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ADDITIVE MAPS PRESERVING m-NORMAL EIGENVALUES ON #(.¢)

WEIJUAN SHI AND GUOXING JI

(Communicated by N.-C. Wong)

Abstract. Let ¢ be an infinite-dimensional complex Hilbert space and %(.7¢) the algebra of
all bounded linear operators on .77 . For an operator T € %() and a fixed non-negative integer
m, an m-normal eigenvalue A of T is the normal eigenvalue satisfying dimN(7 — AI) > m.
In this paper, we prove that, if an additive surjective map ¢ on A(.%) preserves m as well as
m+ 1-normal eigenvalues, then there is an invertible operator A € (%) such that ¢(T) =
ATA™! for all T € B(H) or ¢(T) =AT"A™! for all T € B(F), where T" denotes the
transpose of 7' with respect to an arbitrary but fixed orthonormal basis of 7.

1. Introduction

Linear or additive preserver problems are to characterize those linear or additive
maps on operator algebras preserving certain properties, subsets or relations. Most
important of all, we need to find certain properties which are isomorphism or anti-
isomorphism invariants. The study of the problem has attracted the attention of many
authors in the last decades [2, 3, 5, 6, 7, 11]. As we know, spectrum is a very fun-
damental and key concept in operator theory. Hence many authors have studied lin-
ear or additive maps preserving the spectrum as well as certain parts of the spectrum
[1, 4,9, 10]. For example, the author showed that additive maps on standard operator
algebras preserving parts of the spectrum is either an isomorphism or anti-isomorphism
in [4]. It is remarkable that various parts of the spectrum may be regarded as invari-
ants of an automorphism or an anti-automorphism on the algebra of all bounded linear
operators on a Banach (or Hilbert) space. It is known that certain parts of spectrum of
operators are introduced to analyze the structure of operators. For example, the set of
normal eigenvalues of an operator is given (cf. [8]). Note that the set of normal eigen-
values is at most countable and is a very “small” subset of spectrum in general. Thus
how may the normal eigenvalues influence the structure of automorphisms on the alge-
bra of all bounded linear operators on a Banach (or Hilbert) space? In this paper, we
consider parts of the set of the normal eigenvalues as an invariant of an automorphism
or an anti-automorphism on the algebra of all bounded linear operators on a complex
infinite-dimensional Hilbert space.

Let . be a complex infinite-dimensional Hilbert space and A(J¢) the algebra
of all bounded linear operators on ¢ . For x,y € 5, we denote by (x,y) and x®y the
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inner product of x and y and the rank one operator defined by (x®y)z = (z,y)x, Vz €
A, respectively. The operator x ®y is an idempotent if and only if (x,y) =1.Let T €
HB(H), we denote by N(T') and R(T) the null space and range of T respectively. For
asubset M of 7, \/{M} denotes the closed subspace spanned by M. Let dim M (resp.
codimM ) is the dimension of M ( resp. M=+, the orthogonal complement of M) if M
is a closed subspace. Recall that an operator T is called Fredholm if it has closed
range such that dimN(7T') < e and codimR(7T') < e=. The index of a Fredholm operator
T € #B(H) is given by ind(T) = dimN(T) — codimR(T'). The ascent asc(T) of T is
the least non-negative integer n such that N(7") = N(T""!) and the descent des(T)
is the least non-negative integer n such that R(7") = R(T"*!). An operator T is said
to be Browder if it is Fredholm with finite ascent and descent. It is known that 7 is a
Browder operator if and only if T is a Fredholm operator of index zero and asc(T') < eo.

