oerators
nd
atrices
Volume 10, Number 4 (2016), 1009-1042 "doi:10.7153/0am-10-57

THE ELLIS-GOHBERG INVERSE PROBLEM FOR
MATRIX-VALUED WIENER FUNCTIONS ON THE LINE

M. A. KAASHOEK AND F. VAN SCHAGEN

In memory of Leiba Rodman

(Communicated by I. M. Spitkovsky)

Abstract. This paper deals with the Ellis-Gohberg inverse problem for matrix-valued Wiener
functions on the line, instead of on the circle, as was done in [4] for scalar functions and in [14]
for matrix-valued functions. The problem is reduced to a linear finite matrix equation of which
the right hand side is described explicitly in terms of one of the given functions. The results
obtained parallel and extend those derived in [14] for Wiener functions on the circle. Special
attention is paid to the case when the given functions are Fourier transforms of functions of finite
support. In the final section the results are specified further for the case when the given functions
are rational matrix functions.

1. Introduction

In the present paper we deal with an inverse problem for orthogonal functions
related to the Nehari problem. These orthogonal functions have been introduced by R.
L. Ellis and I. Gohberg in [4] where a continuous infinite analogue of Krein’s theorem
[15] is proved. The discrete analogue of the inverse problem we shall be dealing with
was solved for the scalar case in [4] and for various classes of matrix-valued functions
in [14].

To state the problem we need some notation. Throughout C"™*¢ denotes the linear
space of all r x s matrices with complex entries and L!(R)"** denotes the space of all
r x s matrices of which the entries are Lebesgue integrable functions on the real line
R. For f € L'(R)™ put

(Fh)A) = [ e M f(ydi and (Jf)(A)=f(=2) (LER).
Thus .# is the classical Fourier transform and J is just a flip over operator. In what
follows we write .%’ for the operator J.Z . Since .7 is the classical Fourier transform,
we have

F(f*g)=(F' f)(F'g), feL'R)™, geL'(R)>™, (1.1)
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where f* g is the convolution product of f and g.
Next we define the Wiener space #"**, as follows:

WFXS — W_r>(<)s _|_ Wer.Y + WJ:)(()S

Here 7/’ = Z'L (R4 )™ and #"* = F'L'(R_)™*, where Ry =[0,00) and R_ =
(—e0,0], and %, is the space consisting of all constant r x s matrix functions on R.
It follows that @ € #"** decomposes in a unique way as @ = @, o+ @z + ¢_ o, where

@r0€ F'LY(Ry)™ and @y is a constant r X s matrix function. Finally, for ¢ € #7**
we define ¢@* by ¢*(A) = @(A)* for A € R.

The main problem. Let o € e+ %" (” and y € #9(”. Here e is the p x p matrix
function identically equal to the p x p identity matrix. Thus

a(d) = ,,+/ éMa(t)di, wherea € L (R, )P*?, (1.2)
0
0

y(A) = /ﬂcemc(t)dt where ¢ € L' (R_)7*P. (1.3)

We say that g € #.7 (7 is a solution to the EG inverse problem associated with o and
v if the following two inclusions are satisfied:

o+gy—ec WP’ and gratye . (1.4)

To understand better the conditions in (1.4) we take inverse Fourier transforms in
(1.4). As a first step write g = .Z'k, where k € L'(R;)P*9, put k*(t) = k(—t)* for
t < 0, and next consider the Hankel operators G and G, defined by

G:LY(R_ )7 — LY(R,)?, (Gf)(t):/_owk(t—s)f(s)ds, t>0; (1.5)

G, L' (R,)" — L'(R_), (G*h)(t):/()Nk*(t—s)h(s)ds, £ <0. (1.6)

Here L'(R.)" = L'(R.)"™!. Using these Hankel operators, the definitions of ¢ and y
in (1.2) and (1.3), respectively, and taking inverse Fourier transforms in (1.4) one sees
that the inclusions in (1.4) are equivalent to
0
= . (1.7)
—k

Thus the EG inverse problem associated with o and y can be reformulated as follows.
Given a € L' (R, )P*? and ¢ € L'(R_)?*, find k € L' (R, )P*? such that the identity
(1.7) is satisfied, where G and G, are the Hankel operators defined by (1.5) and (1.6),
respectively.

The following lemma presents a necessary condition for the EG inverse problem
to be solvable.

I G
G, I
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LEMMA 1.1. Ifthe EG inverse problem associated with o and y has a solution,
then the following condition is satisfied:

(1) a(A) a(d) — y(A)Y(A) =1, for each A € R.

The above result is due to R. L. Ellis and 1. Gohberg, see formula (2.5) in [5,
Section 12.2]. The analogous identity for functions on the unit circle is older; see
[4, formula (1.7)] which deals with scalar functions and [6, formula (2.5)] for matrix-
valued functions. For various generalizations, including an abstract version in a band
method setting, we refer to [3], [12], and [13]. For the sake of completeness we present
the proof.

Proof. Let g € Wf (X) 7 be a solution of the EG inverse problem. Thus g satisfies

(1.4) which tells us that a+gy=e+ &, and o*g+y* = & where & and &, are both
in 777 It follows that

ao—yy=a(atgy) —(g+y)y=a"(e+&)—&y=
:e+(a*—e)+(x*§1—€2y€ 6+Wf5p.

Since (a* o —y*y)* = o* o — y*y, we obtain
o=y yeE e+ W) N (e+ L"),

Therefore a*a — y*y = e, and (C1) is proved. [

Already in the scalar case simple examples show that condition (C1) is not suffi-
cient. In fact, as we shall see (Theorem 4.1 in Section 4 below) in the scalar case the
EG inverse problem associated with o and 7 is solvable if and only if condition (C1)
is satisfied and the functions o and y* have no common zero in the open upper half
plane. This result is the continuous analogue of Theorem 4.1 in [4]. For the square
matrix case, i.e., when p = g, we prove the following continuous analogue of Theorem
1.1in [14].

THEOREM 1.2. Assume p = q. The EG inverse problem associated with o and
Y is solvable and the solution is unique if and only if condition (C1) is satisfied and the
Sfunctions deta and dety* have no common zero in the open upper half plane.

The latter result is not true without the additional uniqueness requirement, that is,
it may happen that the EG inverse problem associated with & and 7 is solvable while
detor and dety* have common zeros. In that case the number of solutions is infinite;
see for instance Example 3.8.

Contents. The paper consists of six sections and an appendix, the first section being
the present introduction. Section 2 presents a number of auxiliary results using the fact
that condition (C1) in Lemma 1.1 above implies that a(A)*o/(A) is positive definite
for each A € R and is equal to the p x p identity matrix for A = co. Our main results
are presented in Sections 3, 4, and 5. In Section 3 we reduce the EG inverse problem to
a linear matrix equation, we present formulas for all solutions whenever the problem is
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solvable, and we prove the results referred to in the previous paragraph, including The-
orem 1.2. Section 4 deals with uniqueness of the solution mainly for the scalar case. In
Section 5 we assume that the functions a and ¢ appearing in (1.2) and (1.3) have finite
support, and we show that in that case condition (C1) is necessary and sufficient for
the EG inverse problem to be solvable. Moreover, if the functions a and ¢ appearing
in (1.2) and (1.3) have finite support and condition (C1) is satisfied, then there exists
precisely one solution g =.%"k to the EG-inverse problem such that k has finite sup-
port. In Section 6, using elements of mathematical system theory, the results of Section
3 are specified further for the case when o and 7y are rational matrix functions. The
appendix Section A presents three auxiliary results that are used in proofs appearing in
Sections 2, 3, and 5.

Notation and terminology. By C_. we denote the open upper half plane. A linear
operator from C* to C” is identified with its matrix with respect to the standard bases
of C* and C". For a matrix A € C"™ the set of eigenvalues of A is denoted by c(A).
Standard terminology from elementary mathematical systems theory, like realization,
minimal realization, controllability and observability, is used without further explana-
tion. For these and related items, see, e.g., [1, Sections 2.1, 2.2 and 8.1], [2, Chapters
4,5 and 7], [11, Sections 3.1, 3.2 and 3.3] and/or [20, Section 6.5]). Given a and ¢
as in (1.2) and (1.3) the functions ¢* and ¢* are defined by a*(r) = a(—1)*, <0 and
c*(t) = c(—1)*, t > 0. Thus a* € L'(R_)"*P and ¢* € L'(R)P*9. Moreover, for
A € R we have

_,,+/ Ma*(1)di and y*(?L):/ M () di, A ER.
0

By definition T, and T, are the Wiener-Hopf operators acting on L!(R)? defined
by o and o, respectively, that is, for each f € L! (R4)? we have

(Taf)(x +/ (t—s)f 0<1 <o, (1.8)

(T f) +/ (t—s)f(s)ds, 0<1t<eo. (1.9)

2. Preliminaries

Let o € e+ Wf o7, and assume that deta(1) # 0 for each A € R, or equivalently,
assume that
wA) = a*(M)a(h) >0, A€R. @.1)

Note that the positivity condition (2.1) is automatically fulfilled when there exists y €
#? P such that condition (C1) is satisfied. Indeed, in that case

wd) = a*(A)a(A) =L+ 7 (A)y(A) >1,, A€ER. 2.2)

Let w be given by (2.1). Note that w € #P*P and the value of w at infinity is
equal to the p x p identity matrix /,. Since w(A) is positive definite for each real A
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and at infinity, w admits a spectral factorization (see, e.g., [9, Corollary XXX.10.3]),

thatis, w = wgpwsp , where

wsp € WL =W LSPEH )P and  detwgy(A) #0 (A €Cy). (2.3)

Without loss of generality we may assume that wgy(eo) = 1,. In that case wy, is
uniquely determined by o. If the normalization condition wg,(ee) = 1, is satisfied,
we call wy, the right spectral factor of w.

