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JORDAN DERIVATIONS ON BLOCK
UPPER TRIANGULAR MATRIX ALGEBRAS

HOGER GHAHRAMANI

(Communicated by C.-K. Li)

Abstract. We provide that any Jordan derivation from the block upper triangular matrix alge-
bra 7 = 7 (n1,n2,---,m) € M,(¢) into a 2-torsion free unital .7 -bimodule is the sum of a
derivation and an antiderivation.

1. Introduction

Throughout this paper 4" will denote a commutative ring with unity. Let ./ be an
algebraover ¢ . Recall thata % -linear map D from 7 into an .2/ -bimodule .# is said
to be a Jordan derivation if D(ab+ba)= D(a)b+aD(b)+ D(b)a+bD(a) forall a,b €
o/ . It is called a derivation if D(ab) = D(a)b+ aD(b) for all a,b € o/ . If D is only
additive, we will call D is an additive (Jordan) derivation. For an element m € .4 , the
mapping 1, : & — # , given by I,,(a) = am — ma, is a derivation which will be called
an inner derivation. Also D is called an antiderivation if D(ab) = D(b)a+ bD(a) for
all a,b € o/ . Clearly, each derivation or antiderivation is a Jordan derivation. The
converse is, in general, not true (see [1]).

The question under what conditions that a map becomes a derivation attracted
much attention of mathematicians and hence it is natural and interesting to find some
conditions under which a Jordan derivation is a derivation. Herstein [4] proved that ev-
ery additive Jordan derivation from a 2-torsion free prime ring into itself is an additive
derivation. BreSar [2] proved that Herstein’s result is true for 2-torsion free semiprime
rings. Sinclair [8] proved that every continuous Jordan derivation on semisimple Ba-
nach algebras is a derivation. Johnson showed in [5] that a continuous Jordan deriva-
tion from a C*-algebra </ into a Banach </ -bimodule is a derivation. Zhang in [9]
proved that every Jordan derivation on nest algebras is an inner derivation. Li and Lu
[7] showed that every additive Jordan derivation on reflexive algebras is an additive
derivation which generalized the result in [9]. By a classical result of Jacobson and
Rickart [6] every additive Jordan derivation on a full matrix ring over a 2-torsion free
unital ring is an additive derivation. In [3], the author proved that any additive Jordan
derivation from a full matrix ring over a unital ring into any of its 2-torsion free bimod-
ule (not necessarily unital) is an additive derivation which generalized the result in [6].
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Benkovic¢ [1] determined Jordan derivations on triangular matrices over commutative
rings and proved that every Jordan derivation from the algebra of all upper triangular
matrices into its arbitrary unital bimodule is the sum of a derivation and an antideriva-
tion. Zhang and Yu [10] showed that every Jordan derivation of triangular algebras is a
derivation.

In this note we prove that any Jordan derivation from the block upper triangu-
lar matrix algebra .7 = .7 (n,na,---,n;) C M, (%) into a 2-torsion free unital .7 -
bimodule is the sum of a derivation and an antiderivation, where % is a commutative
ring with unity. This result generalizes the main result of [1].

2. Preliminaries

Throughout this paper, by M, (%), n > 1, we denote the algebra of all n x n
matrices over ¢, by T,(%) its subalgebra of all upper triangular matrices, and by
D, (%) its subalgebra of all diagonal matrices. We shall denote the identity matrix by
I. Also, E;; is the matrix unit and x; ; is the (ij)th entry of X € M,,(¢) for 1 <i,j<n.
Hence we have E;XE;; =x; jE;; for X € M,(¢) and 1 <i,j <n.

For n > 1 and a finite sequence of positive integers ny,ny,---,n; (k> 1), satis-
fying ny +ny+ - +ni = n, let J(ny,ny,---,n;) be the subalgebra of M, (%) of all
matrices of the form

X1 X - Xk

0 Xoo - Xop
X = . .o . )

0 0 - Xy

where X;; is an n; X nj matrix. We call such an algebra a block upper triangular matrix
algebra. Also we call k is the number of summands of 7 (ny,ny,---,n;). Note that
M, (%) is a special case of block upper triangular matrix algebras. In particular, if k = 1
with n; =n, then J (ny,ny, -+ ,n;) = M, (€). Also, when k =n and n; = 1 for every
1 <i<k,wehave 7 (ny,ny, --,n) =T,(¥).

