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MULTIVARIABLE BESSEL GABOR TRANSFORM AND APPLICATIONS

HATEM MEJJAOLI, MOURAD JELASSI AND YOUSSEF OTHMANI

(Communicated by R. Curto)

Abstract. In this paper we consider multivariable Bessel operator. We define and study the
multivariable Bessel Gabor transform. We prove a Plancherel formula, an inversion formula
and a weak uncertainty principle for it. As applications, an analog of Heisenberg’s inequality
is obtained. At the end, we give an application of the theory of reproducing kernels to the
Tikhonov regularization on the generalized Sobolev spaces associated with the multivariable
Bessel operator.

1. Introduction

The multivariable Bessel operator Lα on Ωd = (0,∞)d is defined by:

Lα = �α1 ⊗ . . .⊗ �αd ,

where α = (α1, . . . ,αd) ∈ (−1/2,∞)d and �αi is the Bessel operator on Ω1 given by

�αi =
d2

dx2
i

+
2αi +1

xi

d
dxi

, i = 1, . . . ,d.

The operator Lα is introduced by Chettaoui and Othmani in [2], in which the
authors have studied the harmonic analysis associated with this operator. In particular
they have defined the multivariable Bessel transform FB on Ωd , for a regular function
f , by

∀ λ ∈ R
d , FB f (λ ) =

∫
Ωd

f (x)Λα (λ ,x)dμα(x) (1.1)

where Λα(λ ,x) represents the multivariable Bessel kernel on Cd ×Rd and dμα the
measure given by

dμα(x) =
d

∏
i=1

|xi|2αi+1

2αiΓ(αi +1)
dxi.
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Moreover, they have proved real Paley-Wiener theorems for the transform FB.
In this work we are interested to the study of a generalized Gabor transform asso-

ciated with the multivariable Bessel operator. More precisely, we establish generalized
Plancherel and L2 inversion formulas and we give some applications. In the classical
case the Gabor transform is very fundamental and has many applications to Mathemat-
ical Sciences. In fact, Dennis Gabor [3] was the first to introduce the Gabor transform,
in which he uses translations and modulations of a single Gaussian to represent one
dimensional signal. Other names for this transform used in literature are: short time
Fourier transform, Weyl-Heisenberg transform and windowed Fourier transform. In
[6], Trimèche defined and studied the windowed Fourier transform for Gelfand pairs.

The paper is organized as follows. In §2, we recall the main results about the
harmonic analysis related to the multivariable Bessel operator. In §3, we introduce
the analog of the continuous Gabor transform associated with the multivariable Bessel
operator and we give some harmonic properties for it (Plancheral formula, L2

α inverse
formula). The §4 is devoted to prove the analogue of Heisenberg’s inequality for the
generalized continuous Gabor transform. In §5 using the reproducing kernel theory
given by Saitoh [5] we study the problem of approximative concentration. In the last
section we give an application of the Tikhonov regularizationmethod on the generalized
Sobolev spaces associated with the multivariable Bessel operator, and we study the
extremal function for the multivariable Bessel Gabor transform.

2. Preliminaries

For β = (β1, . . . ,βd) ∈ Nd , we denote by L
β

α the operator L
β

α = �
β1
α1 ⊗ . . .⊗ �

βd
αd

and Δα =
d

∑
i=1

�αi . Let jαi be the normalized Bessel function defined for λi ∈ C and

xi ∈ R by

jαi(λixi) = Γ(αi +1)
∞

∑
n=0

(−1)d(λixi)2n

22nn!Γ(n+ αi +1)
.

The multivariable Bessel kernel Λα(λ ,x) defined by

Λα(λ ,x) =
d

∏
i=1

jαi(λixi),

where λ = (λ1, . . . ,λd) ∈ Cd , x = (x1, . . . ,xd) ∈ Ωd , is a solution of the equation⎧⎪⎨
⎪⎩

L β
α u(x) = (−1)|β |λ 2β u(x)

u(0) = 1,
∂

∂xi
u(x) = 0, i = 1, . . . ,d.

From the properties of the function jα (cf. [6]), we deduce that the function Λα
satisfies the following properties

i) For all λ ∈ Cd , the function (x1, . . . ,xd) �→ Λα(λ ,(x1, . . . ,xd)) is of class C ∞

on R
d and even with respect to each variable.
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ii) For all x ∈ Rd , the function (λ1, . . . ,λd) �→ Λα((λ1, . . . ,λd),x) is entire on Cd

and even with respect to each variable.

iii) For all λ ∈ Cd and x ∈ Rd , the function Λα admits the following integral repre-
sentation

Λα(λ ,x) =
d

∏
i=1

2Γ(αi +1)√
πΓ(αi +1/2)

∫ 1

0
(1− t2)αi−1/2 cos(λixit)dt.

iv) For all ν ∈ Nd , x ∈ Rd , λ ∈ Cd we have

|Dν
λ Λα(λ ,x)| � ‖x‖|ν| exp(‖x‖.‖Im(λ )‖). (2.2)

In particular for all λ ∈ Rd we have |Λα(λ ,x)| � 1.

2.1. Multivariable Bessel transform on Ωd

In this subsection we recall some basic results related to the multivariable Bessel
transform on Ωd .

NOTATIONS. We denote by
xα := xα1

1 . . .xαd
1 , for all x ∈ Rd and for all α := (α1, . . . ,αd) ∈ Nd .

|α| := α1 + . . .+ αd , for all α := (α1, . . . ,αd) ∈ Rd .
C∗(Ωd) the space of continuous functions on Ωd and even with respect to each

variable.
C∗(Rd) (resp C∗,c(Rd)) the space of continuous functions on Rd (resp with com-

pact support), even with respect to each variable.
S∗(Rd) the space of C ∞ -functions on Rd , rapidly decreasing together with their

derivatives which are even with respect to each variable.
D∗(Rd) the space of C ∞ -functions on Rd , with compact support and even with

respect to each variable.
Lp

α(Ωd),1 � p � ∞ , the space of measurable functions f on Ωd , such that

‖ f‖Lp
α (Ωd) =

(∫
Ωd

| f (x)|pdμα(x)
)1/r

< ∞, 1 � p < ∞

‖ f‖L∞
α (Ωd) = ess sup

x∈Ωd

| f (x)| < ∞, p = ∞.