In the sequel, with some abuse of terminology, a matrix function © is called bi-
innerin WP if © € w7, the matrix ©(1) is unitary for each A € R, and ©(0) =
I, . In particular,

O(1) = p+/ ¢*0(r)dr, where 6 € L'(R,.)P*P and A € R. (2.4)
0
The next lemma shows that such a function always is rational.

LEMMA 2.1. If a matrix function is bi-inner in fol’, then the function is ratio-
nal.

Proof. Assume © is a matrix function which is bi-inner in #/”(”. Let T be the
Wiener-Hopf operator on L?(RR, )? defined by ©, that is

(Tof)(z +/9t—s 0<1 <o,

where 6 is given by (2.4). Since ©(A) is unitary for each A € R and O(ee) =1,,, it
follows (see, e.g., [9, Theorem XXX10.2]) that Tg is a Fredholm operator. In particular,
Im7Tg, the range of Ty, is closed and codimIm 7g is finite. Furthermore,

ToTo = To:To = Tore = Ij2(r -

Thus Tg is an isometry with codimIm7g finite. But then it follows that the operator
Inpw, )y — ToTg is a finite rank orthogonal projection. On the other hand (see [8, Sec-
tion XII.2]) we have Ipw oy — ToTg = HeoH¢, where Hg is the Hankel operator on

L?*(R.)? defined by O, that is,
(Hof)(t / 0(t+s)f 0<r <o (fel*(R.)P). (2.5)

Here, as before, O is defined by (2.4). It follows that rank Hg < e=. But then we can
apply [19, Lemma 8.12] to conclude that © is a rational function. [

PROPOSITION 2.2. Let 0 € e+ Wfép, and assume that condition (2.1) is sat-
isfied. Then o = Owyy, where wy, is the right spectral factor of w in (2.1) and the
function © is bi-inner in 7/1’ P and is uniquely determined by o.. In particular, © is

rational.
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Proof. Since wy,, is the right spectral factor of w, we have
a(A)a(A) =w(h) =we(A)wsp(A), A ER.

It follows that ws’p*(l)a*(l)a(k)ws’pl (A) =1, for A € R. Now let © be the p x p
matrix function on R defined by ©(4) = a(A)wg,'(A). Then © € #/*" and o =
Owgp . Furthermore, ©*(A1)O(4) =1, on R and O(e) =1,. Hence O is bi-inner in
Wf “P_ The uniqueness of © follows from the identity © = ch;p1 and the fact that
wsp is uniquely determined by o because of the normalization condition wgp(eo) =1,.

Finally, by Lemma 2.1, since O is bi-inner in Wf *P the function © is rational. [

Let ye #7 . Then there are many functions o € e+ #.”;” such that condition
(C1) is satisfied. In fact, Proposition 2.2 provides a recipe to construct all these o
which yields the following corollary.

COROLLARY 2.3. Given y € #I.P, put w= e+ vy, and let Wsp be the right
spectral factor of w. Then o € e+ Wfsp satisfies condition (C1) with the given 7y if
and only if o0 = Owyp,, where © is any function bi-inner in Wf”’. In particular, if y is

rational, then any o € e+ Wf SP satisfying condition (C1) with the given 7y is rational
too.

Proof. Assume that ¢ satisfies condition (C1). Then by identity (2.2) the function
wgp 1s the spectral factor of w as in (2.1). Hence Proposition 2.2 tells us that there
exists a bi-inner function © such that oc = ©wyp. The proof of the converse is straight
forward.

Furthermore, if Y is rational, then w is rational and hence the spectral factor is
rational too (see for instance Proposition 6.1 below). Therefore or = Owy, is also ratio-
nal. [

Let o € e+ Wﬁ o7, and assume that condition (2.1) is satisfied. As in Proposition
2.2 write o as & = Owygp, Where wyp, is the right spectral factor of w in (2.1). We shall

refer to © as the bi-inner function in WP associated to . Since © is rational and
O(e0) =1,, we may assume that © is given by a minimal realization

O(A)=1,+C(Al,—A)"'B. (2.6)

The minimality of the realization and the fact that © € %7 imply that the n x n
matrix A has all its eigenvalues in the open lower half plane C_ .

PROPOSITION 2.4. Let ot € e+ Wf(x)p, and assume that condition (2.1) is satis-

fied. Then v € ”‘//ﬁgq and oy € 7/_”73'{ if and only if

w(A) =C(AL,—A)"'X  for some unique X € C", 2.7)
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Here A and C are the matrices A and C appearing in the minimal realization (2.6) of
the rational bi-inner function ©. Furthermore, X is given by

. 1 —1 *
X=so /F (uh,—A)"1B(O"y) (1) du, 2.8)

where T is a Cauchy contour in C_ around the eigenvalues of A.

For the definition of a Cauchy contour see [8, page 6]. This definition includes
that a Cauchy contour is positively oriented.
Proof. First notice that oy = wi,©"y. Since wg, and wg," both belong to

WP P we see that a*y € w77 if and only if ©@*y € #7 . Hence it suffices to
prove the proposition for © in place of o.
Assume y € #(% and ©*y € #"(?. Put p =©*y. Then p € # and

Op =y e #/;?. Using the realization (2.6) we see that
W) =O(A)p(A) = p(A)+C(Al—A)'Bp(A), AcR. (2.9)

Put p(A) = (AL, —A)"'Bp(A). Since p € #"( and y € W[, the identity (2.9)
tells us that
V=1(C9)+o=Cop.

Next, applying Lemma A.1 with this choice of p and ¢, we obtain (2.7) with X being
given by (2.8).

The uniqueness statement in (2.7) follows from the fact that the pair {C,A} is
observable which follows from the fact that the realization (2.6) is minimal.

To prove the converse statement, assume that y is given by (2.7). Recall that
the eigenvalues of A are in C_. Thus indeed y € #/?. Using ©* =©! and the
realization (2.6), we see that

0*(M)=0Ar)' =1,-C(AL,—A*)"'B,
where A* =A—BCand A € R. (2.10)

Since the realization (2.6) is minimal, the same holds true for the realization in (2.10).
But then, using ©* € V/f’_ oP we may conclude that the eigenvalues of A* are in C, .
Next, using a classical product formula (see, e.g., Theorem 2.4 in [1]), we obtain

(©*y)(A) = (I, - C(AL,—A*)"'B)C(AL, — A)"'X
=C(AL, —A) "X,

and the fact that the eigenvalues of A* are in C, implies @y € #[? asdesired. [

REMARK 2.5. Let T, be the Wiener-Hopf operator on L! (R )? defined by o*
(see (1.9)). The first part of Proposition 2.4 is equivalent to the statement that

Ker Ty = {f | f(t) =Ce ™x, xeC" (r>0)}.
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To see this, notice that Ty f = 0 if and only if (o*.%'(f)), = 0. With y = .7'(f)
this means that y € Wf (X) ! and oafyew? (X) ' So according to Proposition 2.4 this is

equivalent to y(A) = C(A1, —A)~Ix for some x € C". But v =.Z'(f) has this form
if and only if f(t) = Ce~™x for some x € C".

PROPOSITION 2.6. Let ox € e+ Wf(x)p, and assume that condition (2.1) is satis-
fied. Let A, B and C be the matrices appearing in the minimal realization (2.6) of the
rational bi-inner function ©. Then

(a%), o(2) =C(AL—A)"'B, 2.11)

with B € C"™P given by

~ 1 —1 —x
B= 5= [ (ut =) By (W) du, (2.12)
where T is a Cauchy contour in C_ around the eigenvalues of A. Moreover, the
realization (2.11) is minimal.

Proof. Let (1) = (A, —A)‘les‘p*(M for A in the closed lower half plane. We
apply Lemma A.1 with k =m = p and p = wg,". Since wy,* € #/7", the same holds
true for p. Thus @4 o(1) = (AL, —A)~'B with B given by (2.12). Furthermore,

o (A) =O(A)wg (A) =wi (A) + C(AL, — A) ™' Bwg (),
and hence (a_*)+70 (A) =Coy(A), which proves (2.11).

