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CROSSED PRODUCTS AND MF ALGEBRAS

WEIHUA LI AND STEFANOS ORFANOS

(Communicated by D. Hadwin)

Abstract. We prove that the crossed product &7 x4 G of a unital finitely generated MF algebra
o/ by adiscrete finitely generated amenable residually finite group G is an MF algebra, provided
that the action o is almost periodic. This generalizes a result of Hadwin and Shen. We also
construct two examples of crossed product C* -algebras whose BDF Ext semigroups are not
groups.

Introduction

The purpose of this note is to generalize two recent results concerning crossed
products. The first is:

THEOREM 1. (Hadwin—Shen [4]) Suppose that <7 is a finitely generated unital
MF algebra and o is a homomorphism from 7 into Aut(<?) such that there is a se-
quence of integers 0 < ny < np < --- satisfying

lim ||et(nj)a —al| =0
Jj—eo

forany a € of . Then o/ Xy Z is an MF algebra.

And the second is:

THEOREM 2. (Orfanos [5]) Let 7 be a separable unital quasidiagonal algebra
and G a discrete countable amenable residually finite group with a sequence of Fplner
sets F, and tilings of the form G = K,L,,. Assume o : G — Aut (/) is a homomorphism
such that

max |la(l)a—al]|—0asn— e
I€L,NK Ky ' Fa

forany a € o/ . Then </ Xy G is also quasidiagonal.
which were both motivated by
Mathematics subject classification (2010): 46L05.
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THEOREM 3. (Pimsner—Voiculescu [6]) Suppose that <7 is a separable unital qua-
sidiagonal algebra and o is a homomorphism from 7. into Aut(</) such that there is
a sequence of integers 0 < ny < ny < --- satisfying

lim [|ez(n;)a —al] = 0
JA}oc

forany a € of . Then o/ Xy Z is also quasidiagonal.

MF algebras are important in their own right but also due to their connection to
Voiculescu’s topological free entropy dimension for a family of self-adjoint elements
X1,...,X, in a unital C*-algebra ./ ([8]). The definition of topological free entropy di-
mension requires that Voiculescu’s norm microstate space of xp,...,x, is “eventually”
nonempty, which is equivalent to saying that the C*-subalgebra generated by xi,...,x,
in o/ is an MF algebra. So it is crucial to determine if a C*-algebra is MF, in which
case its Voiculescu’s topological free entropy dimension is well-defined.

In the next section we describe another connection, that between MF algebras and
the Brown—-Douglas—Fillmore Ext semigroup (introduced in [2]). We will then exhibit
two new examples of crossed product C*-algebras whose Ext semigroup fails to be a

group.

Background

We start with a few well-known definitions and facts.

DEFINITION 1. A discrete countable group G is amenable if there is a se-
quence of finite sets {F,};_, (called a Fplner sequence) such that lim F, = G and

lim |F,AF,s|/|F,| = 0 for any s € G. The group G is residually finite if for every
n—o0

e # x € G, there is a finite index normal subgroup L of G such that L # xL. Stated
differently, finite index normal subgroups of G separate points in G. A tiling of G is a

decomposition G = KL, with K a finite set, so that every x € G is uniquely written as
a product of an element in K and an element in L.

LEMMA 1. Assume G is a discrete countable group. Then G is amenable and
residually finite if and only if G has a Fplner sequence {F,};_, for which there exists
a separating sequence of finite index normal subgroups L, and a sequence of finite
subsets K, D F, such that G has a tiling of the form G = K, L, forall n > 1.

THEOREM 4. A discrete group G is amenable if and only if C;(G) = C*(G).
Let </ be a C*-algebra. If G is amenable and if there is a homomorphism o : G —
Aut (&), then o X, G= o x4G.

Quasidiagonal operators were first considered by Halmos.

DEFINITION 2. A separable family of operators {7}, T3,...} C B(H) is quasidi-
agonal if there exists a sequence of finite rank projections {P,}>_, such that P, — [
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in SOT and ||P,T; — TjP,|| — 0 for all j > 1 as n — co. A separable C*-algebra is
quasidiagonal if it has a faithful *-representation to a quasidiagonal set of operators.

THEOREM 5. (Rosenberg [7]) Let G be a discrete group. If C;(G) is a quasidi-
agonal algebra, then G is amenable.

MF algebras were introduced by Blackadar and Kirchberg in [1].

