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COMPLEX SYMMETRIC TRIANGULAR OPERATORS

SEN ZHU

(Communicated by V. V. Peller)

Abstract. In this paper we explore complex symmetric operators with eigenvalues. We develop
new techniques to give a geometric description of certain complex symmetric triangular oper-
ators. This extends a recent result of L. Balayan and S. Garcia concerning finite-dimensional
complex symmetric operators. On the other hand, using Apostol’s triangular representation for
Hilbert space operators, we give a description of the internal structure of complex symmetric
operators.

1. Introduction

Throughout this paper, we let C, Z and N denote the set of complex numbers,
the set of integers and the set of positive integers respectively. .7 will always denote a
complex separable Hilbert space endowed with the inner product (-,-). We let 2(¢)
denote the algebra of all bounded linear operators on 7.

DEFINITION 1.1. A map C on JZ is called an antiunitary operator if C is conju-
gate-linear, invertible and (Cx,Cy) = (y,x) for all x,y € J#; if, in addition, C~! =C,
then C is called a conjugation on ¢ .

DEFINITION 1.2. An operator T € B() is called a complex symmetric opera-
tor (CSO, for short) if there exists a conjugation C on ¢ so that CTC =T*.

Note that T € Z(5) is complex symmetric if and only if 7' can be represented as
a symmetric matrix relative to some orthonormal basis for 77 (see [10, Lem. 1]). CSOs
have been studied for many years in the finite-dimensional setting. Garcia and Putinar
[10, 11] initiated the general study of complex symmetric operators, which has many
motivations in function theory, matrix analysis and other areas. In particular, CSOs
are closely related to the study of truncated Toeplitz operators [12, 13], which was
initiated in Sarason’s seminal paper [23]. Some interesting results concerning complex
symmetric operators have been obtained (see [3, 7, 15, 17, 25, 26] for references).

In general, it is difficult to determine whether a given operator is complex sym-
metric even in finite-dimensional case (see [2, 8, 9, 14]). So people pay more attention
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to special classes of operators such as partial isometries [15, 25], weighted shifts [26]
and Foguel operators [60]. In this paper we shall explore complex symmetric operators
with eigenvalues.

The first aim of this paper is to give a geometric description of certain complex
symmetric triangular operators. This is partially inspired by a recent paper of Balayan
and Garcia [2], which provides a geometric characterization for a finite-dimensional
operator with distinct eigenvalues to be complex symmetric. The present aim of this
paper is to extend the preceding result to infinite-dimensional Hilbert space. To proceed,
we first introduce some notation and terminology.

Recall that an operator T € Z(.7) is said to be triangular if

\/ ker(T —A)" =22,

AeCin>1

where V denotes closed linear span. We remark that 7 is triangular if and only if T
admits an upper triangular matrix representation

Mk ke
Ay % oo
T= A -

with respect to some orthonormal basis of 77, where each omitted entry is zero. The
class of triangular operators contain many important operators such as the well-known
Cowen-Douglas operators which are closely related to complex geometry [4].

It is obvious that each operator on finite-dimensional Hilbert space is triangular.
However, this is not the case in infinite-dimensional space since there exists 7" acting
on infinite-dimensional Hilbert space with 6,(T) = 0. Here and in what follows o, (T)
denotes the point spectrum of 7. For example, the forward unilateral shift has no any
eigenvalue and hence is not triangular. However triangular operators are universal in
the sense of approximation; more precisely, given T € %B(s#) and € > 0, there exist
K € B() with ||K|| < € and triangular operators A,B such that 7 + K is similar to
A @ B*. The reader is referred to [1] or [21, Thm. 6.1] for more details.

When an operator 7' and its adjoint are both triangular (in general, with respect to
different orthonormal bases), T is called bitriangular. This class contains all algebraic
operators, diagonal normal operators and block diagonal operators. Obviously, every
operator on finite-dimensional Hilbert space is bitriangular. As indicated in [5, 20, 22],
the class of bitriangular operators provide the best infinite-dimensional analogues of
finite-dimensional operators. There exist triangular operators which are not bitrian-
gular. The adjoint of the forward unilateral shift is such an example. However, each
complex symmetric triangular operator must be bitriangular.

LEMMA 1.3. If T € B(H) is complex symmetric and triangular, then T is bi-
triangular.
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Proof. Since T is complex symmetric, there is a conjugation C on .7 such that

T*C =CT. Hence (T* — 1)"C = C(T — A)" and C(ker(T —A)") =ker(T* — A)" for
alAeCandn>1.
Note that
\/ ker(T —A)" = 2.

AeCinz=1

Since C is a conjugation, it follows that

H=C(AH)= \| Clker(T—2)")= \/ ker(T*—2)".

