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ASYMPTOTIC BEHAVIOR OF EIGENVALUES AND EIGENFUNCTIONS
OF STURM-LIOUVILLE PROBLEMS WITH COUPLED
BOUNDARY CONDITIONS AND TRANSMISSION CONDITIONS

DAN Mu, JIONG SUN AND JI-JUN AO

(Communicated by B. Jacob)

Abstract. The Sturm-Liouville (S-L) problems with coupled boundary conditions and transmis-
sion conditions are investigated. By defining a new Hilbert space which is related to the trans-
mission conditions, the self-adjointness of the S-L problems in this associated Hilbert space is
proved, and the asymptotic behavior of eigenvalues and eigenfunctions of the problem are de-
scribed. We also give the condition for A being the eigenvalue of the S-L problems with coupled
boundary conditions.

1. Introduction

Sturm-Liouville (S-L) problems with transmission conditions, i.e. S-L operators
with discontinuity conditions inside the interval appear in mathematics, mechanics,
physics and in some other applications. These problems have been considered in many
publications [3, 4, 5, 6, 7, 12, 16], however, these publications are only restricted in the
separated boundary conditions. The self-adjointness of the S-L problems with coupled
boundary conditions, as the special two-interval problems, are studied in [10]. Hence
in this paper, we consider not only the self-adjointness of the S-L problems with cou-
pled boundary conditions, but some other problems of the S-L problems with coupled
boundary conditions and transmission conditions. We discuss the asymptotic behavior
of eigenvalues and eigenfunctions of the S-L problem with coupled boundary condi-
tions and transmission conditions, and give the condition for A being the eigenvalue of
the S-L problems with coupled boundary conditions.

Consider the differential equation

ly:=—y"+qx)y=2Ay, xe€J=[-1,0)U(0,1], (1.1)

with the coupled boundary conditions

AY(=1)+Y(1)=0, Y(£l)= (;((ED , (1.2)
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and the transmission conditions

KY(0-)+Y(0+)=0, Y(0£)= (;,(Oi)) 7 (1.3)

where A is complex eigenparameter, 0 is the inner discontinuity point; A,K are 2 x 2

matrices ok
_ iy [ %1 02 _ [ K11 K12

A=e (aa O€4> , K= <k21 k22> ’ 14
with —r < y< 7, ooy — oo > 0, kijkoy — ki2kp) > 0; and the matrices (A, —1),
(K,—I) have full ranks, I is the 2 x 2 identity matrix; g € L(J,R). Note that the
conditions are minimal in the sense that it is necessary and sufficient for all initial value
problems of the equation (1.1) to have unique solutions on J ([9, 18]); ¢¢; (j=1,2,3,4)
and ky,j (m,j=1,2) are real numbers.

The organization of this paper is as follows: After the Introduction in Section 1, we
prove the self-adjointness of the S-L problems with the coupled boundary conditions
and transmission conditions in Section 2. In Section 3, we discuss the fundamental
solutions of the differential equation (1.1) with the transmission conditions, and give
the condition for A being the eigenvalue of the S-L problems with coupled boundary
conditions. Finally, the asymptotic formulas for eigenvalues and eigenfunctions of the
S-L problems (1.1)—(1.4) are obtained in Section 4.

2. The self-adjoint operator

Let h = detK, where K is the coefficient matrix in the transmission conditions
(1.3), (1.4). Define a new inner product in L*(J) as follows:

0 1
e =n [ fiEidrt /0 Fagadx, for frg € L2(J), @.1)

where f1 = f(x) [[-1,0),/2 = f(x) |(0,1) - Itis easy to verify that (L*(J),(-,-)) is a Hilbert
space. For simplicity, we denote it by H, and the norm induced by the inner product
is denoted by || - ||#. Now we consider the Sturm-Liouville problems (1.1)—(1.4) in the
associated Hilbert space H .

The operator Ly, related to the Sturm-Liouville problems (1.1)—(1.4) is defined by

-@(LM) = {y S Hb’l;)’i EACI()C[_LO)’.VZ;)/Z EACI()C((); I]J)’ cH
and KY (0—) +Y(0+) = 0},
Luy =1y,y € Z(Lu),

where ACj,.[—1,0) and ACj,(0,1] denote the set of complex-valued absolutely con-
tinuous functions on whole compact subintervals of [—1,0) and (0, 1], respectively.
The operator L related to the Sturm-Liouville problems (1.1)—(1.4) is defined by

D(Lo) ={y € 2(Lu)ly(—1) =)' (=1) =y(1) =Y/ (1) = 0},
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Loy =1y, y € Z(Lo).
The S-L operator L is defined by
P(L) ={ye€ Z(Lu)|AY (=1)+Y(1) = 0},
=ly, ye Z(L).