DEFINITION 3. A separable C*-algebra <7 is an MF algebra if there is an em-
bedding from <7 to

[T-#.(C)/ Y, #x,(C)
=1 =1
for positive integers {N; }7>,. If 2= {A;},”, is an element of the above C*-algebra,
define its norm by [[2|| = limsup||A ||z, «c)-
[—00

THEOREM 6. (Blackadar—Kirchberg [1]) A separable C*-algebra <7 is MF if
and only if every finitely generated C*-subalgebra of </ is MF. Subalgebras of MF
algebras are also MF. Every quasidiagonal algebra </ is MF and the converse is true
if, in addition, <7 is nuclear.

An exciting result connecting quasidiagonal and MF algebras on one hand, and
Brown-Douglas—Fillmore theory of extensions on the other, is the following.

THEOREM 7. Let & be a unital separable MF algebra. If <7 is not quasidiago-
nal, then Ext(</) fails to be a group.

EXAMPLE 1. (Haagerup—Thorbjgrnsen [3]) The reduced group C*-algebra of the
free group on n generators, namely C;(FF,), is an MF algebra but it is not quasidiagonal
or nuclear (since F), is not amenable). Therefore, Ext(C;(IF,)) is not a group.

More examples of this flavor were exhibited in [4].

Preliminary facts

Here we state a few facts that will be used extensively in the rest of this note.
In what follows, C(Xj,...,X,,) will denote the set of all non-commutative complex
polynomials in Xi,...,X,,,X[",...,X,,. The first result gives equivalent definitions for
an MF algebra. Refer to [4] and the references therein for a proof.

PROPOSITION 1. Suppose <7 is a unital C*-algebra generated by a family of
elements ay,...,ay in o/ . Then the following are equivalent:

(i) < is an MF algebra.
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(ii) For any € > 0 and any finite subset {f1,...,f1} of C(Xi,...,Xn), there is a

positive integer N and a family of matrices {Ay,...,An} in AN(C), such that
[max, £ (AL Am) L agyc) = I filar, . am)|l | < €.

(iii) Suppose 1w : of — B(H) is a faithful =-representation of </ on an infinite di-
mensional separable complex Hilbert space €. Then there is a family
{la1]n, .- |amln ey C B(H°) such that

(a) Foreachn>1, {[ailn,...,[amln} C B(H) is quasidiagonal;

®) (A aln, - lamln) | gy — [ fars....am)ll; as n— oo, for any f €
(C(X],...,Xm),‘

(©) [ailn — m(a;) in x-SOT as n — o, for every 1 <i < m.

Let G be a discrete countable amenable residually finite group, equipped with
Fglner sets F,, finite sets K, and finite index normal subgroups L, such that F, C K,
and G = K,L, is a tiling of G for every n > 1. Consider the family {&,;, : y € K, } C
(*(G), with &y, = > ¢u(x)8, and

x€yLy
|K,, N Fx|
n(x) =4 | —————.
“0 =\ TR

The following two lemmas can be found in [5]. The second is a consequence of the
first.

LEMMA 2. Assume G and &y, are as above. The following are true:
(i) Foreveryn>1, {&y, 1y € Ky} is an orthonormal family of vectors.

(i) Forany s € G,
2’(s)éyLn = é-\'yLn + 2 (¢n (x) - ¢n(sx)) 6.\')C7

xeyL,
with
|FaSFs|

Z ‘(pn( ) ¢n(sx)| < |F‘

x€yLy

LEMMA 3. Assume G and &y, are as above. If P,r,,& = (,6,1,)éy1, and P, =

2 Py, then
YEK,

() Forevery n>1, P, is a self-adjoint projection in ({*(G)) and rank P, = |K,|.

|FuNFys|
—_—

(ii) P,—1inSOTas n— oo; andforany s € G, |[P,A(s)—A(s)B,|* <4 T

0 as n— oo,
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Main result

Let 7 = {(aj,...,ay) be a unital finitely generated MF C*-algebra. We first es-
tablish three claims related to our main result.

ForyeK,, s€S={s1,5,...,5:}U{e} C G and 1 <i<m, consider the elements
a(y's Va; € o/, the quasidiagonal set { [a(y~'s )] 1 <i<mseS,yekK,}C
P () obtained from part (a) of Proposition 1(iii), and a sequence of finite rank pro-
jections Q, in () such that Q, — I in SOT as n — o and Q, asymptotically
commutes with all elements in the above-mentioned set. For every 1 < i < m, positive
integer n and s € S, define

AY = 3 0, ol !5 Mail, 0@ P, A=A and U = 0, @ AR
yeKy

CLAIM 1. Forany € >0 and any finite subset {qu,...,q;} of C(X1,..., Xeq-1)m)
there is a positive integer n such that, for N = rank (0, @ B,),

) (sx) (%))H
max qu<A1,...,A1 S | P
—qu(al,...,a(sk_l)al,...,a,m...,oz(s,:l)am)HW <E.