Let Fy =Y E; and Fj = 3,7 Ein t.in,, for 2< j <k, where E; = Ej;.
Then {Fj,...,F;} is a set of non-trivial idempotents of .7 (ny,ny,---,n;) such that
Fi+---4+F=Iand F;F; = F;F; =0 for 1 <i,j <k with i # j. Moreover, we have
Fj T (ni,na,- - ,m)Fj = My (€) forany 1 < j<k. Weuse Z(ni,na, --,n) fora
subalgebra of .7 (ny,ny,---,ni) defined by

D(ni,n, - mg) = F T (ni,na, - ) Fr+ -+ F T (ny,na, -+ ng ) F.

Note that, if 7 (n1,na,---,ng) = T,(€), then Z(ny,na,---,n;) = Dy(¥).
By [X,Y] = XY —YX we denote the commutator or the Lie product of elements
X,Y e M,(%).

3. Main result

From [3, Theorem 3.2] and the fact that every Jordan derivation from % into its
bimoduls is zero, we have the following lemma which will be needed in the proofs of
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our results.

LEMMA 3.1. Every Jordan derivation from M,(€), for n > 1, into any of its
bimodules is a derivation.

In this note, our main result is the following theorem.

THEOREM 3.2. Let F = J (ny,ny,---,nx) be a block upper triangular algebras
in My(€¢) (n>1) and # be a 2-torsion free unital 7 -bimodule. Suppose that
D:J — M is a Jordan derivation. Then there exist a derivation d : T — M and
an antiderivation o.: 7 — M such that D =d + o and 0.(2(ny,n2,---,ng)) = {0}.
Moreover, d and o are uniquely determined.

Proof. The proof is by induction on &, the number of summands of .7 . If k =1,
then .7 = M,(%) and Z(n;) = M,(€). So by Lemma 3.1, D is derivation and oz =0
is the only antiderivation such that o(%(n;)) = 0. Hence the result is obvious in this
case.

Assume inductively that £ > 1 and the result holds for each block upper triangular
algebra 7 (ny,ny,---,n;) with k summands.

Let = T (ny,na,---,mev1) € My (%) be ablock upper triangular algebra with
np+ny+-+ngp =n.

Set P=F and Q=I1—P=F,+---+ Fr1. Then P and Q are nontrivial idem-
potents of .7 such that PQ = QP =0. Also Q.7P={0}, PP and Q7 Q are subal-
gebras of .7 with unity P and Q, respectively, and .7 = P.7 P+P.7 Q+0Q.7 Q as sum
of @ -linear spaces. Moreover, P.7P = M, (¢) and Q.70 = T (ny,n3,--- ,ng+1) C
M, —y,(€) (€ -algebra isomorphisms) is a block upper triangular algebra with k sum-
mands ny, -+, g1, where Z(ny, - ngr1) TP TFy+ -+ Fy1 T Fiyt -

Suppose .# is a 2-torsion free unital .7 -bimodule and D : 7 — .# is a Jordan
derivation. Define A: .7 — .# by A(X) = D(X) — Ig(X), where B = PD(P)Q —
OD(P)P. Then A is a Jordan derivation such that PA(P)Q = QA(P)P = 0. We will
show that A is the sum of a derivation and an antiderivation.

We complete the proof by checking some steps.

Step 1. A(X) = PA(PXP)P + PA(PXQ)Q + QA(PXQ)P + QA(QXQ)Q for all
XeT.

Let X € 7. Since P(QXQ) + (QXQ)P =0, we have

PA(QX Q) +A(P)OX Q+ QX QA(P) + A(QX Q)P = 0. 3.1)

Multiplying this identity by P both on the left and on the right we arrive at 2PA(QX Q)P
=0 so PA(QXQ)P = 0. Now, multiplying the Equation(3.1) from the left by P, from
the right by Q and by the fact that PA(P)Q = 0, we find PA(QXQ)Q = 0. Simi-
larly, from Equation(3.1) and the fact that QA(P)P = 0, we see that QA(QOXQ)P = 0.
Therefore, from above equations we get

A(QXQ) = QA(0X0Q)Q
Applying A to (PXP)Q+ Q(PXP) =0, we see that
PXPA(Q) + A(PXP)Q + QA(PXP) + A(Q)PXP = 0. (3.2)
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By A(QXQ) = QA(QXQ)Q, Equation(3.2) and using similar methods as above we
obtain
A(PXP) = PA(PXP)P.