LEMMA 2.1. Z(L) is dense in H.

Proof. Let CJ be the set of all functions defined by
x) xe€|—1,0),
o(x) = o) ~1,0) (2.2)
¢(x)  xe(0,1],

where @ (x) € C5[—1,0), ¢2(x) € C7(0,1]. Obviously G C Z(L).

Next, for proving Z(L) is dense in H, we show that C‘a" isdensein H. Let f be
afunctionin L?(J) with f(x) = f1(x), x € [~1,0), and f(x) = f>(x), x € (0, 1]. Since
Cy[—1,0) is densein L?[—1,0) as Theorem 2.19in [1], for f; € L?[—1,0), there exists
a function g; € C5’[—1,0) such that

)
h/ i) =10 Pax < £.

Similarly, for f, € L?(0, 1], there exists a function g, € C;(0, 1] such that

[ 100 - gatPax< £

Then for any f € H and € > 0, there exists g € C‘a" with
g1(x) xe|—-1,0),
a {8100 xel10)

g(x) x€(0,1],

such that
0 1
1f—gllF :h/ |f1(x) _gl(x)|2dx+/ 1f2(x) — g2 (x)[Pdx < ¢,

where h = detK. Thus, C; is dense in H. Therefore Z(L) is densein H. [
The next theorem shows that the operator L defined by the S-L problems (1.1)-
(1.4) is self-adjoint.

THEOREM 2.2. If the matrices A and K satisfy
AEA" =hE, KEK'=hE,

0—

with E = (l 0

1) , then the operator L is self-adjoint.
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Proof. Firstly, we prove the operator L is symmetric. For any f,g € Z(L), by
twice partial integrating

(1f,g) h/ lfgdx+/ (1f)gdx 2.3)
:<f7lg> +hW(f7ga _) - hW(f7§7 _1) - W(f7§70+) +W(f7§7 1)7
where W(f,g,x) = f(x)g’(x) — f/(x)g(x). Since the matrices A,K satisfy AEA* = hE,
KEK* = hE, it follows that
00y — 003 =h, kitkay —kiokay = h.

From the transmission conditions (1.3), we get

W(f.8.0+) = f(0+)g'(0+) — f'(0+)g(0+) (2.4)
= (ki1 f(0=) +kiof'(0-)) (k218(0—) + k228’ (0—))
= (k21 f(0=) + ko f'(0)) (k118(0~) + k128'(0—))
= (kitkaz — kioka1) (f(0—)g'(0—) — f'(0-)g(0~)) = hW(£,8,0-).
And from the boundary conditions (1.2), we get

W(f.3,1) =(oue”f(=1) + e f'(=1))(0ze”"g(—1) + oue™"g/(=1)) (2.5
+(oseTf(=1) + oueTf'(—1)) (e "g(~1) + e g/ (~ 1))
=(o104 — 0003)(f(~1)g'(=1) = f'(=1)g(-1))
=hW(f,g,—1).
By using (2.4), (2.5), the equation (2.3) becomes

(If,g) = (f.lg) (2.6)

This means that the operator L is symmetric. Next we prove the operator L is self-
adjoint.

We show that if (If,g) = (f,w) for f € Z(L), then g € Z(L) and lg = w. Since
(If,g) = (f,w) for f€Cy C Z(L), by the classical S-L theory there exist g1,g} €
ACjoe[—1,0) and g»,85 € ACjy.(0,1] such that Ig € H and w = Ig, where g(x) = g1(x)
for x € [-1,0), and g(x) = g2(x) for x € (0,1]. In the following we will prove that g
satisfy the boundary conditions (1.2) and the transmission conditions (1.3).