PROPOSITION 1. i) For all f in L1
α(Ωd) , the function FB( f ) given by (1.1), is

continuous on Rd , goes to zero at infinity and we have

‖FB( f )‖L∞
α (Ωd) � ‖ f‖L1

α (Ωd). (2.3)

ii) For all f in D∗(Rd) , we have

∀ λ ∈ R
d , FB(L β

α f )(x) = (−1)|β |λ 2β FB( f )(λ ) (2.4)
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∀ λ ∈ R
d , L

β
α (FB( f ))(λ ) = (−1)|β |FB(x2β f )(λ ). (2.5)

iii) For all f in L1
α(Ωd) , if FB( f ) belongs to L1

α (Ωd) , then

f (y) =
∫

Ωd

FB( f )(x)Λ(x,y)dμα (x), a.e. (2.6)

PROPOSITION 2. Let f be in D∗(Rd) , then we have the inversion formula

∀ x ∈ Ωd, f (x) =
∫

Ωd

FB( f )(λ )Λα (λ ,x)dμα(λ ). (2.7)

PROPOSITION 3. The multivariable Bessel transform FB is a topological iso-
morphism from S∗(Rd) onto itself.

THEOREM 1. (i) (Plancherel formula). For all f ,g in S∗(Rd) . We have

∫
Ωd

| f (x)|2dμα(x) =
∫

Ωd

|FB( f )(λ )|2dμα(λ ). (2.8)

(ii) The transform FB can be extended to an isometric isomorphism of L2
α(Ωd)

onto itself.

2.2. Generalized convolution product associated with the Bessel operator on Ωd

DEFINITION 1. The generalized translation operators τx,x ∈ Rd , associated with
the multivariable Bessel operator on Rd , are defined for f in C∗(Rd) by

τx f (y) = cα

∫
[0,π ]d

f (
√

x2
1 + y2

1−2x1y1 cosθ1, . . . ,
√

x2
d + y2

d −2xdyd cosθd)

× (sinθ1)2α1 . . . (sinθd)2αd dθ1 . . .dθd , (2.9)

where x = (x1, . . . ,xd), y = (y1, . . . ,yd) and cα =
d

∏
i=1

Γ(αi +1)√
π Γ(αi +1/2)

.

By using the multivariable Bessel kernel, we can also define a generalized transla-
tion. For a function f ∈ L2

α(Ωd) and y ∈ Ωd , the generalized translation τy f is defined
by the following relation:

FB(τy f )(x) = Λ(x,y)FB( f )(x). (2.10)

DEFINITION 2. The generalized convolution product associated with the multi-
variable Bessel operator in Ωd of f and g in C∗,c(Rd) is defined by

∀ x ∈ R
d , f ∗B g(x) =

∫
Ωd

τx f (y)g(y)dμα(y). (2.11)
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PROPOSITION 4. i) Let f be in L1
α(Ωd) . Then for all x ∈ Ωd , we have

∀ λ ∈ R
d , FB(τx f )(λ ) = Λα(λ ,x)FB( f )(λ ). (2.12)

ii) Let f ∈ L1
α(Ωd) and g ∈ L2

α(Ωd) then f ∗B g is defined almost every where,
belongs to L2

α (Ωd) and we have

FB( f ∗B g) = FB( f )FB(g). (2.13)

PROPOSITION 5. i) Let f be in L1
α(Ωd) and g in L∞

α(Ωd) . Then we have

‖ f ∗B g‖L∞
α (Ωd) � ‖ f‖L1

α (Ωd)‖g‖L∞
α (Ωd). (2.14)

ii) Let g be in L1
α(Ωd) and f in Lp

α(Ωd) 1 � p � ∞ , then

‖ f ∗B g‖Lp
α (Ωd) � ‖ f‖Lp

α (Ωd)‖g‖L1
α (Ωd). (2.15)

iii) Let p,q,r ∈ [1,∞] such that 1
p + 1

q = 1+ 1
r . If f is in Lp

α (Ωd) , g in Lq
α(Ωd) .

Then f ∗B g ∈ Lr
α(Ωd) and we have

‖ f ∗B g‖Lr
α (Ωd) � ‖ f‖Lp

α (Ωd)‖g‖Lq
α (Ωd). (2.16)

3. The multivariable Bessel Gabor transform

NOTATIONS. We denote by:
X p

α , p ∈ [1,∞] the space of measurable functions f on Ωd ×Ωd with respect to
the measure dωα(x,y) = dμα(x)dμα(y) such that

‖ f‖p,μα
:=
(∫

Ωd×Ωd

| f (x,y)|pdωα(x,y)
) 1

p

< ∞, 1 � p < ∞

‖ f‖∞,μα
:= esssup

x,y∈Ωd

| f (x,y)| < ∞.

DEFINITION 3. For any function g in L2
α(Ωd) and any ν ∈ Ωd , we define the

modulation of g by ν as :

Mνg := gν := FB

(√
τν (|g|2)

)
, (3.17)

where τy , y ∈ Ωd , are the generalized translation operators given by (2.10).

REMARK 1. For g in L2
α(Ωd) , we have

‖gν‖
L2

α (Ωd )
= ‖g‖

L2α (Ωd )
.

For ν,y ∈ Ωd, we denote by gν,y the function defined on Ωd by

gν,y = τygν
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DEFINITION 4. Let g be in L2
α (Ωd) . For a function f in L2

α(Ωd) we define its
continuous generalized Gabor transform by

Gg f (y,ν) :=
∫

Ωd

f (x)gν,y(x)dμα(x), (3.18)

which can also be written in the form

Gg f (y,ν) := f ∗B gν(y). (3.19)

PROPOSITION 6. Let f ,g ∈ L2
α (Ωd) . Then f ∗B g ∈ L2

α(Ωd) if and only if
FB( f )FB(g) belongs to L2

α(Ωd) , and in this case we have

FB( f ∗B g) = FB( f )FB(g).

The proof of this proposition is a consequence of the following two lemmas.

