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ALGORITHM TESTING FOR THE HYPERCYCLICITY
OF FINITELY ABELIAN SUBGROUPS OF GL(n,C)

MOHAMED ELGHAOUI AND ADLENE AYADI

(Communicated by I. M. Spitkovsky)

Abstract. In this paper, we present an algorithm that tests the existence of dense orbits for finitely
abelian subgroups of GL(n,C). A test example is given.

1. Introduction

In [1], Ayadi and Marzougui have characterized abelian subgroups of GL(n,C)
which are hypercyclic (i.e. having a dense orbit). In this paper, we deal with the algo-
rithmic aspect, we present an algorithm that tests the existence of dense orbits for any
abelian finitely generated subgroup G of GL(n,C).

The hypercyclicity condition presented in [ 1] is related to the density of an additive
subgroup of C". As a matter of fact, the authors [3] gave a simple criterion to test the
density of discrete additive subgroups of R” and C”. Our algorithm is actually based
heavily on these two papers ([1], [3]). It determines, in the same handwork, explicitly
the normal form of the group G (see definition below). For one matrix, the normal
form is reduced to the Jordan canonical form and in this case, Weintranb [5] gave an
algorithm.

On this matter, we can cite S. Goodwin [4] who gave an algorithm which tests the
density of orbits for Borel subgroups.

To state our main results, we need to introduce the following notations and defini-
tions:

Denote by M, (C) the set of complex square matrices of order n > 1, and GL(n,C)
the group of the invertible matrices of M, (C).

e The spectrum of a square matrix A, denoted by o(A) is the set of all eigenvalues
of A.

e T,(C) the set of all lower-triangular matrices over C, of order n and with only
one eigenvalue.

e T(C)=T,(C)NGL(n,C) (i.e. the subset of matrices of T,(C) having a non
zero eigenvalue), it is a subgroup of GL(n,C).

e D,(C) the set of diagonal matrix of M,(C).
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e C*=C\{0} and Ny = N\{0}.
.
Let r € Ng and n = (ny,...,n,) € Njj such that ¥ n; = n. Denote by:
i=1
o Hy,(C)={M=diag(Ty,...,T;) e My(C) : Ty € Ty, (C), k=1,...,r}.
o 4, (C) =y ,(C)NGL(n,C), it is a subgroup of GL(n,C).
e v the transpose of a vector v € C".

e &,=(ey,...,e,) the standard basis of C".
e [, the identity matrix on C".

Denote by:
o ug=ler1,....en1]" €C", where ¢y =[1,0,...,0]" € C™%, 1<k<r
o ¢ =[0cn,....0cm 1,ef,,00m:1,...,00n])", 1<k<r

In [1], the authors proved the following

PROPOSITION 1.1. ([1], Proposition 6.1.) Let G be an abelian subgroup of
GL(n,C), then there exists P € GL(n,C) such that G = P~'GP is a subgroup of
%’ir(C),forsome 1 <r<nandneN;.

We say that the group G is a normal form of G of length r.

THEOREM 1.2. ([1], Theorem 1.3) Let G be an abelian subgroup of GL(n,C)
and P € GL(n,C) such that P~'GP C ., ,(C). Assume that G is generated by A, =
eBr . A, =eBr with By,....B) € P%’ir(C)P’l. Then G is hypercyclic if and only

)4 r
if S ZByPuy+2in'yY ZPe™ is a dense additive subgroup of C" .
k=1 k=1

COROLLARY 1.3. Let G be an abelian subgroup of GL(n,C), generated by
Ay,...,A, and P € GL(n,C) such that P~'GP C J¢;,(C). If p+r<2n, G has
no dense orbit.

e A subset V of C" is called G-invariant if for every x € V, Gx C V.

2. Algorithm testing for the hypercyclicity of finitely abelian subgroups of
GL(n,C)
2.1. Normal form of the group G
Let G be an abelian subgroup of GL(n,C) generated by Ay,...,A,.

2.1.1. Determination of generalized eigenspaces of G

The first part of the algorithm is to determine a matrix P € GL(n,C) such that
G' = P~'GP is a subgroup of ' +(C) as given in proposition 1.1.