Let T € #(5). If o is a clopen subset of the spectrum o (T), then there exists
an analytic Cauchy domain Q such that 6 C Q and [06(T)\ 6]NQ=0. We let E(0;T)
denote the Riesz idempotent of 7' corresponding to o, that is,

1
E(6:T) = %/F(JL ~7)aa,

where T" = dQ is positively oriented with respect to € in the sense of complex variable
theory. In this case, we denote H(0;T) = R(E(0;T)). If A € isoo(T), the isolate
points of o(T), then {1} is a clopen subset of ¢(7) and we simply write H(A;T)
instead of H({A};T). If, in addition, dimH (A;T) < o, then A is called a normal
eigenvalue of 7. The set of all normal eigenvalues of T will be denoted by oy(T) (cf.
[8]). Clearly, op(T') is contained in the point spectrum o0, (7). From Corollary 1.14 in
[8], we can get

0o(T) ={A €0o(T): T — Al is Browder}
= {A €isoo(T): T — Al is Fredholm}.

Given a non-negative integer m, we call an m-normal eigenvalue A of T is the normal
eigenvalue satisfying dimN(T — AI) > m. The set of all m-normal eigenvalues of T
will be denoted by ©,,(T).

That is

on(T)={A € 0op(T) : dimN(T — A1) > m}.
Then we obtain that
e Con(T)... C0oa(T) C oy (T) C 0p(T).
In this paper, we characterize an additive surjective map ¢ on () preserves m
as well as m+ 1-normal eigenvalues for some fixed non-negative integer m, that is

On(@(T)) = o(T) and Gy 1(@(T)) = Oyt (T) forall T € B(). And we show
that such a surjective map is an automorphism or an anti-automorphism.
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2. Main results

We firstly need some auxiliary results.

LEMMA 1. Let m >0 and T € B(I). If 0 € Oy 1(T), then for every rank one
operator F € B(H), either 0 € 6,(T +F) or 0 € 6,(T — F).

Proof. Suppose that 0 € 6,,41(T). Thenboth T+ F and T — F are Fredholm of
index zero for every rank one operator F. Thus dimN(7 + F) = codimR(T 4+ F) and
dimN(T — F) =codimR(T — F). Note that R(T +F) CR(T)+R(F) and dimN(T) =
codimR(T) > m+ 1. Then codimR(T + F) > m, and dimN(T + F) > m. Similarly,
we have dimN(T — F) > m. Since asc(T) < oo, we have for every rank one operator
F, either asc(T +F) < o or asc(T — F) < e by Proposition 2.7 in [12]. This implies
that either 7+ F or T — F is Browder. Hence we get either 0 € 6,,(T +F) or 0 €
on(T—F). O

PROPOSITION 1. Let ksm > 0 and T € B(). If dimR(T) > 2, then there
exists an operator S satisfying 0 € oy(S) such that 0 ¢ 6,,(S+T) and 0 ¢ 6,(S—T).

Proof. We will complete this proof by three cases:

Case (i) dimN(T) = oo.

Assume that dimR(7T') > 2. Then there exist two vectors xg,yo such that Txo, Tyo
are linearly independent. We can choose suitable vectors of N(T') to perturb xo,yo, then
there exist two vectors ug, vy such that the vectors ug, vo, Tug, Tvo are linearly indepen-
dent. Since dimN(T) = oo, we have {ug,vo, Tuo, Tvo}*NN(T) is infinite-dimensional.
It follows that there is an orthonormal subset {u;,v; : i > 1} of {ug,vo, Tug, Tvo}*+ N
N(T) with an infinite-dimensional orthogonal complement. Let H; = \/{u;,v; : i > 0}
and Hy = \/({Tuo,Tvo} U {u;,vi : i > 0}). We can choose an orthonormal subset
{&3}% ) C HF such that H- = \/{& :i=0,1,---,k} ®M, where M is an infinite-
dimensional subspace. Take any two unit orthogonal vectors Ny, 1, € H ll such that

HlL — \/{nlvn2}@H2l = \/{nlan2}@M®\/{él : lZOalavk}
We define an operator S € #() by:

Suo = —Tu(), SV() = TVQ;

Suj1 = uj, Svip1=vi, Viz=0;

S&E=0, i=0,1,---,k

S: V{ni,m} &M — M is a bounded invertible linear operator.