LEMMA 1. Let f ∈ L∞
α(Ωd),g ∈ L1

α(Ωd) and assume that for all χ ∈ L1
α(Ωd)∩

L2
α(Ωd) we have ∫

Ωd

f (y)χ(y)dμα(y) =
∫

Ωd

g(ξ )FB(χ)(ξ )dμα(ξ ).

Then f ∈ L2
α(Ωd) if and only if g ∈ L2

α(Ωd) , and in this case we have

FB( f ) = g a.e.

Proof. This follows from an easy application of the Plancherel formula. �

LEMMA 2. Let f ,g ∈ L2
α(Ωd),χ ∈ L1

α(Ωd)∩L2
α(Ωd) we have∫

Ωd

f ∗B g(y)χ(y)dμα(y) =
∫

Ωd

FB( f )(ξ )FB(g)(ξ )FB(χ)(ξ )dμα(ξ ).

Proof. First note the following general fact: if f ∈ L1
α(Ωd)∩ L2

α(Ωd) and g ∈
L2

α(Ωd) then
FB( f ∗B g) = FB( f )FB(g) a.e.

This follows from the analogue fact for L1
α (Ωd) functions and the possibility to ap-

proximate g in L2
α(Ωd) with functions in L1

α(Ωd)∩L2
α(Ωd) .

Next fix g ∈ L2
α(Ωd) and define on L1

α(Ωd)∩L2
α(Ωd) the two functionals

S1( f ) :=
∫

Ωd

f ∗B g(y)χ(y)dμα(y),

S2( f ) :=
∫

Ωd

FB( f )(ξ )FB(g)(ξ )FB(χ)(ξ )dμα(ξ ).

By the previous fact and Plancherel’s identity, S1 and S2 coincide on L1
α(Ωd)∩L2

α (Ωd) .
It is easy to show that both functionals are bounded with respect to the L2

α norm, and
therefore can be extended to the whole space L2

α(Ωd) , where they still coincide. �
An immediate consequence of Proposition 6 and the Plancherel formula that will

be used in the next section is the following.
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PROPOSITION 7. Let f and g be in L2
α(Ωd) . Then, we have∫

Ωd

| f ∗B g(x)|2dμα(x) =
∫

Ωd

|FB( f )(ξ )|2|FB(g)(ξ )|2dμα(ξ ) (3.20)

where both sides are finite or infinite.

THEOREM 2. (L2
α inversion formula) Let g be in (L2

α (Ωd)∩L∞
α (Ωd))\{0} such

that ||g||L2
α (Ωd) = 1. Then, for any function f in L2

α (Ωd), we have

fn(x) =
∫

Bd
+(0,n)

∫
Ωd

Gg( f )(y,ν)τygν(x)dωα(ν,y) (3.21)

in L2
α(Ωd) and satisfies

lim
n→∞

|| f − fn||L2
α (Ωd) = 0,

where
Bd

+(0,n) = {x ∈ Ωd : ||x|| � n}.
To prove this theorem we need the following Lemmas.

LEMMA 3. Let g be as above. For any positive integer n define the two functions

Gn(x) :=
∫

Bd
+(0,n)

∫
Ωd

Λ(ξ ,x)|FB(gν)(ξ )|2dμα(ν)dμα(ξ ), x ∈ Ωd

and
Hn(ξ ) :=

∫
Bd

+(0,n)
|FB(gν)(ξ )|2dμα(ν), x ∈ Ωd .

Then
Gn ∈ L2

α(Ωd), Hn ∈ L1
α(Ωd)∩L∞

α(Ωd) and FB(Gn) = Hn.

Proof. Using the Cauchy-Schwartz inequality we obtain

|Gn(x)|2 �
(∫

Bd
+(0,n)

dμα(ν)
)∫

Bd
+(0,n)

∣∣∣∫
Ωd

Λ(ξ ,x)|FB(gν)(ξ )|2dμα(ξ )
∣∣∣2dμα(ν)

� C
∫

Bd
+(0,n)

∣∣∣∫
Ωd

Λ(ξ ,x)|FB(gν)(ξ )|2dμα(ξ )
∣∣∣2dμα(ν).

Therefore by Fubini theorem, the inversion theorem, the Plancherel formula we get∫
Ωd

|Gn(x)|2dμα(x) � C
∫

Bd
+(0,n)

∫
Ωd

∣∣∣∫
Ωd

Λ(ξ ,x)|FB(gν)(ξ )|2dμα(ξ )
∣∣∣2dμα(ν)dμα(x)

� C
∫

Bd
+(0,n)

∫
Ωd

|F−1
B (|FB(gν)|2)(x)|2dμα(x)dμα(ν)

� C
∫

Bd
+(0,n)

∫
Ωd

|τν |g|2(ξ )|2dμα(ν)dμα(ξ )

� C
∫

Bd
+(0,n)

∣∣∣∣∣∣τν |g|2
∣∣∣∣∣∣

L1
α (Ωd)

∣∣∣∣∣∣τν |g|2
∣∣∣∣∣∣

L∞
α (Ωd)

dμα(ν)

� C
∫

Bd
+(0,n)

||τν |g|2||L∞
α (Ωd)dμα(ν) < ∞.
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On the other hand, one can easily see that Hn ∈ L1
α(Ωd)∩L∞

α(Ωd) and using Fubini’s
theorem we deduce

F−1
B (Hn)(y) =

∫
Ωd

Hn(ξ )Λ(ξ ,y)dμα(ξ )

=
∫

Ωd

Λ(ξ ,y)
∫

Bd
+(0,n)

|FB(gν)(ξ )|2dμα(ν)dμα(ξ )

=
∫

Bd
+(0,n)

∫
Ωd

Λ(ξ ,y)|FB(gν)(ξ )|2dμα(ν)dμα(ξ ) = Gn(y). �

LEMMA 4. Let g be as above. For any positive integer n the function

Gn(x) :=
∫

Bd
+(0,n)

∫
Ωd

Λ(ξ ,x)|FB(gν)(ξ )|2dμα(ξ )dμα(ν),

can be written
Gn(x) =

∫
Bd

+(0,n)
gν ∗B gν(x)dμα(ν).

