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NON-SELF-ADJOINT FOURTH-ORDER DISSIPATIVE OPERATORS
AND THE COMPLETENESS OF THEIR EIGENFUNCTIONS

MEI-CHUN YANG, JI-JUN A0 AND CHAO LI

(Communicated by F. Kittaneh)

Abstract. A class of non-self-adjoint fourth order differential operators with general separated
boundary conditions in Weyl’s limit circle case is studied. The dissipation property of the con-
sidered operators in L?[a,b) is proven by analysis and by using the characteristic determinant,
the completeness of the system of eigenfunctions and associated functions of these dissipative
operators also be proven.

1. Introduction

Non-self-adjoint spectral problems have more and more applications. For exam-
ple, interesting non-classical wavelets can be obtained from eigenfunctions and asso-
ciated functions for non-self-adjoint spectral problems. Thus, such problems are re-
ceiving more and more attention, especially the discreteness of the spectrum and the
completeness of eigenfunctions.

The non-self-adjointness of spectral problems can be caused by one or more of the
following factors: the non-linear dependence of the problems on the spectral parameter,
the non-symmetry of the differential expressions used, and the non-self-adjointness of
the boundary conditions (BCs) involved.

Non-self-adjoint spectral problems associated with differential operators having
only a discrete spectrum and depending polynomially on the spectral parameter have
been considered by Gohberg and Krein [1] and by Keldysh [2]. They studied the spec-
trum and principal functions of such problems and showed the completeness of the
principal functions in the corresponding Hilbert function spaces.

Non-self-adjoint Sturm-Liouville operators generated in L, (R, ), by differential
expression

lo(y) = =" +4q(x)y, x € Ry = [0, +eo)

together with J-self-adjoint BCs, where ¢(x) is a complex valued function, have been
investigated in [3, 4, 5].

Non-self-adjoint differential operators generated by symmetric differential expres-
sions together with non-self-adjoint BCs have been investigated in [6, 7, 8, 9, 10, 11,
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12, 13, 14]. The determinant of perturbation connected with the dissipative operator
L generated in L*[a,b) by the Sturm-Liouville differential expression in Weyl’s limit
circle case has been studied by Bairamov and Ugurlu in [10], they using the LivSic
theorem, investigated the problem of completeness of the system of eigenfunctions and
associated functions of L.

There are also some results for fourth order dissipative operators [11, 12, 13, 14].
However, these studies only restricted into some special boundary conditions. For sec-
ond order Sturm-Liouville differential expression, Z. Wang and H. Wu in [7] give all
the non-self-adjoint boundary conditions which generate the operators dissipative. And
in [15, 16] the authors show that the fourth order boundary conditions are classified
into three types: separated, mixed and coupled, and the canonical forms for self-adjoint
BCs of each type are given.

Based on [15, 16] and following the ideas of [7] and [12], in this paper, a class
of non-self-adjoint fourth order differential operators in Weyl’s limit circle case with
general separated BCs is investigated. The results here are more general than previous
known results, and the process is much complicated.

This paper is organized as follows. In Section 2, we introduce our notation and
recall some basic results. The dissipation of the fourth order operator is proved in
Section 3. In Section 4, we review the characteristic function and the characteristic
determinant. The completeness of eigenfunctions and associated functions is studied in
Section 5.

2. Preliminaries

Consider the fourth order differential expression
1) =yY+q()y, on xel=lab), 2.1)

where —eo < a < b < +oo, g(x) is a real-valued function on I and ¢(x) € L} .(I).
Suppose that the endpoint a is regular, the endpoint b is singular, and the Weyl’s limit-
circle case holds for the differential expression /(y). There are several discussions
about the Weyl’s limit-circle theory or applications [6, 17, 18, 19, 20, 21].