To do so, given the eigenvalues A 1,..., A, of Ay, k=1,...,p, the algorithm
determines the corresponding generalized eigenspaces:

Ej= Ker(Ak_sz7,fIn)ak"/a Jj=1..n,k=1,....p
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where oy ; is the multiplicity of A4 ; and 7 the number of distinct eigenvalues of Ay.
After that, it determines all the intersections:

P P
(\Eki» 1 <ix<r suchthat [)Eg; # {0}.
k=1

Denote these spaces by E,...,E,, called the generalized eigenspaces of G.
PROPOSITION 2.1. The spaces E; defined as above verify:
r
(i) @E; =C" and E; are G-invariant.
i=1

(ii) For every M € G, and for every 1 < j < r, the restriction M|Ej has only one
eigenvalue.

Proof. (i) Since Ey;, is Ap-invariant for every i; = 1,...,r|, so we have

rn
Evi, = D Evi, NE2,
=1
We now apply this argument again, with £y ; replaced by Ej; NE»;,, to obtain

3

E i NEy;, = @ (Eul NEz, ﬂE37i3)
=1

We continuous in this fashion obtaining

1
C"=EPE,
i=1
1 mn
=P P (Eri,NEy,)
i1=liy—1
1 mn 3

= @ @ @ (E17i1 NEy mE37i3)

i1=lir=1i3=1

n n
_@@ @(El i NEy;, M. mEmp)
i1=lip=1 ip=1

Finally, by ignoring those intersections which are equal to {0}, we obtain C" = @E

Asforevery i=1,...,r, E;=E;; N.. ﬂEplp forsome 1 < zk\rk,k—l . D,
then E; is G-invariant as 1ntersect10n of the G-invariant subspaces Ej ;, .

(ii) Let E;=Ej; N...NEp;, forevery i=1,...,r. As E; C Ey;_ then A;; is
the unique eigenvalue of Ay g, . Since the matrices (Ak| Ei) 1<k<p is pairwise commuting
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for every i = 1,...,r they are simultaneously trigonalized. It follows that for any
M =AV'A? . A} € G with ny,ny,...,np €N,

n n p
Mig, = (A1) (A21e)" - (Apys,) "
and

o(Ms) < [0 (us)") = {ﬁm}

k=1 k=1

n
Therefore o(Mg,) = {kl_[ kkfk} O

At this state, the algorithm determines the number r of generalized eigenspaces of
G which corresponds to the number of blocs in the normal form of each matrix of G.
If p+r < 2n then there is no need to proceed further since by Corollary 1.3, G has no
dense orbit.

The next step consists in finding a basis %; for each space E; and so by juxtapos-
ing, a new basis € = (¢},...,%,) of C". Denote by R the transition matrix from &,
to ¢ andby Ay =R AR, k=1,...,p. Then A; = diag(Ay1,---,Ax,). Actually, the
set {Ay,...,A,} has been simultaneously block diagonalized.

A step further in order to simplify the structure of G, is to simultaneously trigonal-
ize the set {A1 is- A s i}, i=1,...,r. Since these matrices are pairwise commuting,
so they have some common elgenvectors (Viy41,---,Vn;). We complete these vectors
to obtain a basis %; = (Wi,..., Wy ,Vr,11,---,Vs;) Of E;. Denote by Q; the transition
matrix from the standard basis &, of E; to %;. Then, forevery k=1,...,p, we have

A
0.1 AciQin=| (i)
! L) iy,

with X,(Cli) € GL(r;,C) and L,({_ll.) € My,—r, -, (C). Now, we consider the set of matrices
(X,E?) . which are also pairwise commuting. Therefore, we can apply the same

type of reduction as before to obtain a transition matrix Q\i’Q € GL(r,C) such that we

1)
~ ) A~ A 0
get 01410, , = [ b ] with A} € GL(r,,C) and L) € My, 1,(C). Set
o Ly Badry—ry '
Qix 0
=0 | & _Th
Qz72 Qz7l|: 0 In,-—rl:| en
ne
~ kg 0 0
Q;zlAkazyz: l(w ‘uklr1 r L k=1,...,p.

k,i Qi,2 .ukln,-—r1

So, we continuous this process until we end up with a final basis of E; (eventually
a transition matrix called Q;) so that QflAkﬂ-Q,- =%,€T,(C), k=1,...,p. Hence,
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if Q =diag(Q1,...,0,) and P = RQ, then
Ap =P ' 4P = Q7' RTIARQ) = 0'AQ = diag( .1, Fir)

where 7 ; € T, (C).