It follows that 0 € 6x(S) and (S+T)ug = (S—T)vo =0, (S+T)'u; = ug, (S—
T)'v; = vo for all i > 0. This implies that asc(S+T) = asc(S —T) = oo, and thus 0 ¢
0n(S+T) and 0¢ 6,(S—T).

Case (ii) T = AI + F for some non-zero complex number A € C and F is a finite
rank operator.
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Note that dim N (F) = e. Then there exist two separable infinite-dimensional sub-
spaces Hy,H, C N(F) such that H, | H, and (H; @ H,)" is also infinite-dimensional.
Let {@;}_, C (H) ®H,)* be an orthonormal subset such that (H, & Ha)* = \/{w;:i=

0,1,---,k} @ Hs, where Hx is an infinite-dimensional subspace. We define an operator
S e B(AH) by:

S|, = Ay, + %Al, where A is a backward shift operator on Hj;

Sla, = M, + %AQ, where A, is a backward shift operator on H»;

S|H3 =1

Sw;=0,i=0,1,2, k.

Then 0 € o;(S). Moreover, S+ T|y, = %Al, S—T|u, = %Az. Hence asc(S +
T) = asc(S—T) = . We obtain that 0 ¢ 6,,(S+T) and 0 ¢ 6,,(S—T).

Case (iii) dimN(T) < e and T # AI+F for any non-zero complex number A € C
and for any finite rank operator F .

According to this hypothesis, we have for every closed subspace N C H with
finite codimension, there exists a vector x € NNT ~!N such that the vectors x,Tx are
linearly independent. Without loss of generality, let ||7|| < 1. Find a unit vector zg
such that zop and Tz are linearly independent. Let Hy = {z9,Tz0}". Then there
exists a unit vector z; € HyNT'Hpy such that z; and Tz, are linearly independent.
Let H = {Zo,Zl,TZO,Tzl}J‘. Then we can choose a unit vector zp € Hy N T H,
such that z; and Tz, are linearly independent. Continuing this process, we can get
a sequence of unit vectors {z;};”, such that z; and T'z; are linearly independent and
{zit1,Tzig1} L {zj,Tzj: j=0,1,2,...,i} forall i > 0. We can also assume that the
orthogonal complement of \/{z;,Tz : i > 0} is infinite-dimensional. Otherwise we
can replace {z;}7 by {z2:}7,. Let {yi}* U {xi}7, be an orthonormal sequence
of \/{z;,Tz;:i>0}". Forall i >0, let {; € \/{z;,Tz} be a unit vector such that
& L zi. Then Tz; = oyzi + Bi6i, where oy, i € C satisfy |oy] < %, 0<|Bil < % Let
My =\ {Tz,Tz1,x:1,8i12:1 20}, My =\{z:i =0}, M3 =V/{y;:i=0,1,--- k} and
My = (M, © My ® M3)* . We define an operator S € Z(.¢) by:

Sz0=—Tz0, Sz1 =Tzi;
Szi=zi0— (—1)Tz, Vix>2;
S = x0, S =x1;

SCiv2 = Ciya, Sxi=xi42 Vi=0;
Syi=0, VO<i<k:

S‘M4 =1.

We next prove that S|y, eum, is invertible. It is known that S|y, g, is injective
and M, C R(S|m,em,) - Let P be the projection on M, and By,B, € (M) such that
Bizo = Biz1 =0, Biziy2 = z; and Boz; = (—1)loyz; forall i > 0. Then ||By]| =1
and ||B|| < 3. Note that By is surjective. So is Bj + B,. However, we now have
PS|m, = B1 + B, . It follows that S|y, ¢um, is surjective. Moreover, Sy; =0 for 0 <i <k
and S|y, =1. Then 0 € 0;(S). Also, (S+T)zo=(S—T)z1 =0, (S+7T)'z2i = 20,
(S —T)izai+1 = z1 for all i > 0. This implies that asc(S+T) = asc(S —T) = oo, and so
0¢0,(S+T)and 0¢ 0,(S—T).
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According to the three cases, we get that there exists an operator S satisfying
0 € 0x(S) such that 0 ¢ 0,,(S+T) and 0 ¢ 6,(S—T7). O

COROLLARY 1. Let m >0 and T € B(H) be a non-zero operator. Then there
exists an operator S € B(H) such that 0 € 6,,(S) but 0 ¢ 6, (S+T).

