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PERIPHERAL LOCAL SPECTRUM PRESERVERS AND
MAPS INCREASING THE LOCAL SPECTRAL RADIUS

ABDELLATIF BOURHIM, TARIK JARI AND JAVAD MASHREGHI

(Communicated by L. Chi-Kwong)

Abstract. We address two long standing problems in the context of local spectral radius pre-
servers. First, we completely describe the form of maps preserving the peripheral local spectrum
of product or triple product of operators. Second, we establish the automatic continuity of linear
maps increasing the local spectral radius of operators at a fixed nonzero vector.

1. Introduction

Throughout this paper, X and Y denote infinite-dimensional complex Banach
spaces, and Z(X,Y) denotes the space of all bounded linear maps from X into Y.
When X =Y, we simply write %(X) instead of Z(X,X). The local resolvent set,
pr(x), of an operator T € Z(X) at a point x € X is the union of all open subsets U
of the complex plane C for which there is an analytic function ¢ : U — X such that
(T—A)p(A)=x, (A €U). Clearly pr(x) contains the resolvent set p(T') of T, but
this containment could be proper. The local spectrum of T at x is defined by

or(x) :=C\pr(x),

and thus it is a closed subset of ¢(7'), the spectrum of T. The local spectral radius of
T at x is defined by

r7(x) == limsup||T"x|| 7,

n—r+oo

and coincides with maximum modulus of o7 (x) provided that T has the single-valued
extension property (SVEP). Recall that T € %(X) is said to have SVEP provided that
for every open subset U of C, the equation (T —A)¢(A) =0, (A € U), has no non-
trivial analytic solution ¢ . Every operator T € #(X) for which the interior of its point
spectrum, 0, (T), is empty enjoys this property. The set

vr(x):={A € or(x): [A]| =rr(x)}

is called the peripheral local spectrum of T at x. Note that yr(x) = @ provided that
max{|A]|: A € or(x)} <rr(x). The remarkable books by P. Aiena [1] and by K.B.

Mathematics subject classification (2010): Primary 47B49; Secondary 47A10, 47A11.

Keywords and phrases: Linear preservers, spectrally bounded map, local spectrum, local spectral ra-
dius, the single-valued extension property.

This work was supported by NSERC (Canada).

© &1€P€N’ Zagreb 189
Paper OaM-10-12


http://dx.doi.org/10.7153/oam-10-12

190 A. BOURHIM, T. JARI AND J. MASHREGHI

Laursen, M.M. Neumann [27] provide an excellent exposition as well as a rich bibliog-
raphy of the local spectral theory.

The problem of linear preservers of local spectra of matrices and operators was
initiated by A. Bourhim and T. Ransford in [10], and then it was continued by several
authors; see for instance [4, 8, 11, 14, 15, 16, 17, 19, 26] and the references therein.
However, we should add that the literature on this subject is very extensive. In [11],
J. Braci¢ and V. Miiller characterized surjective linear and continuous mappings on
A(X) preserving the local spectrum (local spectral radius) at a fixed nonzero vector
e of X, and thus extending the main results of [9, 21] to infinite-dimensional Banach
spaces. In [17, Theorem 1.2], C. Costara showed that every linear surjective map on
P(X) decreasing the local spectral radius at a nonzero vector of X is automatically
continuous. In [14], C. Costara characterized linear maps on the algebra M, (C) of all
n x n complex matrices preserving the local spectrum or local spectral radius at non-
fixed vectors. He, in particular, showed that if ¢ is a linear map on M,(C) then for
every T € M,(C) there exists anonzero vector xy € C" such that 67 (xr) N o7 (x7) #
0 if and only if ¢ is an automorphism or an anti-automorphism on M, (C).

Besides linear local spectra preservers, nonlinear maps preserving different local
spectra were considered by a number of authors. In [16], C. Costara described surjective
linear maps on % (X) which preserve operators of local spectral radius zero at points
of X. He showed, in particular, that if ¢ is a surjective linear map on Z(X) such
that for every x € X and T € #(X), we have rr(x) = 0 if and only if ry(7)(x) =0,
then there exists a nonzero scalar ¢ such that @(7) = ¢T for all T € #(X). This
result has been extended in [7] to the nonlinear setting where it shown that if ¢ is a
surjective (not necessarily linear) map on Z(X) satisfying rr_g(x) = 0 if and only if
To(T)—g(s)(x) = 0, for every x € X and S, T € %(X), then there is a nonzero scalar
¢ € C and an operator A € #(X) such that ¢(T)=cT +A forall T € A(X). In[15],
C. Costara described surjective maps @ on M, (C) preserving the local spectral radius
distance and showed that if x; is a nonzero vector of C", then a surjective map ¢ on
M, (C) satisfies ¢(0) =0 and

To(1)—p(s)(¥0) =17-5(x0), (T, S € My(C)) (1.1)
if and only if there exists an invertible matrix A € M,,(C) and unimodular scalar o € C
such that either Axg = xp and @(T) = ATA~! for all T € M,(C) or AXg = xo and
@(T) = ATA™! for all T € M,(C), where X; is the complex conjugation of xo. In
[5, 6], Bourhim and Mashreghi determined the structure of all surjective maps on Z(X)
preserving the local spectrum at a nonzero fixed vector of product and triple product of
operators.

In this paper, we settle two important problems in this field. First, we character-
ize surjective maps on %(X) ‘preserving the peripheral local spectrum’ at a nonzero
fixed vector of product and triple product of operators. Second, we show that any lin-
ear surjective map on Z(X) ‘increasing the local spectral radius’ at a nonzero vector
of X is bijective and continuous. The main tools in the proofs of our results are the
characterization of the linearly independence of two operators and the characterization
of rank one operators in term of the peripheral local spectrum at a nonzero fixed vector
of product and triple product of operators. These marginal results by themselves are
interesting.
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2. Statement of the main results

In this section, we gather the statement of our main results. However, to prove each
theorem some further tools are needed which are developed in subsequent sections.
Each case is discussed below.

In Section 4, we first establish a local spectral identity principle that character-
izes the linear dependence of two operators in term of the peripheral local spectrum of
product of operators. Second, we provide a local spectral characterization of rank one
operators in term of the peripheral local spectrum of product of operators. These are
the essential ingredients in establishing the following result that describes the structure
of all surjective maps on % (X) preserving the peripheral local spectrum at a nonzero
fixed vector of product of operators.

THEOREM 2.1. Let xo € X and yy € Y be two nonzero vectors. A map ¢ from
PB(X) onto B(Y) satisfies

Yor)o(s)(0) = Yrs(x), (T, S€ A(X)), (2.2)
if and only if there exists a bijective bounded linear mapping A from X into Y such
that Axo = yo, and either @(T) = —ATA™! forall T € B(X) or ¢(T) = ATA™! for
all T € B(X).

In Section 5, we characterize maps preserving the peripheral local spectrum at a
fixed vector of triple product of operators. More explicitly, we prove the following re-
sult. Its proof uses as well a local spectral identity principle that characterizes the linear
dependence of two operators a local spectral characterization of rank one operators in
term of the peripheral local spectrum of triple product of operators.