Let

Q={ye L2(I) 3y YY" € ACL(1),1(y) € Lz(l)}.
For all y,z € Q, we set

/=

ey = =y +Y 7 —y'T +y"7= —R(x)Q(x)Cy (x), x €1,
where the bar over a function denotes complex conjugate, and
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and R} (x) is complex conjugate transpose of R_(x).
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Let I(y) = Ay, and we consider the boundary value problem consisting of the
differential equation

YW 4q(x)y=Ay on x€l, (2.2)
and the BC :
h(y) =ny(a)+ny'(a) —y"(a) =0, (2.3)
hL(y) = py(a)+1y'(a) +Y"(a) =0, (2:4)
B(y) = vy, 21l + v 22lp — [y, 24l = 0, (2.5)
l4(y) = mly,z1le + %y, 226 + 1,235 = 0, (2.6)

where 1 is a complex parameter, % (i = 1,2,3,4) are real numbers with 1195 — 13 >
0 (hence 7173 #0), ¥ (i =5,6) are complex numbers with 3(y5 + %) = 0 and
4373y > \%)/5 - %%\2 and z;(x) € L*(I) (i=1,2,3,4), which are given later, are
the linearly independent solutions of equation /(y) =0 on interval I.

In L*(I), define the operator L as Ly = I(y) on D(L), where

D(L)={yeQ| Li(y)=0,i=1,2,3,4}.

Denote by ¢;(x,A) (i =1,2,3,4) the solutions of Eq. (2.2), satisfying the initial
conditions

r 1
L=5 0 5%
_®2 1 _L19
(C¢1 (avx’)vc‘?z (a7l)7C¢3 (a7l)7c¢4 (a,?t)) = 073 0 173 0 2.7
0O 0 0 1

Since Weyl’s limit-circle case holds for the differential expression /(y) on I, the
solutions ¢;(x,A) (i = 1,2,3,4) belong to L>(I). Let z;(x) = ¢;(x,0) (i =1,2,3,4),
so zi(x) (i=1,2,3,4) are the solutions of the equation /(y) =0 (x € I), satisfying the
initial conditions

r 1
L=y 0 5
_L 1 _L
(CZI (a) Gy (a) Gy (a)7CZ4 (a)) = OY_; 0 IY_; o |’ (2.8)
0O 0 O 1

and z;(x) € L*(I) (i=1,2,3,4); moreover z;(x) € Q (i = 1,2,3,4). Consequently, for
each y € Q, the values [y,z], (i=1,2,3,4) exist and are finite.
Let ®(x) be the Wronskian matrix of the solutions z;(x) (i=1,2,3,4) in [, i.e.

D(x) = (Cqy (%), Gy (), G5 (x), Coy ()
From
[2i,2j]x = =Rz, (x) Q(x)C;; (x) (1<i,j<4),

we have
(21,20 = =@ ()QX)D(x) (1<i,j<4).
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By the nonzero constant of the Wronskian of the solutions z; (x),z2(x),z3(x),z4(x) in
I, and from (2.8) one obtain

([zi2j])" = —@* () Q) D(x) =T (1<i,j<4), (2.9)
where
»
0 0 % 1
i 0 0-1-2
J=-0"x)0(x)P(x) = | _p e
_El 0 O
»
—1 7 0 O
and
r o_
0 0 n ylz
PR 0 0 1-2
B |-2-100
mAT 2ooo

By deduction above the following lemmas follows.

LEMMA 1. (see [17], page 261.)

O(x) = —(®*(x)) o' (x), xel.

LEMMA 2. For arbitrary y € D(L)

([)@Zl}m [y,Zz]m [)%23]» [,V7Z4}X)T = J(I)_l(x)cy(x)7 xel.

COROLLARY 1. For arbitrary yi,y2,y3,ya € D(L), let Y(x) = (Cy, (x),Cy, (x),
Cy, (x),Cy, (x)) be the Wronskian matrix of y1,y2,y3, V4, then

[thl}x [,V27Z1]x [,VS,ZI]X [y4,Zl}x
1, 22lx 2,220x [V3,22)x [V, 22)x cel
1,23lx [2,23)x [v3, 23] V4 23)x |7 )
1, zalx 2, 2alx [v3:24]x [v4,24lx

JO ' ()Y (x) =

X

LEMMA 3. For arbitrary y,z € D(L)

(- ZRalbrol+ ol - Falbaks 2

[2,22] [, 24

1
prale=——

=%

+ %[Z’Zsh[%zl]x + [z, 23], 22]x = [z 2al [ 21 ] — =z, 24) I, zﬂx) , xelL

IS
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Proof. By Lemma | and Lemma 2, it follows

= (@7 (0)C(x) (@ ()G (v))

