,
is positive definite.

Al=1,and P
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Proof. Let A =UP be the polar decomposition of A € Qw{o} . Since A is invert-

ible and P is a positive definite operator, we have 0 ¢ W (P) and therefore 0 ¢ W (P—1).
Hence, by Lemma 3.9, 0 ¢ W(AP~1) =W (U).

On the other hand, by Lemma 3.7, U? € 2y, - Since U 2 is unitary one has, by
Lemma 3.10, that U? = uI forsome u € C, |u| =1.Let A € C, |A| = 1, be such that
w=A> If U# +AI, then A and —A are in the spectrum o (U) and consequently
0 € W(U), which is a contradiction. Hence, either U = Al or U = —Al, i.e., A= AP
orA=-AP. O

LEMMA 3.12. Let P = diag{l,pl,...,pn_l} be a non-scalar positive definite
matrix with eigenvalues 0 < p1 < p2 £ --- < pp =1 (which means that p1 < 1). Let
B=[}9], where 2< o < f Then A :=B®diag{1/pa,...,1/pa-1} € #joy and
AP & Wiy

Proof. Since @ > 2, one has 0 € W(B), which means that 0 is also in the numer-
ical range of A and therefore A € #)g). Let C = {1 ";p 1} Then AP =C®1,—> and
therefore W(AP) = conv (W (C)UW (I,—2)). By the Elliptical Range Theorem, W (C)

is an elliptical disc with foci at 1 and p; and the major axis \/wzp% +(1—=p)?. Tt

follows that the inequality describing W(C) is [z— 1|+ |z — p1| < /@?p? + (1 — p1)2.
It is obvious now that 1 € W(C), i.e., W(AP) = W(C). Since o < \/%, one has

1+ py > 4/®?p?+ (1 — p1)?, which means that 0 ¢ W(AP). O

PROPOSITION 3.13. If P € M, is a non-scalar positive definite matrix, then P ¢
Qw{o} .

Proof. Let P be a non-scalar positive definite matrix with eigenvalues 0 < p; <
p2 < -+ < pn (which means that p; < p,,). Then LP is positive definite with eigenval-

ues Z' < ﬁz << p}; <1.LetUeM, be aumtary matrix such that U( P)U* =

diag{1, pl/pm P 1/pn} By Lemma 3.12, there exists A € %], such that 0 ¢
W(AU(--P)U*) = LW(U*AUP). Let T = U*AU . Then T € #{q) and 0 & W(TP).
O

THEOREM 3.14. If dim(7) < eo, then Dy, = {AI; A € C\{0}}.

Proof. If A € 2y, , then A = Al for some A # 0 by Propositions 3.11 and
3.13. O

We would like to point out the following equivalent formulation of Theorem 3.14.
If dim(#) < oo and A € () is an invertible non-scalar operator, then there exists
an operator T € #() such that 0 € W(T) and 0 ¢ W(TA).
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CONJECTURE 3.15. Let % be an arbitrary complex Hilbert space. If A € %(.)
is an invertible non-scalar operator, then there exists an operator T € () such that
0eW(T) but 0 ¢ W(TA).

3.4. Selfadjoint operators

Let us denote by . the set of all selfadjoint operators in #(.#). Since #4 C .7,
we conclude that £ C 24, . Let us show that 2 is a proper subset of 2, .
Namely, if H € . is invertible such that its spectrum has positive and negative values,
then 0 ¢ o(H) but 0 € conv(c(H)) = W(H). Therefore, by (3.2), we have that H €
Dz .. On the other hand, taking S = H ~1 which is also a selfadjoint operator, we
conclude that SH ¢ 7/{0}, thatis, H ¢ 2.

CONJECTURE 3.16. Let .7 be a finite-dimensional complex Hilbert space. If
A € B(A) is invertible, then there exists a selfadjoint operator H € Z(.) such that
0¢ W(HA).

The following result gives some evidence that this conjecture holds.

PROPOSITION 3.17. Let ¢ be a separable complex Hilbert space and A € B(H)
an invertible quadratic operator. Then there exists a selfadjoint operator H € B(H)
such that 0 ¢ W(HA).

Proof. Tt is obvious that the proposition holds for non-zero scalar operators. As-
sume therefore that A is a non-scalar invertible quadratic operator with eigenvalues

A, u € C\{0}. By [9, Theorem 2.1] and because of the unitary invariance of the

AL P O
numerical range we can assume that A has a block matrix representation [ 8 %1 01 ]
v

100
where y € {A,u} and P positive semidefinite. If y= u, then let H = {8 " OJ , and if

y=A,thenlet H = {é igl g] , where r = ¢g|r| (€ € {1,—1}) is a real number such that

1Pl
(I]lu] +eRe(Am))

eRe(A) >0 and |r|> 2 (3.4)

M P O M P O
When y = u, then HA = [0 rul 0 } and when y= A, then HA= | 0 rul } . In
0 0 rul 0 0 AI
both cases, HA is a quadratic operator. Hence, by [9, Theorem 2.1], the numerical

range of HA is an elliptical disc with foci at A, ru, and with the minor axis ||P||.
Therefore the major axis is /||P||> + |4 — ri|? and the inequality which describes this

elliptical disc is
e= A+ o= rul <\JIIPIP+ A = ruf. (3.5)

It follows from (3.4) that

20rl|A ] +2rRe(ATD) > |IP]?,
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AL frpl > \JIIPIP + A = ],

This shows that O is not in the elliptical disc (3.5). We conclude that for a selfadjoint

operator H, where r is chosen to satisfy (3.4), one has 0 ¢ W(HA). O

which gives
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