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A GENERAL TOOL FOR DETERMINING THE ASYMPTOTIC
SPECTRAL DISTRIBUTION OF HERMITIAN MATRIX-SEQUENCES

CARLO GARONI, STEFANO SERRA-CAPIZZANO AND PARIS VASSALOS

(Communicated by A. Bottcher)

Abstract. We consider sequences of Hermitian matrices with increasing dimension, and we pro-
vide a general tool for determining the asymptotic spectral distribution of a ‘difficult’ sequence
{A,}» from the one of ‘simpler’ sequences {B,,, }, that approximate {A,}, when m — oo. The
tool is based on the notion of an approximating class of sequences (a.c.s.), which was inspired by
the work of Paolo Tilli and the second author, and it is applied here in a more general setting. An
a.c.s.-based proof of the famous Szegd theorem on the spectral distribution of Toeplitz matrices
is finally presented.

1. Introduction

In the last decades, an approximation theory for sequences of matrices with in-
creasing dimension has been developed, having in mind the spectral approximation.
Such a topic has both theoretical and practical interest. For instance, in a numerical
analysis context, when a large linear system with coefficient matrix A, is given, we
would like to have a procedure for constructing a matrix P, such that: (a) the cost
for solving a linear system with matrix P, is of the same order as the matrix-vector
product A,x; (b) A, — P, or P, 1A, =1 is spectrally close to the null matrix, with 1
being the identity matrix. Of course, the notion of spectral closeness has to be made
precise. Looking at the convergence properties of important and popular solvers, pre-
conditioned Krylov and multigrid, just to mention the most successful, it is evident that
such a notion should take into consideration two aspects:

1. two matrices are spectrally close if their difference is small in some norm (prefer-
ably an induced or operator norm);

2. two matrices are spectrally close if the rank of the difference is small with respect
to the matrix size.
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The second aspect may seem less natural, but, in fact, it is largely used in numerical
analysis. As an example, the Sherman—Morrison—Woodbury formula [7, p. 50] is a fast
way for obtaining the inverse of a low-rank correction of a given invertible matrix; the
convergence speed of the preconditioned conjugate gradient method is not affected, or
only mildly affected, by a small number of spectral outliers whose presence is due to a
low-rank correction matrix [1].

The concept of spectral closeness is also important for determining the asymptotic
spectral distribution of sequences formed by Hermitian matrices with increasing dimen-
sion. Roughly speaking, if {A,}, is a ‘difficult’ sequence and if {By,,}, is a ‘simple’
sequence! that approximates {A,}, (in the sense of items 1-2 above) when m — oo,
then the asymptotic spectral distribution of {A,}, can be computed as the limit of the
asymptotic spectral distribution of {Bj,,}» for m — oo.

This note is devoted to the mathematical foundation of this idea, which, in fact,
is presented here on a completely abstract level. In this respect, our main result (The-
orem 4) reflects our effort to provide a very general tool for computing asymptotic
spectral distributions. It is important to stress that this tool is based on the notion of an
approximating class of sequences (a.c.s.), which is due to the second author [10], but
was originally inspired by the work of Paolo Tilli on Locally Toeplitz sequences [13].
We also illustrate how the tool can be used in order to derive the famous Szego theorem
on the spectral distribution of Toeplitz matrices.

The note is organized in two sections: the first contains the definition of a.c.s. and
the main results, while the second provides an a.c.s.-based proof of the Szeg6 theorem.

2. Definitions and results

We begin by introducing the notion of an approximating class of sequences [10,
Definition 2.1]. Throughout this note, the word ‘matrix-sequence’ is used as a synonym
of ‘sequence of matrices’. Moreover, ||X|| denotes the spectral (Euclidean) norm of the
matrix X, i.e., the maximum singular value of X .

DEFINITION 1. (Approximating class of sequences) Let {A,}, be a matrix-se-
quence, with A, of size d, tending to infinity. An approximating class of sequences
(a.c.s.) for {A4,}, is a sequence of matrix-sequences {{By .}, : m} such that, for each
m,

An - Bn,m + Rn,m +Nn,m Vn Z Ny (1)

where rank(R, ) < p(m)dy, ||Naml| < v(m), the quantities n,,, p(m), v(m) depend
only on m and lim p(m)= lim v(m) =0.