THEOREM 2.2. Let xo € X and yy € Y be two nonzero vectors. A map ¢ from
PB(X) onto B(Y) satisfies

Yo(T)o(s)o(r)(0) = Yrsr(x0), (T, S€ B(X)), (2.3)
if and only if there exists a bijective mapping A € B(X,Y) such that Axo = yo and
@o(T) = AATA™" forall T € B(X), where A is a third root of unity, i.e., 1> = 1.

In Section 6, we turn our attention to linear maps increasing the local spectral ra-
dius at a nonzero fixed vector of X. We show that any linear surjective map ¢ from
A(X) into A(Y) increasing the local spectral radius at a nonzero vector of X is bi-
jective, continuous and spectrally bounded from below; i.e., there is a constant m such
that r(7) < mr(@(T)) forall T € #(X). If the reverse inequality is satisfied then ¢
is called spectrally bounded. Here, r(7) denotes the classical spectral radius of any
operator T € B(X).

THEOREM 2.3. Let xo € X be a fixed nonzero element, and let ¢ be a surjective
linear map from B(X) into B(Y). If there is a constant M > 0 such that

rr(x0) < Mr(o(T)) (2.4)
Sforall T € B(X), then @ is a continuous bijective map spectrally bounded from below.
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A few comments must be added to the statement of the result. In [29], Semrl de-
scribed spectrally bounded maps on £ (5¢) when 7 is an infinite-dimensional com-
plex Hilbert space and provided an example showing that there are infinite-dimensional
Banach spaces X and spectrally bounded maps on % (X) that are of standard forms. In
general, the complete description of all surjective linear maps from %(X) into A(Y)
that are spectrally bounded or spectrally bounded from below is still unknown and re-
mains an open problem. Of course, if such a description is obtained, then one would
be able to characterize surjective linear maps on Z(X) increasing or decreasing the
local spectral radius of operators at a fixed nonzero vector. In [20], Fodner and Semrl
obtained a characterization of the surjective linear maps on Z(X) that are both spec-
trally bounded and spectrally bounded from below. The obtained forms are somehow
different from the ones appeared in [12] where Bresar and Semrl showed that a sur-
jective linear map on %(X) preserves the spectral radius if and only if it is either an
automorphism or anti-automorphism multiplied by a scalar of modulus one.

3. Preliminaries and auxiliary results

In this section, we fix some notions and collect some useful lemmas needed for the
proof of our main results. We also establish some results which are interesting in their
own right. The first lemma summarizes some basic properties of the local spectrum
which will be used frequently.

LEMMA 3.1. For an operator T € B(X), vectors x, y € X and a nonzero scalar
a € C, the following statements hold.

1. If T has SVEP, then or(x) # 0 provided that x # 0.

or(ox) =or(x) if oo £ 0, and our(x) = aor(x).

or(x+y) C or(x)Uor(y). The equality holds if or(x) Nor(y) =0.

. If T has SVEP, x #0 and Tx = Ax for some A € C, then or(x) = {A}.
. If T has SVEP and Tx = ay, then or(y) C or(x) C or(y) U{0}.

. If R e B(X) commutes with T, then or(Rx) C or(x).

LSO

N W

or:(x) ={or(x)}" forall xe X and n > 1.

Proof. See for instance [1, 27]. U

For any operator T € #(X), let T* be its adjoint on the dual space X* of X. For
every nonzero x € X and f € X*, let x® f denote the rank one operator defined on X
by

(x@f)(y) = fy)x

Note that every rank one operator on X can be written in this way and every finite rank
operator is a finite sum of rank one operators.

The second lemma is a useful observation needed to establish the linearity of sur-
jective maps @ : B(X) — ZA(Y) satisfying either (2.2) or (2.3).
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LEMMA 3.2. If xqo is a nonzero vector in X and R is a rank one operator in
PB(X), then following assertions hold.

L Yir4sr(x0) = Yrr(xo) + Ysr(x0) forall T, S € B(X).
2. Wrr+s)r(*0) = YrTr(X0) + YrRSR (X0) for all operator T, S € B(X).

Proof. The proof relies on the following fact that

{0} if f(x0) =0
Yewf (Y0) = (3.5)
{f ()} if f(xo) #0
forallxeX and feX*. O

We close this section with two more lemmas needed in the sequel.

LEMMA 3.3. Let xo € X and yg €Y be nonzerovectors, andlet A:X —Y and B:
X* — Y™ be bijective linear transformations. The following statements are equivalent.

1. Forevery x € X and f € X*, we have tyg¢(x0) = taxens(Yo)-

2. A is continuous, B= oA* ' and Axo = Byo for some nonzero scalars o, B € C
with |o| = 1.

Proof. If A is continuous, B = aA~!' and Axy = By, for some nonzero scalars
o, B € C with || =1, then
TaxeBr (Y0) = Taags a1 (00) = |0tfree r(A7'v0) = tee (B~ 'x0) = raor(x0)
forall x € X and f € X*. This establishes the implication (2) = (1).
Conversely, assume that 1 (x0) = raxepf(vo) for all x € X and f € X*. Let
x € X and f € X*. First, note that
0 if f(x0) =0,
I f(X0) = (3.6)
[f ()] i f (x0) # 0.
Second, let us show that

|f (x)| = |Bf (Ax)|. 3.7)
Assume first that f(xo) # 0, and note that, since rax,er(Y0) = Iyyer(*0) = [f(x0)], we
have Bf(yo) # 0. Thus (3.6) shows that

|f ()] =rxa(x0) =Taxenr(vo) = [Bf(Ax)|.
This ensures that (3.7) holds in this case. If, however, f(xo) =0, take a linear func-
tional g € X* such that g(xp) # 0 and note that it follows from what has been shown
previously that
[(f+248)(x)| = [B(f + Ag)(Ax)| = |Bf (Ax) + ABg(Ax)|

for all nonzero scalars A € C. Letting A goes to 0, we get |f(x)| = |Bf(Ax)| which
establishes (3.7) in this case too; as desired.
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Now, let us show that A is continuous and B=A"". Let (x,), be a sequence in X
converging to 0, and let y € Y such that lim,—...Ax, =y. For every f € X*, we have

IBF(y)| = lim [Bf(Ax)| = lim |f(x,)| =0,

and thus, B is bijective and f € X* is an arbitrary linear functional, we see that y = 0.
The closed graph theorem tells us that A is continuous.
Moreover, if f € X* is a fixed linear functional, then for every x € X, we have

|f(x)| = [Bf(Ax)| = |A"Bf (x)|,
and thus A*B = a1y for some nonzero scalar o € C. Now, we show that xo and A~y

are linearly independent. If not, there is a linear functional f in X* such that f(xp) =1
and f(A~'yp) =0 and

1= rx0®f(x0) = rAx0®Bf()’0) = ran()@A**lf(yO)

~1
= ToA(xy@f)A~! (0) = Taxef (A~ y0) = 0.
This contradiction shows that there is a nonzero scalar § € C such that Axy = Byg. To

finish the proof, we show that o¢ must has modulus one. Pick up a linear functional f
in X* such that f(xp) = 1, and note that

1= 1y (%0) = taxesr (¥0) = Taa(yo a1 (0)

= Taxyof(A71Y0) = Taxger (%) = |-
The proof is therefore complete. [J

REMARK 3.4. If the local spectral radius is replaced by the peripheral local spec-
trum in the first statement of the above lemma, then it is easy to see that ¢ must be 1
in the second statement.