Il
e S
—_ ~

E . *
2 0 0 7 }'12 [Z7Zl}x
B 1 0o 01-2 [z,22)x
7 -2 _10 o0 [z,23]x
ny n
I 20 0 [2,24]x
r n _
00 % 1 0 Oy =1\ [l
0 0 —1 —Z 0 01 7 [V, 22]x
_%1 0 0 ~2-10 0 [, 23]«
12 L
120 0 I 2oo 24
%[yazﬂx - [}’az4]x
1 [y, 13})6 - %[% Z4]X
_ _i(—[z,zl}x,—[z,zz}x,—[aza}x,—[Z7Z4]x) ~2ly 2]~ [z
" D, z1]x+ Z v, 22l
1 7 — o e
= 722 (_ E[&Zl}x[.%zz"]x + [Z7Zl}x[.Y7Z4}x - [Z7Z2}x[.Y7Z3}X+ %[Z7Z2]x[y7z4]x

trEolbaltEolhok-Balbal- SRalbal). O

3. Dissipative operators
At first, we give the definition of dissipative operator.

DEFINITION 1. (see [1]) A linear operator L, acting in the Hilbert space L?(I)
and having domain D(L), is said to be dissipative if S(Lf,f) >0, Vf € D(L).

For a bounded operator L (defined on Hilbert space L*(I)), we can always intro-

duce two operators
Ly = L—-L* Ly — L+L*
2i 2i
The condition of dissipation is equivalent to the condition that its imaginary component
Lg is nonnegative. The operators Ly and Lg are self-adjoint operators, and L = Lg; +

iLg, L* = Ly — iLg.
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Now set @ " " .
v3(X) = Y521 (x) + Yaza(x) — 24(x),
{ 1) = T () + 22 0) + 230, * SO 3.1)

It is clear that the solutions v3(x), v4(x) satisfy the boundary conditions (2.5) and (2.6),
z1(x), z2(x) satisfy the boundary conditions (2.3) and (2.4).

REMARK 1. v3(x) does not satisfy the boundary condition (2.6), but satisfy (2.5);
v4(x) does not satisfy the boundary condition (2.5), but satisfy (2.6); z;(x) and z5(x)
satisfy the boundary conditions (2.3) and (2.4).

Setting
6 = det (C;, (x),C;, (x),Cis (x), Gy (), x€ L.

Then we have the following property of the operator L defined in this paper, which is
also a general property of dissipative operators.

LEMMA 4. Zero is not an eigenvalue of L; i.e. kerL ={0}.

Proof. Let y e D(L) and Ly =0, then y*) +¢(x)y = 0 and the function y satisfies
the boundary conditions (2.3)—(2.6). Therefore there exist constants cy, ¢, ¢3, ¢4 such
that

y=c1z1(x) +c2z2(x) + c3v3(x) + cava(x), x€1.

The substitution y in the conditions (2.3)—(2.6) and the function 6 # 0, we find
=0 (i=1,2,3,4). O

THEOREM 1. The operator L is dissipative in L*(I), i.e.

3(Ly,y) =20, VyeD(L).

Proof. Foreach y € D(L), from the Green’s formula, it follows

(Ly,y) = (0, Ly) = [yl — V. V- (3.2)
Since y € D(L) by the boundary conditions (2.3) and (2.4), one get
:¥]a = =" (@) +¥'y"(a) ="y (@) +y"¥(a) = 0. (3.3)

Using the boundary conditions (2.5), (2.6) and by Lemma 3, it can be obtained that

ol = —— (LT, buaals + ezt bzl ~ Dozl sl + 2Dzl ey
1— ﬁ 4! 4]
+%mﬂ%m]b + 23l 220 — Dzl 21ls — %M}bwz}b)

= — (5Bl bl + 6 - Hbhbi,
B

+<%7’6 - %%) 2ty z2le + (%Ys - %ﬁ) D z]e by z2])- B34
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Now inserting (3.3), (3.4) into (3.2), ones have

2i3(Ly,y) = (Ly,y) — (v, Ly) = ﬁ([y,abﬁ 220, s 2305 [ 24]3)
nn

B5—7% %7’5_%%00 v, z1]p

]
2v—2% w-"% 00|zl 7 35)
0 0 00| Dzl
0 0 00/ \ b
and hence
rc00 v,z1]p
B 1 cs00 [y,Zz]h
ZS(Ly7y) = B 7_22 ([yvzl]bv [,))712}1,7 [yvz3]b7 [yvz4]b) 0000 [y,Z3]h , (3.6)
" 0000/ \ [v,zlp
where
F=23y, s=237%, c=i(2y— L7 3.7)
P&} il