Roughly speaking, saying that {{B,, }, : m} is an a.c.s. for {A, }, means that A,
is equal to B, plus a small-rank matrix (with respect to the size d,,) plus a small-
norm matrix. Lemma 1 shows that, if A, and B, ,, are Hermitian, then the small-rank

'Here, ‘simple’ has to be intended in the sense of the related computational complexity and, for instance,
in the sense of sparse vs. dense, shift-invariant vs. smoothly shift-variant, Toeplitz vs. quasi-Toeplitz, circulant
vs. Toeplitz, etc.
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matrix R, , and the small-norm matrix N, ,, in the splitting (1) may be supposed to be
Hermitian.

LEMMA 1. Let {A,}, be a sequence of Hermitian matrices, with A, of size d,, —
oo, and let {{Bnm}n:m} be an a.c.s. for {A,}, formed by Hermitian matrices (i.e.,
every By, is Hermitian). Then, for every m, we have

An = Bym~+ Rym~+ Nuym Vn = ny,

where Ry, Nym are Hermitian, rank(Ry, »,) < p(m)dy, |Nym|| < v(m), the quantities
i, p(m), v(m) depend only on m and lim p(m) = lim v(m) =0.
mM—o0 m—roo

Proof. Take the real part in (1) and use the inequalities rank(93(X)) < 2rank(X)
and ||R(X)|| < ||X]| to conclude that, by replacing Ry, Num With R(Ry ), R(Ny )
(if necessary), we can assume Ry, N, to be Hermitian. [

Now we turn to the main theorems (Theorems 2 and 4), which provide a gen-
eral tool for determining the asymptotic spectral distribution of a ‘difficult’ matrix-
sequence {A,}, formed by Hermitian matrices, starting from the knowledge of the
asymptotic spectral distribution of simpler matrix-sequences {By » }n, m=1,2,3,...,
again formed by Hermitian matrices. For any Hermitian matrix X € C™*", the eigen-
values of X are arranged in non-increasing order: A;(X) > ... > A,,(X); moreover,
we set (by convention) A;(X) := 4e0 if j <0 and A;(X) := —ec if j>m+ 1. The
following interlacing theorem [2, p. 63] is needed in the proof of Theorem 2.

THEOREM 1. Let Y =X +E, where X ,E € C™™ are Hermitian. Let k" k= >0
be respectively the number of positive and the number of negative eigenvalues of E, i.e.

Kri=#{je{l,...om}: A{(E) >0},  k =#{je{l,....m}: L(E) <0}

Then
Ry ()2 (1) > A (), Wj=1oom.

In particular, if rank(E) < k, then
A2 A0 2 4 (X), Vi=1,.m.

If H:R — R, we define H(eo) := lim H(x) (whenever the limit exists). Similarly,
X—o0
H(—co) := lim H(x). Moreover, we denote by Cc(R) (resp. C.(C)) the space of
complex-valued continuous functions defined over R (resp. C) and with bounded sup-
port. Finally, we set C!(R) := C.(R)NC!(R), where C'(R) is the space of complex-
valued functions F defined on R and such that the real and imaginary parts, R(F) and
J(F), are of class C!(R) in the classical sense.

THEOREM 2. Let {A,}, be a sequence of Hermitian matrices, with A, of size
d,, — . Assume that
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1. {{Bum}n:m} isana.c.s. for {An}, formed by Hermitian matrices;

1 &
2. forevery m and every F € C}(R), there exists lim — 2 F(Aj(Bum))=:0m(F) €

n—boc

nj=1
C;,

3. for every F € C}(R), there exists lim ¢,,(F) =: ¢(F) € C
m—soco

Then, for all F € C}(R),

EIhm—EF An)) = 0(F). )

n—oo (
=1

Proof. The technique of this proof is taken from [10, Proposition 2.3], where an
analogous result was proved for the singular values instead of the eigenvalues. We
first observe that it suffices to prove (2) for those test functions F € C!(R) that are
real-valued. Indeed, any (complex-valued) F € C!(R) can be decomposed as F =
R(F) +iJ(F), where R(F), 3(F) € C}(R). Thus, once we have proved (2) for all
real-valued functions in C!(IR), we have

dy

lim — Z F(A(An) = lim — 3% IR(F(4;(A0)) + 3(F (2 (An)))]

n—oo n—oo dn =

=0(R(F))+io(3(F)) = o(F),
where the last equality holds by the linearity of the functional ¢, which follows from
its definition.
Now, let F € C!(R) be real-valued. For all n,m we have

ld
P (A - - 3 (2 ‘

1 &

ZF —¢(F)