Since P(PXQ) + (PXQ)P = PXQ, we have
PA(PXQ) +A(P)PXQ + PXQA(P) + A(PXQ)P = A(PX Q). (3.3)

Multiplying Equation(3.3) by P both on the left and on the right and by the fact that
QA(P)P =0, we get PA(PXQ)P = 0. Now multiplying Equation(3.3) by Q both on
the left and on the right and by the fact that QA(P)P = 0, we have QA(PXQ)0Q = 0.
Hence from these equations we find

A(PXQ) = PA(PXQ)0Q+ QA(PXQ)P.
Now from above results we have

A(X) = A(PXP)+A(PXQ) + A(0X Q)
= PA(PXP)P + PA(PXQ)Q + QA(PX Q)P+ QA(QX Q)Q.

Step 2. PA(PXPYP)P = PXPA(PYP)P+ PA(PXP)PYP forall X,Y € 7.

PP is a 2-torsion free unital P.7 P-bimodule. Define J: PP — P./ P by
J(PXP) = PA(PXP)P. Clearly J is a well defined linear map. Since A is a Jordan
derivation, it follows that J is a Jordan derivation. By Lemma 3.1 and the fact that
PTP=M, (€¢), we see that J is a derivation. So we obtain the result of this step.

Step 3. PA(PXPYQ)Q = PXPA(PYQ)Q+ PA(PXP)PYQ and PA(PXQYQ)Q =
PXQA(QYQ)Q + PA(PXQ)QYQ forall X,Y € 7.

Let X,Y € . Applying A to the equations: PXPYQ = (PXP)(PYQ) +
(PYQ)(PXP) and PXQYQ = (PXQ)(QYQ) + (QYQ)(PXQ), we get

A(PXPYQ) = PXPA(PYQ) + A(PXP)PYQ + PYQA(PXP) + A(PYQ)PXP
and 3.4
A(PXQYQ) = PXQA(QY Q)+ A(PXQ)QYQ + QY QA(PX Q) + A(QYQ)PX Q.

Multiplying these identities by P on the left and by Q on the right, from Step 1 we
yield the result.

Step 4. There exists a derivation g : Q.70 — Q. Q and an antiderivation 7 :
07 Q — Q. Q such that QA(QX Q)0 = g(0XQ) + y(0XQ) for all X € .7 . More-
over, Y(F,b.TFy+ -+ + F1 1T Fiy) = {0} and PXQy(QYQ) =0 forall X,Y € 7.

Q.7 Q is a 2-torsion free unital Q.7 Q-bimodule. Define G: Q.7 Q — Q.# Q by
G(0XQ) = OA(0X0Q)Q. Clearly G is a well defined linear map. Since A is a Jordan
derivation, we see that G is a Jordan derivation. In view of the isomorphisms Q.7 Q =
T (n2,n3, - iy 1) € My (€), D(n2,--mi1) E BRI+ + Fy1. T Fyr and
induction hypothesis, there exists a derivation g : 0.7 Q — Q. Q and an antiderivation

¥:QTQ — QA Q such that QA(QXQ)Q = G(QXQ) = ¢(QXQ) + ¥(QXQ) for all



JORDAN DERIVATIONS ON BLOCK UPPER TRIANGULAR MATRIX ALGEBRAS 185

XeT.Also, Y(F,.TFy+-++Fy 17 F1) ={0}. We will show that PXQy(QY Q) =
0 forall X,Y € 7.
By Step 3 and above results for all X,Y,Z € .7, we have

PA(PXQYQZQ)0Q = PXQA(QYQZQ)Q + PA(PXQ)QYQZQ
= PXQg(QYQZQ) + PXQY(QY QZQ) + PA(PX Q) QY QZ0Q.
On the other hand,
PA(PXQYQZQ)0Q = PXQYQA(QZQ)Q + PA(PXQYQ)0ZQ
= PXQYQA(QZQ)Q + PXQA(QYQ)QZQ + PA(PXQ)QY QZQ
= PXQYQg(QZQ)+ PXQYQy(QZQ) + PXQg(QY 0)0ZQ
+ PXQY(QYQ)QZQ + PA(PXQ)QY QZQ
= PXQg(QYQZQ) + PXQy(QZQY Q) + PA(PXQ)QY QZQ,
since g is a derivation and ¥ is an antiderivation. By comparing the two expressions

for PA(PXQYQZQ)Q, we arrive at

PXQy([QYQ,0ZQ]) =0, (3.5)

forall X,Y,Z € 7. Now from the fact that Q = F>+---+ Fy) and F;Q = QF; = F;
forall 2 < j<k+ 1, we have