Note that the 4 by 4 matrix in (3.6) is Hermitian. The eigenvalues of the Hermitian
matrix are

—_q)2 2
0 and r+st4/(r—s)?+4|c|

and they are all non-negative if and only if
r+s>0, rs> \0\2.
Since 3(15 + 1) = 0, 43%53% > |29 — 2%|* and 119 — %5 > 0, it has
3(Ly,y) =0,
i.e. L is dissipative in L>(I). O

THEOREM 2. Let the notations of (3.7) hold. And if r >0, s >0 and rs > |c|?,

then the operator L has no real eigenvalue.

Proof. Let Ay be a real eigenvalue of L and let ¢p(x) = ¢(x,Ap) # 0 be the cor-
responding eigenfunction, since

S(Loo. ¢o) = 3 (2oll¢ol|*) =0,
from (3.6), it follows
3 (Lo, o) = ————— (o211, [Bor22ls) (; C) <[¢°’Zd”) —0, (3.8

2(1_%) S [¢O»Z2}b
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. . (rc\ . . . .
since # >0, s >0 and rs > |c|?, the matrix (E s) is positive definite. So it can be

funded that [¢9,z1] =0 and [¢o,z2] = 0. By the boundary conditions (2.5) and (2.6),
one has that [¢o,z3] =0 and [@o,z4] = 0. Let 19(x) = t(x,49), Mo(x) = N(x,A0),
do(x) = 8(x,A) and ¢p(x) = ¢(x,Ap) be the independent solutions of I(y) = Agy. By
using Corollary 1, then

{‘Z’O»Zl}b F’om}b {nom}b {%»ZI%

00,22 [10,22)5 [Mo,2 \Z R

00 2als (222l e sals (80 2a]s. | =7@ " (0)(Con(b),Cry(B), Cug(8),Ci (5)):
[00,24]p [70,24]p [M0>24]p [0,24]n

It is evident that the determinant of the left hand side is equal to zero, the value of the
Wronskian of the solutions 7(x,4¢), 1(x,A0), 6(x,A) and ¢(x,A) is not equal to
zero, so the determinant of the right hand side is not equal to zero. This is a contradic-
tion, so the theorem is proven. [

4. Characteristic function and characteristic determinant

In this section, to prepare the operator L for the completeness, we review Green’s
function and use it to study the inverse of L.

The element y € D(L), y # 0, is called a root vector of the operator L corre-
sponding to the eigenvalue Ay, if all powers of L are defined on this element and
(L—2pI)"y = 0 for some integer n > 0. The set of all root vectors of L corresponding
to the same eigenvalue Ao with the vector y # 0 forms a linear set N, and is called
the root lineal. The dimension of the lineal set N, is called the algebraic multiplicity
of the eigenvalue Ay. Consequently the completeness of the system of all eigenvectors
and associated vectors of L is equivalent to the completeness of the system of all root
vectors of this operator.

Denote the class of all nuclear and the Hilbert-Schmidt operators in L?(I) by oy
and o3, respectively. Let {u,(L)};LLl) be a sequence of all nonzero eigenvalues of
L € 0,, p=1,2 arranged by considering algebraic multiplicity and with decreasing
modulus, where V(L)(< o) is a sum of algebraic multiplicities of all nonzero eigen-

values of L. If L € oy, then Z}}LLI) u;(L) is called the trace of L and is denoted by
trL.

DEFINITION 2. (see [1]) Let g be an entire function. If for each &€ > 0 there
exists a finite constant C¢ > 0, such that |g(A)] < Ceef* A € C, then g is called an
entire function with growth of order < 1 and minimal type.

For each A € C, the functions ¢;(x, 1), ¢2(x,A), ¢3(x,A), ¢4(x,A) form a fun-
damental system of solutions of (2.2), and hence determine the eigenvalues of L.