<

H M:N

1
dy #
1 d

By hypothesis, the second term in the right-hand side tends to O for n — oo, while the
third one tends to O for m — oo. Therefore, if we prove that

F)|+[on(F)—¢(F)|. 3)

1 &
lim lim sup | - 2 F(A 7 N F(Aj(Bum))| =0, )
n—oo j:1

then, passing first to the limsup and then to the hm in (3), we get the thesis.

n—s00
In conclusion, we only have to prove (4). To thls end, we recall that {{By, }, : m}
is an a.c.s. for {A,}, and that A, By, are Hermitian as in Lemma 1. Hence, for every
m,
An - Bn,m +Rn,m +Nn,m Vn Z Ny
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where Ry m,Np,m are Hermitian, rank(R,, ) < p(m)dy, ||Nym| < v(m), the quantities
Rm, p(m), v(m) depend only on m and lim p(m) = lim v(m)=0. We can then write,
mM—0o0 m—roo

for every m and every n > n,,

1 dy 1 dy
d_ EF(A/(AH)) - d_ . F(A,/'(Bn,m))
n =1 nj=1
l dn 1 dn
< |— F(Aj(An))—— F(A (Bn7m+an))
d, = dy =
J J
1 & &,
+ d_EF()L (Bnrn+ann 2 nm (5)
nj—1 j=1

We will consider separately the two terms in the rlght—hand side of (5), and we will
show that each of them is bounded from above by a quantity depending only on m and
tending to 0 as m — oo. After this, (4) is proved and the thesis follows.

In order to estimate the first term in the right-hand side of (5), we use the Weyl’s
perturbation theorem; see [2, p. 63]. We have

1 dn 1 dy

4y 2T An) =g 2Ty nm+Rn,m>>‘
J=

1 &

< 7 2 |F(5(An) = F (A (Bun+ Run))|

"j=l
d)‘l

Z”F ||°°|x’ nm+an)|

< HF HwHAn_Bn,m_ Ryl = ||F/||°°||N7 <||F' v (m),

which tends to 0 as m — oo,

In order to estimate the second term in the right-hand side of (5), we will use
the interlacing Theorem 1. We first observe that F' can be expressed as the difference
between two nonnegative, non-decreasing, bounded functions:

F—H—-K, H(x)=— / (F) (), K(x) = / (F')_(t)dr,

where (F'); := max(F’,0) and (F')_ := max(—F’,0). Hence, for the second term in
the right-hand side of (5) we have

dy dy

1 1
d_ 2 F()Lj(Bn,m +Rn,m)) - d_ 2 F(Aj(Bn,m»‘
nj—1 nj=1
l dn l n
< d_ Z H(Aj(Bn.,m +Rn.,m)) - d_ Z H(Aj(Bmm))
nj—| noj—|
1 & 1 &
-5 K(A; Bnm an - 5 K
+%;(M + 0 & (6)
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Defining 7y » := rank(R, ) < p(m)d,, Theorem 1 gives
Aj—rymBum) = Aj(Bum + Rum) = Ajiryp(Bum),  Vi=1,....dy,
and, moreover, it is clear from our notation that
Aj—rn#m (Bmm) > xj(Bmm) > xj+rn,m (Bn.,m)7 Vi=1,...,dy.
Therefore, recalling the monotonicity and nonnegativity of H,

dy

1 & 1
d_ 2 H(Aj(Bmm +Rn7m)) - d_ 2 H(x’j(Bmm))
nj—1 nj=1
1 &
< d_ |H(Aj(Bn,m +Rn,m)) - H(z’j(Bmm))}
nj—1
1 &
< d_ |H(A‘j*rn‘n1 (Brhm)) _H(A‘j“v’rn‘m(Bmm)”
n j=1
1 dn 1 dn
= d_ H(x’j_rn,m (Bn.,m)) - d_ Z H(x’j""rn,m (Bn.,m))
n | n |
dn—Tnm 1 dn+rnm
= d 2 H()Lj(Bn,m)) e 2 H()Lj(Bn,m))
n J=1=ram n J=14rm
1 nm 1 dn+”n5m
= d_ H(xj(Bn.,m)) - d_ 2 H(xj(Bmm))
n lefrn‘m n j:dn*rn.m“’l
1w 27 mH (0
< LS H B < ) g
L S T n

Similarly, one can show that the second term in the right-hand side of (6) is bounded
from above by 2p (m)||K ||, implying that the quantity in (6), namely the second term
in the right-hand side of (5), is less than or equal to 2(||H ||« + ||K||-)p (m). Since the
latter tends to O as m — oo, the thesis is proved. [