AeCin>1 AeCn>1

Hence T* is triangular. [

REMARK 1.4. Let T € (%) be complex symmetric. From the proof of Lemma
1.3, one can see that dimker(7 — A4) = dimker(7 — A)* for A € C; in particular, A €
0,(T) if and only if A € 0,(T").

In [5], it is proved that every bitriangular operator is quasisimilar to a direct sum
of Jordan blocks and hence quasisimilar to a CSO [10, Ex. 4]. In this paper, we concen-
trates on those triangular operators T € Z(.#°) with distinct eigenvalues {A; :i > 1}
satisfying

\/ker(T —A)=7¢ and dimker(T—A4;) =1, Vi>1.

i1
By the preceding lemma, if 7' is complex symmetric, then

\/ker(T —A) =2 and dimker(T—4)" =1, Vi>1.

i=1

The main result of this paper is the following result.

THEOREM 1.5. Let T € B(H). Suppose that {A;: 1 <i< oo} are distinct eigen-
values of T, u; is a normalized eigenvector of T corresponding to A; and v; is a
normalized eigenvector of T* corresponding to A; for i > 1. If

dimker(T — A;) = 1 =dimker(T — A4;)*, Vi>1,
and V{u; 1 i > 1} = A =V{v; i > 1}, then the following are equivalent:
(i) T is complex symmetric;

(ii) there exist unimodular constants {04 = i > 1} such that

ai<uiauj> = aJ’<Vj,V[>, VI,] = 1’
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(iii) the condition

<”i1 ) ”i2> <”i2 ) ”i3> o <”in71 ) ”in><”in ) ”i1>
= (Vi Vi) ) Vi, Vi) -+ (Vi Vi) Vi > Vi)
holds for any n € N and any n-tuple (iy,ir, - ,iy) in N.

As an application of Theorem 1.5, we obtain the following result.

THEOREM 1.6. Let T € B(H). Suppose that {A;: 1 <i< oo} are distinct eigen-
values of T, u; is a normalized eigenvector of T corresponding to A; and v; is a
normalized eigenvector of T* corresponding to A; for i > 1. If

dimker(T — A;) = 1 =dimker(T — 4;)*, Vi>1,

V{ui:i> 1} = =Vv{vi:i>1} and (uj,uj) #0 forall i,j > 1, then T is complex
symmetric if and only if the condition

Cui ) Q) Qs i) = vi v (v vi) (v vi) (1.1)
holds for any triad (i, j,k) with i < j <k.

The other aim of this paper is to give Apostol’s triangular representation for CSOs.
First let us give a brief introduction to Apostol’s triangular representation for Hilbert
space operators.

An operator A € #() is called a semi-Fredholm operator, if ran A is closed
and either nul A or nul A* is finite, where nul A := dimkerA and nul A* := dimkerA*;
in this case, ind A :=nul A —nul A* is called the index of A. In particular, if —eo <
ind A < oo, then A is called a Fredholm operator. The Wolf spectrum o;,.(A) is defined
as

Oire(A) :={A € C: A — A is not semi-Fredholm}.

The set ps—r(A) :== C\ 05,.(A) is called the semi-Fredholm domain of A. For A €
ps—r(A), the minimal index of A — A is defined by

min-ind (A —2A) = min{nul (A —2),nul (A—1)"}.

The function A — min-ind (A — A) is constant on every component of p,_r(A) except
for an at most denumerable subset p{ . (A) without limits in ps_r(A). Each A €
ps_p(A) is called a singular point of the semi-Fredholm domain of A, and the set
pl_p(A) = ps—r(A)\ pi_p(A) is the set of regular points. The reader is referred to [21,
Chap. 1] for more details.

Given T € #(H), let

H(T) =\ {ker(A —T) : A € pl_p(T)},

H(T) = \/{ker(A =T)": A € p]_¢(T)}
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and 7% (T) be the orthogonal complement of .5.(T) + 5¢/(T). Denote the compres-
sions of T to J#(T),(T) and S4(T) by T.,T; and Ty, respectively. As seen in
[21, Thm. 3.38], 7/(T) is orthogonal to ¢ (T ). Noting that (T is hyperinvariant
for T and (T is hyperinvariant for 7*, T can be written as

T, E G| #/(T)
T=10TF|%(T), (1.2)
00 7| H(T)

where 7, and T;* are triangular operators with perfect spectrum. The upper triangular
operator matrix (1.2) is called Apostol’s triangular representation for 7', and its basic
properties are established in [21, Thm. 3.38]. This triangular representation, which
describes the internal structure of a general operator, is a very useful tool in operator
theory.

In general, for given T € #(), T,,Tp and T; are independent, and each of
them can be absent. For example, if S is the classical forward unilateral shift on I?
and T = (S+2)*® (S—2), then (i) S,,So are absent, S; = S, and (ii) Ty is absent,
T, =(S+2) and T = (S—2).