It remains to show that the realization (2.11) is minimal. The pair (C,A) is ob-
servable. So we only have to prove that the pair (A,B) is controllable. Let A, be an
eigenvalue of A, and let x be such that x*A = A.x* and x*B = 0. According to the
so-called Hautus test (see [20, Lemma 3.3.7], [1 1, Theorem 3.2.3]), in order to prove
that (A, B) is controllable, it is sufficient to prove that x = 0. Using formula (2.11) we
obtain

= *N—L * _ A1 —* _i 1T -1 —%
0=x'B =5 [ 5" (ul—A) By, () du = 5 [ " (u=A0)" By, (w)du

_ B </r(“ - Ao)—lw;p*(mdu) = Bwy (A

But wg,"(4o) is an invertible matrix. We conclude that x*B = 0. Since x"A = Aox"
and the pair (A,B) is controllable, it follows (using [20, Lemma 3.3.7] again) that
x=0. 0O

Minimal realizations of (o !)_. Let o € e+ Wf SP , and assume that condition
(2.1) is satisfied. From Proposition 2.6 we know that the function (e~ !)_  is a strictly
proper rational matrix function. In what follows we shall assume that (e~ 1)_  is given

by the minimal realization:

(- o(A)=Ci (AL, —AL) 'Bs. (2.13)



ELLIS-GOHBERG INVERSE PROBLEM ON THE LINE 1017

In that case we can apply the dual version of [10, Theorem A.5.3], in particular, the
second part of this theorem, to show that the pair of matrices (A4 ,B.) is a left null
pair of o with respect to C,.. By the dual version of [10, Theorem A.5.1] the latter
property is equivalent to (A ,B.) satisfying the following three conditions:

(a) Ay is a square matrix which has all its eigenvalues in C, and the order n; of
Ay is equal to the sum of the multiplicities of the zeros of deteo(4) in C;

(b) B is a matrix of size ny x p and the pair (A1,B.) is controllable;
(©) (Aly, —A;)"'Bio(A) is analytic in C. .

Taking adjoints in (2.11) we see that a minimal realization of (ot~!)_ ¢ is also
given by

(™ _o(A) =B* (AL, —A*)"'C*. (2.14)

Here A and C are the matrices appearing in the minimal realization of © in (2.6), and

B is defined by (2.12). Since the right hand sides of (2.14) and (2.13) are minimal

realizations of the same function, these realizations are similar. It follows that n = ny
and there exists an invertible n x n matrix S such that

A, =8'A*s, C.=B'S, B,=S"Cc". (2.15)

These remarks will be useful in the next section.

3. First main results

In this section « € e+ Wff)p and y € #9;7, and we assume that condition (C1)
is satisfied. From the results of the previous section we know that detct(2) is non-
zero for A € R and at infinity, and the function (a’l),70 is rational. Furthermore, we
assume that (o~!)_ g is given by the minimal realization

(- o(A) =Ci (AL, —A+) 'Bs. (3.1)

Note that 7 can be zero. In that case (™ ')_ is identically zero, and the latter
happens if and only if detor has no zeros in C.. In fact, see item (a) in the one
but last paragraph of the previous section, the integer n is equal to the number of
zeros (multiplicities taken into account) of detor in C. We shall prove the following
theorems.

THEOREM 3.1. Let o € e+ Wfé” and y € 7/_‘131’, and assume that condition
(C1) is satisfied. If deta. has no zeros in Cy, then the EG inverse problem asso-
ciated with o and 7y is uniquely solvable, and the unique solution g is given by

§=—(0"Y)+.

THEOREM 3.2. Let ot € e + Wf(x)p and y € Wfép, and assume that condition
(C1) is satisfied. Assume that deto has zeros in C, and let (06_1) _ o be given by the
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minimal realization (3.1). Then the EG inverse problem associated with o. and 7y has
a solution if and only if there exists a q X n matrix Y such that

1 . -
2—m,/ry (MY (AL, —AL)"HdA = —C,. (3.2)

Here T is a Cauchy contour in C such that all the eigenvalues of A+ are in the
inner domain of I". Furthermore, in that case all solutions to the EG inverse problem
associated with o and 7y are given by

g(A) = —(a "y )+(A) + B (A, —AL)'Y*, SA >0, (33)
where Y is an arbitrary q X ny matrix satisfying (3.2).

In the sequel we denote by J the linear map from C4*"+ into CP*"+ defined by
1
J(X) = — / V(XML —Ay)"'dA, X eCrn (3.4)
2wi Jr
where T" is a Cauchy contour in C_ around the eigenvalues of A .

THEOREM 3.3. Let o € e + Wfé” and y € 7/_‘131’, and assume that condition
(C1) is satisfied. Assume that deto has zeros in Cy, and let (0671)_.0 be given by

the minimal realization (3.1). If, in addition, p = q, then the following conditions are
equivalent:

(1) the EG inverse problem associated with o and 7y is uniquely solvable;
(i) the transformation J defined by (3.4) is invertible;
(iii) deto and dety* have no common zero in C. .

In order to prove the above theorems we first prove the following lemma.

LEMMA 3.4. Let o € e+ Wf_gp and y € WP and assume that condition (C1)
is satisfied. Then all g € Wf éq satisfying the second inclusion in (1.4) are given by

g=—(0""Y) L + v, where Wey/ﬁéq and a*we“//ﬁéq. (3.5)
Furthermore, in that case

(a+gy—e)r= (o )0+ (WY)+os (3.6)
(e (a+gy—e)+), =0, 3.7

and g satifies the first condition in (1.4) if and only if

(Wy)+0=—(a" )10 (3.8)
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Proof. We split the proof into three parts.
PART 1. In this part we show that all g € ”‘//f (X)q satisfying the second inclusion in
(1.4) are given by (3.5). Put § = —(a’*)f*)+.’ Note that g € V/ﬁgq. Furthermore,
gF=—(yo ) =—ya '+ (ya*1)+70. But then

Faty=(ra '), qae VIV =W

Thus the second inclusion in (1.4) holds with g in place of g.
Next, assume that g € Wf (X) 7 satisfies the second inclusion in (1.4). We claim that

(3.5) holds with y =g — g. Clearly y € %/ (9. Furthermore,
oy =0a(g—8 = (a"g+y)—(a"g+v) e WG

Hence oy € #”(%, and (3.5) is proved.

Conversely, let g be given by (3.5). Thus g = g+ v, with y € #/7(¥ and oy €
wr 0. Since both g and y belong to Wff)p , the same holds true for g. From the first
part of the proof we know that §*a+7y € Wff)p . Thus

glaty=ga-gat+(@aty)=(a"y) +(@aty)

qxp qxp __ qxp
e”‘//ﬂ) +”‘//+70 _”‘//H) .

Hence g satisfies the second inclusion in (1.4).

PART 2. In this part g € Wf_(x)p , and we assume that g satisfies the second inclusion in
(1.4). Thus g is given by (3.5). As in the first part, § = — (ot *y*) . Note that

* q K

atgy—e=a—(a"y)iy—e
=a—(a "y )y+(a@ Y )-oy—e
=a—o (Y +(a Y )-oy—e

=a—a (a'a—e)+ (o "y )_oy—e
=a " —e+ (Y07,
and that (o %) oy € #/"§”. Hence

—x

(a+gy—e)y=(a " —e)r=(a")+o.
Furthermore, using a+gy—e = (o +gy—e¢)+ (g —2)y and v = g — g we see that
(@+gy—e)s = (@ )ro+ Wy = (@ )ro+ (WY)ro

Recall that g satisfies the first inclusion in (1.4) if and only if (ot +gy—e)+ = 0.
According the preceding formula the latter happens if and only if (3.8) holds.
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PART 3. It remains to prove (3.7). Put ¢ = (ot + gy — ¢)4. We use equality (3.6) in

op=a (a7 —e—(a ) o)+ (wy—(yy)-0)
=(e—a")—o (o) o+ (a"y)y—a*(yy)-p-

Now notice that all four terms in the right hand side of the above expression are in
w7 We conclude that (a*¢), =0. O

Proof of Theorem 3.1. In PART 1 of the proof of Lemma 3.4 we proved that g
satisfies the second conclusion in (1.4). In PART 2 we showed that

a+gy—e=o " —e+ (a_*jfk)_’oy.

Since deto hasno zeroin C , we know that (™" —e), =0, and since (& *y")_ 7€

WP, we conclude that o+ gy —e € #(”, i.e., also the first inclusion in (1.4)
holds. It remains to show that g is the only solution. All solutions are of the form
g+ with y € #(? such that o*y € #"". Since o * € #*", we see that

Y=o (a*y) € #P*, and therefore y =0. [

Proof of Theorem 3.2. We split the proof into two parts. Throughout condition
(C1) is satisfied.

PART 1. In this first part g is a solution to the EG inverse problem associated with
o and y. Since condition (C1) is satisfied, we know from Lemma 3.4 that g =
—(0*Y")4 + w for some y € #{ (7 such that oy € # ;7. But then we can apply
Proposition 2.4 to show that y(1) = C(Al, —A)~'X for some X € C"*4. Here A and
C are the matrices appearing in the minimal realization (2.6). Hence, using Proposition
2.6, the matrices A and C also appear in the minimal realization (2.11) of (ot™*)4 0.
But then we know from the final paragraph of the previous section that the pair of ma-
trices (C,A) is similar to the pair (B ,A" ). More precisely, (2.15) tells us that with §
as in (2.15), we have
A=STALS", C=B.S" (3.9)
It follows that
v(A) =C(AL, —A)'X =B (AL, —A%}) 'Y, (3.10)

where Y = X*S. Thus (3.3) is satisfied with Y = X*S.