The only unpleasant point about Theorem 2 is that, in traditional formulations
of asymptotic spectral distribution results, the usual set of test functions F is C.(C) or
C:(R), but not C! (R); see, e.g., Definition 2 below or [6, Definition 3.1]. However, this
point is readily settled in Theorem 4, where we prove that, under the same hypotheses
of Theorem 2, if the second and third assumptions are met for every F € C.(R), then
(2) holds for every F € C.(R). For the proof of Theorem 4, we shall use the following
corollary of the Banach-Steinhaus theorem [9].

THEOREM 3. Let &,.% be normed vector spaces, with & a Banach space, and
let T, : & — F be a sequence of continuous linear operators. Assume that, for all
x € &, there exists lim Tyx =: Tx € % . Then,

n—so0
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o Sup||Tp[| <o

o T:& — F isacontinuous linear operator with ||T|| < liminf||T,]|.
n—>00

THEOREM 4. Let {A,}, be a sequence of Hermitian matrices, with A, of size
d,, — . Assume that

1. {{Bum}n:m} isana.c.s. for {A,}, formed by Hermitian matrices;
dp

1
2. forevery m andevery F € C.(R), there exists lim 7 > F(Aj(Bum)) =: 6m(F) €
n—eo =

C:
3. forevery F € C.(R), there exists lim ¢,,(F) =: ¢(F) € C.

Then ¢ : (Co(R), || - ||l) — C is a continuous linear functional with ||¢|| < 1, and, for
all F € C.(R),

dy
3lim — > F(2;(An)) = ¢(F). (7

1
N—oc0 dn i

Proof. For fixed n,m, let

1 &
Onn(F) = = 3, F(Aj(Bam)) : (Ce(R), |- ) = C.
n j=1
It is clear that each @,, is a continuous linear functional on (C.(R),|| - [|«) with

|@nm|l < 1. Indeed, the linearity of ¢, is obvious and the inequality |, ,(F)| <
||F||-, which is satisfied for all F € C.(R), yields the continuity of ¢,,, as well as
the bound ||¢, | < 1. The functional ¢, is the pointwise limit of ¢, as n — oo.
Hence, by Theorem 3, ¢, : (C.(R), || - ||«) — C is a continuous linear functional on
(Ce(R), |- ||eo) With ||y ]| < 1. The functional ¢ is the pointwise limit of @y, as nm— oo.
Hence, again by Theorem 3, ¢ is a continuous linear functional on (C.(R),]| - [|-) with
ol <1.

Now, fix F € C.(R). Forall & >0 we can find F; € C}(R) such that ||F — Fgl|« <
€. As a consequence, for all € > 0 and all n we have

1 &
= 3 F(3i(A) - 9(F)
n =1
1 & ) 1 & A
<=3 F(ian) — — 3 Fe(A(4,
7 2P0t = 5 3R >>‘
d)'l
| 2 R 0L +16(F) —6(F)
n j—
dy
S IF—Fellat | 7 3 Felhj(An) — 0(Fe) | +10(Fe) ~ 0(F)
nj—1
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Considering that (7) holds for Fy by Theorem 2, we have

dy

=3 Fy(an) — 0(F)

n j=1

lim sup

n—o0

S e+ |o(Fe) — o(F)].

Passing to the limit as € — 0 and taking into account the continuity of ¢, we obtain

which means that (7) holds forevery F € C.(R). O

3. An a.c.s.-based proof of the Szego theorem on the spectral distribution of
Toeplitz matrices

As an application of Theorem 4, we present in this section a new proof of the
famous Szeg6 theorem on the spectral distribution of Toeplitz matrices. This theorem,
which originally appeared in [8], has undergone several extensions; see [15, 16, 4, 14].
For the proof of these extensions, other arguments, different from the one used in [8],
have been proposed. In particular, Tilli’s argument [14] is similar to the one that we are
going to present, but it does not make use of the concept of a.c.s., which was introduced
later. To our knowledge, an a.c.s.-based proof, like the one that we are going to see in
the following, has never appeared in the literature.

In the following, we denote by m the Lebesgue measure on R. Moreover, the
word ‘measurable’ always means ‘Lebesgue measurable’.