LEMMA 3.5. Let xo € X and yy € Y be nonzero vectors, and let C: X* — Y and
D : X — Y* be bijective linear mappings. Then there are x € X and f € X* such that

I (X0) # repenx (Vo)

Proof. Choose a nonzero linear functional g € Y* such that g(yo) =0 and set x =
D~!g. Because x and x( are nonzero vectors in X , one can find a linear functional f €

X* such that f(xo) # 0 and f(x) # 0. Then 0 # |f(x)| = rxer(x0) and rcrepc(vo) =
Icfog (Vo) = 0; as desired. O

4. Proof of theorem 2.1

To prove Theorem 2.1, we need two auxiliary, but important, result: first, a local
spectral identity principle that characterizes the linear dependence of two operators in
term of the peripheral local spectrum; second, a spectral characterization of rank one
operators in term of the peripheral local spectrum.

THEOREM 4.1. Let xo € X be a nonzero vector, and let A, B € B(X). The fol-
lowing statements are equivalent.
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1. A = aB for some nonzero scalar o € C.
2. Forevery T € #(X), we have tar(xo) =0 if and only if tpr(x9) = 0.

3. For every rank one operator T € B(X), we have tar(xo) = 0 if and only if
IpT (X()) =0.

Proof. The implications (1) = (2) and (2) = (3) are trivial. We only need to
establish (3) = (1).

Assume that (3) holds, i.e., rar(xp) = 0 if and only if rgr(xg) =0 for all rank
one operators T € J(X). Let us first show that Axy and Bxy are linearly dependent.
Suppose to the contrary that Axy and Bxg are linearly independent. This implies that
X0, Axg and Bxg are linearly dependent. Since, if not, there is a linear functional
Jfo € X* such that fy(xo) = fo(Axp) =1 and fy(Bxp) =0. For Ty := xo ® fo, we have
(ATy)"xo = Axp for all n > 1 and 147 (x0) = 1. We also have (BTj)"xo = 0 for all
n > 2 and thus rpy, (xo) = 0. This is a contradiction. Thus, there are constants o
and B in C such that xo = atAxp + BBxg. Note that either o # 0 or  # 0 and thus
we may and shall assume that o £ 0. Let f; € X* be a linear functional such that
f1(Axo) = 1 and f1(Bxy) = 0. For Tj :=xo® f1, we have (AT})"xo = aAx, for all
n =1 and rar, (x9) = 1. We also have (BT;)"xo =0 for all n > 2 and rpr, (x0) = 0.
This contradiction shows that Axg = ot Bxo for some nonzero scalar oy, .

Now, let x be an arbitrary vector in X, and let S € Z(X) be an operator such that
Sxo = x. Replacing T by ST in the third statement, we note that r4s7(x9) = 0 if and
only if rgs7(xg) = 0 for all rank one operators T € %(X). By what has been shown
above, there is o, that Ax = ASxg = 0,,BSxy = 0,.Bx for some nonzero scalar ¢, . Thus,
there is a nonzero scalar oo € C suchthat A=oB. 0O

As a consequence, we obtain the following corollary which characterizes, in term
of the peripheral local spectrum, when two operators are the same.

COROLLARY 4.2. Let xo € X be a nonzero vector, and let A, B € A(X). The
following statements are equivalent.

1. A=B.
2. yar(xo) = y8r(x0) for all operators T € B(X).

3. Yar(x0) = var(x0) for all rank one operators T € B(X).

Proof. We only need to show that (3) = (1). So, assume that yar(xo) = Va7 (x0)
for all rank one operators T € Z(X), and note that there is a nonzero a € C such
that A = aB, by Theorem 4.1. To show that such o must be one, assume first that
there is x € X such that Bx and x¢ are linearly independent, and let f € X* be a linear
functional such that f(Bx) = f(xp) = 1. Set T :=x® f, and note that BT = Bx® f
and thus Y7 (x0) = Y81 (X0 — Bx) U ¥87(Bx) = {0, 1}. It follows that {1} = yar(xo) =
YAT(XO) = ’)/aBT(xO) = {OC}, and oo = 1.



196 A. BOURHIM, T. JARI AND J. MASHREGHI

Now, if Bx and x( are linearly dependent for all x € X, then either B =0 and
there is nothing to prove, or B =xy ® f for some f € X*. If the last case occurs, pick
up x & ker(f) such that f(x) =1 and a linear functional g € X* such that g(xp) = 1.
Let T :=x®g, and note that Bx = xo and that BTxy = Bx = xo. It follows that {1} =

Y87 (X0) = Yar (X0) = Yapr (X0) = {0t}. O

The following theorem, which may be of independent interest, gives a spectral
characterization of rank one operators in term of the peripheral local spectrum.

THEOREM 4.3. For a nonzero vector xo of X and a nonzero operator R € #(X),
the following statements are equivalent.

1. R has rank one.
2. Yrr(xo0) is a singleton for all T € B(X).

3. Yrr(xo) is a singleton for all operators T € B(X) of rank at most two.

Proof. Obviously, if R has rank one and T € %(X) is an arbitrary operator, then
RT has rank one too and thus yrr(xo) is a singleton. This shows that the implication
(1) = (2) always holds. So, we only need to establish the implication (3) = (1).
Assume that ygr(xo) is a singleton for all operators T € Z(X) of rank at most
two. Suppose, by the way of contradiction, that R has rank at least two, and let us first
show that xq is not in the range of R. If xy is not in the range of R, then there are
u, v € X such that xo = Ru and x; = Rv are linearly independent. Let fy and f; be
two linear functionals in X* such that f;(x;) = &;;, where §;; is the delta Kronecker
symbol. For Ty := (2v—u) ® fo+v® fi, we have RTx; = Rv = x| and
RT (xo —x1) = R(2v —u) — x; = —(x0 — x1).
Thus,
Orr (X0) = Orr (X1) U OgT (X0 — X1) = {—1,1},
and yrr(xo) = {—1,1} contains two different elements. This contradiction shows that
Xo is not in the range of R.
Now, pick two elements u = Rx and v = Ry from the range of R so that xo, # and
v are linearly independent. Choose two linear functionals f and g in X* such that

fxo)=f(u)=1, f(v) =0,
and
g(xo) = —g(v) =1, g(u) =0.
For R :=x® f+y®g, we have
RRiu=u, RRixo =u+vand RR;(RR1xo —u) = —v=—(RR1xp — u).
Thus, ogg, (1) = {1} and ogg, (RR1xo —u) = {—1}, and therefore
Orr, (RR1x0) = Ogrgr, (RR1X0) U Ogrg, (RR1x0) = {—1, 1}.
From this, we see that
{—1, 1} = ogr, (RR1x0) C Org, (x0) C Org, (RR1x0) U{0} ={—1, 0, 1},
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and Ygg, (x0) = {—1, 1} contains two different elements. This contradiction shows
that R has rank one, and establishes the implication (3) = (1). The proof is therefore
complete. [J

We collected all necessary ingredients and we therefore are ready to prove our first
main result, i.e., Theorem 2.1.