Proof. 1t is sufficient to assume that 7 =x®y is a rank one operator by Propo-
sition 1. Without loss of generality, we may assume that x and y are unit vectors.
Note that ©,,(-) is similarity invariant. We now can assume that x =y or (x,y) =0,
that is, 7 is a rank one projection or a rank one nilpotent operator. Let 7 =x® x
be a rank one projection. Put 7 = \/{x} & H| & H,, where dimH; = m. Let S be
the projection on Hy. Then 0 € 6,,(S) but 0 ¢ 0,,(S+7). If (x,y) =0, then we let
A =\{x,y} & H & H,, where dimH; = m. In this case, let P be the projection on
H; and S =y®x+ P. Then § is what we require. [J

LEMMA 2. Let T = 2 ¢; ® fi be a rank-(m+1) operator and A € C—{0}. If

A € 0u(T), then (e;, fj) = 7L5,J forall i,j=0,1,2,---,m, where &;j is the Kronecker
number.

Proof. Suppose that A € 6,,(T). Then we have dimN(T — AI) > m. It is known
that N(T — AI) C R(T) and dimR(T) =m+ 1. Hence, dimN(T —AI) = m+1,
that is N(T —AI) = R(T) = \/{e; : i =0,1,2,---,m}. Then Te; = Ae; for every

j=0,1,2,---,m. Now Te; = 2(6j7f,->ei So 2<ej7f,>el = Aej, this implies that
=0
(ei, fj) =0 for i # j and (el-,fl> A,where 0 <i,j<m. O

LEMMA 3. Let m >0 and A,B € B(H). If ou(A+F) = 0,(B+F) for all
operator F € B(F) with rank not greater than m+1, then A = B.

Proof. Let x € ¢, fix a scalar a € C such that |ct| > ||A]| + ||B]|. We define an
operator
. { x| 72(A — ol )x @ x, if x #0;
Y710, ifx=0

Then we have Fox = Ax —ox. If x # 0, then o € 0,(A — F) C 6(A— Fy). It follows
that @ € op(A — Fy) from the fact that ||A — F|| > |a| > ||A]| = ||Alle = ||A — E|e,
where ||A||. is the essential norm of A.

In the following, we will prove that o € oy(B — F) if x # 0. There are two cases:

Case (1) dimN(A —F,— o) > m.

Now, we have o € 6,,(A—Fy), s0 a € 6,,(B—Fy) C 0p(B—F).

Case (2) dimN(A — F,—al) < m.

Assume that o ¢ op(B—F,). Note that |a| > ||B|| = ||B||e = ||B— Fx||.. We obtain
that B — F, — o is invertible. Choose m + 1 orthogonal vectors xp = x,X1,X2,- -+, Xp
and let F, = Fy, + Fy, +---+F,,. Then (A — F,,)x; = ox; for all 0 <i<m. It implies
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that dimN(A — F,, — al) > m. Now, ||A— Fy|| > |a| > ||A]| = ||Alle = [|A — Flle.
Hence o € 0,,(A — Fy,) and hence o € 0,,(B — F;). We know that

B—Fp—ol=(B—Fy—ol)— (Fy+--+F,,).

Since B — F, — al is invertible and Fy, +---+ Fy, is a rank-m operator, we have
dimN(B — F,, — od) < m. This is a contradiction. Therefore, we get that o € op(B —
F).