Proof. From Proposition 6 we have

Gn(x) =
∫

Bd
+(0,n)

∫
Ωd

Λ(ξ ,x)|FB(gν)(ξ )|2dμα(ν)dμα(ξ )

=
∫

Bd
+(0,n)

F−1
B (|FB(gν)|2)(x)dμα (ν)

=
∫

Bd
+(0,n)

(
gν ∗B gν(x)

)
dμα(ν). �

LEMMA 5. Let g be in (L2
α (Ωd)∩L∞

α(Ωd)) \ {0} . Then, for any function f in
L2

α(Ωd), we have

fn = Gn ∗B f . (3.22)

Proof. We have

fn(x) =
∫

Bd
+(0,n)

∫
Ωd

Gg( f )(y,ν)τygν(x)dωα (ν,y)

=
∫

Bd
+(0,n)

(
Gg( f )(.,ν)∗B gν

)
(x)dμα(ν)

=
∫

Bd
+(0,n)

f ∗B gν ∗B gν(x)dμα(ν)

=
∫

Bd
+(0,n)

∫
Ωd

τx f (y)(gν ∗B gν)(y)dωα(ν,y)

=
∫

Ωd

τx f (y)
(∫

Bd
+(0,n)

(gν ∗B gν)(y)dμα(ν)
)
dμα(y)

=
∫

Ωd

τx f (y)Gn(y)dμα(y)

= f ∗B Gn(x).
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On the follow we justify the use of Fubini’s theorem in the last sequence of equalities
observe that∣∣∣∫

Bd
+(0,n)

∫
Ωd

τx f (y)(gν ∗B gν)(y)dωα(ν,y)
∣∣∣� ∫

Bd
+(0,n)

∣∣∣ f ∗B gν ∗B gν(x)
∣∣∣dμα(ν).

Now, using Proposition 6 and hypothesis on g we see that gν ∗B gν ∈ L2
α(Ωd) . Next

using Young’s inequality and Parseval theorem we obtain

|| f ∗B gν ∗B gν ||L∞
α (Ωd) � || f ||L2

α (Ωd)||gν ∗B gν ||L2
α (Ωd) � || f ||L2

α (Ωd)||g||L2
α (Ωd)||g||L∞

α (Ωd)

and∫
Bd

+(0,n)

∣∣∣ f ∗B gν ∗B gν(x)
∣∣∣dμα(ν) �

(∫
Bd

+(0,n)
dμα(ν)

)
|| f ||L2

α (Ωd)||g||L2
α (Ωd)||g||L∞

α (Ωd).

The proof is complete. �
Proof of Theorem 2. It follows from Proposition 6 and Lemma 3 that fn ∈ L2

α(Ωd)
and

FB( fn) = HnFB( f ).
By this, the Plancherel formula, the fact that Hn → 1 pointwise as n → ∞ , and the
dominated convergence theorem, it follows that

|| f − fn||2L2
α (Ωd)

=
∫

Ωd

|FB( f )(ξ )−Hn(ξ )FB( f )(ξ )|2dμα(ξ )

=
∫

Ωd

|FB( f )(ξ )(1−Hn(ξ ))|2dμα(ξ ) → 0

as n → ∞ which achieves the proof. �

PROPOSITION 8. For f in L2
α(Ωd) and g in L2

α(Ωd) we have

‖Gg f‖∞,μα
� ‖ f‖L2

α (Ωd)‖g‖L2
α (Ωd). (3.23)

PROPOSITION 9. (Plancherel formula) Let g be in L2
α(Ωd) . Then, for all f in

L2
α(Ωd), we have

||Gg f ||2,μα = ‖g‖
L2α (Ωd )

‖ f‖
L2α (Ωd )

. (3.24)

Proof. Using relation (3.20), Fubini’s theorem and Plancherel’s formula for the
multivariable Bessel transform, we have∫

Ωd

∫
Ωd

| f ∗B gν |2(y)dμα(y)dμα(ν)

=
∫

Ωd

∫
Ωd

|FB f (ξ )|2|FB(gν)(ξ )|2dμα(ξ )dμα(ν)

=
∫

Ωd

∫
Ωd

|FB f (ξ )|2τν (|g|2)(ξ )dμα(ξ )dμα(ν)

=
∫

Ωd

∫
Ωd

|FB f (ξ )|2τξ (|g|2)(ν)dμα (ν)dμα(ξ )

= || f ||2
L2

α (Ωd)||g||2L2
α (Ωd). �
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As in the classical case, the multivariable Bessel Gabor transform preserves the
orthogonality relation. However, we have the following result.

COROLLARY 1. Let g be in L2
α(Ωd) . Then, for all f ,h in L2

α (Ωd), we have∫
Ωd

∫
Ωd

Gg f (y,ν)Ggh(y,ν)dμα(y)dμα(ν) = ‖g‖2

L2α (Ωd )

∫
Ωd

f (x)h(x)dμα(x). (3.25)

4. Uncertainty principles of Heisenberg type

In this section we will prove the Heisenberg inequality for the multivariable Bessel
Gabor transform.

PROPOSITION 10. (Uncertainty principle of Heisenberg type for FB ) Let f be
in L2

α (Ωd), the following inequality holds(∫
Ωd

||x||2|FB( f )(x)|2dμα(x)
) 1

2
(∫

Ωd

||y||2| f (y)|2dμα(y)
) 1

2

� (|α|+d)‖ f‖2
L2

α (Ωd) .

Proof. By a similar arguments as in [4] and using the Heisenberg inequality for
the Fourier-Bessel transform on Ω1, we obtain the result. �

THEOREM 3. (Uncertainty principles of Heisenberg Type for Gg ) Let g be in
L2

α(Ωd) . Then, for all f in L2
α(Ωd), the following inequality holds(∫

Ωd

||x||2|FB f (x)|2dμα(x)
) 1

2
(∫

Ωd

∫
Ωd

||y||2|Gg f (y,ν)|2dωα(y,ν)
) 1

2

� (|α|+d)‖g‖L2
α(Ωd)‖ f‖2

L2
α (Ωd). (4.26)

Proof. Let us assume the non-trivial case that both integrals on the left hand side
of (4.26) are finite. Fixing ν arbitrary, Heisenberg’s inequality for the multivariable
Bessel transform gives that

(∫
Ωd

||y||2|FB(Gg f (.,ν))(y)|2dμα(y)
) 1

2
(∫

Ωd

||y||2|Gg f (y,ν)|2dμα(y)
) 1

2

� (|α|+d)
∫

Ωd

|Gg f (y,ν)|2dμα(y).

