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NONCOHERENCE OF THE MULTIPLIER ALGEBRA
OF THE DRURY-ARVESON SPACE H? FOR 1 >3

AMOL SASANE

(Communicated by S. McCullough)

Abstract. Let H% denote the Drury-Arveson Hilbert space on the unit ball B, in C", and let
# (H2) be its multiplier algebra. We show that for n > 3, the ring .# (H2) is not coherent.

1. Introduction

The aim of this article is to investigate a certain algebraic property of rings, called
coherence, which is a generalization of the property of being Noetherian, for a particu-
lar algebra of holomorphic functions in the unit ball in C".

DEFINITION 1.1. (Coherentring) Let R be a unital commutative ring, and for an
neN:={1,23,---},let R" =R x --- xR (n times). If f€ R", say f= (f1, -, /n),
then a relation g on f, written g € £, is an n-tuple g = (g1,---,8,) € R" such that
g1fi+---+gunfu =0. The ring R is said to be coherent if for each n € N and each
f € R", the R-module f* is finitely generated.

A property which is equivalent to coherence is that the intersection of any two
finitely generated ideals in R is finitely generated, and the annihilator of any element is
finitely generated [4]. We refer the reader to the monograph [7] for the relevance of the
property of coherence in homological algebra. All Noetherian rings are coherent, but
not all coherent rings are Noetherian. For example, the polynomial ring Clx;,x,x3, -]
is not Noetherian (because the sequence of ideals (x;) C (x1,x2) C (x1,x2,x3) C -+ is
ascending and not stationary), but C[x;,x;,x3,---] is coherent [7, Corollary 2.3.4].

For algebras of holomorphic functions in the unit disk

D:={zeC:lg < 1}

in C, it is known that the Hardy algebra H”(ID), consisting of all bounded and holo-
morphic functions on D with pointwise operations, is coherent, while the disk algebra
A(D) (of all functions in H”(ID) that admit a continuous extension to the closure of I
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in C) is not coherent [8]. For n >3, Amar [1] showed that the Hardy algebra H*(B,,),
consisting of all bounded and holomorphic functions in the unit ball

By :={z=(z1,,2a) €C": [a1]*+ - +|aa|* < 1},

is not coherent. Related results about some other subalgebras of holomorphic functions
in the ball and the polydisk were also obtained in [1]. Whether or not the Hardy algebra
H>(D?) (of the bidisk D?) and H*(B,) are coherent does not seem to be known.

The aim of this article is to prove the noncoherence of the multiplier algebra of the
Drury-Arveson space in C" with n > 3, and our main result is the following.

THEOREM 1.2. For n >3, .#(H2) is not coherent.

We give the pertinent definitions and notation below.

A multivariable analogue of the classical Hardy space on I in C is the Drury-
Arveson space Hﬁ on the unit ball B, in C" [2], [5]. The space H% is a Hilbert
function space that has a natural n-tuple of operators acting on it, giving it the structure
of a Hilbert module, and has been the object of intensive study in the last decade or so
owing to its relation to multivariable operator theory (for example the von Neumann
inequality for commuting row contractions [5]) and multivariable function theory (for
instance Nevanlinna-Pick interpolation [3]).

DEFINITION 1.3. (The Drury-Arveson space H,%) The Drury-Arveson space H,%
is a reproducing kernel Hilbert space of holomorphic functions on B, with the kernel

K(z,w)= —F, z,weDB,.
(z,w) 1—(z,w) "
We will use the standard multi-index notation: For & = (o,---,a,) € Z", where
Zy:=1{0,1,2,3,--},
al:=o!lom!w!, |a=u+ -+o §*¥:=¢M"-Lm

DEFINITION 1.4. (The multiplier algebra . (H2)) A holomorphic function f on
B, is called a multiplier for H2 if f-H2 C H2.
. (H2) is the ring of all multipliers on H2 with pointwise operations.

If f is a multiplier, then the multiplication operator My : H2 — H2 corresponding
to f defined by
My(g):=fg, g€H;,

is necessarily bounded on H2 [2], and the multiplier norm of f in .# (H?) is defined to
be the operator norm of M. Then .2 (H2) is a strict sub-algebra of H*(B,) if n > 2
[2]. If n =1, then H2 = H7 is the usual Hardy space of the disk, and . (H2) = H*(DD),
the Hardy algebra on the disk .