Proof. Forevery 1 < j<J,
qu <A1,...,A£,fk)>

= maX{HCIj (Qn [a(y_l)al]nan”»Qn [a(y_lsk_l)am]nQn) ||L”N/Kn((c)}

H.///N(cc>

YEK,

by Lemma 2(i). Now use the quasidiagonality of {[a:(y " 's Na],: 1 <i<m,s€S,
y € K, }, with n sufficiently large, to obtain, for every 1 < j < J,

‘qu (@ [aty ), O s @ [l '5 Nand, ) 4y o

s ([, Tt 55 )| < 5

and part (b) of Proposition 1(iii) to get

la; ([eG™Dar], - [e G s Dam] )|y

1 -1

_H‘Ij (O‘(yil)alv~~~va(y7 Sk )am)Hmz <

N M

The last norm is equal to ||g; (a1, ..., 0t(s; ' )am)|| , since at(y~!) is a *-automorphism.
(|
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CLAIM 2. For any sy,...,s; € G, any € > 0, and any finite subset {py,...,ps}
of C(Xy,...,Xy), there is a positive integer n such that for N = rank (O, ® F,),

max ,%(KZ(G))‘ < E.

1<j<]

1P; sis- Us) gy = I (A s1)s- o A )

Proof. 1t follows from Lemma 3(ii) and the definition of the projections Q,,. U

Let € > 0 and s € F,, C G. Choose appropriately large positive integer n so that
|F,AFys| < €2|F,|/4. Assume that for every 1 < i < m, the action is almost periodic,
in the sense that

max  |la(l)a;i —ai]| — 0asn — eo.
1€ELNFu KKy !

CLAIM 3. For AES), Ai, Us as above and sufficiently large positive integer n,
HU: AU A

< E.
My (C)

Proof. Without loss of generality, start with a unit vector n € Q,,¢ and compute,
fory € K,,,

(viav-a) o

2

= [|[UFAM® P, (é-\'yLn + Z (On(x) — ¢n(5x))5.\'x> _A,(S)Tl ® éyLn

xeyL,

< || UFAM® éS}’Ln _A,(S)Tl & éyLn

2 g2 .
+ 7 by Lemma 2(ii).

Let sy =zl' =z with € K,, and [,I' € L,. Then [ = syz ! € L,NF,K,K, ' and &y,
= &, , which gives

: 2
U:(Aln X gzL,, —A,(S)TI & gyLn

2

= ||Us*Qn [a(z_l)ai]nn Y gan —On [O‘(y_ls_l)ai]n ne gyL,,

= ||On [a(zfl)ai]nn@?l’n <§yLn+ 2 (¢n(5x)_¢n(x))5X>_Qn [a(yilsil)ai]nn(@gybz

xeyLy,

2+82
4

N

10x ([o(z ai],, = [ay~'s ai], ) n @&,
2 €?

< ez e, = @l el "+

By part (b) of Proposition 1(iii),

TN -
N l)aiH,Q/+ Z

e al, = [t [y < Il e — ™

2
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82

4

_ 1 — 2 2
a(z Nai—aly™'s ail|,, = llai— e, <
odicity of the action.

Overall, for sufficiently large n,

Finally, ’

by the almost peri-

2

H (US*A,-U_Y —AE“‘)) netl <€ O

We are now ready to state the main result.

THEOREM 8. Let &7 ={ay,...,ay) be a unital finitely generated MF algebra and
G = (s1,...,8) a discrete finitely generated amenable residually finite group with a
sequence of Fplner sets F, and tilings of the form G = K,L,. Assume o : G — Aut (<)
is a homomorphism such that for every 1 <i < m,

max |la(l)a;i—ai|| — 0asn — oo.
I€L KKy !

Then of X4, G is also MF.
Proof. We will show that &7 x4 G is an MF algebra by using Proposition 1. More
specifically, we will show that for any € > 0 and any finite subset {fi,...,fs} of

C(X1,...,Xmik), there is a positive integer N and a family of matrices {Ai,...,An,
Us,,..., Uy } in #n(C), such that

jax, Hf,(al,...,am,;L(sl),...,;L(sk))}yma(;

- Hf/ (Al,...,AmaUSU”"US/«) H///N(C) <&

Let {fi,....fr1} CC(X1,...,Xpsx).and Ay,... Ay, Uy, ..., Uy, N asin Claims 1-
3. We first prove that for every 1 < j < J and sufficiently large n,

||fj (ah...,am,?t(sl),...,A(sk))HM,MG 2 Hff (Al""’Am’USl7"‘Usk)H,///N((C) .