Proof of Theorem 2.1. We only need to establish the ‘only if” part whose proof is
long and delicate. Hence, we break it into several steps. Assume that ¢ satisfies (2.2).

Step 1: We show that ¢ is injective and ¢(0) = 0. If ¢(A) = ¢@(B) for some
operators A and B in A(X), we get

Yar (X0) = Yo(a)o(1) (V0) = Yo(B)o(r)(¥0) = Y81 (%X0)
forall T € #(X). By Corollary 4.2, we have A = B and thus ¢ is injective. But since
¢ is assumed to be surjective, the map ¢ is, in fact, bijective. For the second part of the
claim, note that for every T € %(X), we have {0} = Yx7(X0) = Yp(0)o(1)(¥0). Again
by Corollary 4.2 and the bijectivity of ¢, we see that ¢(0) =0.
Step 2: We show that either

Yo(r)(v0) = ¥r(x0) (4.8)
or
Yo(r)(0) = —¥r(x0) 4.9)

forall T € #(X). To do so, we first prove that (1) =1 or ¢(1) = —1. Indeed, for
every T € #(X), we have

{0} = vr(x0) = 1r2(x0) = {0} =¥, 72 (30) = Yp(r) 0),
and thus

Yo(r)(0) = {0} == vr(x0) = {0} = nr(x0) = Ypwer)¥o) = {0}
By the subjectivity of ¢ and Lemma 4.1, we see that ¢(1) = a1 for some nonzero
scalar oo € C. Such o@ mustbe 1 or —1 since

{1} = %2 (30) = Yp(12(v0) = Ya21 (30) = {0*}.
If ¢(1) =1, then for every T € A(X), we have

¥r(x0) = Y1x1 (%0) = Yo(1)o(T) (Y0) = Yixo(r)(0) = Yo(1)(¥0),
and (4.8) is established. If @(1) = —1, then

¥r(%0) = Nix1(X0) = Yop1)p(r) (V0) = Y-1x (1) (Y0) = —Yp(1) (0)
forall T € %(X). This establishes (4.9).

Step 3: The next goal is to show that ¢ is a linear map preserving rank one op-
erators in both directions. Let R € Z(X) be a rank one operator, and note that, since
©(0) =0 and ¢ is bijective, @(R) # 0. Moreover, for every operator S = @(T) €
B(Y), we have Yrr (x0) = Yp(r)o(1)(¥0) = Yp(r)s(¥0) contains at most one element. By
Theorem 4.3, we see that ¢(R) has rank one. The converse holds since ¢ is bijective
and ¢! satisfies (2.2) too, and thus ¢ preserves rank one operators in both directions.

Step 4: To establish the linearity of ¢, let us first show that ¢ is homogenous. For
every A€ Cand S, T € #(X), we have

Yao(s)o(T) (0) = A¥e(s)0(1) (0) = A¥s7(X0) = Yasr (*0) = Yo(r5)0(r) (Y0)-
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Since ¢ is bijective, Corollary 4.2 shows that @(AS) = A¢(S) for all S € #A(X) and
A € C; as desired. Now, to show that ¢ is additive keep in mind that ¢ preserves rank
one operators in both directions. Let R € #(X) be a rank one operator and T, S €
A(X), and note that, by Lemma 3.2, we have

Yo(r+5)p(R) (Y0) = Yr15r(X0) = Yrr(X0) + Ysr(X0)
= Yo(r)o(R) (V0) + Yo(s)o(r) (V0)

= Yo)+0(5)) ot V)
By the arbitrariness of the rank one operator R, the bijectivity of ¢ and Lemma 4.1,
we deduce that

o(T+S)=o(T)+¢(S)

forall S, T € #(X), and ¢ is linear.

Step 5: We show that ¢ takes the desired form. Since ¢ is a bijective linear map
preserving the rank one operators in both directions, either there are bijective linear
mappings A: X — Y and B: X" — Y™ such that

o(x® f) =Ax®Bf, (x€ X, f€X), (4.10)
or there are bijective linear mappings C: X* — Y and D : X — Y™ such that
o(x®f)=Cf®Dx, (xeX, fEX); (4.11)

see for instance [31, Theorem 3.3]. By Lemma 3.5, the second form can not occur,
and thus ¢ only takes the form (4.10). Since ¢ satisfies either (4.8) or (4.9), Lemma
3.3 shows that A is continuous, B = oA* ! and Axg = Byo for some nonzero scalars
o, B € C with a = £1. After replacing A by B~'A, we may and shall assume that
Axo = yo and keep in mind that o(x® f) = £A(x® f)A~! forall x € X and f € X*.
Now, for every rank one operator R € #(X) and every T € #(X), we have

YLATA-19(R) (v0) = Yara-1ara-1(00) = Yarra-1(v0) = Yrr(xX0) = Yo(1)p(r) (V0)-

By Corollary 4.2, we see that ¢(7T) = +ATA~! for all T € %(X). The proof is now
complete. [J

5. Proof of theorem 2.2

For the proof of Theorem 2.2 we need two new ingredients that we establish below.
The first result is a local spectral identity principle that characterizes in term of local
spectral radius of triple product of operators when two given operators are linearly
dependent. The second result characterizes rank one operators in term of the peripheral
local spectrum of triple product of operators.

THEOREM 5.1. Let xo € X be a nonzero vector, and let A, B € #(X). The fol-
lowing statements are equivalent.

1. A = aB for some nonzero scalar o, € C.

2. 1rar(x0) =787 (X0) for all operators T € B(X).
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3. rrar(xo) =rrp7(x0) for all rank one operators T € #B(X).

Proof. We only need to show that the implication (3) = (1) holds.