DEFINITION 2. Let {A,}, be a sequence of matrices, with A, of size d,, — oo,
and let f: D — C be a measurable function, defined on a measurable set D C R with
0 < m(D) < . We say that {A,}, has an asymptotic spectral distribution described
by f,in symbols {A,}, ~; f,if

dy
lim LS F40) = 0,(F), VP eC(©), ®
n =1
where |
o (F) = oy [ Pt ©)

In the case where {A,}, is formed by Hermitian matrices and f is real-valued, all
the eigenvalues of A, are real and writing {A,}, ~, f is equivalent to saying that (8)
is satisfied for every test function F € C.(R), with ¢, still defined by (9). Concerning
the functional ¢, we record the following property, of interest later on.
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LEMMA 2. Let f,, : D — C be a sequence of measurable functions, defined on a

measurable set D C R with 0 < m(D) < oo, and assume that f,, converges in measure
to some measurable function f:D — C. Then,

05, (F) = ¢ (F), VF € C.(C). (10)

In particular, if fu, f are real-valued then
07, (F) = 0s(F),  VF €Cc(R). (1D

Proof. Let F € C.(C) and € > 0. Defining {|fn— f| =€} :={x€D: |fulx)—
f)| zetand {|fiw—fl<e}:={xeD: |fulx)— f(x)| < €}, we have

0, () = (P < s [ 1P(n(2) = POl

1
~ m(D) /{I.fmaf|>e} |E(fin(x)) = F(f(x))|dx
1
m(D) ‘/{‘fm*f‘<5} [F(fin(x)) = F(f(x))|dx

< UFllemlfm = f1> €}) |

< m(D) or(€), (12)

where @ is the modulus of continuity of F'. Note that lim m({|fm—fl=€})=0
(because f;;, — f in measure) and élir(l) wr(e)=0 (becausg1 ?7 is uniformly continuous
by the Heine-Cantor theorem). Hence, passing first to the limsup and then to the
}:ig(l) in (12), we get (10). In the case where f,,,f are real—valrﬁg&i (10) immediately
i{nplies (11), because every F € C.(R) is obtained as the restriction to R of some
FeC/(C). O

Now, let f : [~m,n] — C be a function in L' ([~7,x]), and denote its Fourier
coefficients by

1 (= ,
fi= %/_ f(x)e Vdx, JEZ.

For every n > 1, define the n-th Toeplitz matrix associated with f as follows:

Tu(f) = Ui sli j=1-

Note that T,(+) is linear: T,(o.f + Bg) = aT,(f) + BT.(g) for o, € C and f,g €
L'([~r,7]). In the case where f is real-valued, all the matrices 7,(f) are Hermitian
and the following result holds, which is Szegd’s theorem for L™ functions and is due to
Zamarashkin and Tyrtyshnikov [16] and Tilli [14] in the form cited here.

THEOREM 5. Let f be a real-valued function in L'([—n,x]), then {T,(f)}n ~2

f.
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Our goal is to provide a proof of Theorem 5 based on the notion of a.c.s. and,
especially, on Theorem 4. To this end, we need some auxiliary lemmas. For any square
matrix X € C"*", we denote by || X||; the Schatten 1-norm (or trace-norm) of X, de-
fined as the sum of the singular values of X; see [2] for the Schatten p-norms of
matrices. If f € L'([-r, 7)), we set

1 T
1 = 57 | 1F @l

LEMMA 3. Let f € L'([~n,7]) and n €N, then
IT:(O) I < 200 1l 21 (=) - (13)

Proof. See [14, Lemma 3.1]. O

The inequality (13) is part of a large family of inequalities involving Toeplitz ma-
trices and Schatten p-norms. In particular, in a finer version of (13), the constant 2 is
replaced by 1. We refer the interested reader to [12, Corollary 3.5].

LEMMA 4. Let {{Zym}n : m} be a sequence of matrix-sequences, with Z, , of
size n, and assume that, for every m,

||Zn,m||1 g a(’”)"; Vn 2 N,
where o.(m), ny, depend only on m. Then, for each m,

Zn,m = Rn7m +Nn,m7 Vn 2= Ry,
where rank(R,, ) < /ot(m)n and ||Nym|| < /ot(m).

Proof. The thesis may be somehow derived from the results in [11] (see in par-
ticular Theorem 4.4 and Corollaries 4.1-4.2). However, since the derivation is not so
plain, we include a short and direct proof for the reader’s convenience.