For all x € [a,b), setting

vij(nA) = [0i(A), 2 ()], (67 =1,2,3,4), 4.1
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and
le(x’) = [(Pi(x»x)»zj(x)]b» (17] = 1727374)7 (42)
so W;i(A) = y;;(b,A) and it is evident that

o4(L)={A:1eC, a(A)=0, bi(X) =0, i=1,2,3,4},

where o,(L) denotes the set of all eigenvalues of L and

{cﬂ(l) =%V (A) + Byn(d) — yu(d), (i=12,3,4).
bi(A) = v (A) + Vi (A) + vz (1), T

LEMMA 5. The functions y;j(A) (i,j = 1,2,3,4) are the entire functions of A
with growth order < 1 and of minimal type.

Proof. By (4.1), one has

Vo, 4j(A) = [94(x, ), 2j(x)]p, (J=1,2,3,4),

where a < by < b, since for arbitrary fixed by, the functions ¢4(b1,4), ¢4(b1,1),
7 (b1,A), 9 (b1, A) are the entire functions of A of order 1, consequently, the func-
tions yp, 4;(A) (j = 1,2,3,4) have the same property. Now we prove that the entire
functions yp, 4;(4) converge to y4;(A) as by — b, uniformly in A in each compact
set of the complex plane C.
Let y = y(x) be the solution of Eq. (2.2), then by Lemma 2 one has

y(x) = 1 _l% ([%Zﬂx(— %@ (x) +Z4(x)) — [y, 22)x <Z3(X) - %23 (X)> (4.3)
+[y 23 (22 (x)+ %Zl (x)) — [y, z4)x (21 (x) + %Zz(X))>7 xel
Let

fj()@l) = [yvzj}m (] = 1727374)7 xel.
Then following Green’s formula, one has that f;(x,A) = [y,z;]. satisfy a system of the

first order differential equations

%fj()@l) =Ay(x,A)zj(x) (j=1,2,3,4), xel.

Using (4.3) one obtain

2 J6A) = AGWF(xA), xel, @4

where

f(x7z’) = (fl()C,A«),fz(x,A«),f3(X,A«),f4()C,A«))T,
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Zl(_ﬁZB +24)(x) —z1(z3 — L24) (x) 21(z2+ L21) (x) —21(z1 + %m)(x)

Glx) = zz(—%@ +24)(x) —22(z3 — %m)(x) 2(zn+ %Zl)(x) —2(z1 + %Zz)(x)
- 23(—%23 +z4)(x) —z3(z3 — %m)(x) z3(z+ %Zl)()() —z3(z1 + %Zz)(x) '

Z4(_ﬁ23 +24)(x) —2a(z3 — £:24) (%) z4(22 + ﬁzl)(x) —z(z+ gzz)(x)

and the elements of G(x) are in L!(I). For o = (@, @y, @3, ay)’ put ||o| = |oy| +
|@s| + | 3| + |@y|, and the norm of a square 4 x 4 matrix will be denoted by || - ||, the
inclusion |G(x)|| € L' (I) holds.

If y(x,A) = ¢4(x,A), then the system (4.4) is equivalent to the integral equation

FA) = F(bi,A) A :G(t)f(t,/l)dt, xel, 4.5)
where
Wb, 41(4) w1 (1)
_ | wpa2(2) | v (1)
fbr,A) = Wi, 43(A)  fbA) = Va3 (L)
Wb, 44(4) v (1)

Using Gronwall’s inequality from (4.5), one finds that

I A< 7B, 2)explA] [ IGOar). x€ 1

Hence

b b
||f(b,7t)—f(b1,7t)H<M|(/h HG(I)IIdt)eXP(IM/a 1G(@)]|dr), (4.6)

b
17 (B, A)] < IIf(leL)IleXp(VLI/b1 1G(@)]|dr). 4.7)

It follows from (4.6) that yj, 4;(A) converges to y4;(A) as by — b, uniformly
in A in a compact set. Consequently yu;(A1) (j=1,2,3,4) are the entire functions of
A. Hence yyj(A) are of not higher than first order. Since, for arbitrary fixed by, the
functions v, 4;(A) (j = 1,2,3,4) are the entire functions of A of order %,from 4.7
we obtain that the entire functions yy;(A) (j = 1,2,3,4) are of growth and minimal
type.

Similarly, It can be provn that y;;(A) (i=1,2,3; j=1,2,3,4) are the entire
functions of A with order < 1, and are of growth and minimal type. Hence the proof
is completed. [

Rewrite the boundary conditions (2.3)—(2.6) in matrix form. i.e.