Employing the idea of Apostol’s triangular representation, we shall describe the
upper triangular matrix representation for general CSOs (see Theorem 3.3). As we
shall see later, if 7' is complex symmetric and admits the representation (1.2), then 7,
is unitarily equivalent to a transpose of T; (see Definition 3.1); in particular, 6(7,) =
o(T).

The rest of this paper is organized as follows. In Section 2, we shall give the
proofs of Theorems 1.5 and 1.6. The proof of Theorem 3.3 shall be provided in Section
3. Also we shall give several concrete examples.

2. Proofs of Theorems 1.5 and 1.6

We first give several auxiliary results.

LEMMA 2.1. Let T € B(). Assume that A, Ay € C with Ay # A, and u €
ker(T — Ay),v € ker(T — A2)*. Then (u,v) =0.

Proof. Compute to see
A (u,v) = (Tu,v) = (u, Tv) = Ay {u,v).
Since A; # Ay, it follows that (u,v) =0. O

THEOREM 2.2. Let T € B(H). Suppose that {A; :i > 1} are distinct eigen-
values of T and u; € ker(T — A;) is a unit vector for i > 1. If V{u; :i > 1} = 5,
then T is complex symmetric if and only if there exist unit vectors {v; : i > 1} with
vi € ker(T — A;)* for i > 1 such that V{v; :i > 1} = A and (u;,u;) = (v;,v;) for any
ij>1.
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Proof. “==". Assume that C is a conjugation on .7 satisfying CTC =T*. For
each i > 1, set v; = Cu;. Note that
T*V,' = T*Cui = CTu,- = Z-Cu,- = Z‘V,‘.

It follows that each v; is a normalized eigenvector of T* corresponding to Ai. More-
over, we have

V{vitiz 1} =V{Cu;:iz2 1} =C(V{u; :i > 1}) =C(H) = .
For i,j > 1, since C is a conjugation, it follows that
(vjvi) = (Cuj,Cui) = (uj,uj).

This proves the necessity. o
“«<=". Assume that v; is a normalized eigenvector of T* corresponding to A; for
i1, V{vi:i>1} =2 and

(u,-7uj>:(vj7v,->, Vl,]}l

We shall construct a conjugation C on 57 such that CTC =T7.

Denote by .7 the set of all finite linear combinations of u;’s, and by 7] the
set of all finite linear combinations of v;’s. By the hypothesis, .7 is a dense linear
manifold of 77, i=1,2.

For each x € J% with x =3 | ou;, define Cx =Y | o5v;. If y € %) and y =
>/i_1 Bju;, one can check that

(Cx,Cy) = < i_ivh i _,-v,->

Il
M=
=
=

™M
8
=

~

It follows that the map C : J% — J7 is conjugate-linear, isometric and hence well
defined. Moreover, C admits a continuous extension to .7, denoted by C again. It is
obvious that C is surjective and hence invertible. In particular, we have

(Cx,Cy) = (y,x), Vx,ye L. (2.1)

We claim that C is a conjugation. Now it suffices to prove that C is involutive,
that is, C% = I. Since V{u;:i> 1} =, we need only check that C2%u; = u; for each
i>1.
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Now fix an i > 1. Since V{v;: j > 1} = 2, it follows that dim{v; : j #i}* < 1.
By Lemma 1.3, (u;,v;) =0 for all j # i, we deduce that {v;: j #i}* = V{w;}. On
the other hand, since (v;,u;) =0 forall j # i, in view of (2.1), we obtain

<CV,‘,VJ‘> = <Cv,~,Cuj> = <uj,v,-> = 0, V] 75 i.
Hence Cv; € V{u;}, that is, Cv; = au; for some unimodular constant o. So
(ui,vi> = (Cvi7Cu,-> = (au,-,vi>.

Noting that V{v;: j > 1} = and (u;,v;) =0 forall j # i, it follows that (u;,v;) #
0. Hence we have oo = 1 and C2uy; = Cv, = u;. Thus we have proved that C is a
conjugation.

For each i > 1, compute to see that

CTu,- = C()L,‘u,‘) = Z-Cu,- = Z‘V,‘ = T*V,' = T*Cu,-,
which implies that CT = T*C. Hence T is complex symmetric. []

PROPOSITION 2.3. Let {u;,v;i :i > 1} be unit vectors in . Then there exist
unimodular constants {0 11> 1} such that o;(ui,uj) = oj(vj,vi) forall i,j > 1 if
and only if the condition

<”i1 7”i2> <”i2 ) ”i3> o <”in71 v”in> <”in ) ”i1>
= (Vi Vi ) Vi, Vi) -+ (Vi Vi) Vi > Vi)
holds for any n € N and any n-tuple (iy,iz,---,in) of positive integers.