Integrating over ν and using Cauchy Schwartz inequality we obtain(∫
Ωd

∫
Ωd

||y||2|FB(Gg f (.,ν))(y)|2dμα(y)dμα(ν)
) 1

2

×
(∫

Ωd

∫
Ωd

||y||2|Gg f (y,ν)|2dωα(y,ν)
) 1

2

� (|α|+d)
∫

Ωd

∫
Ωd

|Gg f (y,ν)|2dωα(y,ν).
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Thus, using the fact that∫
Ωd

∫
Ωd

||y||2|FB(Gg f (.,ν))(y)|2dμα(y)dμα(ν)= ‖g‖2
L2

α(Ωd)

∫
Ωd

||y||2|FB f (y)|2dμα(y),

we obtain

‖g‖L2
α(Ωd)

(∫
Ωd

||x||2|FB f (x)|2dμα(x)
) 1

2
(∫

Ωd

∫
Ωd

||y||2|Gg f (y,ν)|2dωα(y,ν)
) 1

2

� (|α|+d)
∫

Ωd

∫
Ωd

|Gg f (y,ν)|2dωα(y,ν) = (|α|+d)‖g‖2
L2

α (R)‖ f‖2
L2

α (R).

This proves the result. �

5. Reproducing kernel

COROLLARY 2. (Reproducing kernel) Let g be in (L2
α(Ωd)∩ L∞

α (Ωd)) \ {0} .
Then, Gg(L2

α(Ωd)) is a reproducing kernel Hilbert space in X2
α with kernel function

Wg(y′,ν ′;y,ν) :=
1

‖g‖2
L2

α(Ωd)

∫
Ωd

τygν(x)τy′gν ′(x)dμα (x)

:=
1

‖g‖2
L2

α(Ωd)

τygν ∗B gν ′(y′). (5.27)

The kernel is pointwise bounded:

|Wg(y′,ν ′;y,ν)| � 1; for all (y′,ν ′), (y,ν) ∈ Ωd ×Ωd. (5.28)

Proof. We have

Gg f (y,ν) =
∫

Ωd

f (x)gν,y(x)dμα(x).

Using the relation (3.25), we obtain

Gg f (y,ν) =
1

‖g‖2

L2α (Ωd )

∫
Ωd

∫
Ωd

Gg f (x,ν ′)Gg(gν,y)(x′,ν ′)dμα(x)dμα(ν).

On the other hand using Proposition 6, one can easily see that for every y,ν,ν ′ ∈ Ωd ,
the function

x �−→ 1

‖g‖2
L2

α (Ωd)

Gg(gν,y)(x,ν ′) =
1

‖g‖2
L2

α(Ωd)

τygν ∗B gν ′(x)

belongs to L2
α (Ωd). Therefore, the result is obtained. �
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In the following theorem, we will show that the portion of the multivariable Bessel
Gabor transform lying outside some sufficiently small set of finite measure cannot be
arbitrarily too small. Then, in order to prove a concentration result of the multivariable
Bessel Gabor transform, we need the following notations:

Pg : X2
α −→ X2

α the orthogonal projection from X2
α onto Gg(L2

α(Ωd)) .
PU : X2

α −→ X2
α the orthogonal projection from X2

α onto the subspace of function
supported in the subset U ⊂ Ωd ×Ωd with ωα(U) < ∞.

We put

‖PUPg‖ = sup
{
‖PUPg v‖2,μα , v ∈ X2

α ; ‖v‖2,μα = 1
}
. (5.29)

The essential result of this section is the following.

THEOREM 4. (Concentration of Gg f in small sets) Let g be in (L2
α(Ωd)∩L∞

α(Ωd))
\ {0} and U ⊂ Ωd ×Ωd with wα (U) < 1. Then, for all f in L2

α(Ωd) we have

‖Gg f − χUGg f‖2,μα �
(
1−
√

wα(U)
)
‖g‖L2

α (Ωd)‖ f‖L2
α (Ωd). (5.30)

Proof. From the definition of PU and Pg we have

‖Gg f − χUGg f‖2,μα = ||(I−PUPg)Gg f ||2,μα .

Then, using the Proposition 9 we get

‖Gg f − χUGg f‖2,μα � ‖Gg f‖2,μα (1−‖PUPg‖) (5.31)

� ‖g‖L2
α(Ωd)‖ f‖L2

α (Ωd)(1−‖PUPg‖). (5.32)

As Pg is a projection onto a reproducing kernel Hilbert space, then, from Saitoh [5], Pg

can be represented by

PgF(y,ν) =
∫

Ωd×Ωd

F(y′,ν ′)Wg(y′,ν ′;y,ν)dwα (y′,ν ′),

with Wg defined by (5.27). Hence, for F ∈ X2
α arbitrary, we have

PUPgF(y,ν) =
∫

Ωd×Ωd

χU(y,ν)F(y′,ν ′)Wg(y′,ν ′;y,ν)dωα (y′,ν ′)

and its Hilbert-Schmidt norm

‖PUPg‖HS =
(∫

Ω2
d×Ω2

d

|χU(y,ν)|2|Wg(y′,ν ′;y,ν)|2dωα(y′,ν ′)dωα(y,ν)
) 1

2
.

By the Cauchy-Schwartz inequality we see that

‖PUPg‖HS � ‖PUPg‖. (5.33)

On the other hand, from (5.27) and Fubini’s theorem, it is easy to see that

‖PUPg‖HS �
√

wα(U). (5.34)

Thus, from the relations (5.32),(5.33) and (5.34) we obtain the result. �
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6. Extremal functions on the generalized Sobolev spaces

6.1. Reproducing kernel

In this subsection we give reproducing kernel for the generalized Sobolev spaces
associated with the multivariable Bessel operator.

Let s ∈ R . We define the space Hs
α(Ωd) by

Hs
α(Ωd) :=

{
f ∈ L2

α(Ωd) : (1+ ||ξ ||2)s/2FB( f ) ∈ L2
α(Ωd)

}
.