Y170 -1 y(a) 0000 v,z1]p
Byl o V(@) L0000 || _,
0000 y'(a) Y5 ¥a 0 —1 vzl | 7
0000 y"(a) WYl 0 [v,z4]p
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and set
noyvo-—l1 0000
| rrnl O [ 0000
A= 0000 , B= Ys 2 0—1 1"
0000 YY1 O

then one has the following well known function
A(L) = det(AD(a,A) + BD(b, 1)),

where
®(a,A) = (Cy,(a,A),Cp,(a,A),Cy(a,1),Cy,(a, 1)),

(b, A) = ([9:(,A),2;()]b)"

By direct calculation

sty = BB gy (B0 B0 ) ) (B0 52

Ny b3(A) ba(A) ny ba(A) b3(1)
rnps-—n) ay(A) as(4) v ai(A) ax(d)
R det(biw E‘(A))‘yl_%det(zimwz(m)’ @9

where

ai(A) =¥ (A) + Byn(d) — va(d),

bi(A) = By () + v (A) + yis(A),

(i,j=1,2,3,4).
By 7175 #0, 715 — 75 >0 and Lemma 5, A(1) is an entire function of 2.
The function A(A) is called the characteristic function of L, The analytic multi-

plicity of an eigenvalue Aq is the order of Ay as a zero of A(A); it is known that the
algebraic multiplicity of any eigenvalue of L is equal to the analytic multiplicity of the

eigenvalue (see [6]) concerning A(A), then the following direct consequence of Lemma
5 which is well known can be obtained.

LEMMA 6. (see [12]) A complex number is an eigenvalue of L if and only if it is
a zero of the entire function A(1).

LEMMA 7. (see [22]) The entire function A(L) is also of growth order <1 and
minimal type: for any € > 0, there exists a finite constant Cg¢ such that

IAA)| < Ceef* wA e, (4.9)

and hence

limsup MAM (4.10)
YRS VY

One can deduce the following properties of the zeros of A(A).
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LEMMA 8. (see [22]) Denote by A; a sequence of all zeros of A(A) counting
analytic multiplicity, then:
(1) the limit
1
li —
|2jl<r 7
exists and is finite;
(2) the number n(r) of zeros A; lying in the circle |Aj| < r has a limit

lim @ =0;

(3) when A(0) # 0, then

A
A(A) = A(0) lim Ty, (1= 7). WA €C.
r—oo0 - i
It is possible that A =0, i.e., every complex number is an eigenvalue of L. How-
ever, since A(A) is an entire function of A and is not a constant or by Lemma 4, this
dose not happen when L is dissipative, i.e., it has the following result.

LEMMA 9. (see [7]) If L is dissipative, then the eigenvalues of L form a discrete
subset of C.

By Lemma 4, we know that zero is not an eigenvalue of L (i.e., kerL = {0}).
Thus, the inverse operator L1 of L exists. To find an explicit formula for L', we
first calculate the Green’s function.

For y € D(L), the equation Ly = —f(x) is equivalent to the inhomogeneous dif-
ferential equation

Iy)=—f(x), xel=]a,b). 4.11)

One can represent the general solution of homogeneous differential equation /(y) =
0 in the form

y(x) = c1z21(x) + c2z2 (x) + c3v3(x) + cava(x), x€1=]a,b), 4.12)

where ¢; (i =1,2,3,4) are arbitrary constants.
By applying the standard method of variation of constants, one shall search the
general solution of the inhomogeneous differential equation (4.11) in the form

y(x) =C1(x)z1 (x) + Ca(x)z22(x) + C3(x)v3(x) + Ca(x)va(x), x€l=]a,b), (4.13)

where the functions C;(x) (i =1,2,3,4) satisfy the linear system of equations

Cl(x)z1 (x) + G5 (x) 22 (x) + C3(x)v3(x) + C4 (x)va (x) =0,

Cy(x)z} (x) + Gy (x) 75 (x) + C5 (x)v5 (x) + Cy(x)vy (x) =0, 4.14)
C(0)7] (x) + C3(x)25 (x) + C3(x)v5 (x) + Cy (x)V (x) =0, '
Ci(0)z)" (x) + Gy ()75 (x) + G5 (x)v5' (x) + C4(x)vy' (x) = £ (x),
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Calculated properly, one obtain that