2.2. Determination of matrices B,

In this section, the algorithm shall construct matrices By,...,B), € J#y (C) satis-
fying Ay = B¢, k=1,...,p. Recall that Ay = P"'A,P = diag(T, 1,...,T,) where
i € T;,,(C). So it suffices to construct Ty; € Ty, (C) so that elki = ki and then
we take By = diag(7Ty1,...,Tx,). So we need a method to construct for T € T}, (C),
1 <m < n, amatrix N € T,,(C) such that eV = T. For this, we use the following
lemma:

LEMMA 2.2. ([1], Lemma 2.2) If N € M,,(C) has only one eigenvalue such that
eV € T#(C) then N € T,(C).

Let J(60) denote the Jordan block in T, (C) associated with 6 (with lower-triangular
form):

Then we have:

Since dim (Ker(ej(e) - eelm)> =1, J(e?) is the Jordan normal form of ¢’(?), so there

is a matrix U € GL(m,C) such that:

U0 U =(f). 2.1)
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Let T € T},(C) and let J = diag(J;1(4),...,Js(1)) € T\, (C), where

- 0
L

Ji(A) =10 € T, (C)
(0...0 1 A

N
and ¥ nj = m, be the Jordan normal form of 7. Since A #0, there exists u € C

i=1
such that e* = A . Applying equation 2.1 to each block of J, we obtain:

J =diag(/1(4), ... ,J5s(4))
= diag(J; (e ) Js(e“)
= dlag( -1 ‘Il 1 U71 e‘lx(“) Us)
=U-te U

where U = diag(Uy, ... ,U;) and J' =diag(Ji(u), ... ,Js(1)).

There exists V € GL(m,C) such that V-ITV =J. Take N =VU ' JUV!, it
follows that ¢V = T'. Since eV =T € T},(C) and as N has only one eigenvalue, so by
Lemma2.2, N € T, (C).

2.3. Hypercyclicity of the group G

The last step 0f this algorithm, is to check the hypercyclicity of G using theorem
1.2, ie. H(G):= 2 ZByuog+2mi Z Ze® is a dense additive subgroup of C”.

do so, we apply the algorlthm glven 1n [3] for the complex case. In order to make this
article self contained, we briefly outhne the different steps of this algorithm.

Let g=p+r. If g<2nor ZRBkuo—i-ZmZRe #+ C", then H(G) is not

dense in C", otherwise, g > 2n and 2 RBrug +2mi 2 Re®) = C". Let us write
k=1 k=1

q

H(G) = z Zuk where (I/Lk Bkuo)k 1,
k=1

assume that (uy,...,uy,) is a R-basis of C".

Set H(G) = 2 Ziig , where i = [R(ug), S (ur)]T .

Forevery k= 2n+ 1,...,q,let oy ; be the coordinates of i in the basis (i, ..., f2,),

2n

le. 0= 2 0y iit; . Suppose that 1,05k,i17~~~»05k,i,k is the longest sequence extracted
=1

from the hst {1,041,...,042,} Which contains 1 and such that its elements are inde-

pendent over Q. Then set I :={i1,...,ir }.
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The next step is to write the scalars oy ; for every j ¢ I; as a function of 1 and the
scalars {oy ;i € I}, ie.

_ (k)
Ok =t j+ Y, Yii Oki
i€l

k k
where 7’1(',1')1""77(',1'2,(”’67./ € Q.

Moreover, we define the vectors u;”, je€L, k=2n+1,...,q as

/ ~ (k) ~
U = qrilj+ Y m; ;i

idly
where g; € N* and ml(k,) € 7, are such that
(k)
7 = Mg
" qk

Finally, let My g be the matrix of the coordinates of all the vectors u; ;.
Then by (Theorem 4.1, [3]) H(G) is dense in C" if and only if

rank (Mﬁ(G)> =2n

3. The algorithm outline

1. Given the eigenvalues of Aj,A»,...,A,, determine the corresponding generalized
eigenspaces Ey j, j=1,...,r, k=1,...,p.

2. Determine all the intersections ﬁ Ey;, # {0}, 1 <ix <r and obtain the general-
ized eigenspaces E1,E, ..., E;, IZ):flG.