Proof. The necessity is obvious. We need only prove the sufficiency.
“«=".For i,j € N, we define i ~ j if there exist i,i,---,i € N such that

(i iy ) iy s iy ) -+ (i, i) (i, s 145) 7 0.

One can verify that ~ is an equivalence relation on N. Denote N/ ~= {A,,:m € T'}..
Thus A, N Ay, = 0 forall my,my € I' with my # mo.
By the hypothesis, we have

|<ul7uj>|:|<vlavj>‘7 VZ,]ZI (22)
For convenience, we denote

<”i1 ) ”i2> <”i27”i3> T <”ik71 7”ik>

Y ll 12 P ik =
ot = e S s )~ Vi)

for k > 2 and k-tuple (i1,ip,---,ix) in N. By (2.2), if (u;,u;,,,) #0 forall 1 <I<
k—1, then ‘Y(il,iz,"',ik”:IZY(il,iz,"',ik,il).
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Let m € I" be fixed. Arbitrarily choose an [,, € A, and set ¢y, = 1. For each
J € A, by the hypothesis, there exist i1,i»,---,i, € A, such that

(g iy ) Cutiy s wiy) - iy i) (i 1) # 0.
By the preceding discussion, Y(l,11,12,"*,in, j) € C with modulus 1. Set
(XJ :Y(lmailai27' o 7ln’])

We need to prove the definition of ¢; is unique. Assume that there also exist ji, j2,--, jp
€ A, such that

(uag, gy ) Qujy s ugy) - (uj, g, ) (g, 1) # 0.
Then we have to check that
Y(lmailvi27"' 7in7j) = Y(lmajl7j27' o 7jp7j)'
By the hypothesis, we have
Y(ll’rhilyizf : 'ainaj)Y(j7jp7jp—17' t ajlalm)
:Y(lmaihi%' : 'ainaj7jp7jp—17' o 7j1’lm) = 1’

and hence

Y(lmailai27"'7in7j) :Y(j7jp7jp717"'7jl7lm)
:Y(lmyjlaj%"';jp:j)'

This shows that a; is well defined. Now we have defined o; for all i € N. Also we
note that |oy| = 1 forall i € N.

Arbitrarily choose 7, j € N. It remains to prove that o;(u;,u;) = ot;(vj,v;). In view
of (2.2), we may directly assume that (u;,u;) # 0. Thus i ~ j. We further assume that
i,j] € A, i# j and

(04} ZY(lm,il,iz,“' ,in,i),

where
<”lm ) Uiy > <”i1 ’ ”i2> e <”i,171 ) ”in><”in ) ”i> #0.
Then
(g, iy ) (utiy i) -~ g, 7uin><uin7ui><ui7uj> #0
and

a/ :Y(lm7i17i27"'ainai7j)'

A direct calculation shows that

(Xi<ui7uj> :Y(lmailai2a"' 7ln71)<ulaul>
uj,uj

:Y(lmailai2a"'7in7i) <V' V> <Vj,V[>
Vi

—~
NS

:T(lm7il7i27"'7in7i7j)<vj7vi>
= OCj<Vj,Vl‘>.
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This completes the proof. [
Now we are ready to give the proof of Theorem 1.5.

Proof of Theorem 1.5. The equivalence “(ii) <= (iii)” follows from Proposition
2.3.

“(i)==(ii)”. Assume that C is a conjugation on .7 such that CTC = T*. It
follows that C(T — A;)C = T* — A, for i > 1. Since u; € ker(T —A;) and ||u;|| = 1, we
have Cu; € ker(T — A;)* and ||Cu;|| = 1. For each i > 1, noting that nul (7 — A;)* =
L, v; € ker(T — A;)* and ||vi|| = 1, we deduce that Cu; = o;v; for some unimodular
constant ¢;. Since C is a conjugation, it is easy to see that

(u,-7uj> = (Cuj7Cu,-> = (ajvj,aivi> = E-a,-(vj,vi).

This proves “(i) = (ii)".
“(i1)=-(1)". Foreach i > 1, set w; = o;v;. By the hypothesis, we have

<Wjawi> = <ajvj7(xivi> :Eiaj<vjavi> = <ul7uj>

By the proof for the sufficiency of Theorem 2.2, one can see that T is complex sym-
metric. [

EXAMPLE 2.4. Choose a bounded sequence {a,};_, of complex numbers. For
each n > 1, let T, € %(C?) be the operator induced by the following matrix

1

Ly
Tn:|:n1 nl]

014t

with respect to the canonical orthonormal basis for C2. Set T = @_,T,. Then one
can check that {1 :n>1}U{L+ L :n>1} are distinct eigenvalues of T . Denote by
A1, A2, Az, -+ these eigenvalues. It is easy to see that nul (T —A;) =1 =nul (T — A;)*
forall i > 1 and V> ker(T —A;) = V=1 ker(T — A;)* equals the underlying space of
T.