The proof of our main result, Theorem 1.2, is an adaption to the case of . (H2)
of the proof given in Amar [1] for showing the noncoherence of H*(D"), n > 3.
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2. Preliminaries

The following result is shown along the same lines as the calculation done in [6,
Lemma 2.3], where it was shown that

€ ./ (H%)

l—s21

forallreal s € (0,1) and n > 2.

LEMMA 2.1. Let a € T:={z€ C: |zl =1} and n > 2. Then the function G :
B, — C, given by

Z:(Zl,"'7Zn)€Bn7

belongs to . (H?).

Before proving this result, we need some preliminaries from [6, Section 2], repro-
duced here for the convenience of the reader, as they will play an essential role in the
justification of Lemma 2.1. Let

B = {(07ﬁ27"'aﬂn):ﬁ27"'aﬂn 6Z+} CZi.

We will denote as before, the components of z by zj,---,z,. For each B € £, define
the closed linear subspace

Hg = span{zizB : k > 0}
of H2. Then we have the orthogonal decomposition
H; = EB Hpg.
For each B € %, we have an orthonormal basis {ekﬂ 1k >0} for Hﬂ , where

erp(z) = (k;gf) kP (2.1)

Then Hy = H%, the Hardy space of the unit disk ID. For the proof of Lemma 2.1, we
need to identify each Hg, B # 0, as a weighted Bergman space on the unit disk.

Let dA be the area measure on D with the normalization A(D) = 1. For each
integer m > 0, let

B0 = L2(, (1 - [£[2)"aA(0)).

the usual weighted Bergman space of weight m. Then

{e,gm) ke Z+}
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is the standard orthonormal basis for B(") , where

(k+m+1)!
k!m!

" (0) = ¢k, (2.2)

For each B € %\ {0}, define the unitary operator Wg : Hg — BUBI-1) py

Waerg =PV, kez,. (2.3)

It follows from (2.1) and (2.2) that the weighted shift M, \Hﬂ is unitarily equivalent to
My on BB Thusif B € #\ {0}, then

Wﬂlehﬁ = MgWﬂhﬁ forall h e Hﬁ

Note that M, |Hy is the unilateral shift.
We will also need the following fact.

LEMMA 2.2. |1 — %7 Y2dA(E) is a Carleson measure for the Hardy space H3
of the unit disk D.

Proof. For z = ¢, where ¢ € (—m, 7], let
Se(z) == {rei’:1—0<r< I, [t—¢| <0}

Then we have

o+6 1 1
1— 217 Y2gA :/ / ———————rdrdt
hyn=ereane = |70 [ e
o+6 1 1
:/ / rdrdt
96 J1-6 {/1—2r2cos(2t) +r
o+0 1 1 I
< ——————rdrdt
/q)—(-) /1—9 V1—2r2+ 14
o+6 1 1
:/ / ————rdrdt
0—0 J1-0 1 —12

p+6 1-(1-0)2 | _ 5
—/ /0 mdudl(wnhu—l—r)

This completes the proof. [l
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We are now ready to prove Lemma 2.1.

Proof of Lemma 2.1. 1tis enough to consider the case when o = 1. Let hg € Hg,
where B = (0,82,--,B,). Then

= Z Ckzlfzﬂ.
k=0
First we assume that 8 # 0. By (2.3),
(Wghg)(¢) = \13| ECkC" ¢ eD.

Then Wghg € BUBI=1)  Denote e, = (0,1,---,0). Since zpzB = zB+¢2  we have

(W e,22lig)(C) = ";‘? zckgk ¢ e,

and Wg_,20hg € BA!. Now suppose that
hp(z) = (1-2) " fp(2),

where ~
= Zakzlfzﬁ.
k=0
For { € D, we have |1 —{?| > 1—|{]?, and so
1= (=[G 2= 1- (¢ (24)
We have

lz2(1—21)~ 1/4fﬁHH2 = ||ZzhﬂHHz = |Wp1e, C2hp 113 )

_ (Bte)!
B!