Assume that r7a7(xo) = rrar(xo) for all rank one operators 7 € #(X), and let x
be a nonzero vector from X and f € X* a linear functional for which f(xp) # 0 and
f(x)#0.For T :=x® f, we have

|f(x)f(Ax)| = r7a7 (x0) = r7B7(X0) = | f(X) f(BX)],

and thus
|f(Ax)| = [f(Bx)] (5.12)

for all linear functionals f € X* satisfying f(xo) # 0 and f(x) # 0. Now, let f € X*
be a linear functional in X* for which f(xo) # 0 and f(x) = 0, and note that x and xg
must be linearly independent. Pick up a linear functional g € X* such that g(xp) =0
and g(x) =1, and note that (f +Ag)(x0) = f(x0) #0 and (f+Ag)(x) =A #0 forall
nonzero scalars A € C. Thus (5.12) applied to (f +Ag) shows that

|(f +A8)(Ax)| = [(f + A1) (Bx)|

for all nonzero scalars A € C. Letting A goes to 0, we get |f(Ax)| = |f(Bx)| for all
f € X* for which f(x¢) # 0 and f(x) =0. This and (5.12) show that

[f(Ax)| = | f(Bx)| (5.13)

for all linear functionals f € X* satisfying f(xo) # 0. Finally, let f € X* be a linear
functional in X* for which f(xo) = 0 and pick up a linear functional & € X* such that
h(xp) = 1. Since (f + Ah)(xg) = A # 0 for all nonzero scalars A € C, the identity
(5.13) applied to (f+Ag) shows that

|(f + Ah)(Ax)| = [(f + A1) (Bx)]

for all nonzero scalars A € C. Letting A goes to 0, we get |f(Ax)| = |f(Bx)| for all
f €X*, and Ax and Bx are linearly dependent for all x € X. Hence, A = aB for some
nonzero scalar o € C; as desired. [

In the following corollary, we exploit the above result to characterize, in terms of
local spectral radius of triple product of operators, when two given operators coincide.
COROLLARY 5.2. Let xo € X be a nonzero vector, and let A, B € A(X). The

following statements are equivalent.

1. A=B.

2. Yrar(xo) = Yrer(xo) for all operators T € B(X).
3. Yrar (xo) = Yrer(xo) for all rank one operators T € AB(X).
Proof. We only need to show that (3) = (1). So, assume that Y747 (x0) = Yrar (x0)

for all rank one operators T € Z(X ), and note that there is a nonzero scalar o € C such
that A = B, by Theorem 5.1. If A =0, then there is nothing to prove since in this case
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B =0 too. So, assume Ax # 0 for some vector x € X, and let g be a linear functional
in X* such that g(xo) #0, g(x) # 0 and g(Ax) #0. For T :=x® g, we have

{g(Ax)g(x)} = yrar (x0) = vrar (x0) = {8(Bx)g(x)} = {ag(Ax)g(x)},
and o = 1. Thus A = B, and the proof is complete. []

The following result characterizes rank one operators in terms of the peripheral
local spectrum of triple product of operators.

THEOREM 5.3. Let xo be a nonzero vector of X. For a nonzero operator R €
PB(X), the following are equivalent.

1. R has rank one.

2. yrrr(xo0) is a singleton for all T € B(X).

Proof. Obviously, if R has rank one and T € %(X) is an arbitrary operator, then
TRT has rank one too and thus yrgr(xo) is a singleton. This shows that the implication
(1) = (2) always holds.

Conversely, assume that R has rank at least two, and let us show that there exists
T € #(X) such that yrer(xp) contains at least two elements. We shall discuss two
cases.

Case 1. If there exist two vectors xj, x» € X such that xg, Rx; and Rx, are
linearly independent, then there also exists x € X such that x, xo, Rx; and Rx; are
linearly independent. Hence, there exists an operator T € %(X) of a finite rank such
that Txg =x;, Tx=xp, TRx; = xo — 2x and TRx, = —x. Then we have

TRTx=TRxy =—xand TRTxg = TRx; = xg — 2x,
and consequently, TRT (xo — x) = xo — x. Thus,
orrr(xo) = orrr (x) Uorgr (xo —x) = {—1,1},
and yrgrr(x0) ={—1,1} contains two different scalars.

Case 2. If x9, Rx; and Rx, are linearly dependent for all x;, x, € X, then R has
rank 2 and its image contains xo. So, R :=x| ® f] +x2 ® f> and x9 = ox| + opx, for
some linearly independent vectors x;, x, € X, linearly independent linear functionals
fi, o€ X* and o, op € C. If both ¢ and oy are nonzero scalars, then take z;
and zp in X linearly independent of x; and x, such that fi(z;) = o ' fiz) =0,
F(z1)=0and fo(z) = —06271. Now, let x :=x9 —z; —z2 # 0 and define Tx; = z; and
Tz; = oz;. Note that Tx =0, TRTz; = z; and TRTzp = —z. It follows that

orrr (X0) = Orrr (X + 21 +22) = O7r7 (X) UOrRT (21) UOTRT (22) = {—1,0,1},
and yrrr(x0) = {—1,1} contains two different scalars.

If op =0, then xo =0y (x; —x2)+0yx; and R= (x] —x2) R fi+ 2 (f1+ f2).
By what has shown above, there is 7 € Z(X) such that yrgr(x9) = {—1,1} contains
two different scalars.

The case when ¢ = 0 is similar, and thus the implication (2) = (1) is estab-
lished. 0O
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We collected all required ingredients and we proceed to prove our second main
result, i.e. Theorem 2.2.

Proof of Theorem 2.2. Checking the ‘if” part is straightforward, and we therefore
just deal with the ‘only if” part. So assume that ¢ satisfies (2.3), and we proceed to
show that ¢ takes the desired form.

Step 1: We first show that @ is injective and ¢(0) = 0. Assume that ¢(A) = ¢(B)
for some A, B € #(X), and note that

Yrar (X0) = Yo(r)o(4)o(1)(¥0) = Yo(1)o(B)o(r)(Y0) = YraT (X0)
forall T € #(X). By Theorem 5.1, we see that A = B and ¢ is injective and thus it is,
in fact, bijective. In a similar way, we show that ¢(0) =0. Forevery T € #(X), we
have
{0} = yrxoxr(x0) = Yo(T)p(0)o(T) (o)
Again, by Theorem 5.1 and the bijectivity of ¢, we see that ¢(0) = 0.

Step 2: We show that ¢ is a linear map preserving rank one operators in both
directions. Let R € #(X) be a rank one operator and note that yrgr(xp) contains
exactly one element and so does Yy(7)¢(r)(r)(X0) - By Theorem 5.3 and the bijectivity
of @, we see that @(R) is a rank one operator. Since ¢ is bijective and ¢! satisfies
(2.3), we see that if @(R) is a rank one operator, then so is R.

Step 3: Let us verify that ¢ is linear. Let us first show that ¢ is homogenous. For
every A€ C and A, T € B(X), we have

Yo(r)(29(4))0(1) (Y0) = AYp(T)pa)o() (Y0)
= AYrar(xo)
= YT()LA)T(XO)
= Yo(r)p(24)0(1) (V0)-
Since ¢ is surjective, Theorem 5.1 shows that ¢(AA) = A@(A) for all A € C and
A € B(X); as desired.
To show that ¢ is additive, let R € #(X) be a rank one operator and let T, S €
A(X). Then, by Lemma 3.2, we have
YoR)p(T+8)o(R)(Y0) = YVr(T+5)r (X0)
= Yrrr(X0) + Yrsr(¥0)
= Yo®)p(r)o(®) (Y0) T Yo(Rjg(s)p(r) (Y0)

= Yot (o) 0(9)) )V
By the arbitrariness of rank one operator R, the bijectivity of ¢ and Theorem 5.1, we
deduce that
@(T+S)=o(T)+o(S)

forall T, S € #(X), and ¢ is linear.

