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SINGULAR VALUE INEQUALITIES RELATED
TO THE AUDENAERT-ZHAN INEQUALITY

HONGLIANG ZUO, MASATOSHI FuJll, JUNICHI FuJII AND YUKI SEO

(Communicated by R. Bhatia)

Abstract. In this paper, we refine the Heinz mean inequality for singular values and give some
generalizations of Audenaert-Zhan inequality for singular values and Zhan’s conjecture for the
case of negative #. Among others, we show that if A,B € M, are positive semidefinite and f,g
are real valued continuous functions on [0,e0) such that g is monotone and f(g~!(v/7))? is
operator monotone on [0,e), then

1

55i(f(A)%8(4) + £(B)8(B)*)

for j=1,...,n, where s; are the singular values in decreasing order.

si(f(A)((A)* +5(B)*)f(B)) <

1. Introduction

A capital letter means an n X n matrix in the matrix algebra M,,. Let A,B be
Hermitian matrices in M, , then the order relation A > B means, as usual, that A — B
is positive semidefinite. We always denote by A;(A) and s;(A) its eigenvalues and
singular values, respectively, arranged in non-increasing order, and denote by |A| the
absolute value operator of A, that is, |A| = (A*A)% , where A* is the adjoint operator of
A.

The arithmetic-geometric mean inequality was proved by Bhatia and Kittaneh [3]
to hold for singular values of arbitrary matrices A,B € M, :

25j(AB*) <sj(A"A+B*B) for j=1,2,---,n. (1.1)
Afterwards Bhatia and Kittaneh [2] proved that for positive semidefinite A,B €
Mn b
1
s;j(A2B? + ATB7) < Ssi(A+B)?) for j=1...n. (1.2)
In [1, Theorem 2], Audenaert showed a singular value inequality for Heinz means,
which is the affirmative answer to Zhan’s conjecture [6, Conjecture 4]:
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THEOREM A. Let A,B € M, be positive semidefinite. Then for 0 < r < 1
s;i(A B +AYTB) <sj(A+B) for j=1,2,---,n. (1.3)

Moreover, Zhan posed the following conjecture in [0, Conjecture 3] thatif A,B €

M, are positive semidefinite, then foreach 1 <2r <3 and -2 <1 <2,
sj(A'B* " +AYB") < is-(A2+tAB+Bz) for j=1,...,n (1.4)
] S0 j=1,...,n. .

The inequality (1.4) has been proved to hold for r = %, 1,% and all =2 <t <2 by
Dumitru, Levanger and Visinescu [4].

Furthermore, it was shown that the function f(z) = 25A;(A>+B*+ 5AB+ 5BA)
is non-increasing on (—2,).

In this viewpoint we are tempted to show general singular value inequality for
Audenaert-Zhan inequality (1.3) and refine the Heinz mean inequality for singular val-
ues as well. Also, we give a partial affirmative answer to Zhan’s conjecture (1.4).

2. Main results

In this section, we show a unified form of Heinz means inequalities for singular
values. The following results due to Tao [5, Theorem 1] and Audenaert [, Corollary
1] play an important role in what follows.

THEOREM B. (Tao) Given any positive semidefinite block matrix (% 5) , where
M,N € M,. Then

25i(K) <s; <11g* ;) for j=1,2,....n.

THEOREM C. (Audenaert) If A,B € M, are positive semidefinite, then

DA ((A+B)((A) + [(B) < AAf(A) + BAB) for j=1,..n. @)
for any matrix monotone function f.

We need the following known fact [7, Theorem 2.8]:

LEMMA 2.1. For any matrices X,Y € M, A;(XY) =A;(YX) for j=1,...,n.

Now we state our main theorem:

THEOREM 2.2. Let A,B € M, be positive semidefinite and f,g be real valued
continuous functions on [0,0). Further suppose that f and g satisfy either of the
following conditions:
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(i) g is monotone on [0,o0) and hy(t) = f(g~'(\/1))?* is operator monotone.
(ii) f is monotone on [0,%) and hy(t) = g(f~'(V/1))? is operator monotone.