By [16, Cor. 1], each T; is complex symmetric and hence T is also complex sym-
metric. Foreach i > 1, if u; € ker(T — A;),v; € ker(T — A;)* and ||u;|| = 1 = ||v;]|, then,
by Theorem 1.5, the condition

iy iy ) iy i) - (ot i ) Qi iy )
= Vi, Viy ) Wiz Vig) =+ Wiy Vi) Vi s Vi) -
holds for any n > 2 and any n-tuple (i1,ir,--,iy)-.
Now we can give the proof of Theorem 1.6.

Proof of Theorem 1.6. By Theorem 1.5, we need only prove the sufficiency. For
convenience, we denote

(uiy s wiy) Wiy i) -~ (Wi, Ui,)

Y(iy, iz, -, in) =
( s b2, ,n) <Vi27Vi1><Vi3avi2>'”<vin7Vi >

n—1
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for n > 2 and n-tuple (ij,iz,--,iy). Using Theorem 1.5 again, we need only prove
that Y'(iy,ip,-+,in,i1) = 1 forany n > 1 and any n-tuple (i1,ip,--,iy) in N.
We shall proceed by induction. By (1.1), for i, j with i < j, we have

(uisui) = (vi,vi)
and

<u,~,uj> <uj,u,-> = <u,~,u,~><u,~,uj><uq,',u,->
= <V,‘,V,‘><Vj,V,‘><V,‘,Vj> = <VJ',V,'><V,‘,VJ'>.

It follows that |(u;,u;)| = [(vi,v;)| for any i, j. Hence

Y(il7il>:17 Y(ilyi%il): <V' Vi ><V V'>
s Vi 11y Vip

for any i1,i, € N.
For i, j,k € N with i < j <k, by (1.1), we have Y(i, j, k,i) = 1. Noting that

Y,(1671.7.].716) :T(j7k7i7j) :T(i7j7k7i)

(j? i7 k7 j) )
this shows that Y'(iy,i,i3,i1) = 1 for any triad (iy,i>,i3).
Now suppose we have proved that a positive integer k > 3 exists so that
Y’(jlaj27' o ajmajl) =1
for any 1 < m <k and any m-tuple (ji,j2, -+, jm). Givena (k+ 1)-tuple (iy,i, -,
ir+1), by the induction hypothesis, we have

Y(it, i,y igg1,01) = Y (i, i,y i) Yk kg1, 1)

— Y(il7i27"'aikail)Y(ikyik+17ilaik) -1

Y(ikailaik)

This completes the proof. [

3. Apostol’s triangular representation for CSOs

In this section, we shall describe Apostol’s triangular representation for CSOs.
First we make some preparation.

DEFINITION 3.1. Let T € A(.). An operator A € B(H) is called a transpose
of T, if A= CT*C for some conjugation C on ¢ .
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Note that if T € #(H) is complex symmetric, then T = CT*C for some conju-
gation C on J¢; so T is a transpose of itself. In general, an operator has more than
one transpose [24, Ex. 2.2]. However, any two transposes of an operator are unitarily
equivalent.

LEMMA 3.2. Let T € B() and A be a transpose of T. Then
(i) 0(A)=0(T), ps—r(T)=ps—r(A), ind (T —A) = —ind (A — 1) and
min-ind (T —A) =min-ind (A—A1), VA € p,_p(T);
moreover, pl_(T) = pl_r(A).
(ii) If B is also a transpose of T, then A= B, where = denotes unitary equivalence.
Proof. Since A is a transpose of T, we can choose a conjugations C on . such
that A =CT*C.
(i) For A € C, we have A— A = C(T — 1)*C. Note that C is invertible. Then one
can see the desired results from direct verification.
(ii) Since B is a transpose of 7', we can choose a conjugation D on .7 such
that B=DT*D. Set U =DC and V =CD. Then UV =VU = 1. Since D,C are

conjugate-linear and isometric, we deduce that U € %(.#) is unitary and U~! = V.
So UA =DT*C = (DT*D)(DC) =BU , thatis, A~ B. [

We often write T" to denote a transpose of 7. In general, there is no ambiguity
especially when we write T = T°.

Given a conjugation C on ¢, we denote S¢(.) = {X € B(H#) :CXC =X*}.

The following theorem is the main result of this section.