The space Hs
α(Ωd) provided with the inner product

〈 f ,g〉Hs
α (Ωd) =

∫
Ωd

(1+ ||ξ ||2)sFB( f )(ξ )FB(g)(ξ )dμα(ξ ), (6.35)

and the norm ‖ f‖2
Hs

α (Ωd) = 〈 f , f 〉Hs
α (Ωd) , is a Hilbert space.

PROPOSITION 11. For s >
d
2

, the Hilbert space Hs
α(Ωd) admits the following

reproducing kernel:

Ks(x,y) =
∫

Ωd

Λ(ξ ,x)Λ(ξ ,y)dμα(ξ )
(1+ ||ξ ||2)s

that is
(i) For all y ∈ Ωd , the function x �→ Ks(x,y) belongs to Hs

α(Ωd) .
(ii) The reproducing property: for all f ∈ Hs

α(Ωd) and y ∈ Ωd ,

f (y) = 〈 f ,Ks(x,y)〉Hs
α (Ωd).

Proof. It can be easily observed, from the properties of the normalized Bessel
function jα , that the function

(ξ , x) �−→
[

d

∏
i=1

(ξixi)αi+ 1
2

]
Λ(ξ ,x), (ξ , x) ∈ Ωd ×Ωd, (6.36)

is bounded.
i) It is clear that, for y ∈ Ωd , the function

ξ �−→ Λ(ξ ,y)
(1+ ||ξ ||2)s (6.37)

belongs to L1
α(Ωd)∩L2

α (Ωd) . Then the function Ks(.,y) is well defined and by (2.6)
we have

Ks(.,y) = F−1
B

( Λ(.,y)
(1+ ||.||2)s

)
.
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From Theorem 1 (ii), it follows that Ks(.,y) belongs to L2
α(Ωd) , and we have

FB

(
Ks(.,y)

)
=

Λ(.,y)
(1+ ||.||2)s . (6.38)

Therefore, by using relations (6.36) and (6.38), we obtain

||Ks(.,y)||2Hs
α (Ωd) � C2

[
d

∏
i=1

yi
−2αi−1

]∫
Ωd

dξ
(1+ ||ξ ||2)s < ∞.

This proves that for all y ∈ Ωd the function Ks(.,y) belongs to Hs
α(Ωd) .

(ii) Let f be in Hs
α(Ωd) and y in Ωd . Then by (6.35) and (6.38) we get

〈 f ,Ks(.,y)〉Hs
α (Ωd) =

∫
Ωd

FB( f )(ξ )Λ(ξ ,y)dμα (ξ ), (6.39)

and from inversion formula, we obtain the reproducing property

f (y) = 〈 f ,Ks(x,y)〉Hs
α (Ωd).

This completes the proof of the theorem. �

COROLLARY 3. For s >
d
2

, the Hilbert space Hs
α(Ωd) is embedded in C∗(Ωd) .

REMARK 2. From the proof of Proposition 11 and using inequality (2.2), it can

be observed that for all s >
d
2

there exists a positive constant Cs such that

||Ks(.,y)||2Hs
α (Ωd) � C2

s (y) =

⎧⎪⎨
⎪⎩

Cs

[
d

∏
i=1

yi
−2αi−1

]
for

d
2

< s � |α|+d

Cs for |α|+d < s.

PROPOSITION 12. Let g be a function in L2
α(Ωd)

⋂
L∞

α(Ωd), and ν ∈ Ωd . The
integral transform Gg(.,ν) , is a bounded linear operator from Hs

α(Ωd) , s in R+ , into
L2

α(Ωd) , and we have

‖Gg f (.,ν)‖L2
α (Ωd) � ||g||L∞

α (Ωd)‖ f‖Hs
α (Ωd).

Proof. Let f be in Hs
α(Ωd) . Using Theorem 1 (ii) we have

‖Gg f (.,ν)‖2
L2

α (Ωd) = ‖FB(Gg f (.,ν))‖2
L2

α (Ωd).

Invoking the relation ships (3.19) and (3.20) we can write

‖Gg f (.,ν)‖2
L2

α (Ωd) =
∫

Ωd

|FB( f )(ξ )|2τν(|g|2)(ξ )dμα(ξ ).

Therefore
‖Gg f (.,ν)‖L2

α (Ωd) � ||g||L∞
α (Ωd)‖ f‖Hs

α (Ωd). �
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DEFINITION 5. Let g be a function in L2
α(Ωd)

⋂
L∞

α(Ωd) . Let r > 0, ν ∈ Ωd and
s ∈ R + . We define the Hilbert space Hr,s

α (Ωd) as the subspace of Hs
α(Ωd) with the

inner product:

〈 f ,h〉Hr,s
α

= r〈 f ,h〉Hs
α (Ωd) + 〈Gg f (.,ν),Ggh(.,ν)〉L2

α (Ωd), f ,h ∈ Hs
α(Ωd).

The norm associated to the inner product is defined by:

‖ f‖2
Hr,s

α
:= r‖ f‖2

Hs
α (Ωd) +‖Gg f (.,ν)‖2

L2
α (Ωd).

PROPOSITION 13. Let g be a function in L2
α(Ωd)

⋂
L∞

α(Ωd) . For s >
d
2

, the

Hilbert space Hr,s
α (Ωd) admits the following reproducing kernel:

Kg,r(x,y) =
∫

Ωd

Λ(ξ ,x)Λ(ξ ,y)dμα(ξ )
r(1+ ||ξ ||2)s + τν(|g|2)(ξ )

.

Proof. i) Let y be in Ωd . Using inequality (6.36) and Theorem 1 (ii) it can be
deduced, as in Proposition 11, that there exists a function x �→ Kg,r(x,y) belongs to
L2

α(Ωd) such that we have

FB

(
Kg,r(.,y)

)
=

Λ(.,y)
r(1+ ||.||2)s + τν(|g|2) . (6.40)

On the other hand we have

FB

(
Gg(Kg,r(.,y))(.,ν)

)
=
√

τν (|g|2)FB

(
Kg,r(.,y)

)
in L2

α(Ωd). (6.41)

Hence from Theorem 1 (ii), we obtain

‖Gg(Kg,r(.,y))(.,ν)‖2
L2

α (Ωd) =
∫

Ωd

τν (|g|2)(ξ )|FB

(
Kg,r(.,y)

)
(ξ )|2dμα(ξ )

� C
r2

∫
Ωd

τν (|g|2)(ξ )|Λ(ξ ,y)|2
(1+ ||ξ ||2)2s dμα(ξ ) < ∞.