Step 4: We show that (1) = A1 for some scalar A € C for which A° = 1. Note
that, since or»(xg) = {or(x0)}" and 172 (x9) = {rr(xo)}" forall T € A(X) and n > 1,
we see that yr»(xp) = {yr(xo)}" forall T € #(X) and n > 1. Therefore,

{1 (x0) 1 = 113 (%) = Yoz 00) = {For) 00) } (5.14)
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forall T#(X). Let R € #(X) be an operator such that (R) =1, and let us first verify
that Rx and x are linearly dependent for all x € X. Fix a nonzero vector x € X, and
let us first show that either x and Rx are linearly dependent or xy and Rx are linearly
dependent. Assume to the contrary that Rx is linearly independent with both x and xg,
and pick up a linear functional f; € X* such that f;(Rx) =0, f1(x) #0 and fi(xp) #0.
For 71 :=x® f1, we have T\RT1xp = 0 and

{0} = yrirr (%0) = Yo(r)p(R) (1) (0) = Yo(ry)2 (V0)-
This shows that Y,(7,)(vo) = {0} and thus, by (5.14), we have

{0} = (Vo) 30) > = {11, (x0) }.
This shows that 7, (xo) = {0} and thus rr, (xo) =0. Since Tixo = fi(xo)x and fi(xo) #
0, we have
1) = r7 (x) =y (Tixo) = 173 (%0) = 0.

This contradicts the fact that fj(x) # 0 and shows that either x and Rx are linearly
dependent or xo and Rx are linearly dependent. In particular, when x = xy we note that
Rx( and x( are linearly independent.

Next, we may and shall assume that x and xy are linearly independent and show
that xp and Rx are linearly independent so that x and Rx are linearly dependent. As-
sume for the sake of contradiction that Rx = PByxo for some scalar 3y € C. If Sy =0,
then take a linear functional f, € X* such that f>(x) = fa(xp) =1 andlet T :=x® f>.
Just as above, one gets that

{0} = {¥p(1y) 0)}> = {71 (x0)},
and
= I‘T2 (x) = I'T2 (szO) = I‘T2 (.X()) =0.
This contradiction shows that Sy must be different from 0. Now, pick up a linear

functional f3 € X* such that f3(xp) =1 and f3(x) =2fy. For T3 :== x® f3, we have
T3RT3xo = Pox and T3RTsx = 23¢x. Thus, by Lemma 3.1, we have
{283} = orrry (x) C onrry (x0) C Orrr (0) U{0} = {0, 27}

Hence, {233} = yrrr; (X0) = Yo(13)2(¥0). Since @(T3) has rank one, ¥ (z;)(yo) con-
tains one element and thus either Y, (7,)(vo) = {V2Bo} or Yo(ry) (Vo) = {—V2pBo}. But,
as Tzxp = x and Tsx = 2Ppx, we have {Zﬁo} = Or, (%) C (o (o) C or, (x)u {0} =
{0, 2Bo} and ¥z, (x0) = {2Bo}. By (5.14), we see that either 23y = v/2f8y or 2 =
—+/2By which is impossible. This contradiction shows that xo and Rx are linearly in-
dependent and thus x and Rx are linearly dependent. The arbitrariness of x and the

linearity of ¢ show that @(1) = A1 for some scalar A € C and by (5.14), we see that
A3 =1. As A7l satisfies (2.3) as well, we may and shall assume that ¢(1) = 1. Then

¥r(x0) = 1r1(%0) = Yo(1)o(1)p(1) ¥0) = Yo(r)(¥0) (5.15)
forall T € #(X).
Step 5: It remains to check that ¢ takes the desired form. Since ¢ is a bijective
linear map preserving rank one operators in both directions, either there are bijective
linear mappings A : X — Y and B: X* — Y* such that

o(x® f) =Ax®Bf, (x€X, f€X), (5.16)
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or there are bijective linear mappings C: X* — Y and D : X — Y™ such that
o(x®f)=CfeoDx, (xeX, feX"); (5.17)
see for instance [31, Theorem 3.3]. By Lemma 3.5 and Lemma 3.3, we see that ¢
only takes the first form such that A is continuous, B = A*"! and Axo = Byo for some
nonzero scalar B € C. After replacing A by B~!A, we may and shall assume that
Axg = yo. To finish the proof, note that for every rank one operator R € #(X) and
every T € #(X), we have
YoR)ATA1o(R) (Y0) = YVara—1a7a-1aRA-1 (V0)

= Yarrra-1 (%0)

= Yrrr(X0)

= Yo®)p(T)o(R) (V0)-
Hence, by Theorem 5.1, we see that @(T) = ATA™! for all T € %(X). The proof is
now complete. [

6. Proof of theorem 2.3

As in the previous two cases, before giving the proof on the main result we need
some auxiliary lemmas. The first lemma is quoted from [11], and will be used in the
proof of Theorem 2.3. Recall that the surjectivity spectrum of an operator T € Z(X)
is defined by

0y (T)={A €C: T — Aisnotonto}.

It is a nonempty compact subset of o (7).

LEMMA 6.1. Let T € A(X), and let xo € X be a nonzero vector. Then, for each
A € 04 (T) and every € >0, there is S € B(X) suchthat ||T —S|| < € and A € G5(x0).
Proof. See[11]. O

In [17, Lemma 2.1], Costara showed that if A € Z(X) and x is a nonzero vector
of X such that ry_s (x0) <r(T) forall T € #(X), then A=0. A generalization of such
lemma was obtained in [7], which is similar to a local version of Zemdnek’s spectral
characterization of the radical [2, Theorem 5.3.1].

LEMMA 6.2. For an operator A € B(X) and a nonzero fixed vector xo € X, the
following statements are equivalent.

(i) A=0.
(ii) t714(x0) < r7(x0) for all operators T € B(X).
(iii) rr1a(xo) < (T) for all operators T € B(X).

(iv) (T +A) <1(T) for all operators T € B(X).
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(v) t(T +A) =0 for all nilpotent operators T € B(X) of at most rank one.

Proof. See[7,17]. O
We are now in a position to prove our third main result, i.e., Theorem 2.3.

Proof of Theorem 2.3. Assume that there is a constant M > 0 such that ry(xp) <
Mr(o(T)) forall T € #(X), and let us prove that ¢ is injective. Suppose that ¢(7y) =
0 for some Ty € #(X), and let us show that Ty = 0. Let T € #(X), and consider the
following function

fA) :=ng47(x0), (A €C).
Clearly, we have
F) < (A) <Mr(o(ATo+T)) = Mr(o(T))

for all 2 € C. Here, f*(A) := limsup,_,; f(u), (A € C), is the upper regulariza-
tion of f. It is subharmonic (see for example [17]), and thus Liouville’s Theorem
implies that f* is a constant function. It follows, in particular, that f*(1) = f*(0) =
limsup,, o tury+7 (xo). This together with the upper semicontinuity of the spectral ra-
dius entail that

17,47 (x0) = f(1) < f*(1) = lim sup rygy+7(x0) < limsupr(uTo+7) < 1(T).

u—=0 u—=0
As T is an arbitrary operator, Lemma 6.2 implies that 7o = 0 and ¢ is injective; as
desired. Since @ is now a bijective map and its inverse @~ ! satisfies

Tp-1(s)(X0) < Mx(S)

for all S € A(Y). By Theorem [17, Theorem 1.2] and the open mapping theorem, we
deduce that both ¢! and ¢ are continuous.