A~ A~

k+1 k1 K+l k1
OXQ— 3 FiXFj= (3 F)OXQ— 3 FiXF;= 3 (F;XQ~ FiXF))
= = =

j=2 Jj=2

k+1 k+1 (3:6)
=Y FX(Q—Fj) = Y [Fj,F;X(Q—F))],
=2 =2

for all X € 7. Note that Fj,F;X(Q — F;) € 0.7Q. By Equation (3.5), (3.6) and
Y(F,.TFy+ -+ F1 T Fp) = {0}, we conclude that

k+1 k+1

PXQY(QYQ) = PXQY(QYQ — ¥ FYFj+ ¥ F;YF;)

j=2 j=2
k+1
=PXQy(QYQ— Y F;YF;)

j=2
= PXQY([F}, F;Y(Q - Fj)]) =0,
forall X,Y € 7.

Step 5. PXQA(PYQ)P =0 and QA(PXQ)PYQ =0 forall X,Y € 7.

Multiplying Equations (3.4) by Q on the left and by P on the right, we have
QA(PXPYQ)P = QA(PYQ)PXP

and (3.7)

QA(PXQYQ)P = QY QA(PXQ)P,
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forall X,Y € .7 . Now applying A to (PXQ)(PYQ)+ (PYQ)(PXQ)=0 forany X,Y €
7, we see that

PXQA(PYQ)+A(PXQ)PYQ+ PYQA(PXQ)+A(PYQ)PXQ = 0.
From this identity we get the following equations.
PXQA(PYQ)P+ PYQA(PXQ)P =0 (3.8)
and
OA(PXQ)PYQ+ QA(PYQ)PXQ =0 (3.9
forall X,Y € 7. Let 1 <i,k<n; and n; < j,I < n be arbitrary. By Equations(3.7)
and Equation(3.8) we have
EijA(Eq)P = E;jA(EEq)P = EijA(Eq)Exi
= E;;A(E;jEj)Ey = EijEjA(E;j)Ey = EyA(E;;)Ey
= —E;jA(Ej)Ex = —EijA(EREy)P = —EijA(Ey)P,
since Ej; € PITP, EijaEil7Ekl S PﬂQ, Eﬂ € QyQ So E,‘jA(E]d)P =0. Also by
Equations(3.7) and Equation(3.9) we find
QA(E;j)Eq = OA(EyE;j)Ey = EjjA(Ey)Ey
= EjA(EiEn)Eq = EijA(En)ExEn = EjjA(Ey)Ey
= —E;;A(Eq)Eq = —OA(EE;j)Ey = —QA(E;j)Ey,
since Ey, € PP, EijaEllaEkl € PgQ El] S QyQ Hence QA(E,‘j)Ekl = 0. For any

X, Ye T, ,let PXQ= 2 Z”,n 1% jE;j and PYQ = Z 2?:n1+1}’k,lEkl- Therefore,
by identities E; jA(Ekl)P 0, QA( ij)Ex =0 and hneanty of A it follows that

nj

PXOAPYQ)P=Y Y xi;E;AY, Y, yiiEu)P

n
i=1j=n;+1 k=1l=n1+1
n

ny n
>y Y 2 xi, i EijA(Eg)P =0,

=n
i=1j=n1+1k=11

and

ny n

QA(PXQ)PYQ = Y OAY, Y xijEij)viiEu

k=1l=n;+1 i=1j=n;+1

ni n
=y %i, iyt QA(Eij) Exg = 0.

Step 6. The mapping 8 :  — .# , given by

0(X)=PA(PXP)P+ PA(PXQ)0+ g(0X0)
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is a derivation and the mapping o : 7 — .# , given by

a(X) = QA(PXQ)P+y(0XQ)

is an antiderivation such that o/(Z(ny,nz,- - ,ni11)) = {0} . Moreover, A= + .
Clearly, 0 is a linear map. By Steps 2, 3, 4 and the fact that Q.7 P = {0} one can
check directly that o is a derivation.
It is clear that « is a linear map. For each X,Y € .7, by Equations(3.7), Steps 4,
5 and the fact that Q.7 P = {0}, we have

o(XY) = QA(PXPY Q)P + QA(PXQY Q)P+ y(QX QY Q)
= QA(PYQ)PXP+ QYQA(PXQ)P+ QY Qy(QX Q) +7(QYQ)0XQ
+QA(PYQ)PXQ+ PYQA(PXQ)P+ PYQY(QX Q) + Y(QY Q)OX P
=Yo(X)+a(Y)X.