It follows that there exists a non-zero vector y, € ¢ such that (B — F,)yy = 0ty
for any non-zero vector x € 5. We claim that if there exist two vectors y;,y, €
A such that (B — Fy)y; = ary; and (B — Fy)y, = ay,, then y; and y, are linearly
dependent. According to the assumption, we have (B— al)y; = Fyy; and (B— o)y, =
Fy>. Then F,y| and Fyy, are linearly dependent since F; is rank one. We may assume
that F,y; = UF,y, for some constant it € C. Then (B— od)y; = (B — al)y,, that
is, (B—al)(y1 — uy2) = 0. We know that y; and y, are linearly independent. Then
o € 0,(B). But B— al is invertible since || > ||B||. This is a contradiction. Thus y;
and y, are linearly dependent.

Note that (A — ol )x = Fyx and (B— al)y, = F,y, for any non-zero vector x € 7 .
Then there is an unique non-zero vector y, such that (A — ol)x = Fx = (B— o)y, =
F,y, for any nonzero x € . We define y, =0 if x = 0. Thus, we can define a map
T on .7 such that Tx = y,. Moreover, we have that (A —al)x = Fx = (B—al)Tx =
F,Tx forall x € 5. This implies that T = (B — o)~} (A — o).

If x # 0, then F, = ||x||2(A — ad)x ® x and F,Tx = Fyx, thus

||| ~2(Tx,x) (A — ol )x = (A — ol )x.
We obtain that (Tx,x) = ||x||?> = (x,x). Note that if x =0, then Tx = 0. So we get that
(Tx,x) = (x,x), Vxe&H.
Therefore, T = I. That is, we have (B— o) '(A—al)=1,andso A=B. [

THEOREM 1. Let @ be a surjective additive map on B(H°) and m > 0. If
On(@(T)) = 0n(T) and Cys1(9(T)) = Opr1(T) for all T € B(H), then there is
an invertible operator A € B() such that ¢(T) = ATA™! for all T € B(H) or
o(T) =AT"A™! for all T € B(H), where T'" denotes the transpose of T with re-
spect to an arbitrary but fixed orthonormal basis of ¢ .

Proof. We first show ¢ is injective. Let ¢(7) =0. If T # 0, then by Corollary
1, there exists an operator S such that 0 € 6,,,(S) but 0 ¢ 0,,(S+ T). Note that

On(S+T) = 0om(@(S+T)) = 0om(@(S)) = om(S).

It is a contradiction. Thus, 7 = 0.
Let T € #B() with dimR(T) > 2. By Proposition 1, there exists an opera-
tor S satisfying 0 € 6,,+1(S) such that 0 ¢ 0,,(S+T) and 0 ¢ 6,,(S—T). Then
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0¢ om(e(S)+o(T)) and 0 ¢ 0, (@(S) — @(T)). We know that 0 € 0,,11(S) =
Onm+1((S)) by the assumption. Then by Lemma 1, we have that dimR(¢(7)) > 2.
Since ¢ is bijective and ¢! has the same property as ¢, it follows that ¢ preserves
the set of operators of rank one in both directions.

We claim that ¢ preserves idempotents of rank one and their linear spans in both
directions. That is @(CP) C Ce(P) for every idempotent of rank one P. Let ey ® fp
be a rank one idempotent and let P = § ¢;® f; be arank-(m+ 1) idempotent. For any

i=0

=l

m
non-zero A € C, then @(AP) = Y ¢(Ae; ® f;) is also a rank- (m + 1) operator. Note
i=0

that A € 6,,(AP). Then A € 6,,(@(AP)). It follows from Lemma 2 that ¢(Aeg ® fo) =
Ay, ® g, , where y, ® g, is a rank one idempotent. In particular, let A = 1 and let
0(eo® fo) = y® g, then we can get y® g is a rank one idempotent. Thus ¢ preserves
idempotents of rank one in both directions. We claim that ¢(Ceo® fy) C Co(eo® fo)-

Since @(eo® fo) =y® ¢ and (y,g) = 1, then we can find two vectors z,h €
such that (z,g) =0, (y,h) =0 and (z,h) = 1. For y®h and z® g, there exist two rank
one operators u®k and v® p such that (u®k) =y®h and o(v®p) =z®g as @ is
surjective. We know that

Pleo® fo+u®k)=yRg+y®h, leg® fo+vRp)=y®g+zRg.