THEOREM 3.3. Let T € #B() and Q be an open subset of p/_p(T). Denote
A (Q) =Vi{ker(A —T): A € Q} and 7(Q) = V{ker(A —T)*: A € Q}. Let H5(Q)
be the orthogonal complement of .(Q) + (). Then

H = HQ) D Q) ® H(Q),
and with respect to this orthogonal decomposition T can be written as

A E G
T=10AF]|. (3.1)
0 0 A

Furthermore, if T is complex symmetric, then
(i) Ar=(A;)" and |E|| = ||F|;
(ii) both Ay and the following operator
v
0 A

are complex symmetric;
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(iii) there is a conjugation C on F.(Q), G| € Sc(74.(Q)) and a conjugation D on
4 (Q) such that Ay € Sp((Q)) and

Ar E Gl %‘(Q)
T2 |0 Ay DE*C| #/(Q).
0 0 cA*C| Q)

Proof. Note that 5%, (Q) C J(T), 74(Q) C #4(T) and, by [21, Thm. 3.38],
(T is orthogonal to J4(T). So H# = H,(Q) ® HH(Q) ® ] (Q). It is obvious that
H(Q) is hyperinvariant for 7 and 5 (Q) is hyperinvariant for 7*. Then we may
assume that 7' admits the upper triangular matrix (3.1).

Suppose that T is complex symmetric and CyTCy = T* for some conjugation Cy
on . For A € Q, note that Co(T —A)Cp = (T —A)* . It follows that Cy(ker(7 —
A)) Cker(T —A)* and Cy(ker(T —A)*) C ker(T — A). Since Cp is a conjugation, we
have Co(ker(T — A)) = ker(T — A)*. It follows immediately that

Co(A(Q)) = A((Q), Co(A(Q)) =#:(Q)  and  Co(HH(Q)) = HH ().

Thus Cy can be written as
00G
Co={0DO|. (3.2)
C;00

Since CO_l = (y, it follows that D~! = D and Cl_1 = (C,. Thus D is a conjugation on
F5(Q).
Since TCy = CyT*, a direct matrical calculation shows that

A =CiAJCy, DAj=AoD, F=DE'C,, CiG=G"C,.

Thus Ag is complex symmetric. Since D,C, are antiunitary operators, one can see
IIF|| = ||E*|| = ||E|| . Arbitrarily choose a conjugation C on #.(Q) and set U = C;C.
Thus U : 5#(Q) — J(Q) is unitary and U~! = CC;! = CC,. Hence

A; = ClAC, = (C,C)(CAXC)(CC,) = U(CALC)U*,

that is, A; = CA}C.
On the other hand, one can see that the conjugate-linear operator

0 G
C 0
is a conjugation on J%.(Q) @ J#(Q) and
0G][AG] [0 Gal [0 AG
Ci 0]|0 A |CA CG| |AC GG

_[ar0][0 G
“lerar|lc ol
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A, G
0 A

That is, the operator

is complex symmetric.
Define

VA (Q) © I (Q) ® Q) — A,
(x1,%2,x3) — x| +x2 4+ Uxs.

Then V is unitary. Now compute to see

A E GU A E GU
VTV=|0Ay FU | = |0 Ay DE*C]|.
0 0 UAU 0 0 CAIC

Denote G; = GU . One can check that
CG|C=CGUC =CGC| =CC,G* =U*G" =Gy,
which shows that G| € S¢(/4.(Q)). O

REMARK 3.4. In Theorem 3.3, if we let Q = p! . (T), then A, =T,,Ap = Ty and
A; =T;. By Theorem 3.3 (i), T; is unitarily equivalent to a transpose of 7}; in particular,
we have ||7;|| = ||T;]| and it follows from Lemma 3.2 that o(7;) = o(T}).

Now we give an application of Theorem 3.3.
Let S denote the forward unilateral shift on # given by Se; =¢; 1, i > 1, where
{ei}7 | is an orthonromal basis of .7#°. We refer to an operator of the form

[T
Ry = [ U (3.3)
as a Foguel operator of order n, where T € #() and n € N.

COROLLARY 3.5. A Foguel operator Rt as above is complex symmetric if and
only if there is a conjugation C on ¢ and Ty € Sc(F) such that

Rrn = [(Sg)n C(ST*I)”C} '

Proof. For convenience we denote A = R, and write

- 0 Sn %a

where ] = Jt; = I . Since 0,(S) =0, it is easy to see that

Ps-r(A) =py_p(A) ={z€C: [z #1}
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and
\/  ker(A—2)=.4, \/  ker(A-1)"=.4.
AEC,[A]£] AEC,|A|#1
It follows that A, = (§*)" and A; = S". Then the desired result follows readily from
Theorem 3.3. [

In the rest, we consider a class of complex symmetric operators constructed in
terms of Cowen-Douglas operators.

For n € N and a connected open subset Q of C, let B,(€2) denote the set of
operators T € B() satisfying

(i) Qco(T),

(i) ran (T —A) = for A € Q,
(iii) Vzcqker(T —24) =, and
(iv) nul (T —A)=n for A € Q.

Each operator 7 in B,(Q) is called a Cowen-Douglas operator with index n. Note
that (iii) can be replaced by the following condition (see [4]).

(iii)” Vi1 ker(T — A)F = 2 foreach A € Q.