Consider an enumeration of all polynomials in C(X,...,X(z11),) (respectively, in
C(Xy,... X)) with rational coefficients. For each 7 = 1,2,..., we can find a positive
integer n; and N; = rank (Q,, ® P,, ), such that, by Claim 1 (respectively, Claim 2) and
forall 1 <j<1t,

i (A1 A8, A AR

]

1
- qu (al,...,(x(s,;l)al,...,am,...,a(s,?l)am)Hd < "
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(respectively,

1) Ui U Ly )~ 125 510 200)

Let, forevery 1 <i<mand s€ S,

‘<—).

a6y

A — A} € [Tty (©)) 3ty (©) 24— 21,
=1 23 =1

and

W= {07, € ﬁ//N ©)/ i//zv, ©),

and ¥ denote the C*-algebra generated by {Qll,...,QlSS")7 ey Ay ,Qlﬁ,f")}. Conse-
quently, there are embeddings p; : & — € and p, : C:(G) — €, given by
pr (a(s™)ar) =2 and pa (A(s)) = 4,

with the property that (p;,pz) is a covariant homomorphism (by Claim 3). Therefore,

there exists a *-homomorphism p : & x4 G — %, with p (o(s !)a;) = D/

p (A(s)) = . It follows that forall 1 < j < J, l

||fj(a17...,am,7t(s1),...,?L(sk))HﬁmaG > ||fj (th...,leilSl,...,usk) @
- 111315;1pl|f,- (Ah...,A,mUSl,...,Usk)||///Nt(C).

,and

It remains to show that for every 1 < j < J and sufficiently large n,
£ (ar, o sam Ast), o A < 5 (AL A Usyo Us) || g o)+
There exist a positive integer D and families of monomials pg-d) € C(Xy,...,X;)
and polynomials qi.d) € C(Xh...,X(kH)m) for 1 <d <D and 1< j<J,such that
filar,....am, A(s1),...,A(sx))

D
= 2 P51 2 50)d ars s als D ol )

by the covariance relation for crossed products. Similarly, for sufficiently large n, we
can get

D
=¥ ) U,....Uy) 4" <A1,...,A,(,f")> +r <A17...,Aﬁ,f")7U51,...,U5k>

max
1<j<T

rj (Al,...,A,(;k),le,...,ka>

A

’///N(C) %



CROSSED PRODUCTS AND MF ALGEBRAS 687
by Claim 3 and repeated use of the approximate covariance relation A;Us = USAE‘Y) +

r(A,AY, ).
‘We then have

Hfj (al,... ,am,l(51),... 731(51())”(9?)4&6 - ||f] (A13~.~ 7Am7US‘l,... 7ka) H/[N(C)

<£41Hp,(,d) (7L(s1)7...,7t(s1c))‘c G)Hq.(fd) (“1»~~~va(51:1)am)Hﬂ
iHPEd)(USI, Usk)\ Hq, (A1 A<sk>>HlﬁN(©+§
< dil P (ls1)s- 2| o
(Jo et = )] )

- Hp, 517 Usk)

‘.///Nm)

1
. ‘qﬁ'd) (Al’ o ’Ag’fk)> H///N(C) t3

Finally, note that Hq (Ah ,A(S")> H < HCI(,'d) (al,...,a(s,zl)am)Hd—l— 1
for n sufficiently large, so define (

= D
- e {3 70 v}

and use Claims 1 and 2 with a larger n if necessary, to obtain, for all 1 <d < D and
1<j<J,

My (C)

D
g’ H (aI» Ol(slzl)am)

Hélﬁ-d)(al,...,a(s,zl)am H —qu (Ah ’A(Sk)>H,/zN<C)<3iM’ "
Hp;d)(/l(sl),,,,7/1(sk)) —Hpj Uspy---,Us) ‘,///N(C)<ﬁ~ O

REMARK. Every discrete group is the inductive limit of its finitely generated sub-
groups. In particular, a discrete maximally almost periodic group is the inductive limit
of its residually finite subgroups. Moreover, the inductive limit of MF algebras is an
MF algebra. Therefore, Theorem 8 remains true if one assumes G to be any discrete
countable amenable residually finite group, and can be extended to all discrete count-
able amenable maximally almost periodic groups whose finitely generated subgroups
satisfy the approximate periodicity condition. One could also assume that <7 is sepa-
rable, rather than finitely generated, because of Theorem 6.
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Examples

We may now use this result to construct more exotic examples of crossed product
C* -algebras whose BDF Ext semigroup is not a group.