So far we only used that g satisfies the second inclusion in (1.4). But, by assump-
tion, g also satisfies the first inclusion in (1.4), and thus, using the final part of Lemma
3.4, we see that (yy)4 0= —(0" ") 0. Taking adjoints and using (2.14) we obtain

(Y'y*)_o(A) = —C(AL,, —AL) "By, 31 <0. (3.11)

On the other hand, by taking adjoints in (3.10), we know that y* is given by y*(1) =
Y(AL,, —A;)"'B;. We proceed by applying Lemma A.2 with p = y* and @(1) =
Y (MY (AL, —A4)~". This yields

(Y'v")-0(A) = (9 0)(A)By =X (AL, —A;)"'B,, S <0,
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where
1
X=— [y Y (AL, —A,) " dA. 3.12
T RACICYIE Y (3.12)
Comparing (3.11) and (3.12) we see that
X(AlLy, —A) By = —Cy (AL, —Ay) "By, 31 <0.

The fact that the pair (A4,B.) is controllable implies that X = —C, , and hence there
exists a ¢ X ny matrix Y such that (3.2) holds.

PART 2. It remains to prove the reverse implication. Let ¥ be a g X n matrix such
that (3.2) holds. Define g by (3.3), where Y is given by (3.2). Put

v(d) =B (AL, —A%) 'Y, SA>0. (3.13)

Then y € #!?. Using the similarity in (3.9) and Proposition 2.4 we see that oy €

7/_” Sq . Thus by the first part of Lemma 3.4 the function g satisfies the second inclusion
in (1.4).

According to the final part of Lemma 3.4, in order to show that g satisfies the
first inclusion (1.4) it suffices to show that (3.8) holds. But this follows by applying
Lemma A.2 and using (3.2). Indeed, put p = 7", and let ¢ be defined by ¢(1) =
Y (MY (AL, —Ay)~!, where Y is given by (3.2). Then, by Lemma A.2 and using
(2.14), we have

(Y ¥)-0(2) = (9p-0)(A)Bs = —Cy (AL, —A4) By
— —(a)_o(A).

Taking adjoints yields (3.8). Hence g also satisfies the first inclusion (1.4), and there-
fore g is a solution of the EG inverse problem. [J

We proceed with proving Theorem 3.3. Since p = g, the transformation J defined
by (3.4) is invertible if and only if J is surjective or if and only if J is injective. Us-
ing this observation, the equivalence of items (i) and (ii) in Theorem 3.3 immediately
follows from Theorem 3.2. The main difficulty is to prove the equivalence of items (ii)
and (iii). To do this we first prove two auxiliary results.

In what follows 1 € #// “9 and A is an n x n matrix whose eigenvalues are all in
C4. We shall deal with the linear map J;, defined by

R

Tn(X) = %/Fn(l)x()tln—A)*ldk, X € Con, (3.14)

Here T is a Cauchy contour in C; around o(A). We are interested in the equation
Jn(X) =Y where Y € CP*".
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For 1 <i<pand 1< j<qlet n;(A) be the (ij)-th entry of the matrix function
N(A), where SA > 0. In other words

Ni(A) Ma(d) - my(A)
M21(A) Mu(d) -~ my(R)

na)=| . |, sazxo. (3.15)
Np1(A) Np2(A) -+ Mpg(A)

Let X € C" and Y € CP*", and let X; be the i-th row of X and let Y; the j-th row
of Y, 1<i<qand 1 <j< p.Thus we partition X and Y as follows

Xi Y
X, v

X=1 [, Y=| |, where X;,Y; : C" — C.
Xq Yy

Note that the function 7;; is analytic on C . Since o(A) C C,., we can use the classi-
cal functional calculus (see, e.g., in [8, Section 1.3]), to define the n X n matrix 7;; (A)
forI<i<pand 1 <j<gq.

LEMMA 3.5. We claim that Jy(X) =Y if and only if

Ni1(A) M1 (A) -+~ Np1(A)

M2(A) 122(A) - 7p2(A)
X1 Xy X, | o =My (3.16)

Nig(A) Mg(A) -+ Mpg(A)

Proof. Let Jy(X) =Y. Then (3.14) and (3.15) tell us that for A € C we have

j zn.l/(EnjV ) AI - )71dl7 j:l727"'7p

But 1;y(4) is a scalar function for each 1 < j < p, 1 <v <gq. Hence
v (W)Xy (Al = A) ™ = Xy (M)A —A) ™, 1< j<p, 1< v <.

Using the functional calculus it follows that

YJ: <élxv(ﬁ/rnlv(z’)(z’ln_14)ldA‘)) = ixvnjV(A>7 J: 1,2,,[)

v=1
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This proves (3.16). The converse is proved in a similar way reversing the direction of
the arguments. [J

Next, assume that p = ¢, and put A(A) =detn(A). Thus

Ze Mo)M) M) (A) - Npop)(d), SA=0. (3.17)

Here the sum is taken over all permutations ¢ of {1,2,...,p} and &(0) is the sign of
the permutation ¢. Note that the scalar function A(A) is analytic in C, and by the
functional calculus

Zs )Moy (A)M262)(A) - Npo(p)(A). (3.18)

LEMMA 3.6. Assume that p = q. Then the linear map Jy is one-to-one and
surjective if and only if detn has no zero on c(A).

Proof. Put
Ni1(A) M21(A) - Mpi(A)

Ni2(A) N2(A) -~ np(A)
rw=| (3.19)

Nip(A) Mp(A) -+ Mpp(A)

Using Lemma 3.5 we see that J;; is one-to-one and surjective if and only if the ma-
trix Y'(A) is non-singular. Notice that Y(A) is a p x p matrix with entries from the
commutative ring of matrices of the form 71(A) with n € #7””. Hence Y(A) is non-
singular over this ring if and only if its determinant over this ring, detY(A), given by
(see Proposition 4 on page 331 of [18])

detY(A 28 0)Mo(1)(A)M2e@2)(A) Npo(p)(A),

is invertible in the ring, i.e., is an invertible matrix. But (3.18) tells us that detY(A) =
A(A) and we see that Y(A) is invertible as a matrix with entries from C if and only if
the matrix A(A) is non-singular.

It remains to show that A(A) is non-singular if and only if A has no zero on
6(A). This follows from the spectral mapping theorem (see, e.g., [8, Theorem 1.3.3]).
Indeed, since A(A) =detn(A) by definition, the spectral mapping theorem tells us that
0(A(A)) isequal to A(c(A)). Thus 0 € 6(A(A)) if and only if A has a zero on 6(A).
This proves the lemma. [J]

Proof of Theorem 3.3. We already mentioned (see the paragraph after the proof
of Theorem 3.2) that items (i) and (ii) directly follow from Theorem 3.2. To prove the
equivalence of (ii) and (iii) we apply Lemma 3.6 with 1 = y* and A = A . Note that
y* € WP (recall that we assume that p = ¢) and the eigenvalues of A are in C . In
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this case J = J; and Lemma 3.6 shows that J is invertible if and only if dety* has no
zeroon 6(A;). Recall that A, is the state matrix appearing in the minimal realization
(2.14). According to item (a) in the one but last paragraph of Section 2 this implies that
the eigenvalues of A are the zeros of deta in C. We proved the equivalence of (ii)
and (iii). O

Next we present an example that will play a role in later sections too (see e.g.,
Examples 4.2 and 6.2).

EXAMPLE 3.7. Let Ag € C., and let M be a g X p matrix. Put

1
A)=—F+M. 3.20
Y(A)=5— " (3.20)
Clearly y€ #* (7. Choose a € e+ #." ;" such that condition (C1) is satisfied with the
given y. As we know from Corollary 2.3 there are many such o and they are rational.
For the chosen o and y the map J reduces to
JX) = Mx (= / (A E)fl (A, —A4)~'dA
N 2mi Jr " N

=MX(Ay— Aoy, )" (3.21)

Thus in this case the EG inverse problem associated with o and 7 is solvable if and
only if the matrix equation M*X = C (Ao, . —A,) has a solution. Here Ay and Cj
are determined by the minimal realization (3.1). Since the eigenvaluesof A4 arein C,
and Ao € C_, the matrix Agl, . — AL is invertible. Multiplying both sides of M*X =
Cy(Aol,, —AL) from the right by (Aol,, —A+)~! and taking adjoints we conclude that
the EG inverse problem associated with ¢ and 7 is solvable if and only if the equation
Y*M = C7 has a solution Y or, equivalently, if and only if KerM C KerCZ . In that
case all solutions to the EG inverse problem associated with & and y are given by

§00) = —(@ ) () +BL (AL, —A3) X, SAZ0,
where X is an arbitrary ny x g matrix such that XM = (Al,, —A* ) C7.

Theorem 3.3 states that for the case when p = ¢ the EG inverse problem associated
with o and y has a unique solution if and only if deto and dety” have no common
zero. If deto and dety* do have a common zero, then it can happen that the EG inverse
problem has no solution at all or infinitely many solutions. In fact, in the scalar case,
there is no solution if & and y* have a common zero (see Theorem 4.1). On the other
hand, Example 3.8 below provides a 2 x 2 matrix case with infinitely many solutions.