Let T € B,(2) and A € Q. Then T can be written as

A AL o
0 AIQ A2 X e M2
0 O 7”3 A3 M3

0 0 0 AL -.|Ma

T =

where M; = ker(T — 1) Sker(T — A)*~! and I is the identity operator on M;, for k >
1. Also one can check that A : My, — M is invertible. Moreover, ran (T — ) =
¢ and hence nul (T —u)* =0 for all u € C. Thus 0,(T*) = 0. It follows that
min-ind (T —u) =0 for u € ps_p(T), and hence p]_;(T) = ps—r(T) D Q. Then, by
statement (iii), 7 = T,.

THEOREM 3.6. Let A,B € B(H) be two Cowen-Douglas operators and set T =
A®B*. Then T is complex symmetric if and only if B* = A" .

Proof. “<=".1f B* = A’, then
T=A®B ~AqA.
By definition, there is a conjugation C on ¢ such that A" = CA*C. Set

D:[gg}
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Then D is a conjugation on .7 & 7 and one can verify that

A 0 A* 0
b [0 CA*C] b= [O CAC] ’
This proves the sufficiency.
“=—"". For convenience, we write

r_[a0]4
_OB*%’

where 4 = 76 = .

Since T is complex symmetric, there is a conjugation C on 57 & ¢ such that
CTC=T". Thenwe have C(T —1) = (T —A)*C for A € C. It follows that C(ker(T —
A)) =ker(T —A)*. As aresult, we obtain

C ( \/ ker(T—/l)) = \/ ker(T —1)".
reC reC

Since A is a Cowen-Douglas operator and 0, (B*) =0, we have

\/ ker(T —A) = \/ ker(A— 1) = 4.
reC reC

Likewise, one can check that

\ ker(T —1) =\/ ker(B— 1) = /.

reC reC
So C(4A) = 5, C(56) = A1 and C can be written as
C— 0 G| o4
|G 0|5

Since C~! = C, we have Cl_1 = (. It follows from CT* = TC that C{A* = B*C}, that
iS, ClA*Cz = B*.
Choose a conjugation D on 7. Compute to see

B* = C1A*C, = (C\D)(DA*D)(DC).

Noting that U := DC, is unitary and U~! = C| D, we have B* = DA*D. This completes
the proof. [J

REMARK 3.7. Let A,B € #(.7#) be Cowen-Douglas operators and set 7 = A &
B*. By the discussion before Theorem 3.6, A = A, and B* = (B*);. However, it is
possible that 7,,7; are absent. Set Q) ={z€C:|z+1| <1} and Q) ={z€C:
|z— 1] < 1}. By [19, Thm. 1.2], we can find Cowen-Douglas operators A, B € B()
satisfying
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(1) Ae Bl(Ql), G(A) =Q UQ, and Glre(A) =0JQ UQ_2;
(i) B€B1(Qy), 6(B) = QU and 0),.(B) = dQ, UQ; .

If T =A@ B*, then one can verify that o(T) = 01,.(T) = Q UQ,. So ps_r(T)
coincides with the resolvent of 7. Hence 7T, and 7; are both absent. Thus one can not
use Theorem 3.3 to prove Theorem 3.6.

COROLLARY 3.8. Let A € B(H) be a Cowen-Douglas operator and set T =
A@A*. Then T is complex symmetric if and only if A* =2 A.

EXAMPLE 3.9. Let A,B € #(7) be forward unilateral weighted shifts defined
by
Ae; = a;e;r1, Bej=bieir, Vi>l,

where {¢;}7, is an orthonormal basis of .#’. Then A*,B* are triangular operators.
Moreover, we assume that inf; |a;| > 0 and inf; |b;| > 0. Then one can check that A*, B*
are Cowen-Douglas operators of index one ([4]).

Set T = A* @ B. Then, by Theorem 3.6, T is complex symmetric if and only if
(A*) = B, thatis, A* > B".

Note that A is unitarily equivalent to a forward unilateral weighted shift with pos-
itive weights {|a;|} and B is unitarily equivalent to a forward unilateral weighted shift
with positive weights {|b;|}. We may directly assume that a; > 0,b; >0 forall i > 1.

For x € 2 with x = Y7 | otie;, we define Cx = Y° | 0e;. One can verify that C
is a conjugation on 7. Moreover,

CBC@,‘ = CBei = C(bie,-ﬂ) = b,-e,-H = Beh Vi 2 1.

So B=CBC, thatis, B* =CB*C. This shows that B* is a transpose of B. Then A* = B’
if and only if A= B. By [18, Prob. 89], A = B if and only if a; = b; for all i. Then T
is complex symmetric if and only if a; = b; for all i.

REFERENCES

[1] C. APOSTOL AND B. B. MORREL, On uniform approximation of operators by simple models, Indiana
Univ. Math. J. 26, 3 (1977), 427-442.