Since (If,g) = (f,w), we have

(If,g) h/ flgdx+/ flgdx.
And by the integration by parts, we have

(If,g) h/ flgdx+/ flgdx+hW(f,g2,0—)—hW(f,g,—1)

_W(fag70+)+W(fag7 )
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Hence
hW(fag7O_) - hW(faga _1) - W(faga0+) +W(faga 1) =0. 2.7
By the Naimark-Patching Lemma, there exists a function f € Z(L) such that
f(0=) =f"(0—) = f(04) = f'(0+) =0, and f(—1) = ope™ 7, f'(=1) = —oqe” ",
f(1) =0, f/(1) = —h. Substituting above into (2.7), we have
apeg(—1)+ ope'’g (1) —g(1) = 0.
If f(—1)=0aye 7, f'(—1)=—oze” ™, f(1)=h, f'(1) =0, then from (2.7) we obtain

0.

oe'g(—1) +oueg'(—1) —g'(1)

Hence the function g satisfies the boundary conditions (1.2).
Similarly, choosing a function f € Z(L) with f(—1)=f'(—=1)=f(1)=f'(1) =
0, and f(0—) =k2, f/(0—) = —ki1, f(0+) =0, f/(0+) = —h, then (2.7) becomes
k11g(0—) +ki2g'(0—) —g(0+) = 0.

By choosing f(0—) = kas, f'(0—) = —ka1, f(0+) =h, f'(0+) =0, we obtain

ka1g(0—) +kxog'(0—) — g(0+) = 0.

Hence g satisfies the transmission conditions (1.3). The proof is completed. [

3. The basic solutions and their asymptotic approximations
Below, we consider the S-L problems (1.1)—(1.4) with the conditions
AEA*=hE,  KEK* =hE.

That is, the S-L operator L generated by the S-L problems (1.1)—(1.4) is self-adjoint.
Define the fundamental solution

o1(x, 1), x € [—1,0),
(0, A) = {¢;(x7l)7 xe(0,1],

of the differential equation (1.1), which satisfies

y=n=1,  Y(-1)=0,

and the transmission conditions (1.3). By virtue of Theorem 1.5 in [14], there is a
unique solution ¢;(x,A) for each A € C, which is an entire function of A for each
fixed x € [-1,0).

Define the other fundamental solution

_fxi(xA), xe[-1,0),
X('x?z’) - {x;(x,ﬂ,), X € (07 1}7
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of the differential equation (1.1), which satisfies

y=1=0, Y(-1)=1,

and the transmission conditions (1.3). Similarly, there is a unique solution ¥i(x,A)
which is an entire function of A for each fixed x € [—1,0).

It is well known, from the ordinary linear differential equation theory, the Wron-
skian W(¢;(x,A4), x;j(x,A)) is independent of the variable x. Let

;(x,A) xj(x,A) '

@j(A) :=W($(x,2), 2 (x, A)) = (6, 2) 2)(x, )

then we have

O1(A) = 01 (A)]x=—1 =1,

_ _ ¢2(O+7A) X2(O+7A)
OD(A’)_@(A’)‘X:OJr— ¢£(O+ l) 5(0+,7L)‘
k1101 (0—,4) + ki29{ (0—, ) ki1 x1(0—,A) + ki (0—,A) | -
k2191 (0— )+k22¢1(0 A) ko xi(0—,4 )+kzzxi(0—7/l)’_hwl(l)_h'

LEMMA 3.1. Let

y2(xal)’ X e (Oa 1]7

be a solution of the equation (1.1), then the solution can be expressed in the following
form

Y A) = {yl(x,l), x € [-1,0),

_feadi(x,A)+ e (x,4), x € [-1,0),
Y A) = {d1¢z<x,7t>+dm<x,7t>, xe(0,1] G-

If y(x,A) satisfies the transmission conditions (1.3), then ¢y = dy,cy = d.

Proof. Since y(x,A) satisfies the transmission conditions (1.3), i.e.

ki1 (c1¢1(0—,A4) +eax1(0—,4)) +kia(c107(0—,4) + c221(0—, 1))
—(d192(0+,1) + day2(0+,1)) =0,

ka1 (€101(0—,2) + e71 (0, 2)) + kaac194(0—, A) + e} (0, 2))
—(d193(04,4) + a5 (0+,1)) =

Since ¢, x satisfy the transmission conditions, the last equation system becomes

{ (c1 —d1)$(04,14) + (c2 —da2) x2(0+,1) =0,
(c1 —d1)$5(04+,A) + (c2—d2) 15 (0+,A) =

Since the determinant of the coefficient matrix of the equation system is

6:(0+.2) (04 2)]
$3(0+.2) 73(04.2)| = 2R #O.
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we get c; =dj,co=dr. U

Let

and let ) [ )
| Di(x,A), xe [—1,0),
Ox,4) = {cpz(x,x), xe (0,1].