EXAMPLE 2. Consider the integer Heisenberg group, which can be defined ab-
stractly as

H= <svt‘ [[SJLS} ) [[S»I]JD'

or in a concrete way, as the subgroup of SL3(Z) generated by

110 100 101
s=[010]) andz=[011] ,withu=[s,/]=s'lsr=[010
001 001 001

Every element of H can be uniquely written in the form s’¢/u™, for k,l.m € Z. The
sets

n n
K, = {sktlum : —3 <k,l,m< 5}

have subsets F, = {s*'u™ : —/5 <kl<./5,—5%<m<}} that form a Fglner se-
quence, and if we define L, = (s",",u") then H = K, L, is a tiling for every n > 1.
Indeed, L, is normal since

(Sktlum) (Snptnqunr) (Skllum)71 _ Snptnqun(rJqufpl) €L,

n

and for any k,l,m € Z, one can find unique —4§ < k',I',m" <% and p,q,r € Z, such
that
! ! ! 1! !
sktlum _ SkJJrnptl +ng, m +n(r—pl') _ (Sk ll " ) (Snptnqunr) € K,L,.

Assume now that <7 is a unital finitely generated non-quasidiagonal MF algebra
(e.g. o =C}(FF,)) and let an action o : H — Aut (/) be induced by a(s)a = o/(t)a =
e*™ g where a € o/ and 0 < 6 < 1. Consider a positive integer n with the property
that n6 approximates an integer. Then o is approximately periodic on L, N F,K, K !.
It follows that (7, H, ) satisfies the conditions of Theorem 8, and thus the crossed
product <7 x4 H is a non-quasidiagonal MF algebra, therefore its Ext semigroup fails
to be a group.

EXAMPLE 3. Consider the Lamplighter group, which can be defined abstractly as
A= (s,t]s*, [t/st ™ dlst ™! jl € Z).

or otherwise, as the semidirect product (EBZ Zz) X 7, where the action is by shifting
the copies of Z, along Z. By denoting #/st/ = s;, we may write each element of A
uniquely as s, s, -+ -5;,t/0 with j; < jo <--- < ji and jo in Z. Let

Fh=Ky= {Slejz"'Sjktm Ty <S5 Ty < << <UkS g
The Fglner condition follows immediately from F,s = F,, and |F,AF,t| =2|F,|/n. Let
L, be the subgroup of A generated by ¢" and s;s;, forall —5 < j < 5. Note that

ogkgn}
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L, contains all elements s;s; with [ — j divisible by 7, and in fact, L, is normalin A,
since, for sj,5;,-++5;,t%0 € A and s;,51, -+ 5,10 € L,,, we have

. .|
LG g )0 lo g ea.gs 1O
(SJISJZ Sjit ) (Sllslz St ) (SJISJZ Sjil )

— (q¢. ¢ N . . +lo
- (SJISJI‘HO) (SJkSJkHO) <S11+Joslz+10 Skt jot )

whichisin L, . Moreover, A = K L, is atiling forevery n > 1, since any s;,5j, s jktj‘)
€ A can be decomposed into

o . g Jo—ro
(Sflsrz Srl )(Srl—ro Srm—roSj1—ro Sjp—rol )EKHL"

with 0 <m <k<n, —% < FQ, Ly T < %, Jo — ro divisible by n, and the cardinality
of the set (¢c+nZ)N{ri,...,Tm,ji,--.,Jjr} to be an even number (or zero) for each
c=1,...,n. To verify the uniquess of such a decomposition, one can easily compute
that K, 'K, NL, = {e} forall n> 1.

Having studied the group in detail, let us now consider .« to be any unital finitely
generated non-quasidiagonal MF algebra and let an action o : A — Aut(</) be induced
by a(s)a =a*,and o(t)a = e*™%a where a € o7 and 0 < 6 < 1. Again, for a positive
integer n with the property that n6 approximates an integer, o is approximately peri-
odic on L, NK,K,K, . It follows that (<7, A, &) satisfies the conditions of Theorem 8,
and thus the crossed product .27 X 4 A is a non-quasidiagonal MF algebra, hence its Ext
semigroup is not a group.
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