B (ﬂ|;e!2)!/m> (1_22 1/4 iakck‘2(l—|§|2)\ﬁ\dA(C)

+ey)! (1— 1Bl
= (ﬂmf:Z) /]D) z Ck‘ §2|1)/2 dA(¢)

< /D Tl [ (116 aA ) sine 2.4)

:ﬂzljll \B|—1 /‘Eak?‘ —1M)B1dA(g)

1 1
= B s = P U < 205l

[ S e - 1epPlaace)

k=0
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So we have shown that for B # 0, the norm of the restriction of the operator of multi-
plication by z>(1 — z%)_l/ 410 Hpg does not exceed V2.

Next we consider the case when B = 0. We know that Hy = H%, the Hardy space
on D. Let h € Hy. Then

h(z) = Z crZk.
k=0

we have

=

(Wes22h)(§) = Y ¥, (€D

k=0

and We,z2h belongs to the Bergman space B Now suppose

h(z) = (1-2)""*f(2),
for some -
f(z)= Y aid.
k=0

Then

o2 (1 =) "4 ffe = Weyz2hilI 50,

- [|Zatfag
k=0
:/D @;akékrdf\(é)

=0

= [| S a1 -crraace)
D7 r=0

where the last inequality follows from the fact that |1 — 2|"1/2dA({) is a Carleson
measure for H% (Lemma 2.2 above). So we have shown that the norm of the restriction
of the operator of multiplication by z,(1 — z%)’l/ 4 to Hy does not exceed v/C.

If B#B', fp € Hp,and fg € Hpr, then

22 <2
— 1 ———=1g-
—prle - e

Thus it follows from the two paragraphs above that the multiplication operator Mg,

corresponding to
22

=

is a continuous linear map on H2, thatis, G, € .# (H2). This completes the proof. [J

Ga:
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3. Noncoherence of .7 (H2)

Proof of Theorem 1.2. We will prove the claim by contradiction. Suppose that
M (H2) is a coherent ring. Let f = (f1, /) € (.# (H2))?, where f, :=z; and f5 :=25.
As .7 (H2) is coherent, f- will be finitely generated, say by hy,---,hy in (.7 (H2))2.
For o € T, define g4 = (81,0,82,0) bY

Z
§1.a(2) = ——
(1—-o0z3)
—Z
82.0(2) == :

(1—oz3)!/4’

for z = (z1,--,21) € B,,. Note that by Lemma 2.1, we know that g, is in (. (H2))?
foreach o0 € T.

The rest of the proof is the same, mutatis mutandis, as the proof given in [, Sec-
tion 1, pages 69-71]. We repeat it here making sure that the implicit but straightforward
changes needed in that proof to adapt it to our different situation, are made explicit here
for the convenience of the reader.

We have

22 —21
J18a1 + f28a2 =21 = S +22- (—ad) 0,

(1

and 50 go = (g1.4,82.0) € F. Thus there exist Yy; € ///(H,%) such that

k
8o = E'J’a,ihi~ 3.1)
-1

If h; =: (r;,s;) € (4 (H2))?, then we have
211+ 208 = 0.
Soif zp =0, then z;7; = 0. Thus r; =0 on
{z= (21, 20) €Br:22=0}.
Hence there exist #;, holomorphic in B, such that
ri(z) =z2t(z), i=1,---.k, z€B,.

So it now follows from (3.1) that

(171/4 ZYaz 2)20ti(z

that is,

£0(z) := Eya, Mi(z), o€T,zcB,.

(1 1/4
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Let ay,---, 04,04 be k+ 1 distinct points in T. The equation
k
a(2) = Yoi(2)ti(2) (3.2)
i=1
for these k+ 1 choices of o can be rewritten in matricial form as follows:
You,1 - Yok €oy 151
. . - | =0. (3.3)
Yoy, Yoy k €oy I
You,1 "+ You .k Ea —1
20
Since (3.3) is solvable, we must have
’)/051,1 Yal,k 80{1
det : : | =0.
YQk,l Yo%k SOCk
’ya*71 ya*,k ga*
Expanding the determinant along the last column gives
)/061,1 Yal,k k
det| ‘€0, = O Mo € (3.4)
i=1
Yol Yok l
=:A

with Ag,; € .4 (H2) C H*(B,) (since the Yo, i € A (H2)). Now we consider the
following two possible cases separately:

1° For some choice of distinct points o, ---, 0 € T, the determinant A is not iden-
tically O on the variety

Vo= {z:(zl,---,zn)EIB%n:zkzoforallke{1,~~~,n}\{3}}.