Then we have the following theorem.

(3.2)

THEOREM 3.2. Let Ay € C. Then A is the eigenvalue of the S-L problems (1.1)—
(1.4) if and only if
A(Xy) :=det(A —D(1,4)) =0,

; o o
where A =¢V [ 172
03 Oy

Proof. Let Ay be an eigenvalue of the S-L problems (1.1)—(1.4) and y(x, o) the
corresponding eigenfunction. From Lemma 3.1, there exist ¢, ¢, such that

_ c1¢1(x,10)+cle(x,).0),x€ [_1’0)’
y(x Ao) = {c1¢2(x,ao)+czxz(x,ao),xe (0,1), (3-3)

where at least one of the constants c1,c; is not zero. Substituting (3.3) into the bound-
ary conditions (1.2) we obtain

o7 (O‘l az) <01¢1(—17ﬁo)+02xl(—1,%)> B <01¢2(
o5 04 ) \c16](—1, %) +oaxi(—=1LA) )  \e195(

() - (G B0 () =

Since at least one of the constants ¢, ¢ is not zero, we obtain

55
_|_
N
=
=

that is,

A(Lg) = det(A — (1, A0)) =0, (3.4)

(o o .
where A = €'/ (a; ai) with —7 < y< 7 and ooy — opo3 > 0.

Conversely, if det(A — ®(1,40)) = 0, then the equation

di\
has a nonzero solution (c/,c5). Let

[ 1 A0) i (x,A0), x € [~1,0),
¥, do) = {ciqi(mw + o), x € (0,11 (3.5
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Then y(x,A0) is a nonzero solution of the equation (1.1) and satisfies both boundary
and transmission conditions (1.2), (1.3). Hence Ay is an eigenvalue of the S-L problems
(1.1)=(1.4), and y(x, ) is the corresponding eigenfunction. [

In order to give the asymptotic formulas for eigenvalues and eigenfuntions, we
consider the asymptotic approximations of the solutions of ¢ and y.

LEMMA 3.3. Let A = s> with s = 6 + it then the following asymptotic formulas
Sor ¢1, x1 holdas |A| — o

m m

d
91(x,4) = ——coss(x+1)+ O(|s|" el 1)y (3.6)

dx™

dm 1dm . m=2_|t|(x+1)
dxmxl(x,k)zEﬁsms(x—kl)—i—O(M e ), m=0,1. 3.7

Proof. The asymptotic formulas for ¢;(x,A), x1(x,A) follow immediately from
the similar formulas of Lemma 1.7 in [14], hence is omitted here. [l

Next, we give the asymptotic formulas for ¢ (x,A) and x»(x,A) which read as
the following lemmas.
LEMMA 3.4. Let A = s> with s = o +it, then ¢5(x,A) has the following asymp-
totic formulas:
1. If ki 750, then

dﬂ’l dm
T ®(x,A) = —klgssinsd—m cossx+ O(|s|™el’), (3.8)
X X

2. lfk12 =0, then

dm m m

d d
dx—mqbg(x,k) =k COSS 7 COS 5% — k2 sinsdx—m sinsx 4 O(|s|"'el), (3.9)

as |A| — e, m=0,1.
Proof. Let A = s> with s = ¢ +it. Then
02 (x,A) = (k1101 (0—, 1) + k1207 (0—, 1)) cossx + é(kzlq)l (0—,1) (3.10)
+ koo (0—, 1)) sinsx + é /OX sinfs(x — z)]g2(2) 92(z, 4 )dz.
For m = 0, substituting (3.6) into (3.10), we have
¢2(x,A) = —kjpssinscossx + <k11 cosscossx — kpp sins sinsx) (3.11)

+ ékzl cosssinsx + %/0 sin[s(x —z)]q2(z)$2(z,A)dz+ O (SLPEWHI)) ,
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Multiplying (3.11) by |s|~'e " and by denoting F>(x,A) = |s| " 'e ¥y (x, 1), (3.11)
becomes