/ K(x,0) f(1)dt + c121 (x) + c222(x) + c3v3(x) 4+ cqva(x), x € L.

where ¢; (i =1,2,3,4) are arbitrary constants and

Z(x1
[?(xt)z %7a<t<x<b7
’ 0, a<x<r<b,

where
9 = det(CZI (x)7C22 (x)7CV3 (x)aCV4 (.X)), X € 17

a(t) z2(t) va(t) va()
_ a0 ) vi) v
Znt) = Z/lf(z) 2’(:) (1) Vi)

Substituting (4.15) into (2.3)—~(2.6), ithas ¢; =0 (i=1,2,3,4).

Then .
X) = / Rlx0)f(t)dt, xel.
a
Set _
[ K(x,1), a<t<x<b,
G(x’t)_{O, a<x<t<hbh.
Then

b
- / Glx,1) f(1)dt

Let K denote the integral operator defined by the formula

b
Kf:/a Gx,0)f(1)dr, Vf € L(1).
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(4.15)

(4.16)

Since z;(x), z2(x), v3(x), v4(x) € L*(I), one has K € o,. It is evident that K =
L™ . Consequently the root lineal of the operators L and K coincides, therefore, the
completeness in L?(I) of the system of all eigenvectors and associated vectors of L
is equivalent to the completeness of those for K. Since the algebraic multiplicity of
nonzero eigenvalues of a compact operator is finite, each eigenvector of L may have

only a finite number of linear independent associated vectors.

5. Completeness of eigenfunctions

In this section, by using characteristic determinant, the completeness of the system
of eigenfunctions and associated functions of A (let A denote the linear non-self-adjoint
operator in the Hilbert space L?(I) with the domain D(A)) is considered. In order to

investigate this problem, the following basics and lemmas are needed.
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The determinant

v(4)
det(I — uA) :Hl—uu, , A€oy,

~.
—

is called the characteristic determinant of A and is denoted by D4 (u). The character-
istic determinant D4 (1) is an entire function of u, since for any A € oy,

V(A)

PRI

J=1

For any A € 0,, the regularized characteristic determinant is defined by

ﬁ
=

B )
Da(u) = [T — ppj(A)]et ™). (5.1)

~.
I
—_

If the operator I — uA has a bounded inverse defined on the whole space L?(I),
then the complex number p is called an F-regular point (regular in the sense of Fred-
holm) for A.

Let A and B be linear bounded operators in L*(I) and A — B € o . If the point u
is an F-regular point of B, then

(I—pA)(I—uB) ' =1—pu(A—B)(I—uB)~!
where (A —B)(I—uB)~! € o1. Consequently, the determinant
Dan(4) = det](I — pA)(I— uB)

is meaningful and is called the determinant of perturbation of the operator B by the
operator K =A —B.
The following two theorems are well-known.

THEOREM 3. (see [1]) If A, B€ 0y, A—B € 01 and U is an F-regular point of
B, then

D _
Dyp(p) = D~—AEZ;e“”(3 A),
B

THEOREM 4. (see [1]) Let A and B be bounded dissipative operators (in par-
ticular, one of them or both may be self-adjoint) and A — B € o1, then for any Py
(0 < Bo < %) the relation.

1 .
lim [ =|D/5(3¢)]] =0
Jim | <1Da/p(e")|
holds uniformly with respect to B in the sector

{x:azae',

<ﬁ0}.
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THEOREM 5. (Livsic theorem) (see [1]) Let A be compact dissipative operator
and Ag € 01. In order that the system of all root vectors of A be complete, it is neces-
sary and sufficient that

V(A)
Y Su;(A) =trAs. (5.2)
j=1

Now return to the integral operator K defined by (4.16), the inverse of A. Set
K =K +iK, with K; = Ky and K> = K3 . By the discussion above, K and K| are the
Hilbert-Schmidt operators, and K is a self-adjoint Hilbert-Schmidt operator in L*(I)
and K; is the self-adjoint with a range space of dimension two. It is easy to verify
that K is the inverse of Ay, i.e. Afl =K. Let T=—K and T =T, +iT,, where
I =-K,h=-K.

Denote by A; and y; the eigenvalues of the operators A and A;, respectively.