Then
s;(f(A)(g(A)* +g(B)*)f(B)) <'s;(f(A)’g(A)* + f(B)*¢(B)*) 2.2)
for j=1,2,....n
Proof. By symmetry of (2.2), it suffices to prove the case of (i) only. Let us define

the matrices T = (;Eg;) and S = (g(A) g(B)). Then

L[ FAPSAP + F(A)(BYFA)  FA)SA) +
0<(TS)TS) ‘( F(B)(8(A) +s(BY)F(A)  F(BP2(B)+ F(B)g(A)f(B)

Hence it follows from Theorem B that for j =1,...,n
25;(f(A)(g(A)* +8(B)*)f(B)) < s;((TS)(TS)")
and Lemma 2.1 implies that
si((TS)(TS)") = 4;(TSST*) = A;(SS*T"T) = 2;((3(A)* +g(B)*)(f(A)* + f(B)?)).

We put A; = g(A)?> and B; = g(B)?>. By Theorem C it follows from the operator
monotonicity of /; that

Ai((8(A)? +8(B)*)(f(A)* + £(B)?)) = A; (A1 + By) (h(A1) + h(By))
< 2A;(A1h(Ar) + Bih(By))
=24;(f(A)*g(A)* + f(B)*s(B)?)
=25;(f(A)*g(A)* + f(B)*g(B)*).

Combining the above, we have the desired singular value inequality (2.2). [

If we put f(¢) =1 or g(¢) =t in Theorem 2.2, then we have the following corol-
lary:

COROLLARY 2.3. Let A,B € M, be positive semidefinite and f(+/1)* is an oper-
ator monotone function on [0,0). Then

si(A*f(A)> +B*f(B)?) (i)
si(A*f(A)> +B*f(B)?) (i)
for j=1,....n

By Theorem 2.2 we have the generalized Heinz mean inequality for singular val-
ues, which is a generalization of Audenaert-Zhan inequality (1.3):
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THEOREM 2.4. Let A,B € M, be positive definite and r,s € R such that rs > 0.
Then

ro L 1 . . . .
5;j(A2(A*+B*)B2) < EAJ»((A’ +B")(A*+B%)) < sj(A™ + B™) (2.3)
for j=1,....n.
Proof. Put f(t) =1" and g(¢) =* in Theorem 2.2. Then k() ="/ is operator

monotone if and only if 0 < r<sor 0>r>s,and hy(t) = T operator monotone

if and only if 0 < s <r or 0 > s > r. Hence the case of rs > 0 implies (2.3) by
Theorem 2.2. [

If we put s = % —r in Theorem 2.4, then we have the Audenaert-Zhan inequality
for singular values (1.3):

COROLLARY 2.5. Let A,B € M, be positive semidefinite. Then for 0 < r < 1
1
sj(ArBl—r +A1—rBr) < Elj((Aer +B2r0)(A1—2r0 +B1—2r0)) < Sj(A—l—B)
for j=1,...,n, where ro =min{r, 1 — r}.

Proof. 1t suffices to prove it for 0 < r < % If we put s = 1

3T in Theorem 2.4,
then the condition r(% —r) >0 implies 0 < r < % and Corollary 2.5 follows from
Theorem 2.4. [

REMARK 2.6. If we put r = % in Corollary 2.5 and replace A and B by A% and
B? respectively, then we have the result (1.2) due to Bhatia-Kittaneh.

REMARK 2.7. For r= % we can obtain the following equality for singular values:

1

1 Az A
sj(A+B) = §S3 (B 5

LS L]
LS Tl

) for j=1,2,---,n.

Note that 2 x 2 matrices < i } ) and 00 are unitarily similar, then take the Kro-

. A+BA+B 2(A+B)0 -
necker product with A+ B, we have < ALBAL B) d < 0 O) are unitarily

AY A1\ [AYA2\ [A+BA+B
BB ) \BiBY) \A+BA+B)"

If we put s = 1 —r in Theorem 2.4, then we generalize Zhan’s conjecture (1.4) for
the case of negative ¢:

similar. And also

(SN
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COROLLARY 2.8. Let A,B € M, be positive semidefinite. Then for 0 < r < 2
and -2 <t <0

1
Sj(A"Bz—i’ —|—A2—VBV) < Elj((Azrl +BZV1)(A2—2r1 +Bz_2rl))
2
< 5—s;(A*+1AB+ B’
2_|_tsj( + + )

for j=1,...,n, where rj = min{r,2 — r}.