EXAMPLE 3.8. Let o0 € e+ Wfff and y € 7/_’{3’7 be given by

A—iv2 1 [10
a(x):[lg 1]’ ym:k—iloo]'
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For this choice of o and 7y condition (C1) is satisfied, and iv/2 is a common zero of
deta and dety*. Note that y is of the form (3.20) with M = diag|[1,0]. Furthermore,
(a~1)4 o is given by the minimal realization

(@ ald) = |o| A =vD) [0+ 2) 0]

Since Kerdiag[l,0] = Ker [1 O] , the result of Example 3.7 above shows that the EG
inverse problem has infinite many solutions which are given by

14+v2  A-—i

—1+V2 At ] , where x € C is a free parameter.
0 0

1
CA+iV2

The latter formula can also be checked by direct computation.

g(A)

Lemma 3.5 with 1 = y* allows us to rewrite equation (3.2) as

(r11)"(A+) -+ (np)"(A4)
My v : : =—[Ci1 - Cppl. (3.22)

()" (As) -+ () (As)

Here 7;; is the (7, j)-th entry of the g X p matrix y. Identity (3.22) yields the following
corollary to Theorem 3.2.

COROLLARY 3.9. With «, y, Ay and C+ as in Theorem 3.2, the EG inverse
problem associated with o and 7y has a solution if and only if equation (3.22) has a
solution.

Let us return to Example 3.7 and specify equation (3.22) for this case. This yields:

mit(As = Aol,) ™" - iy (As = Aol ) ™!

%) = [Cer o).

mgi(Ay —Aoln, )™ Mgp(As — ok, )"
(3.23)

Here 77;; denotes the complex conjugate of the (i, j)-th entry m;; of the matrix M.
Using elementary matrix multiplication rules one sees that the matrix equation (3.23) is
equivalent to the equation M*Y (A, — Ao, .)~!'= —C. appearing in Example 3.7. In
other words, the latter equation can be viewed as a special case of equation (3.22).

REMARK 3.10. The discrete analogue of the EG inverse problem treated in this
paper is considered in [14]. The discrete counterpart of Theorem 3.2 is [14, Theorem
4.5]. However Theorem 3.2 is more explicit than the corresponding result in [14].

REMARK 3.11. It would be interesting to find necessary and sufficient conditions
for equation (3.2) to be solvable in terms of the root functions of o and y* correspond-
ing to their zeros in C_ . For a number of special cases we have such conditions. See
Theorem 3.3 in the present section and Theorems 4.1, 4.3, and 5.1 below.
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4. More about uniqueness

In this section we present two additional results about uniqueness of solutions. We
first consider the case when the functions o and 7y are scalar, thatis, p =g = 1. The
following theorem is the continuous analogue of Theorem 4.1 in [4].

THEOREM 4.1. Assume p =q = 1. Then the EG inverse problem associated with
o and vy has a solution if and only if the following two conditions are satisfied:

(CDH oa(M)*a(A)—y(A)y(A) =1 foreach A € R;
(C2) the functions a and y* have no common zero in C.

Moreover, in that case the EG inverse problem is uniquely solvable and the unique
solution is given by

g(A)=—(a7*7"), (A) +B} (AL, —A%) ' yAa})~'ct, 4.1)

where Ay, B4+ and C are defined by (2.14).

Proof. We already know that condition (C1) is a necessary condition for the EG
inverse problem associated with ¢ and v to be solvable. Therefore, in what follows we
assume that (C1) is satisfied, and hence we can freely use the notations introduced in
the previous section.

In the case that & and ¥ are scalar functions we know from Theorem 3.3 that (C2)
implies that the EG inverse problem is solvable and that the solution is unique.

Next we prove that the condition (C2) also implies that this solution is given by
(4.1). In the present case with y a scalar function, the map J defined by (3.4) can be
considered as a linear operator on the finite dimensional space C"+ . Furthermore, since
6(A;) C C4 and y* is analytic on C,, the functional calculus (see [8, Section 1.3])
yields

_ 1 * —1 _ * ny
J(Y)—Yz—m/l_y(/l)(/lIm—AJr) A=Yy (AL), Y'eC™ . (42

The eigenvalues of Ay coincide with the zeros of o in C,. So condition (C2) is
satisfied if and only if y* has no zero on (A ). But then, using the spectral mapping
theorem (see [8, Theorem 1.3.3]), we conclude that

(C2) is satisfied <= 7"(A.) is invertible. 4.3)

In that case the solution Y, of J(Y) = Cy, i.e. the equation (3.2),is ¥, = C1y* (A, )"
and hence Y = (y*(A1)) " C} = y(A%)~'C% . Formula (4.1) now follows from (3.3).

We proved that the conditions (C1) and (C2) are sufficient for solvability of the
EG inverse problem associated with ¢« and y. Now assume that EG inverse problem
associated with o and 7 is solvable. We already know that this implies that condition
(C1) is satisfied and it remains to show that condition (C2) is satisfied. From Theorem
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3.2 we know that there exists a ¥ such that Yy(A% ) = J(Y) = —C,. Using the func-
tional calculus we know that that YAX y*(A}) = Yy*(A;)AX for each positive integer
k. It follows that

YA Y (AL) =Yy (AL)AL = —C A%, k=0,1,2,.... (4.4)

Since the realization in (2.14) is minimal, the pair (Cy,A;) is observable. Hence
Y*(A4) is injective and we conclude that the square matrix y*(A.) is invertible. But
then the equivalence in (4.3) tells us that (C2) is satisfied. This completes the proof. [

EXAMPLE 4.2. We illustrate Theorem 4.1 with the following choice of ¢ and 7y:

A—iV2 1

a(l) =

Condition (C1) is satisfied. Note that o has precisely one zeroin C , namely A =iv/2.
On the other hand, y has no zeros. It follows that condition (C2) in Theorem 4.1 is also
satisfied. Hence for o and 7y in (4.5) the EG inverse problem has a unique solution.
We use formula (4.1) to compute this solution. One verifies that

_i(1+V2)

=~ —C,(A-A,)"'By,
i +( +) By

(@™)-0(R)

with
Ay =iV2, B,=1, C,=i(1+V2).

Note that y(A*)~! = —i(1 + v/2). Hence we have

_ 2
Bk A ) e = —LEVEE
Furthermore G
—(@7Y)+(A) = m :

Adding the last two equalities shows that the unique solution g of the EG inverse prob-
lem is given by

g(A) = (a7 )+ (A) +BL (A - A yay) "t

_ 204+ V2)(AV2+i)

(A+i)(A+iV2) 0

Given this formula one can also verify directly that (1.4) is indeed satisfied. On the
other hand, it is not straightforward to guess that (4.6) gives the solution of the EG
inverse problem. Note that the present example can be viewed as a specification of
Example 3.7 in a scalar setting, namely, M = [1] and A9 =i.
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We conclude this section with a somewhat stronger version of Theorem 4.1 which
does not require p = g =1 butonly p = ¢ and which coincides with Theorem 4.1 when

p=q=1.
THEOREM 4.3. Let p = q. Partition C+ as follows:

Ci
Cin

9

Ci=| |, whereCy;:C" —=C, j=12,...p.

Cip

Assume that the pair (row (Cy1,...,Cyp) ydiag, (A4,... ,Ay)) is observable. Then
the EG inverse problem associated with o and 7y has a solution if and only if deta. and
dety* have no common zero, and in that case the solution is unique.

Proof. First assume that the EG inverse problem associated with ¢ and y has a
solution. According to Corollary 3.9 this implies that the equation (3.22) with g = p
has a solution. Since A, commutes with all (y;;)*(A4), we get that

(M) (A4) - (np)*(Ay)
A% - v,A% : : =—[Ci A% o cyp AR ] @)

(1p1)"(As) -+ (1pp) " (A)
for any k. So if Y(A4 )x =0, where Y(A.) is the second matrix in (4.7), then
[Cy A% - CppAR]x=0, k=0,1,2,....

Since we assumed that the pair (row (Cy 1,...,Cy ), diag, (A4,...,Ay)) is observ-
able, it follows that x = 0. We proved that Y(A4) is injective and, being square, is
non-singular. Again using Lemma 3.5 we conclude that the equation (3.2) has a unique
solution, and hence the EG inverse problem is uniquely solvable. Theorem 3.3 gives
that this is equivalent to deta and dety* having no common zero.

Conversely, assume that deta and dety* have no common zero. Then it fol-
lows from Theorem 3.3 that the EG inverse problem is solvable and that the solution is
unique. [

5. The case when « and c¢ have finite support

A function f € L'(R)™ is said to have finite support if there exists real numbers
7) < T such that f(r) =0 forall 7 & [1;, 72]. In this case we also say that the support
of f belongs to the interval |11, 2], and we write supp f C [71, T2]. The following the-
orem is the main result of this section. We view this theorem as the natural continuous
analogue of [14, Theorem 3.3] with the role of polynomials taken over by functions of
the form .#’ f with f a function with finite support.
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THEOREM 5.1. Let o and 7y be given by (1.2) and (1.3), respectively, and assume
that the corresponding functions a and ¢ have finite support. Then the EG inverse prob-
lem associated with o and vy is solvable if and only if the condition (C1) is satisfied.
Moreover; in that case there exists precisely one solution g = %'k to the EG inverse
problem such that k has finite support.

To prove the above theorem we need the following lemma and an additional lemma.

LEMMA 5.2. Let o be as in (1.2), and assume that a has finite support. Then
f €Ker Ty and f has finite support implies f = 0.