Then the eigenvalues of T are —% and the eigenvalues of 7} are —%. Since A; is a
J

self-adjoint operator, therefore 3y, = 0 for all k.

THEOREM 6.

25(—%) D>,

J ]

Proof. Using Lemma 3 for A=T; and B=T one obtain

D (M) pir(r—T, 5T (1) jurr
Dy, jp () = ==l gorT=T) — ZI0E T, (5:3)
W B (w) Dr(u)

By (5.1) one has that

l~)T(u):H<l+%>e_
J

]

>>|-:

~ _ K
;, DTl(u):H(l—F%)e 7 (5.4)
J

J

Set 15 =Rys +iSys, % =R +iS%. a(u) = Rysya () + uva () — va(w),
bi(u) = ywin (1) + Ry v (1) + wiz(1), so by (4), one has

(-1 dy(u) dy(n)\ a1 (1) war ()
Al = Ny det (bi(u) é(u)) SysS%th(%z(li) W42(H)>]
rny— %) dy(u) as(p) | a1 (1) w1 (u)
- Ny } [det (bi(u) bi(u)) Sysi’%det(%z(“) W32(H)>]
BB —P) d(w) dyu) ) win (1) war (1)
Ny ) [det (l;’i(u) li(u)) Syss%dat(%z(ﬂ) W42(H)>]

B e [ (1) da(u) vii (1) yar (1)
__2[det<l;71 ~2( )‘37’53%‘1“(11/3(#) wii(u))y
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ithas A(0) #0, and

Ay = BB (%w {zw>> LB ({gw c{gw))
nw by(u) by(p) ny by (u) by(1)
nnm ﬁ)det<cﬁ(u>c§(u>> 5 det(aﬁ(u){é(u))
nm by(u) by(w) ) nys \ Di(u) by(w)

Yi
Therefore
~ T) P —ux. L
Dr(p)=D_r(~p)e " "%, Dr,(u) =D 7, (~p)e "7, (5.5)
and hence
—uz;+
D_ —H)e i iutr
Dy r () n(-#) “Z.Lew "
D_r(—p)e "%
_ D*Tl(_.u) i
— 7D7T(_“)exp(u2 uz +zutrT2> (y, €R). (5.6)

Note that 3A; > 0 for each j since A is dissipative, so by taking u =ir (0 <t <
o) in (5.6), then get

_1n\DT1/T (it)| ——1n)]‘[<1+ )‘——m)]‘[(u )) ZS%—trTz. (5.7)
J

By virtue of Theorem 4 and (4.10), one has that

1
lim —1n|DTl/T(zt)| = (5.8)

{—so0

and

hmsup—ln‘H( )' 0, hmsup—ln‘H( )‘ 0. (5.9)

f—o0 f—o0

On the other hand, for 7 > 0, it has the following estimates: for any 7 > 0 and each

j7
Ry¥ 1? it |2 2
14 ‘ SRSV, Pid AN T T i R T G R 10)
‘ A2 AR Vi Y
which imply that

%ln|l;[<l+%>‘>0, ;1n|]:[<1+%)|>0. (5.11)
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From (5.9) and (5.11) one deduces that

1 it 1 it
limsup;ln‘H (1 + ;—j)) =0, li?LS:p;ln‘H (1 + i—j)‘ =0. (5.12)
J J

[—o0

Now, taking the limit # — oo, in (5.7) and making use of (5.8) and (5.12), one get that

1 _
%‘,S<—f> — Ty, O (5.13)

J

Therefore, by LivSic’s theorem, the system of eigenfunctions and associated func-
tions of —K is complete in L?(I), and hence the same is true for A.
As a direct consequence of Theorem 6, one has the following fact.

COROLLARY 2. The dissipative operator A has infinitely many eigenvalues.

Proof. Since each lineal of A is finite dimensional, the completeness in L*(I) of
the system of eigenfunctions and associated functions of A implies that A has infinitely
many eigenvalues. [l

THEOREM 7. The system of all root vectors of the dissipative operator T (also of
K )is complete in L*(I).

Since the completeness in L2(I) of the system of all eigenvectors and associated
vectors of A(also L) in L*(I) is equivalent to the completeness of those for K, from
Theorem 6 one obtain

THEOREM 8. The system of all eigenvectors and associated vectors of L is com-
plete in L*(I).
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