[2] L. BALAYAN AND S. R. GARCIA, Unitary equivalence to a complex symmetric matrix: geometric
criteria, Oper. Matrices 4, 1 (2010), 53-76.

[3] N. CHEVROT, E. FRICAIN, AND D. TIMOTIN, The characteristic function of a complex symmetric
contraction, Proc. Amer. Math. Soc. 135, 9 (2007), 2877-2886 (electronic).

[4] M. J. COWEN AND R. G. DOUGLAS, Complex geometry and operator theory, Acta Math. 141, 3-4
(1978), 187-261.

[5] K.R.DAVIDSON AND D. A. HERRERO, The Jordan form of a bitriangular operator, J. Funct. Anal.
94, 1 (1990), 27-73.

[6] S. R. GARCIA, The norm and modulus of a Foguel operator, Indiana Univ. Math. J. 58, 5 (2009),
2305-2316.

[71 S.R.GARCIA AND D. E. POORE, On the norm closure of the complex symmetric operators: compact
operators and weighted shifts, J. Funct. Anal. 264, 3 (2013), 691-712.

[8] S.R.GARCIA, D. E. POORE, AND J. E. TENER, Unitary equivalence to a complex symmetric matrix:
low dimensions, Linear Algebra Appl. 437, 1 (2012), 271-284.



[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]

[22]
[23]

[24]
[25]

[26]

COMPLEX SYMMETRIC TRIANGULAR OPERATORS 381

S. R. GARCIA, D. E. POORE, AND M. WYSE, Unitary equivalence to a complex symmetric matrix:
a modulus criterion, Oper. Matrices 2, 5 (2011), 273-287.

S. R. GARCIA AND M. PUTINAR, Complex symmetric operators and applications, Trans. Amer.
Math. Soc. 358, 3 (2006), 12851315 (electronic).

S. R. GARCIA AND M. PUTINAR, Complex symmetric operators and applications. II, Trans. Amer.
Math. Soc. 359, 8 (2007), 3913-3931 (electronic).

S. R. GARCIA AND W. ROSS, Recent progress on truncated Toeplitz operators, Fields Institute Com-
munications 65 (2013), 275-319.

S. R. GARCIA, W. ROSS, AND W. R. WOGEN, C* -algebras generated by truncated Toeplitz opera-
tors, Oper. Theory. Adv. Appl. 236 (2013), 181-192.

S.R. GARCIA AND J. E. TENER, Unitary equivalence of a matrix to its transpose, J. Operator Theory
68, 1 (2012), 179-203.

S. R. GARCIA AND W. R. WOGEN, Complex symmetric partial isometries, J. Funct. Anal. 257, 4
(2009), 1251-1260.

S. R. GARCIA AND W. R. WOGEN, Some new classes of complex symmetric operators, Trans. Amer.
Math. Soc. 362, 11 (2010), 6065-6077.

T. M. GILBREATH AND W. R. WOGEN, Remarks on the structure of complex symmetric operators,
Integral Equations Operator Theory 59, 4 (2007), 585-590.

P. R. HALMOS, A Hilbert Space Problem Book, Second edition. Graduate Texts in Mathematics, 19.
Encyclopedia of Mathematics and its Applications, 17. Springer-Verlag, New York-Berlin, 1982.

D. A. HERRERO, Spectral pictures of operators in the Cowen-Douglas class B,(Q) and its closure,
J. Operator Theory 18, 2 (1987), 213-222.

D. A. HERRERO, Most quasitriangular operators are triangular, most biquasitriangular operators
are bitriangular, J. Operator Theory 20, 2 (1988), 251-267.

D. A. HERRERO, Approximation of Hilbert space operators. Vol. 1, 2nd Edition, Vol. 224 of Pitman
Research Notes in Mathematics Series, Longman Scientific & Technical, Harlow, 1989.

D. A. HERRERO, Triangular operators, Bull. London Math. Soc. 23, 6 (1991), 513-554.

D. SARASON, Algebraic properties of truncated Toeplitz operators, Oper. Matrices 1, 4 (2007), 491—
526.

S. ZHu, Approximate unitary equivalence to skew symmetric operators, Complex Analysis and Oper-
ator Theory 8, 7 (2014), 1565-1580.

S.ZHU AND C. G. L1, Complex symmetry of a dense class of operators, Integral Equations Operator
Theory 73, 2 (2012), 255-272.

S. ZHU AND C. G. L1, Complex symmetric weighted shifts, Trans. Amer. Math. Soc. 365, 1 (2013),
511-530.

(Received April 26, 2014) Sen Zhu

Department of Mathematics, Jilin University
Changchun 130012, P. R. China

e-mail: zhusen@jlu.edu.cn

Operators and Matrices
www.ele-math.com

oam@ele-math.com