Therefore we conclude that ‖Kg,r(.,y)‖2
Hr,s

α
< ∞ .

ii) Let f be in Hr,s
α (Ωd) and y in Ωd . Then

〈 f ,Kg,r(.,y)〉Hr,s
α

= rI1 + I2, (6.42)

where

I1 = 〈 f ,Kg,r(.,y)〉Hs
α (Ωd) and I2 = 〈Gg f (.,ν),Gg(Kg,r(.,y))(.,ν)〉L2

α (Ωd).

From (6.35) and (6.40), we have

I1 =
∫

Ωd

(1+ ||ξ ||2)sFB( f )(ξ )Λ(ξ ,y)dμα (ξ )
r(1+ ||ξ ||2)s + τν(|g|2)(ξ )

. (6.43)
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From (6.40), (6.41) and Proposition 6, we have

I2 =
∫

Ωd

τν (|g|2)(ξ )FB( f )(ξ )Λ(ξ ,y)dμα(ξ )
r(1+ ||ξ ||2)s + τν(|g|2)(ξ )

. (6.44)

Using relation (6.42) and combining (6.43) and (6.44), we deduce that

〈 f ,Kg,r(.,y)〉Hr,s
α

= f (y), a.e. �

COROLLARY 4. The kernel Kg,r satisfies the following properties:

(i) ||Kg,r(.,y)||Hr,s
α (Ωd) � Cs(y)

r
.

(ii) ||GgKg,r(.,y)||L2
α (Ωd) � Cs(y)√

r
.

(iii) ||G ∗
g GgKg,r(.,y)||Hr,s

α (Ωd) � Cs(y) ,

where G ∗
g : L2

α (Ωd) −→ Hs
α(Ωd) is the adjoint operator of Gg given by

〈Gg f ,h〉L2
α (Ωd) = 〈 f ,G ∗

g h〉Hs
α (Ωd), f ∈ Hs

α(Ωd), h ∈ L2
α(Ωd).

Proof. From the previous proposition, we have

f (y) = 〈 f ,Kg,r(.,y)〉Hr,s
α

.

= r〈 f ,Kg,r(.,y)〉Hs
α (Ωd) + 〈Gg f ,GgKg,r(.,y)〉L2

α (Ωd)

= 〈 f ,(rI +G ∗
g Gg)Kg,r(.,y)〉Hs

α (Ωd).

Thus,
(rI +G ∗

g Gg)Kg,r(.,y) = Ks(.,y). (6.45)

Furthermore, the previous identity implies that

r2||Kg,r(.,y)||2Hs
α (Ωd)+2r||GgKg,r(.,y)||2L2

α (Ωd) + ||G ∗
g GgKg,r(.,y)||2Hs

α (Ωd)

= ||Ks(.,y)||2Hs
α (Ωd).

From this relation and using the fact that

||Ks(.,y)||Hs
α (Ωd) � Cs(y),

we obtain the properties (i), (ii) and (iii). �

6.2. Tikhonov regularization on Hs
α(Ωd)

In this subsection we shall give an application of the theory of reproducing kernels
to the Tikhonov regularization, which gives the approximate solutions for a bounded
linear operator equations on the Hilbert spaces Hs

α(Ωd) .
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More precisely, we prove for a given function g in L2
α(Ωd)

⋂
L∞

α(Ωd) that the
infinitum of {

r‖ f‖2
Hs

α (Ωd) +‖h−Gg f (.,ν)‖2
L2

α (Ωd) : f ∈ Hs
α(Ωd)

}
is attained at some function denoted by f ∗r,h , which is unique, called the extremal func-
tion. We start it with the following fundamental theorem (cf. [5]).

THEOREM 5. Let HK be a Hilbert space admitting the reproducing kernel K(p,q)
on a set E and H a Hilbert space. Let L : HK → H be a bounded linear operator on
HK into H . For r > 0 , we introduce the inner product in HK and we call it HKr as

〈 f1, f2〉HKr
= r〈 f1, f2〉HK + 〈L f1,L f2〉H .

Then:
i) HKr is a Hilbert space with the reproducing kernel Kr(p,q) on E and satisfying

the equation
K(.,q) = (rI +L∗L)Kr(.,q),

where L∗ is the adjoint operator of L : HK → H .
ii) For any r > 0 and for any h in H , the infimum

inf
f∈HK

{
r‖ f‖2

HK
+‖L f −h‖2

H

}
is attained by a unique function f ∗r,h in HK and this extremal function is given by

f ∗r,h(p) = 〈h,LKr(., p)〉H . (6.46)

We can now state the main result of this paragraph.

THEOREM 6. Let g be a function in L2
α(Ωd)

⋂
L∞

α(Ωd) . Let s >
d
2

. For any h in

L2
α(Ωd) and for any r > 0 ,

(i) the infimum

inf
f∈Hs

α (Ωd)

{
r‖ f‖2

Hs
α (Ωd) +‖h−Gg f (.,ν)‖2

L2
α (Ωd)

}
(6.47)

is attained by a unique function f ∗r,h given by

f ∗r,h(x) =
∫

Ωd

h(y)Qr(x,y)dμα(y), (6.48)

where

Qr(x,y) = Qr,s(x,y) =
∫

Ωd

√
τν (|g|2)(ξ )Λ(ξ ,x)Λ(ξ ,y)

r(1+ ||ξ ||2)s + τν(|g|2)(ξ )
dμα(ξ ). (6.49)

(ii) The extremal function f ∗r,h satisfies the following inequality:

| f ∗r,h(y)| �
Cs(y)√

r
||h||L2

α (Ωd).
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Proof. (i) By Proposition 13 and Theorem 5 ii), the infimum given by (6.47) is
attained by a unique function f ∗r,h , and the extremal function f ∗r,h is represented by

f ∗r,h(y) = 〈h,Gg(Kg,r(.,y))(.,ν)〉L2
α (Ωd), y ∈ Ωd,

where Kg,r is the kernel given by Proposition 13.
On the other hand we have

Gg f (x,ν) =
∫

Ωd

√
τν (|g|2)(ξ )FB( f )(ξ )Λ(ξ ,x)dμα (ξ ), forall x ∈ Ωd .