Then both ¢y ® fy+u®k and ey ® fy+ v ® p are rank one operators. It implies that
Aeg® fo+u®k and Aeg® fo+v® p are also rank one operator for any non-zero
A € C. Fix a non-zero complex number A, we have ¢(Aeg® fy) = Ay, ® g, , where
y3 ® g, is arank one idempotent. Then @(Aeg® fo+u®k) =Ay, ®g; +yRh is also
rank one. We obtain that y, and y are linearly dependent or the same is true for g,
and h.

We assert that y, and y are linearly dependent. Otherwise, we have g, and h
are linearly dependent. Then there exists some non-zero ¢;; € C such that g, = h.
Thus

o(leo @ fo+vRp)=mAy, @h+z®g.

Since h and g are linearly independent, there is some non-zero f3; € C such that
ya = Bz, and so @(Aeg @ fo) = oy By Az® h, where z® h is a rank one idempotent.
We also know that ¢(Aeg ® fo) = Ay, ® g, , where y; ® g, is a rank one idempotent.
It follows that o 33 A = A . Therefore,

p(Aeo® fo) =Az@h.

As @ is surjective, we can find two vectors w,l € S such that p(w®1) =z®h and
(w,I) = 1. Itis clear that y® g+ z®h is a projection of rank two. Then ey ® fo + w®1
is a rank two operator, and then the operator Aeg ® fy +w &1 is also rank two. Thus

P(heo® fo+w®l)=(A+1)z&h.

This is a contradiction since ¢ preserves the set of operators of rank one in both direc-
tions. Therefore, we get that y, and y are linearly dependent. Then there exists some
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non-zero Y, € C such that y;, =y, y. Note that p(Leg® fo+vRp) =7AlyRg)+z®
g, which is also rank one. Thus we can find some non-zero u; € C suchthat g, =1,¢
because y and z are linearly independent. So @(Ley® fo) = YA Ay ® g, where y® g
is a rank one idempotent. We also know that @(Aeg ® fy) = Ay, ®@ g, where y;, @ g3
is also a rank-1 idempotent. Thus ¥, uy A = A . Therefore,

P(heo® fo) =Ay®g=A@(eo® fo).

According to the above, we have that ¢ preserves idempotents of rank one and their
linear spans in both directions. It follows from Theorem 4.4 in [13] that there is a
bounded invertible linear or conjugate-linear operator A on ¢ such that one of the
following assertions holds.

(1) @(F) = AFA~! for all finite rank operators F € %B(H#);

(2) @(F) = AF""A~! for all finite rank operators F € Z(#), where F'" is the
transpose of F with respect to an arbitrary but fixed orthonormal basis of J7. If
A is conjugate-linear, then @(iP) = A(iP)A~! = —i@(P) or @(iP) = A(iP)"A™! =
—i@(P) for any rank-(m+ 1) idempotent P, which means that o,,(iP) = {i} while
0 (@(iP)) = {—i}. This is a contradiction. Thus A must be linear.

Assume that (1) holds. Let T € #(5) and for any finite rank operator F, we
have

on(T +F) = on(e(T) + ¢(F))
:G,n((p(T)+AFA h
=on(AA p(TA+F)A™)
= oA Q(T)A+F).

Then we get that T = A~'¢(T)A by Lemma 3. Therefore, ¢(T) = ATA~! for all
T € B(H).
If (2) holds, then we similarly have that ¢(7) =AT"A~! forall T € Z(#). 0O
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