1
Fa(x,A) = —kppe " sinscos sx + —e ¥ (k“ COS5COSSX — ko Sin s sinsx) (3.12)

5|
1 X
| |2k21e Il cOSSSlnsx—F‘ |2/ Sin[S(X—Z)}qz( )F2(Z QL) —|t](x— ZdZ

+0(5pe"):

Let u(d) = [max |F>(x,A)|, then

M
w(d) < kil + — (|ku\+\k22\> Hi, (3.13)

for some My > 0. Consequently, t(A) = O(1) as |A| — oo for k1 # 0. Therefore
92(x,1) = O([s|e"™), (3.14)

as |A| — oo. Substituting the asymptotic equality (3.14) into (3.11) gives (3.8) for m =
0.
Differentiating (3.11) and by the similar calculation, we obtain (3.8) for m = 1.
If ki2 =0, then (1) = O(fy) as || — oo from (3.13). Then ¢s(x,A) = 0(el)
as |A| — eo. Substituting the asymptotic equality into (3.11) gives (3.9) for m = 0.
Similarly, we can obtain the formula for the case m=1. [

LEMMA 3.5. Let A = s* with s = o +it, then y»(x,A) has the following asymp-
totic formulas:

1. If ki 750, then

dar ar m—1 x
T 22(xA) = kipcoss——cossx+ O(|s|" ™), (3.15)
2. lfk12 ZO, then
m 1 ] am an B
g x2(x, ) = (k“ sins cossx + koo coss—— smsx) +O(|s|" 2elt|)f)7

(3.16)
as |A| — e, m=0,1.

Proof. The proof is similar to the one of Lemma 3.4, hence it is omitted. [J
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4. The asymptotic formulas for eigenvalues and eigenfunctions

The eigenvalues of the separated boundary value problems with transmission con-
ditions at an interior point of the interval are studied in [17]. Some other authors also
considered the eigenvalues and eigenfunctions of the S-L problems with transmission
conditions, however, the boundary conditions are not coupled ([15]).

In this section, we will obtain the asymptotic formulas for eigenvalues and eigen-
functions of the S-L problems (1.1)—(1.4) by using the asymptotic expressions of the
fundamental solutions.

The asymptotic formulas of ¢,(x,A) and x»(x,A) are obtained in Lemmas 3.4
and 3.5. Substituting the asymptotic formulas of the solutions into the representation of
A(A) we can establish the following theorem.

THEOREM 4.1. Let A = s with s = o + it, then A(L) has the following asymp-
totic formulas:

1. If ki 75 0, o 75 0, then
A(L) = opkyps?e sin® s + O([s|el').

2. Ifklz 75 0, op =0, then

1 .

AR) = Ekuse’y(al + o) sin2s+ O(el').

3. Ifklz =0, oy 75 0, then

1 .

A(R) = — 5 0se (ki1 + k) sin2s + o(el.
4. Ifklz =0, 0p =0, then
A(L) =0y e [kys cosscoss — ki sinssins] — oye'? [ky| cosscoss — kyy sinssins]

+0(|s|te.

Proof. Substituting the asymptotic formulas of ¢,(x,A) and y»(x,A) which are
given as in Lemmas 3.4, 3.5 into A(1) = det(A — ®(1,p)), we have

. 1 .
A(l) = a2k1252e”’sin2 s+ Ekuse’y((xl + 064) sin2s + O(EM),
for kjp # 0 and

1 . )
AX) =— 505256”’(1(11 +kpp) sin2s — oy e'? [kpp cos scos s — kyp sinssin ]

— oye[ky 1 cosscos s — kypsinssins] + O([s| e,
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for k15 = 0. By some calculations similar to the proof of Lemma 3.4, we obtain four
distinct kinds of asymptotic formulas of A(A), which are classified according to &y
and op. O

Now we can obtain the asymptotic approximation formulas for eigenvalues of the
operator L defined by S-L problems (1.1)—(1.4). Since the eigenvalues of the operator
are zeros of the function A(A), we can find the asymptotic formulas for the eigenvalues
using the asymptotic formulas of A(A) and the well known Rouche’s theorem. Further-
more, the asymptotic formulas of the corresponding eigenfunctions can be obtained by
using the asymptotic formulas of eigenvalues.