To show that ¢ is spectrally bounded from below, we argue as in [1 1] to show that
1(T) < Mr(o(T)) forall T € A(X). Pick up an operator and let A € 6, (T) such that
r(T) = |A|. By Lemma 6.1, there is a sequence of operators (7;,), C Z(X) converging
to T such that A € o7, (xo) for all n. Since @ is continuous and the spectral radius is
upper semi-continuous, we have

Mr(o(T)) > Mlimsupr(o(T,)) = limsuprg, (x0) = |A| =1(T),

and ¢ is spectrally bounded from below. [J

Finally, we turn our attention to some consequences of Theorem 2.3. The first one
was established in [8] by Bourhim under the extra condition of the continuity.

COROLLARY 6.3. Let ¢ and J# be two infinite-dimesional complex Hilbert
spaces. Let hg € C and ko € & be fixed nonzero elements. For a linear map ¢ from
L) onto L (KX), the following are equivalent.

(i) There are two constants m, M > 0 such that mrr(ho) < re(r)(ko) < Mrr(ho) for
al T € L ().

(ii) There is a constant M > 0 such that ty7)(ko) < Mrr(ho) forall T € L ().
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(iti) There is a constant m > 0 such that mrr (ho) <rty(ry(ko) forall T € L().

(iv) There is a bijection A € £ (, %) and a nonzero scalar o such that Ahy = ko
and @(T) = aATA™! forall T € £ ().

Proof. Combine [8, Corollary 5.5], [17, Theorem 1.2] and Theorem 2.3. [

Let T € #(X) be a bounded linear operator and x € X a fixed vector. The analytic
residuum of T, denoted by R(T'), is the largest open set U C C for which the equation
(T—=A)p(A) =0, (A €U), has no nontrivial analytic solution ¢ on U. Its closure is
denoted by S7, and the set Sy U or(x) is also called the local spectrum of T at x and
is denoted by oy(T) instead of o7 (x). Note that, unlike the standard local spectrum,
o(T) is a nonempty closed set if x # 0, and that

I'r(x) :=max{|A]: 2 € or(x)} <rr(x) <max{|A|: A € o, (T)} <1(T); (6.18)
see for instance [24, II. 14. Theorem 12]. If, however, T has the SVEP, then obviously
the left three local spectral radii coincide.

The following result describes surjective linear maps ¢ on Z(X) that preserve the

above local spectrum at a nonzero fixed vector of X . Its proof is on the straightforward
side, and will be included here for the sake of completeness.

COROLLARY 6.4. Let ¢ : B(X) — B(Y) be a surjective linear map, and let
X0 € X and yy € Y be nonzero vectors. The following statements are equivalent.

(i) G(T) = 0,,(@(T)) forall T € B(X).
(i) 0y, (T) C 0y, (@(T)) forall T € B(X).
(iii) 0y,(T) D 6y, (@(T)) forall T € B(X).

(iv) There is a bijection A € (X ,Y) such that Axo = yo and ¢(T) = ATA™! for all
TeABX).

Proof. Clearly, (iv) = (i) = (ii) and (iv) = (i) = (iii) . So, we only need to show
that (if) = (iv) and (iii) = (iv).

Assume that 6, (T) D 0y, (¢(T)) forall T € Z(X), and note that it follows from
(6.18) that

ro(r)(yo) S max{[d|: A € 0y, (@(T))} < max{[A]: A € 03, (T)} < (T)
forall T € #(X). By [17, Theorem 1.2], ¢ is a continuous map. Now, let us prove

that
o(e(T)) co(T) (6.19)

forall T € #(X). Since Sy(7) C 0y, (9(T)) C 0y (T) Co(T) and 6(¢(T)) = Sg(1)U
o (@(T)) for all T € #(X), we only need to show that oy (¢ (T)) C o(T) for all
T € #(X). Indeed, given an operator T € #(X) and A € 0y (¢(T)), by Lemma
6.1, there is a sequence (S,), of operators in Z(Y) such that ||S, — @(T)|| <n~! and
A € 05,(y0) C Oy, (Sn). Applying the open mapping theorem, one can find a sequence
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(Th)n C B(X) convergingto T such that ¢(T;,) =S, forall n, and thus A € o, (T;,) C
o(T,) forall n. Hence, T, — A is notinvertible for all n and so is lim,(7, —A) =T -4
since the collection of all noninvertible operators in Z(X) is closed. It follows that
0. (0(T)) C o(T) forall T € #(X), and thus (6.19) is established. Now, to show
that ¢ is injective it suffices, in view of [30, Theorem 3.4], to show that ¢ does not
vanish at an operator of rank one. In fact, we shall show that ¢(xo® f) # 0 for all linear
functionals f € X* for which f(xo) = 1. Assume for the sake of contradiction that there
is a linear functional f € X* such that f(xy) =1 and @(xo ® f) = 0. By (6.19), we
have o(¢(1)) C (1) = {1}, and thus (1) has the SVEP and 6 (¢(1)) = 0(1)(y0) =
0y, (9(1)) ={1}. We also have (14+xo® f)(x0) =2xp and ¢(1+xo® f) = ¢(1), and
thus
{1} =03, (9(1) = 0, (9(1 +%0® £)) C 03, (14 x0® f) = {2}

This contradiction shows that ¢ is injective and thus [30, Theorem 3.4] implies that
either ¢(T) = ATA™!, (T € #(X)), for some isomorphism A € #(X,Y), or ¢(T) =
BT*B~!, (T € #(X)), for some isomorphism B € %(X*,Y). Now, with the proof of
Lemma 3.3 and Lemma 3.5, one can show that ¢ takes only the first form with A can
be supposed to satisfy Axg = yo. This establishes the implication (iii) = (iv).

Assume that 6y, (T) C 0y, (¢(T)) forall T € Z(X), and note that it follows from
(6.18) that

rr(xo) S max{[A]: A € 0 (T)} < max{|A]: 4 € 6y, (9(T))} <r(@(T))
for all T € #(X). By Theorem 2.3, ¢ is a continuous bijective map and thus the
implication (iii) = (iv) applied to @' shows that the implication (ii) = (iv) always
holds too. [

7. Comments and open problems

In this section, we make some remarks and comments on nonlinear preservers of
local spectral radius and discuss some related problems. First, we would like to point
out that the restriction to infinite-dimensional Banach spaces in the statement of our
main results is just for the sake of simplicity. Second, note that the local spectral radius
of an operator T € Z(X) at a vector x € X could be defined by

I'7(x) :=max{|z| : z€ or(x)}
with the convention that max() = —eo, and the peripheral local spectrum of 7 at x

could be given by
Ar(x):={A €or(x):|A|=Tr(x)}.