3. If p+r < 2n then G is not hypercyclic.

4. Otherwise, compute the normal form of G, i.e. determine the set {X 1,g2, .. ,Xp}.

5. Construct the matrices By such that Xk =B k=1,...,p.

)4 r
6. If Y RBuu+2mi Y Rel® # C" then G is not hypercyclic.
k=1 k=1

)4 r
7. Otherwise, consider the additive group H(G) = Y, ZBjuo +2mwi Y, Ze™ and de-
k=1 k=1

termine H(G) and M) as described in the last section.

8. G is hypercyclic if and only if rank (MH(G)> —n.
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4. Example

Let G be the subgroup of GL(3,C) generated by A;,A;, Az, A4, As and Ag,

where:

[e3—2e+i—2+e—i
Ai=10 2+i —1-i
0 1+i —i
1 —242¢V21—¢V2
Ay=10 V2 0
0 0 eV?
[eV3 2031260 V3¢
Az=1 0 el 0
L 0 0 e
(VS \2(V2+i)e—2eV5 VS —(1+iv2)e
Ag=1] 0 (14+iV2)e —iv/2e
L 0 iv2e (1—iv2)e
[e 2-2e+V7+iV2 e—1-VT-iV2
As=10 1+V7+iV2 —VT-iV2
L0 VT+iv2 1—v7—iV2
(1 V2 —iV2
Ag= |0 1+iV2 —iV2
10 V2 1-iV2
The spectrum o (Ay) of A are:
G(Al) = {lve} G(A2) = {lveﬁ}

o(A3) = {eV7.€1} 0(As) = {e.e")

o0(4s) ={l,e}  o(4¢) = {1}
Here r = 2 which corresponds to two generalized eigenspaces E;| and E, for G of
dimension:

dim(E;) =1, dim(Ey) =2
The normal form of G is given by:
- (e 0 B (1 0 i
Al = o[ 1 0] Ay= |4 e 0
REERETE L0 e
B [eV3 0 _ elVs 0
Az = e o0 Ay = e 0]
0 ; 0
o [o2] o [
[e 0 1 0
A=, 10 Ae=|,[ 10
42 2
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The matrices By such that et = Ay, k=1,...,6 are given by:

1 0 00

B, = 0[0 0] B, = 0[20]
| [ S+3i0 10 V2
V3 0 [iV/5 0

B; = i0 By = 10
K35 I R
r1 0 0 0

Bs = O[ 0 O] Bg = 0{00}
L+ 0o Lo

By Theorem 1.2, G is hypercyclic if and only if the complex additive group H(G) =

6
Y. ZBjug+2mi Zey +2mi Ze; is dense, where ug = [1,1,0]7.
=1
We get

w=[1,0,1 414" = [o,fz,or us = [V3,i,0]" uy = [iﬁ,l,%‘r
us = {1,0, Ty %}T 1o = [o,o,ﬁr wy = [270i,0,0)" ug = [0,27i,0]"
Therefore
T T
=[1,0,1,004" &= {o,ﬂ,o,o,o,o} iis = [/3,0,0,0,1,0]
fiy = [O,I,O,ﬁ,o, %E]T iis = [ 1,0,4,0,0, i] fig = [o,o,o,o,o,@]T

ii7 = [0,0,0,27,0,0]"  dig =[0,0,0,0,27,0]"

_ 8
We have H(G) = Y Ziiy.

The vectors ii; and iig can be expressed in the basis (i}, iy, ...,is) as
i V10 V5 V5
7 = —MT— i) + 20— iy — 21— iig
5 5 5
N 7V3+V21 V34+V21 . VA2 -2V214+7V6-2V3 |
fig = M iy + 2y o lis 4 7 c e

Now, we apply the algorithm given in [3] (see Theorem 4.1). We get the sets:

I; ={2,4} and I3 = {1,3,5,6} obtained by using the fact that 7 is a transcen-
dental number and that the set {\/n : n is a squarefree number} is linearly independent
over Q [2]. (Recall that an integer is squarefree if its prime factorization contains no
prime more than once).
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Now the vectors u;w., jel, k=1,8 are:

<
S
Il
<
¥

N
S
Il
NI
N
|
=
=)

NSRS
0~ 00~ o~ oo~ J~ O~
T W =
([
S S =X
S =

=<
=)
Il
i
o)

The matrix Mﬁ(G) is given by:

0 01000

1 00000

0 00100
Mia6)=10 10000
0 00010
0-10001

Since rank(Mﬁ(G)) =6, we apply (Theorem 4.1, [3]) to get that H(G) is dense in R®.
We conclude by Theorem 1.2 that G is hypercyclic.
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