Let F1X\Fi + X Fy+ -+ - + Fp 1 Xir 1 Fiy1 be an arbitrary element of 2 (ny,ny, -+ ,ngrq)-
Since Y(B,.TF+ -+ + F1TFe1) = {0}, 1O = OF; =0, PF; = F;P = 0 and
F;Q = QF; = F; forany 2 < j <k, it follows that

o(FIX\Fi + BXoFr+ - + Fp 1 Xk 1 Fiey1)
= QA(P(FIX\Fi + BXoF> + - + Fir 1 Xir 1 Frs 1) Q)P
+Y(Q(FiX1F1 +FXoF + -+ + Fie 1 Xk 1Fi1) Q)
=y(RXoF + - + Fy 1 Xip 1Fiy1) = 0.

So o(Z(n1,na,- - ,nx41)) = {0}. By Steps 1, 4, it is obvious that A= § + o.

Now from the above results we have D —Ig = A= 8§ + o, where 6 : T — A is
a derivation, o : .7 — .# 1is an antiderivation and o(Z(ny,ny,--- ,ni11)) = {0}. So
the mapping d : .7 — .4 given by d = 0 + I is a derivation and we find D =d + c.

Finally, we will show that d and « are uniquely determined. Suppose that D =
d' + o', where d' 1 7 — # is a derivation, o : 7 — .# is an antiderivation and
o' (2(ni,n,-- ;mi1)) = {0}. Hence Djgpz¢o: QT Q — ., the restriction of D
to 0.7Q, is a Jordan derivation. So Djgz¢ = djg7o + Q70 = dl/QﬁQ + allQﬁQ’
where d\QﬂQ’deﬁQ : QT Q — M are derivations, O‘\QﬂQ:O‘\/QyQ :QTQ — M are
antiderivations and 04y 7, a{QﬁQ(F2 TF+- +F.17F.1)={0}. Since 0702
y(n2,n37--- 7nk+1) - Mn_nl(cg), @(n27--- 7nk+1) 2BIFh+-+F 1 TFey, by
the uniqueness in induction hypothesis it follows that op 7 = oc"QQQ and djg 7o =
d\/ng' Define : 7 — .# by B=a— 0. Clearly B is alinear map and 8 = o0 —
o/ =d' —d. So B is aderivation and an antiderivation. Since o.(Z(ny,na,- ,ngy1)) =
o/ (P(ny,ny, - ,ngy1)) = {0}, it follows that o(PXP) = o/ (PXP) =0 forall X € 7,
so B(PXP) =0 forall X € 7. Also from g 7o = O‘\/ngv we have (00X Q) =0 for
all X € .7. Now observe that B(P) = 3(Q) =0. Then, since f is a derivation and an
antiderivation, we have

B(PXQ) = PB(XQ)+ B(P)XQ = PB(XQ) = P(OB(X)+B(Q)X) =0.
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So
B(X)=B(PXP)+B(PXQ)+B(0X0)=0

forall X € .7 . Therefore, oo = o' and hence d = d’. The proof of Theorem 3.2 is thus
completed. [

We have the following corollary, which was proved in [1].

COROLLARY 3.3. Let T,(¢) be an upper triangular matrix algebra and .# be
a 2-torsion free unital T,(€)-bimodule. Suppose that D : T,(€) — 4 is a Jordan
derivation. Then there exist a derivation d : T,(¢) — # and an antiderivation o :
T,(¢) — A such that D = d+ o and o(Dy(%)) = {0}. Moreover, d and a. are
uniquely determined.

REMARK 3.4. In the main theorem it is possible that the antiderivation ¢ equals
to zero i.e. o = 0. But the theorem doesn’t say when any Jordan derivation on block
upper triangular matrix algebras is a derivation. So this question may be interested that
under what conditions every Jordan derivation from the block upper triangular matrix
algebra . = .7 (ny,na,---,n;) C M, (%) into a 2-torsion free unital .7 -bimodule is
a derivation?
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