THEOREM 4.2. Let A = s> with s = 0 +it, then the following asymptotic for-
mulas hold for eigenvalues and eigenfunctions of the operator L defined by the S-L
problems (1.1)—(1.4):

1. Ifk127é0, OCQ#O, then

\/l_n:sn:(n—l)n—l—O(%),
and

) 0uk128,cOS sy (x4 1) + heVsins, (x+ 1)+ O(L), x€[-1,0),
u(x, = .
" (—=1)"kyps,he’ cossyx+0(L),  x € (0,1].

2. If kip #0, ap =0, then for oy = 0y,

m:sn:"—1n+o(1).
2 n

And if n is even,

) = {heiycossn(x—k 1)+ oikipsysins, (x+ 1) +0(L),  xe[-1,0),
o(1), xe(0,1];
if nis odd,
—kizcoss,(x+ 1) + age?sins, (x+ 1)+ 0(%), x€[-1,0),
(5 An) = { (—1)%1a1k125ne"7c0ssnx+0(%), x € (0,1].

3. Ifklz =0, oy 75 0, thenfor ki1 =k

m:sn:”;mo(l).

n

And if n is even,

(5 2) 0k118y, €08y (x+1)+(he'V+ouky ) sins, (x+1)+0(1), x € [-1,0),
u(x,Ay) =
" — k3 sy sins,x, x € (0,1];
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if nis odd,

) {agkusn cos sy (x+1)+(he— ki) sins, (x+1)+0(L), x € [-1,0),
uxX,A\p) =

(—1)%O¢2k%lsnc0ssnx+ 0(%), x € (0,1].

4. Ifklz =0, op =0, thenfor o] = 0y

2n—1 1
V== tavo (1),

n
and

(—1)"kyyspcossy(x+ 1) + agesins, (x+ 1)+ 0(L), x€[-1,0),
W Pa) = { (—1)"&3, cos s, (x+ 1) + akiesins, (x+ 1)+ O(1),  x€(0,1].

Proof. Let A = s> with s = o +it. We will use a similar method mentioned in
[2, 8, 11]. From Theorem 4.1, for k15 # 0, op # 0,

A(L) = opkips?e sin® s+ O(|s|el).

Denote A*(A) = apkjps?e’”sin®s. Let

oesonon o o<1}
FZ:{A:SZZ(G‘f‘ﬂ)z lo] < (n—f—%) T, t= (n—i—%)ﬂ:}

By applying the Rouche’s Theorem in [13] and some calculations, we can get that A(A)
and A*(4) have the same zeros interior of ', =T7, UT,. Yet A*(A) has the zeros

027 7T27 (Zn)za B (nn)za

interior of T,,. Therefore A(A) has a sequence of zeros:

\/?L_n:sn:(n—l)n—i—O(%).

Let
I/l(.x )L ) _ Cn,l(bl('x?ln)+C",2%1('X’A"’l)7'xe [_1’0)’
e Cn,1¢2(xa An) +Cn,212(xa An): X e (0’ 1]7

where at least one of the constants ¢, 1, ¢,2 is not zero. Then u(x,4,) is the eigen-
function of the S-L problems (1.1)—(1.4) corresponding to the eigenvalue A,. ¢; and
x1 satisfy the conditions

4.1)

y(=1)=1, Y(-1)=0 and y(-1)=0, y(-1)=1,
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respectively. Substituting (4.1) into the boundary condition (1.2), we have

cni(0ne” —do(1,4n)) + cup(0ne” — xa2(1,2,)) =0,
Cn71(063€ly— (Z)é(l,ln)) +Cn’2(064€ly— x&(l,ln)) =0.

Since the determinant of the coefficients A(1) = 0, the equation system at least
have a non-zero solution (¢, 1,¢,2). And from the values of ¢, x>, we have

cn10nel 4 cpa(one” —kin) =0,
cpioze’ +cpp0ue’ =0.

Multiplying the first and second equation by o4 and — o respectively, and then adding
these new two equations together, we obtain

cn1he” +cpa0ukiy =0
Let ¢,p = he'’s,, then Cn,1 = 04k125,. Hence (4.1) becomes

oukinsycoss,(x+ 1) +heVsins, (x+ 1)+ O(L), x€[-1,0),

u(x,Ay) = . . |
(—1)" " kiasphe'T cossyx+0(;),  x € (0,1].

The other cases can be proved in the same way. [
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