Proof. Assume that suppa and supp f are both contained in the finite interval
[0, 7] for some 7 > 0. Consider the direct sum decomposition

L'(Ry)P = L'([0,7])P+L' ([7,%0))". (5.1
Write Ty as a 2 x 2 block operator matrix relative to the decomposition (5.1), as
follows
AB| | L([0,7])? L'([0,1])”
Ta* = N 1 — 1 .
CD| |L([r,))? Li([t,e0))?

We claim that C =0 and A is invertible.

Take h € L'([0, 7])” . Note that supp a* C [—1,0]. It follows that the matrix a*(t —
s) = 0 whenever 0 < s <t. But then & € L'([0,7])? implies that (To+h)(t) = 0 for
t > 7, and hence C = 0. Next, setting a(r) = 0 for 1 < 0 or, equivalently, setting
a*(t) =0 for r > 0, we see that the operator A is given by

(AR)(E) = h(r) + /0 "a(t—$)h(s)ds, 0<r<T. (5.2)

Thus we can apply Lemma A.3 with K = A to show that A is invertible.
Finally, let f € Ker Ty+. Since supp f C [0, 1], it follows that relative to the di-

rect sum decomposition (5.1) the function f can be written as f = [ Jo O]T. But then
Ty f =0 and C =0 imply that Afy = O because

AB
0D

Afo
0

Jo
0

=Ty f =0.

Since A is invertible, it follows that fy =0, and thus f =0 as desired. [

Proof of Theorem 5.1. We split the proof into four parts.

PART 1. Choose T > 0 such that suppa C [0,7] and suppc C [—7,0]. As in the proof
of Lemma 5.2 above, we shall use the direct sum decomposition (5.1). From the proof
of Lemma 5.2 we know that Ty« partitions as

A B Ll([O,T})”] . [Ll([O»T})”]

0D

Ty = (5.3)

Li([z,2))" Li([r,e)? |
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Moreover the operator A, which is given by (5.2), is invertible.

Let co be the function c restricted to the interval [—7,0], and put ¢j(¢) = co(—1)*
for 0 <t < 7. Then relative to the decomposition (5.1) the function ¢* € L! (Ry)P*4 is
given ¢* = [c§ 0] 7. Let k be given by

(5.4)

A~ let) (1) for0<r < 1,
w {0 foro<
0 otherwise.

Clearly k € L'(R)P*4 and suppk C [0, 7]. Furthermore, we have

- [ﬂ =", (5.5)

—1
A" ¢y

0 0

Now put g = —%'k. Then g € Wf;q and (5.5) tells us that o* g+ 7* € ng’i. In
particular, g satisfies the second inclusion in (1.4). Note that g has finite support. It
remains to show that g also satisfies the first inclusion in (1.4).

PART 2. Let g be as in the previous part, and put @ = (ot +gy—e). Let f be the
inverse Fourier transform of ¢, thatis, ¢ = .%'f, where f € L! (R4)P*P. In this part
we show that f has finite support. In order to do this, recall that the functions a, ¢ and
k all have finite support. In fact, without loss of generality we may assume that

suppa C [0,7], suppc C [—7,0], suppkC [0,1].

Then on R the function f is given by

f@)=alt)+ /:,k(t —s)y(s)ds = a(t) + ik(l —s5)y(s)ds, 1>0.

Now take ¢ > 7. Then a(t) =0 and k(r —s) =0 for all —7 < s < 0. Hence supp f C
[0,7].

PART 3. According to Lemma 3.4 we have (o*@); = 0. This fact implies that Ty f =
0. Thus f € KerTy+ and f has finite support. By Lemma 5.2 the function f is zero.
But then ¢ = 0. In other words, (ot +gy—e), =0, thatis, ¢ +gy—e € Wf’f)p. We
conclude that g satisfies the first inclusion in (1.4). Thus g = %'k is a solution of the
EG inverse problem with k£ having finite support.

PART 4. It remains to prove the uniqueness statement. Let go = #'k,, where k, €
L'(R4)P*? and ko has finite support. Put y =g —go € #//(9. Then y = .F'h,
where h =k —k, € L' (R, )P*9 and h has finite support. Since g and g, both satisfy
the second inclusion in (1.4), we know that both a*g + y* and o*g. + y* belong to
w3 ?. This yields

oy =0t (g—go) = (a'g+7) — (ago+7) e WG

Thus (o*w). =0 and hence Ty-w = 0. Since W = .%’h and h has finite support,
Lemma 5.2 shows that 7= 0. Thus g = g, which proves the uniqueness. [
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6. Rational data

In this section the results of Section 3 are specified further for the case when y €
7/_’13” is rational. Our starting point is a minimal realization of y, namely

Y(A) =Cy(Aly,—Ay) "By, (6.1)

Here Ay, By, C, are matrices of size ny X ny, ny X p, and g x ny, respectively. Since
all the poles of y are in the upper half plane, the minimality of the realization implies
that 6(Ay) C C, . But then, without loss of generality, we may assume that

Ay— AL =iCiCy. (6.2)

Indeed, if y(A) = C(Al, —A)~'B is an arbitrary minimal realization, then y € #/4{7
implies that 0(A) C C,. Furthermore, because of minimality, the pair (C,A) is ob-
servable, and hence the Lyaponov equation PA — A*P = iC*C has a (unique) positive
definite solution P; see, for instance, [17, Theorem 13.4] or [8, Theorem 1.5.5]. Put
S=P7, and let Ay =SAS™!, C,=CS™! and B, = SB. Then both (6.1) and (6.2) are
satisfied.

A realization for the right spectral factor. Put w(A) =1, +y*(1)y(A). We first
compute a realization for the right spectral factor wg, of w. Using the realization (6.1)
together with (6.2), it follows that

w(A) = (—iBy)*(Adn, — A3) "' By+1,+ By(AL,, — Ay) ' (—iBy). (6.3)
Since w is positive definite on the real line and at infinity, this allows us to use theory
of algebraic Ricatti equations to compute a realization for wg, and its inverse.

PROPOSITION 6.1. Let y be given by (6.1), (6.2). Then the algebraic Ricatti
equation
XiByB;‘,X —l—X(A; — iB),B;‘,) —(Ay+ iByB;‘,)X + iByB;‘, =0 (6.4)

has a (unique ) Hermitian solution X = Qy such that
0 (Ay+ (In, — Qy)iByBy) C Cy.. (6.5)

Furthermore, the right spectral factor ws, of w = e+ y*y and the inverse of ws, are
the rational matrix functions given by

wep(A) =1, + Cop(AL, — A;) ' By, (6.6)
wep(A) "' =1, — Cyp (AL, — (A)*) ' By, 6.7)

where Cg, = iB} (I, — Qy), and

AY =Ay+ (o, — Qy)iByB;,. (6.8)
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Proof. The fact that equation (6.4) has a unique solution X = Q satisfying (6.8)
follows from [, Theorem 13.2]. To make the connection with this theorem put

A=iA, B=B, C=B, D=I,

Then A is stable, that is, all the eigenvalues of A are in the open left half plane, and
the function W in [, Eq. (13.6) ] is given by w(A) = W(iA1), which implies that the
function W has no zeros on the imaginary axis. Applying [1, Theorem 13.2] for this
Hermitian case, we conclude that the Riccati equation

0C*CO — Q(A—BC)* — (A— BC)Q +BB* =0

has a unique Hermitian solution with A* — BC — C*CQ stable. Put Q, = —Q. Then
one checks that Qy is indeed a solution of (6.4) with o(A}) C C..

It remains to check that w = w{,wgp. This can be done by a direct computation in
which one uses that X = Qy is a solution of (6.4), which implies that

The formula for w;pl follows from the formula for wg,. Notice that the fact that

o(A;) C C; indeed gives that also wy,' € 77, O

The Hermitian solution X = Qy in the above proposition is actually positive defi-
nite. To see this we can use Proposition 2.2 in [7] which implies that

0,=p'T, 'p. (6.9)

Here T, is the Wiener-Hopf integral operator on L>(R)? defined by w and p is the
operator mapping C" into L?(R. ) given by

(px)(1) = Bje ™ix, 0<t<o (xeC™).

Since w is positive definite on the real line and at infinity, the operator 7, is strictly
positive, and hence the same holds true for 7, I Furthermore, the minimality of the
realization (6.1) implies that p is one-to-one. But then the identity (6.9) shows that O,
is positive definite.

EXAMPLE 6.2. In this example, as in Example 3.7, the function 7 is given by

1
y(l) - mM (610)

As before, A, € C, and M is a ¢ X p matrix. We first derive a minimal realization of y
of the form (6.1), (6.2), and next we use Proposition 6.1 to compute the spectral factor
Wep -

Let r = rankM, and write A, = x+ iy, with y > 0. Using the singular value
decomposition of M, there exist an isometry U : C" — C?, a co-isometry V : C? — C”



ELLIS-GOHBERG INVERSE PROBLEM ON THE LINE 1033

and a diagonal operator

A= ) :CT -,
Sy

where 51 > sp > --- > 5, > 0 are the non-zero singular values of M, such that M =
UAV . Next put

1
Ay:AoIr, By: EAV, Cy: \/sz. (611)

Then, using M = UAV, we see that
Y(A)=Cy(AL,—Ay))"'By and Ay—A,=iC;Cy. (6.12)

Furthermore, the realization given above is minimal.