Proof. If we put s = 1 —r in Theorem 2.4, then the condition (1 —r) > 0 implies
0 <r< 1, and by Theorem 2.4 we have

sj(ATB>T+AYTB") < %A,,»((A2’+32’)(A2<1*’) + B2y < s5j(A%+ B).
For the case of 1 <r<2,since 0 <2—r< 1, we have
s (A"B> "4+ A*'B") = s (Az‘(z_’)Bz_’ +A2"Bz‘(2_’))
< %x{j((A2(27r) +B2(27r))(A2r72 + B¥2))
< sj(A*+B?)

for j=1,...,n, and we have the first inequality of Corollary 2.8.
The second inequality follows from non-increase of f(¢) = 2%[& (A% +B*+ SAB+
£BA) and for =2 <1 <0

t t t t
s; (A 4+ B>+ SAB+ 2BA) = Aj(A* +B*+ SAB+5BA) < sj(A* +1AB+ B?),

also see [4, Theorem 4.1] [

3. Generalization of Bhatia-Kittaneh inequality

In [5], Tao proved the following generalization of Bhatia-Kittaneh inequality (1.2):
If A and B are positive semidefinite and m is a positive integer, then

2s5;/(AZ(A+B)"'B2) <s;j(A+B)") for j=1,....n. 3.1)
In this section, based on Tao’s technique, we show a variant of Tao’ inequality (3.1):

THEOREM 3.1. Let A,B € M, be positive definite and r,s € R. Then for j =
1,2,---.n,

ZSJ' (Ar(ArJr.\' _|_Br+s)m71 (A2s _|_B2s)(Ar+.\' + Br+.\')mler)
< Aj((ArJr.\' +Br+.\')m71 (A2.\' _|_B2s)(Ar+s +Br+.\')m71 (A2r +B2r))’ m= 172, .
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r

Proof. Let us define the matrices T = (2,

) and S = (A* B%), then

_ ArJrS A'B* m __ r+s r+s\m
TS_(B’AS B ) and (ST)" = (A" +B"™)".

Note that

r(Ar+s r+s\m—1As Ar(Ar+s r+s\m—1ps
(TS)m:T(ST)mls:<A(A + BF)m1AS AT(ATTS 4 BTES) B)

Br(ArJr.\' _|_Br+.\')m71As Br(Ar+.Y _|_Br+s)mle.\'

Hence we have

sy sy = () 20

where P = A"(A"* + B )" 1(A2 4 B>) (A" + B"+$)"~1B"  the exact forms of ¥
and Z is not needed. Put X = (A" 4 B +5)"=1(A% 4 B2")(A™*S + B"*)"~1_ Then
Theorem B and Lemma 2.1 imply that for m =1,2,---

ZSJ'(AV(ArJr'Y _|_Br+s)m71 (A2s _|_B2S)(Ar+_y +Br+_y)m71Br)
si((TS)*((T8)")") = s;((T$)")(TS)")

5;(S*XS) = Aj(XSS¥)

)Lj((Ar-'rs +Br+s>m—1 (A2r +B2r) (Ar+s +Br+s>m—1(A2s +B2s))

N

for j=1,2,---,n. O

REMARK 3.2. (i) If we put m =1 in Theorem 3.1 and replace A and B by A!/2
and B'/? respectively, then we get the first inequality in Theorem 2.4 for all r,s € R.
(ii) fweputr=s= % in Theorem 3.1, then we have T* = S and this implies

Tao’ inequality (3.1) because (TT*)™ is positive semidefinite.

(iii) If we moreover put r =s = % and m =1 in Theorem 3.1, then we have

Bhatia-Kittaneh inequality (1.2).
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