Of course, Ar(x) = yr(x) and ry(x) =Tz (x) when T has the SVEP. Here, we would
like to point out that our above results and their proofs remain valid when replacing
)/T()Co) by AT(XQ) and I'T()C()) by FT()C()).

In the sequel, let xo € X and yp € ¥ be two nonzero vectors. Our study can
be viewed as a step towards the study of some further challenging problems on local
spectral radius preservers. We mention two major open problems. First, which maps ¢
from A(X) onto A(Y) satisfy

Tor)e(s) (Vo) = 175(x0), (T, S€ A(X))? (7.20)
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Second, which maps ¢ from #(X) onto #(Y) satisfy

r(p(T)(p(S)(p(T)(yO) = I'TST(XO), (T, Se @(X)){’ (7.21)

Similar questions can be asked when replacing r7(xo) by Tr(xo).

[1]

[2]
[3]

[4]

[5]
[6]
[7]
[8]
[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]

[19]

[20]
[21]
[22]

[23]

REFERENCES

P. AIENA, Fredholm and local spectral theory, with applications to multipliers, Kluwer, Dordrecht,
2004.

B. AUPETIT, A primer on spectral theory, Springer-Verlag, New York, 1991.

R. BHATIA, P. SEMRL AND A. SOUROUR, Maps on matrices that preserve the spectral radius dis-
tance, Studia Math., 134, No. 2 (1999) 99-110.

A. BOURHIM AND J. MASHREGHL, A survey on preservers of spectra and local spectra, CRM Pro-
ceedings and Lecture Notes: Invariant subspaces of the shift operator, American Mathematical Society,
Providence, RI, 2015, to appear.

A.BOURHIM AND J. MASHREGHI, Maps preserving the local spectrum of triple product of operators,
Linear and Multilinear Algebra, to appear.

A. BOURHIM AND J. MASHREGHI, Maps preserving the local spectrum of product of operators,
Glasgow Math. J., to appear.

A.BOURHIM AND J. MASHREGHI, Local spectral radius preservers, Integral equations and Operator
Theory, 76, No. 1, (2013) 95-104.

A. BOURHIM, Surjective linear maps preserving local spectra, Linear Algebra and its Applications,
432, No. 1, (2010) 383-393.

A. BOURHIM AND V. G. MILLER, Linear maps on M,(C) preserving the local spectral radius,
Studia Math., 188, No. 1, (2008) 67-75.

A. BOURHIM AND T. RANSFORD, Additive maps preserving local spectrum, Integral equations and
Operator Theory, 55 (2006) 377-385.

J. BRACIC AND V. MULLER, Local spectrum and local spectral radius of an operator at a fixed
vector, Studia Math., 194, No. 2, (2009) 155-162.

M. BRESAR AND P. SEMRL, Linear maps preserving the spectral radius, J. Funct. Anal., 142, No. 2,
(1996) 360-368.

J. T. CHAN, C. K. L1 AND N. S. SZE, Mappings preserving spectra of products of matrices, Proc.
Amer. Math. Soc., 135 (2007), 977-986.

C. COSTARA, Local spectrum linear preservers at non-fixed vectors, Linear Algebra and its Applica-
tions, 457, No. 15, (2014) 154-161.

C. COSTARA, Surjective maps on matrices preserving the local spectral radius distance, Linear and
Multilinear Algebra, 62, No. 7, (2014) 988-994.

C. COSTARA, Linear maps preserving operators of local spectral radius zero, Integral equations and
Operator Theory, 73, No. 1, (2012) 7-16.

C. COSTARA, Automatic continuity for linear surjective mappings decreasing the local spectral radius
at some fixed vector, Arch. Math., 95, No. 6, (2010) 567-573.

J. L. Cul AND J. C. HOU, Maps leaving functional values of operator products invariant, Linear
Algebra and its Applications, 428 (2008) 1649-1663.

M. ECH-CHERIF EL KETTANI AND H. BENBOUZIANE, Additive maps preserving operators of inner
local spectral radius zero, Rendiconti del Circolo Matematico di Palermo (2), 63, No. 2, (2014) 311-
316.

A. FOSNER AND P. SEMRL, Spectrally bounded linear maps on A(X), Canad. Math. Bull., 47, No.
3, (2004) 369-372.

M. GONZALEZ AND M. MBEKHTA, Linear maps on M, (C) preserving the local spectrum, Linear
Algebra and its Applications, 427, No. 2-3, (2007) 176-182.

J. C. Hou, Q. H. D1, Maps preserving numerical range of operator products, Proc. Amer. Math.
Soc., 134 (2006) 1435-1446.

L. MOLNAR, Some characterizations of the automorphisms of B(H) and C(X), Proc. Amer. Math.
Soc., 130 (2002), 111-120.



208

[24]
[25]
[26]
[27]
[28]

[29]
[30]

[31]

[32]

A.BOURHIM, T. JARI AND J. MASHREGHI

V. MULLER, Spectral theory of linear operators and spectral systems in Banach algebras. Operator
Theory: Advances and Applications, 139. Birkhiuser Verlag, Basel, 2003.

A. A. JAFARIAN AND A. R. SOUROUR, Spectrum-preserving linear maps, J. Funct. Anal. 66 (1986),
255-261.

T. JARI, Nonlinear maps preserving the inner local spectral radius, Rendiconti del Circolo Matem-
atico di Palermo (2) (To appear).

K. B. LAURSEN, M. M. NEUMANN, An introduction to local spectral theory, London Mathematical
Society Monograph, New Series 20, 2000.

C. K. L1, P. SEMRL, N. S. SZE, Maps preserving the nilpotency of products of operators, Linear
Algebra and its Applications, 424 (2007) 222-239.

P. SEMRL, Spectrally bounded linear maps on B(H), Quart. J. Math. Oxford, 49 (1998) 87-92.

A. R. SOUROUR, Invertibility preserving linear maps on . (X), Trans. Amer. Math. Soc., 348, No.
1, (1996) 13-30.

M. OMLADICC AND P. SEMRL, Additive mappings preserving operators of rank one, Linear Algebra
and its Applications, 182 (1993), 239-256.

M. WANG, L. FANG AND G. J1, Linear maps preserving idempotency of products or triple Jordan
products of operators, Linear Algebra and its Applications, 429 (2008) 181-189.

(Received March 16, 2015) Abdellatif Bourhim

Syracuse University, Department of Mathematics
215 Carnegie Building, Syracuse, NY 13244, USA

e-mail: abourhim@syr.edu

Tarik Jari

Université Laval

Département de mathématiques et de statistique
Québec, QC, G1V 0A6, Canada

e-mail: tarik.jari.l@ulaval.ca

Javad Mashreghi

Université Laval

Département de mathématiques et de statistique
Québec, QC, G1V 0A6, Canada

e-mail: javad.mashreghi@mat.ulaval.ca

Operators and Matrices
www.ele-math.com

oam@ele-math.com