Fix m and n > n,,. Since ||Z, |1 < o(m)n, the number of singular values of
Zym thatexceed +/o(m) cannot be larger than /o(m)n. Let Z, y = UpmZnmV,, , be
a singular value decomposition of Z, ,, and write

* 1 * 2 *
Zn7m = Un7mzn,mVn7m = Un,mzﬁt,}Lme + Un7mZ£z,}21Vn,;n7
where ZELI,),[ is obtained from X, ,, by setting to O all the singular values that are less
than or equal to \/W , while Z,(f% =Xum— Z,(q}% is obtained from %, ,, by setting
to 0 all the singular values that exceed \/c(m). Then

Zn,m - Rn,m +Nn,ma

where R, », 1= UmmZg,)nV,:m and N, 1= UmmZEf,)nVn’ﬁm satisfy rank(R,, ) </ o(m)n

and [|Nym| < y/a(m). O

The next lemma shows that Theorem 5 holds in the case where f is a trigonometric
polynomial.
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LEMMA 5. Let p be a real-valued trigonometric polynomial, then {T,(p)}, ~3
Proof. Let p(x) :=% i——sDje ¢'/* be a real-valued trigonometric polynomial. Note

that p_; = p; forall j= —s,...,s, because p is real. For every n > 25+ 1, consider
the following decomposition of Tn (p):

[ po - P—s Ps o p1 ] _ I
Lp=| )
Ps o P
b b psee by pp |
=:Cu(p) —Zu(p)- "

C.(p) is a (Hermitian) circulant matrix and hence its eigenvalues are explicitly known
(see [3, p. 33] or [5, Section 3.2]):

zj<cn<p>>=p(M), i=lm

n

Therefore, for every test function F € C.(R), we have

Jim - ZF lim = 2F< (2’”)> - %/OMF(p(x))dx

n—oo n
1

T I

where the last equality holds because p is periodic with period 27, while the sec-
ond equality is due to the fact that 2% D oF (p(z%)) is a Riemann integral sum for

02” F(p(x))dx and converges to this 1ntegra1 as n — oo, because the function F(p(x))
is continuous and hence Riemann integrable on [0,27]. Thus, {C,(p)}n ~2 P.

Now, for every n,m, set A, :=T,(p) and B, := C,(p). We have just proved that
{Bum}n ~ p for every m. All the hypotheses of Theorem 4 are then satisfied (with
Om = ¢ = ¢p, as given by (9) for f = p)if {{Bum}n: m} isana.c.s. for {A,},. But
this is clearly true, because, in view of (14), for every m we have

Ay = Bn,m +Rn,m +Nn,m7 Vn > N,

where N, is the zero matrix and R, ,, 1= —Z,(p) satisfies rank(R,, ;) < 25 < p(m)n
for all n > n,,, provided that we choose n,, =m and p(m) = 2s/m. All the hypotheses
of Theorem 4 are then satisfied and so {T,,(p)}n ~y p. O
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Proof of Theorem 5. Take a sequence of real trigonometric polynomials p,, such
that p,, — f in L!([—r,x]). We prove that the assumptions of Theorem 4 are satisfied
with

An:Tn(f): Bn,m:Tn(Pm)a ¢m:¢pma ¢:¢p-

We first note that 7,,(f) and T,(p,,) are Hermitian, because f and p,, are real. By
Lemma 5, for every m we have {T,,(py)}n ~) pm. By Lemma 2, ¢, (F) — ¢,(F)
for all F € C.(R), because p,, — f in L'([~7,7x]) and hence, a fortiori, p,, — f in
measure. It remains to show that {{T;,(pm)}» : m} is an a.c.s. for {T,,(f)}n.

By Lemma 3, for every n,m we have

1T2(f) = Ta(pm) 1 = 1T (f = pu) 1y < 2021 f = Pl 11 (- ) = ()1,

where a(m) := 2|/ f — pm||11({_z ) - Thus, by Lemma 4, for every n,m we have
T, (f) - Ty (pm) = Rn,m +Nn,m7

where rank(R, ) < /o(m)n and ||Nyu| < /o(m). Since o(m) — 0 as m —
oo, {{T(pm)}n : m} is an a.c.s. for {T,(f)},. The thesis now follows from Theo-
rem4. O

We conclude by saying that a completely analogous proof as the one presented in
this section can be given also for the multilevel block version of the Szego theorem [14,
Theorem 2]. Here, we decided to address only the monolevel scalar case in order to
avoid technicalities and notational complications, so as to make more clear the ‘a.c.s.
idea’ and the way in which Theorem 4 is applied in practice.
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