Hence by (6.40), we obtain

Gg

(
Kg,r(.,y)

)
(.,ν)(x) =

∫
Ωd

√
τν(|g|2)(ξ )Λ(ξ ,x)Λ(ξ ,y)

r(1+ ||ξ ||2)s + τν(|g|2)(ξ )
dμα(ξ )

= Qr(x,y).

This gives (6.49).
(ii) From Corollary 4 (ii), we have

| f ∗r,h(y)| � ||h||L2
α (Ωd)||Gg

(
Kg,r(.,y)

)
||L2

α (Ωd) � Cs(y)√
r
||h||L2

α (Ωd).

Thus the theorem is proved. �

COROLLARY 5. Let g be a function in L2
α (Ωd)

⋂
L∞

α(Ωd), s >
d
2

; r,δ > 0 and

h,hδ in L2
α(Ωd) such that

‖h−hδ‖L2
α (Ωd) � δ .

Then

‖ f ∗r,h− f ∗r,hδ
‖Hs

α (Ωd) � δ
2
√

r
.

Proof. It is clear, from (6.49), that

Qr(x,y) = FB

( √
τν (|g|2)Λ(.,x)

r(1+ ||.||2)s + τν(|g|2)

)
(y)

then, using the fact that∫
Ωd

h(y)FB(Qr(x, .))(y)dμα (y) =
∫

Ωd

FB(h)(y)Qr(x,y)dμα(y)

it follows, by (6.48), that

f ∗r,h(x) =
∫

Ωd

√
τν(|g|2)(ξ )FB(h)(ξ )Λ(ξ ,x)
r(1+ ||ξ ||2)s + τν(|g|2)(ξ )

dμα(ξ )
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and so

FB( f ∗r,h)(ξ ) =

√
τν(|g|2)(ξ )FB(h)(ξ )

r(1+ ||ξ ||2)s + τν(|g|2)(ξ )
. (6.50)

Hence

FB( f ∗r,h − f ∗r,hδ
)(ξ ) =

√
τν (|g|2)(ξ )FB(h−hδ)(ξ )

r(1+ ||ξ ||2)s + τν(|g|2)(ξ )
.

Using the inequality (x+ y)2 � 4xy , we obtain

(1+ ||ξ ||2)s
∣∣∣FB( f ∗r,h − f ∗r,hδ

)(ξ )
∣∣∣2 � 1

4r
|FB(h−hδ)(ξ )|2.

Thus, and from Theorem 1 (ii), we obtain

‖ f ∗r,h− f ∗r,hδ
‖2

Hs
α (Ωd) � 1

4r
‖FB(h−hδ)‖2

L2
α (Ωd) =

1
4r

‖h−hδ‖2
L2

α (Ωd),

which gives the desired result. �

COROLLARY 6. Let g be a function in L2
α(Ωd)

⋂
L∞

α(Ωd) . Let s >
d
2

and r > 0 .

If f is in Hs
α(Ωd) and h = Gg f (.,ν) . Then

‖ f ∗r,h− f‖2
Hs

α (Ωd) → 0 as r → 0.

Proof. From (6.49), we have

FB( f ∗r,h)(ξ ) =

√
τν(|g|2)(ξ )FB(h)(ξ )

r(1+ ||ξ ||2)s + τν(|g|2)(ξ )
.

Hence

FB( f ∗r,h − f )(ξ ) =
−r(1+ ||ξ ||2)sFB( f )(ξ )

r(1+ ||ξ ||2)s + τν(|g|2)(ξ )
.

Then we obtain

‖ f ∗r,h− f‖2
Hs

α (Ωd) =
∫

Rd
+

hr,t,s(ξ )|FB( f )(ξ )|2dμα(ξ ),

with

hr,t,s(ξ ) =
r2(1+ ||ξ ||2)3s(

r(1+ ||ξ ||2)s + τν(|g|2)(ξ )
)2 .

Since
lim
r→0

hr,t,s(ξ ) = 0

and
|hr,t,s(ξ )| � (1+ ||ξ ||2)s,

we obtain the result from the dominated convergence theorem. �
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COROLLARY 7. Let g be a function in L2
α(Ωd)

⋂
L∞

α(Ωd) . Let s >
d
2

and r > 0 .

If f is in Hs
α(Ωd) and h = Gg f (.,ν) . Then

(i) f (y) = lim
r→0+

f ∗r,h(y).

(ii) | f (y)− f ∗r,h(y)| � Cs(y)|| f ||Hs
α (Ωd) .

(iii) | f ∗r,h(y)| � Cs(y)|| f ||Hs
α (Ωd) .

Proof. Let f is in Hs
α(Ωd) .

(i) Then

f ∗r,h(y) = 〈 f ,G ∗
g GgKg,r(.,y)〉Hs

α (Ωd). (6.51)

But from (6.45), we have

lim
r→0+

G ∗
g GgKg,r(.,y) = Ks(.,y).

Thus

lim
r→0+

f ∗r,h(y) = 〈 f ,Ks(.,y)〉Hs
α (Ωd) = f (y).

(ii) From (6.45) and (6.51), the extremal function f ∗r,h satisfies

f ∗r,h(y) = f (y)− r〈 f ,Kg,r(.,y)〉Hs
α (Ωd).

Thus and by Corollary 4 (i) we obtain

| f ∗r,h(y)− f (y)| � r|| f ||Hs
α (Ωd)||Kg,r(.,y)||Hs

α (Ωd) � Cs(y)|| f ||Hs
α (Ωd).

(iii) From (6.51) and Corollary 4 (iii), the extremal function f ∗r,h satisfies

| f ∗r,h(y)| � || f ||Hs
α (Ωd)||G ∗

g GgKg,r(.,y)||Hs
α (Ωd) � Cs(y)|| f ||Hs

α (Ωd). �
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