Next, we derive the right spectral factor wg, of the matrix function w(A) =1, +
Y*(A)y(A). It is easy to do this by a direct computation, but we wish to illustrate the
method given by Proposition 6.1. Using the minimal realization in (6.11) we see that

w(A) = —(iBy)* (A, — A}) "' By + I, — By(AL, — Ay) ' (iBy).
Since VV* =1, it follows that in this case ByB}, = (1/ 2y)A%. Hence equation (6.4)

reduces to

XX+ X (Tl — 22 — (g + A2 ) + LA2—0. (6.13)
2y 2y 2y 2y

By Proposition 6.1, specified for this case, equation (6.13) has a unique Hermitian
solution X with

c (AOI, + ziy(lr —X)Az) CcCy. (6.14)

To find this solution, we solve (6.13) with X being diagonal using the fact that A is
diagonal. Indeed, with X = diag (xy,---,x,) equation (6.13) reduces to

22
x%—zxj<iz+1>+1:0, j=1,r
. 2

Furthermore, using A, = x + iy, condition (6.14) requires

22
xj<<s—);+l>7 j=1,...,r
J

X =diag(xy,---,x,) where

272 2
55 85 .

This leads to
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Thus, in the present setting, X = Q, is the solution of (6.4) with G(A;,() C C,, where
Aj is given by (6.8).

We proceed with computing the realization of the spectral factor wg, of w. To do
this note that

isy

Cop =iBy(I—Qy) =V d1ag<\/_ \/_)diag(l—xl,...,l—x,).

Put Aj = x+iy/y? +s5. Then one gets

Csp = V*diag (Ao — A1,..., Ao — A,) diag <\/— \/_) (6.15)

Sr

This yields

A2 T A—2s
(6.16)

wep(A) = I, + Cp(AL, — A3) "' By = I, — V*V + V*diag (x_ﬁ /l_ﬁ> 1%

The bi-inner function © and the function o = Owg,. Next, let o = Owy,, where
© is a (rational) bi-inner function in #./ “P and wgp is the right spectral factor of
w = e+ 7*y introduced above. Then « is rational and condition (C1) is fulfilled for o
and c.

Since ©®*(1)O(A) =1, forall A € R and at infinity, we may assume that © admits
a minimal realization of the form:

O(A) =1,+Co(Aly, —Ag) 'Bg with Bg=—iCs. (6.17)

Here Ag and Cy are matrices of size ng X ng and p X ng, respectively. Since all the
poles of © are in C_, the minimality of the realization implies that 6(Ay) C C_.
Furthermore, using arguments similar to those used in the paragraph after (6.2) we may
assume without loss of generality that

Ap —Ag =iCyCy. (6.18)
PROPOSITION 6.3. Let y be given by (6.1), (6.2), and let o0 = Owgp, where wqp

is the spectral factor given by (6.6) and © is the bi-inner function given by (6.17). Then
o and v satisfy condition (C1) and

() (&) =Ci (A, —AL) "By, (6.19)
where
A+ :Ag, B+ = lCé, C+ = Cg +B ( QY)PI 5 ny =ng. (620)

Here Qy is the solution of (6.4), (6.5), and Py is the unique ng x ny matrix solution of
the Sylvester equation
AP —PlA; = —Cy(iBy)", (6.21)

where A; is given by (6.8). Moreover, the realization (6.19) is minimal.
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Proof. Since 6(Ag) C C— and o(Ay) C C, the Sylvester equation (6.21) has
a unique solution Py (cf., [16, Theorem 5.2.2]). Both wy, and © are in #/*", and

therefore o € e+ #.”(”. Recall that e+ y*y = wi,wy, on the real axis and that ©

is unitary on the real axis. It follows that condition (C1) is satisfied and o(A)~! =

wsp(2)1O(A)* for A € R. Using the realizations (6.6) and (6.17) we obtain
o () = wg! (1) (A)
— . *\ — * x\ — 1 . 0\ —1 vk
=wgy (A) +iCo(ALyy —Aj) ' Ch — Cop (An, — (A5)) ™ By(iCo)(Alny — Ap) ' Cp.
(6.22)
The Sylvester equation (6.21) yields
By(iCq) = (Cy(iBy)*)" = P (ALyy — Ap) — (Adn, — (A7)*) P}
Replacing By(iCy) in (6.22) by the right hand side of the previous identity we get
— Cyp (A, — (A)*) ' By(iCo) (AL — A) ' Cy (6.23)
= —Cyp (Ady, — (AX)") ' PCy + CpP{ (Mg — A) ™' C.
Next using wg,' € #"" and 6(A}) C C; we arrive at
(1) 0(A) = (iCq + CspP} ) (AL, — Afy) ' Cp.

Finally, since Csp = iB;‘,(Iny — Qy), the definitions of A, By, and C in (6.20) yield
(6.19).

It remains to show that the realization in (6.19) is minimal. Using (6.20) and taking
adjoints we see that it suffices to show that the realization

(7)., 0(A) =Co(Aly, —Ag) ™" (—iC7) (6.24)

is minimal. But the latter realization has the same state space dimension as the minimal
realization of (oc™*), ( in (2.11). Thus the realization in (6.24) is minimal, and hence
the same is true for the realization in (6.19). [

Main results specified for the rational case. We proceed by specifying Theorem 3.2

in this rational matrix function setting using the realizations of the functions involved.

THEOREM 6.4. Let Y be given by (6.1), (6.2), and let © be given by (6.17), (6.18).
Put o0 = Owgp with wgp given by (6.6). Furthermore, let Qy be the unique Hermitian
solution of (6.4) satisfying the spectral condition (6.5), and let P, be the solution of
(6.21). Then the EG inverse problem associated with o and 7y is solvable if and only if
there exists R € C"0*"™ such that

RBy=Cy+Pi(l,,— Qy)By and KerCyC Ker(RAy—AgR). (6.25)
Moreover, in that case all solutions g are given by
g(A) = —(07" )+ (A) = iCo(Alny —Ag) 'Y, (6.26)
where Y is any matrix such that Y*Cy = RAy — AgR with R satisfying (6.25).
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Proof. We use the minimal realization (6.19) with A4, By, and Cy being given
by (6.20). Then, according to Theorem 3.2, the EG inverse problem associated with o
and 7y has a solution if and only if there exists a ¢ X ny matrix Y such that

1
%/ry*(k)Y(M,” —A)NdA =—c,. (6.27)

Here T is a Cauchy contour in C such that all the eigenvalues of A, are in the inner
domain of T.

Let the EG inverse problem be solvable. Then there exists Y € C7*"+ such that
(6.27) holds. Given this Y put

1
R — ___/()uny — )Y (M, —Ay) N dA. (6.28)
r
Recall (see (6.20)) that
Ay =Ay, Bi=iCy, Ci=Co+By(ln,— QP .

Since 7y is given by (6.1), (6.2), it follows that

* % 1 K
BR :‘z_m/r”“yw“ +)7 A =Cy = Co+By(l, — Q)P

Hence RBy = Cy + Pi(In, — Oy)By, and the first identity in (6.25) is proved. The fact
that the spectrum of Ay i 1s in C_ and that of Ay in C, implies that these spectra are
disjoint, and we can use the operator functional calculus (see, e.g., [8, Theorem 1.4.1] )
to show that

the identity (6.28) <= AJR* —R'Aj = C}¥
= KerCy C Ker(RAy —AgR),

which proves the second part of (6.25).

To prove the reverse implication, assume that there exists R € C"0*"r such that
both parts of (6.25) are satisfied. Given such a matrix R, the inclusion in the second
part of (6.25) implies that there exist ¥ € C7*"+ such that Y*C, = RA, — AgR, and
hence C}Y = AJR* — R*Ay. Using the functional calculus again, we conclude that
(6.28) holds. Since A = Ay, this implies

1 k * 1 *\ — % *\—
%/FV (MY (A, —A4) " dA =B (2 l/(Mny—Ay) LC3Y (AL, —Ap) ldk)
= B;F’R* (C9 +B*( Qy)Pl) —C;.

Hence the identity (6.27) is satisfied, and thus the EG inverse problem associated with
o and 7 is solvable.

To complete the proof we use (3.3) in Theorem 3.2 and B = iC}. Since (6.27) is
satisfied, it follows that (6.26) gives all solutions of the EG inverse problem. [
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Note that there exists a matrix R satisfying the first identity in (6.25) if and only if
Ker By C KerCy . Furthermore, the second condition in (6.25) is automatically fulfilled
if Cy is one-to-one. This yields the following corollary.

COROLLARY 6.5. Let 7,0, 0 be as in the previous theorem. If Cy is one-to-one,
then the EG inverse problem is solvable if and only if Ker By C KerCy.