2° For every choice of distinct points o, -, 0 € T, A=0on ¥ .

Let us consider case 1° first. The map z3 — Al (0,0,z3,0,---,0) : D — C is holo-
morphic and bounded, independent of .. As A|y is not identically zero, there exists a
point ¢, € T, which is distinct from o, - - -, 0%, such the radial limit of A|4(0,0,-,0,---,
0) is nonzero as zz — @.'/2. Then z% approaches @, and we see in (3.4) that the left
hand side approaches e, while it is not the case that the right hand side approaches oo
(because the Ay, ; and the €o; with o; # o, stay bounded). This contradiction shows
that this case can’t be possible.
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So we now consider case 2°. Set
A= {(on, -, 04) € TX: oy # otj whenever i # j, 1 <i,j < k}.
We know that A= 0 on ¥ for every choice of (o, --,04) € A. Let £ be defined by

Yoy .1 (Z) T yahk(z)
/:= max maxrank : : . (3.5)

(0, 00 )EA ZEV
YO%I(Z) Yock,k(z)
From (3.2), we can deduce that ¢ can’t be zero. Indeed, having ¢ = 0 means that all

the ¥,; =0 on ¥ and by (3.2), we would have 1/(1 — az?)'* =0, z €D, which is
clearly impossible. Also ¢ < k owing to the fact that A=0 on #". So we know that

1 < /¢ < k. Now select a particular (o, ,0) € A such that the matrix
You,1 = You k
Mi=| o
YOC;”l e Yock,k

has maximal rank ¢ somewhere on the variety 7. We can then pick out a square
¢ x ¢ submatrix of the matrix M defined above, having the maximal rank ¢, and after a
relabelling (if necessary) of the ¢;, we can arrange that the minor

)/061,1 e YOCI,(
0:=det| : | #0Oon 7.
You,1 - Yoyt
Now from our choice of (ay,---,04) € A, we keep o, - -, 0 fixed, but start changing

oy 1. Note that it follows from the definition of ¢ that for any choice of oy, which
is distinct from oy, -+, 0y,

You,u 0 Youo Youi

D; = det - =0on ¥ foralliin {1,--- k}.
yo%l T YOC[,( Y(Xg,i

Yoy, Yoy € Yoy

In the rest of the proof, we imagine this oy to be a variable livingin T\ {c, -, 0y }.
We have

You .1 0 Yoyt €o You .1 = Yoy b Yoy .1 Yoy k

. . : ) SR PR IR IR I

det : : = det : b ke

Yoy, 1 0 Yoyt oy You.1 - Yoyt Yoy .1 You k.

You 0 Yoy 0 €oyy You 0 yaﬁ+1/| Yoyl T F Yoy,

k
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By expanding the determinant on the left hand side along the last column, we obtain

)/061,1 YOCI,( Vi
det | “Eoyyy = D Aoy, i Eqon Y, (3.6)
i=1

You,1 = Yoyt

=5

with A, ; € .#(H2) C H*(B,). By the choice of ¢, we know that it is not the case
that 6 =0 on ¥. Now we repeat the argument in 1° (replacing o, by oy ), as
follows to arrive at a contradiction. The map z3 — 6| (0,0,z3,0,---,0) : D — C is
holomorphic and bounded, independent of 0;,;. As &|y is not identically zero, there
exists a point oy € T, which is distinct from ¢,---, 0y, such the radial limit of
Aly(0,0,-,0,---,0) is nonzero as zz — ml/z. Then z% approaches a1, and we see
in (3.6) that the left hand side approaches oo, while it is not the case that the right hand
side approaches oo (because the JLW .1,i and the &g, with o; # 0y 1, stay bounded).
This contradiction shows that this case can’t be possible.
Consequently, f* is not finitely generated, and so .# (H2) is not coherent. [
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