In general, the condition KerB, C KerCy appearing in the above corollary is not
sufficient for the EG inverse problem to be solvable. This is already clear in the scalar
case. Indeed, let us assume that p = g = 1 and 7y does not vanish identically. Then
necessarily the matrix By in the realization (6.1) must be one-to-one, that is, KerBy =
{0}, and hence condition KerB, C KerCy is satisfied for any o = ©@wg,. On the other
hand, we know from Theorem 4.1 that in the scalar case the EG inverse problem is
solvable if and only if o (or, equivalently, ©) has no zero in common with y* in C, .
Thus the condition KerBy C KerCy is not sufficient. To provide a concrete counter
example, take

A2 A2 A-iV2
W=aTvma-y Wy Weaws O

In this case, y does not vanish identically, ® is bi-inner, and oo = ©y. In particular,
condition (C1) is satisfied. Furthermore, iv/2 is a common zero of ¢ and Y in C,.
Thus the EG inverse problem associate with this ¢« and 7y is not solvable by Theorem
4.1, but the condition KerBy C KerCp is satisfied trivially.

In the right hand side of the formula for all solutions of the EG inverse problem
in (6.26) appears the function — (a™*y*), . In the special case when when p = g and
detor and dety* have no common zero, this function is given by

—(a*7"), (A) == (By+CoP1)P2(AL, — A})~'C;
+Co(ALyy —Ag) ™" (Ch + Pi (I, — Qy)By + P5C})
—iCoPs3(AL,, —A;)”'C;. (6.30)

Here Qy is the solution of the equation (6.4) with (6.5), Py is the solution of (6.21) and
P, and P; are the solutions of

ATP+ PA} = —i(ly, — Qy)ByBy,
AgPs — PSAT/ = (CE +P (Iny - Qy)By)B;y
respectively. To prove the identity (6.30) one first shows that

— (7)== (@) -o7), — ()47, - (6.31)

Next one computes separately realizations for each term in the right hand side of the
preceding identity. We omit the details.

Additional comments on Example 6.2. Let us return to Example 6.2. Thus v is
given by (6.10) and wy, is given by (6.16). First we take ot = wy,. Then condition
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(C1) is satisfied and deto has no zero in C, and by Theorem 3.1 the solution of the
EG inverse problem for o = wg, and y exists. Moreover, this solution is given by
g=—(wyy' "), - In the setting of Example 6.2 this yields

1
g(A) = ——V*diag el

VSr
A=A v+ Y+ /Y2 + 2

Next we assume that oo = Owg, where O is an arbitrary rational bi-inner function
in Wf *P and we use that 7 is given by the realization (6.12). From (6.11) we know that
the matrix Cy in the realization (6.12) is one-to-one. Thus we can apply Corollary 6.5
to show that the EG inverse problem is solvable if and only if KerBy C KerCy. From
(6.11) we see that M = CyBy, and hence KerB, = KerM because Cy is one-to-one.
Thus, in this example, the EG inverse problem is solvable if and only if KerM C KerCj.

The final result of the previous paragraph also follows from Example 3.7. In-
deed, in Example 3.7 we concluded that the EG inverse problem is solvable if and only
KerM C KerC? , where C = C + Py (I, — Qy)By. Thus

KerM C KerCy <= KerM C KerC,

However, since KerM = Ker By, the above equivalence directly follows from the fact
that C?. = Cy + Pi(In, — Qy)By. Therefore the result of the previous paragraph also
follows from Example 3.7. Finally, note that the condition KerM C KerCj is trivially
satisfied if M is one-to-one. Such a case we met in Example 4.2, where M = [1].

A. Appendix

In this appendix we present three auxiliary results. The first is used in the proofs of
Propositon 2.4 and Proposition 2.6, the second second is used a few times in the proof
of Theorem 3.2, and the third plays a role in Section 5, proof of Lemma 5.2.

LEMMA A.l. Let A be an n X n matrix with all eigenvalues in C_, let B be an
n x k matrix, and let p € W™ Put

o) = (AL, —A)"'Bp(A) (31=0).
Then @ € W['§"+W" ™ and @y o is given by
01 0(A) =(AL, — Ay, where Y € T is defined by (A.1)
1
I,—A)"'B . A2
= 5 |k —2) " Bp(u)du (A2)
Here T is a contour in C_ around the eigenvalues of A.

Proof. Let p =.Z'r with r € L'(R_)*" First we will prove that formula (A.1)
holds with Y given by

0
Y:/emm@me@m. (A.3)
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To prove this we begin with a general remark. Let n € WJ:”OX]C, and let us assume

that n =.%'f, where f is any function in L' (R, )"™**. Then, according to (1.1), the
function Mp is equal to the function .Z#'(f r). In this case, since the support of the
function r is contained in R_, we have

(f*r)(t /ft—s s)dSZ/Of(t—s)r(s)ds7 teR.
Now put

/ ft—s s) ds whent >0,
when ¢ < 0.

(A4)

Then (1np)+ = F'g+.
In the remaining part we apply the result of the previous paragraph with n(1) =

(AL, —A)~'B. Using 6(A) C C_ and formula (3) in [8, Section XII.4] we see that
(Aly—A) "' = —i / dMemh g A ER. (A5)
0
Hence

(AL, —A)"'B = (F'f)(L),where f(t) = —ie " B. (A.6)

Next, we compute g with f being given by (A.6). In this case, using (A.4) and
the definition of Y in (A.3), we obtain

0 . )
g ()= —i/ e =9ABr(s) ds = —ie ™Y, 1 >0.

—oo

It follows that

0. (A) = (F'g)(A) = —i /0 "My dy

= (—i/ eme_’mdt) Y, AeR.
0

But then, again using (A.5), we see that the identity in (A.1) is proved with Y given by
(A.3).
It remains to prove that this implies that Y is given by (A.2). Note that

iSA .~ isA AL —A 71dx“
¢ Zm'/re (An=4)

Thus

/_Ow e Br(s)ds = Zim/_i (/FewL (AL, —A)_ldl>Br(s) ds
zjn/(ll —A)” 1B(/_(;e’-“‘lr(s)ds) da

zju/(“ —A)'Bp(A)dr. O

We shall also need the following dual version of Lemma A.1.
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LEMMA A.2. Let A be an n x n matrix with all eigenvalues in C, let C be a
k X n matrix, and let p belong to Wfr"x". Put

e(A) =p(A)C(AL,—A)"" (A €R).
Then ¢ € W["§"+W"5" and ¢_ is given by
¢o_o(A) =Y (AL, —A)"',  where Y € C" is defined by (A7)
2m/p Clul,—A) " du. (A8)
Here T is a Cauchy contour in C around the eigenvalues of A.

The third lemma is about lower or upper triangular integral operators on a finite
interval.

LEMMA A.3. Let h € L'(R)?*P, and assume that the support of h belongs to
[0,7] orto [~7,0]. Then the integral operator K on L'([0,7])? given by

K =I1+H, where (Hf)(t /ht—s 0<r<r, (A.9)

is invertible.

Proof. We split the proof into two parts.

PART 1. In this first part we only assume that the support of % belongs to [—7, 7]. Let
n be a positive integer, and put %) = 7/n. Foreach f € L([0,7])? and j € {1,2,...,n}
let f; be the function in L'([0,])? given by

@) =f((-Dwn+1), 0<1< 1.
Put Jf = (fi,f>,--+,fs). Then J is an isometry mapping L'([0,7])? in a one-to-way

onto the direct sum L!([0,79])?+L ([0, 7])P+ - +L' ([0, 70])” . Next, for v = —(n—
1),...,(n—1), we let Hy be the operator on L!([0, 7)])? defined by

(Hy f)(t / h(vip+1—s)f(s)ds, feL'([0,))". (A.10)

We claim that
I+Hy H.y -+ H (,y
Hy I+Hy H (9

JK=| : J. (A.11)

H, 1 H,—» -+ I+Hy
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To see this, note that for 0 <t < 7 we have

:/Th(t—s)f(s) ds = 2/(”0 h(t —5) f(s) ds

v—1)1
i/ h(t—s' —(v—=11) f((v—1)1+s) ds’
=3 [T hesm = nw) o)

Put g = Hf. Then, by definition, for j € {1,2,...,n} we have
git)=g((j—Dw+t), 0<t< 1.

Hence for 0 <t < 19 we see that

gi(t)=Hf)((j—D1o+1)
:é/ofoh((]—l)ro+t—s—(v—l)ro)fv(s)ds
n T n—1
=3 [T B =Rt =) f5) ds = T, (Hivfi) ()
v=1"0 v=0

This proves (A.11).

PART 2. In this part we assume that the support of 4 belongs to [—7,0]. The case
supph C [0, 7] is treated in a similar way. The assumption supph C [—7,0] implies
that that the operator H, defined (A.10) is zero for v =1,...,(n— 1), and hence the
equality (A.11) reduces to

I+Hy Hy - H ()

| I+Hy H_(, )
JKJ ' = ) . . (A.12)

1+ Hy
Since the right hand side of (A.12) is a block upper triangular finite operator matrix,
it suffices to show that I+ Hy is invertible. In general this will not be true. However,
if we choose the positive integer n we started with large enough, then 7+ Hy will be

invertible. To see this, let y|o ) be the function equal to one on the interval [0, 7] and
zero otherwise. Recall 1y = 7/n. Thus

T/n T
ol = [ W@ = [ IOl zm(®) dr L0 (=),

by Lebesgue’s theorem on integration of monotone sequences. Hence ||Hpl|| will be
strictly less than one for n sufficiently large. But then I+ Hy will be invertible as
desired. Since we are free in the choice of n, this proves that K is invertible. []
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