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FOURIER MULTIPLIERS ASSOCIATED WITH
SINGULAR PARTIAL DIFFERENTIAL OPERATORS

C. BACCAR, N. BEN HAMADI AND S. OMRI

(Communicated by F. Gesztesy)

Abstract. We prove the Hormander-Mikhlin multiplier theorem for the Fourier transform asso-
ciated with the Riemann-Liouville operator.

1. Introduction

Given a measurable bounded function m on R”, the multiplier operator 7, is
defined by

Tuf =mf,

where f denotes the classical Fourier transform. One of the most common problem
connected with these operators is to characterize the function m for which the multiplier
operator T,, is bounded from L?(IR") into itself for every 1 < p < 4oo. Such multiplier
operator is referred to as an L”-Fourier multiplier. This problem is considered to be
difficult and one of the most response is due to Hormander [18] who took forward
results obtained firstly by Mikhlin [21], it states that if m is a bounded function on R",
satisfying

2

&OC
m dx <A,

ox%

(x)

sup R /
R>0 R<|x|<2R

o <[5]+1

for some constant A, then T;, is an L? -Fourier multiplier.

This result is known as Hormander-Mikhlin multiplier theorem. Recently, similar
results have been investigated for different Fourier type transforms. Indeed, Gosselin,
Stempak [11] and Kapelko [19] investigated the Hérmander-Mikhlin multiplier theo-
rem for the Hankel transform; whereas Bloom, Xu [7] showed an analogue version
for Chébli-Trimeche hypergroup. In the same context, Fischer, Ruzhansky and Wirth
studied the Fourier multipliers on compact and nilpotent Lie groups (see [10, 23, 24]).
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In this paper, we deal with the Fourier transform associated with the Riemann-
Liouville operator investigated in [4] and we prove for it the Hormander-Mikhlin mul-
tiplier theorem.

The Riemann-Liouville operator is defined for a continuous function f on RZ,
even with respect to the first variable as follow

Ha(f)(r,%)
_// 1_t2x+r¢)(1_t2)°"%(1—s2)°"ldtds;ifa>0,
= n[1 <mx+”>%; if « =0.

The particularity of this operator is that it generalizes the well known mean operator
defined by

2

Ro(f)(rx) = L f(rsin®,x+rcos0)do,

21 Jo

which means that Zy(f)(r,x) is the mean value of f on the circle centered at (0,x)

and radius r. This operator plays an important role and have many applications, for

example, in image processing of so-called synthetic aperture radar (SAR) data [1, 16,
171, or in the linearized inverse scattering problem in acoustics [9].
The Fourier transform associated with %, is defined on Y by

Y(u,A) / /f X ja u +7Lz) exp (—iAx) dvy(r,x),

where j, is the modified Bessel function of first kind and index ¢, vy, is the measure
defined on [0, +e<[xR by

r2a+1
dvy(rx) = —————drdx, 1.1
)= e ) (b
and Y is the set defined by
Y =R*U{(iu,A); (,A) €R?, |u| < [A]}. (12)

Many harmonic analysis results related to the Riemann-Liouville operator have been
established see for example [3, 5, 6, 13, 14, 15, 22] and the references therein.

The main result of this paper is the Hormander-Mikhlin multiplier theorem for
Fo, that is if m is a function on the set Y such that m o 6~ is a measurable, bounded
function on [0, +eo[xR satisfying the following condition

1
sup YRR /
- B;gmBZR

R>0 (kal)ej%plq

1

okt 2 2
r3drdx < oo,

gy (mo67") (%)
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where 0 is the bijective function defined on Y* by

O(u,A) = (VuZ+2A% 1), (1.3)
and Y is the subspace of Y given by
T = [0, +oo[ xRU{(ipt, A): (1,2) € B0 <t < [A]}.
Then the multiplier operator 7, defined by
Fao(Tnf) =mFo(f)

is of a weak type (1,1) (see [12]), which will allows us to deduce that 7,, is of strong
type (p,p) forevery 1 < p < 4-eo. Here Bf denotes the complementary of

Br={(rx) e R* | » +x* <R*},

and
Hp g = {(k,]) e NxN|k<2p, [ <2q},

with p = [O‘T“] +1and g= % [a+%]+%.

This paper is organized as follows. In the second section, we recall some harmonic
analysis results related to the Riemann-Liouville operator %, and its associated Fourier
transform .%,. In the third section, we establish a Bernstein type inequality for the
generalized translation associated with the Riemann-Liouville operator. The last section
is devoted to the main result of this paper that is the Héormander-Mikhlin multiplier
theorem for the Riemann-Liouville operator.

2. Harmonic analysis results related to the Riemann-Liouville operator

In this section, we recall some harmonic analysis results related to the Fourier
transform associated with the Riemann-Liouville operator. For this, we denote by

° ‘56"7,] (R?) the space of bounded functions of classe C* on R?, even with respect
to the first variable.

o S, (Rz) the space of smooth functions on R?, even with respect to the first
variable, rapidly decreasing together with all their derivatives.

e 7, (R?) the space of smooth functions on R? with compact support, even with
respect to the first variable.

d
Let A| = " and A, be the singular partial differential operator defined by
X

9? 2a+19d 9?
My= 2+ T

3;»2 ; or — W (r,x) 6}0,+°°[XR, o

WV
o
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In [4], the authors showed that for all (u,4) € C?, the following system

Ayu(r,x) = —idu(r,x)
Aou(r,x) = —uu(r,x)

u(0,0) =1, %(O,x) =0; vxeR

admits a unique solution given by

0 (1) = Jo (/222 exp (—ix),

where j, is the modified Bessel function of the first kind and index o, (see [2, 20]).
It is known that the function ¢, ; is bounded on [0, +-o[xR if, and only if (1, 1)
belongs to the set Y’ defined by relation (1.2). In this case

sup |qo“7;L(r7x)| =1.
(r,x)ER2

For all (r,x) € [0,4eo[xR, the translation operator 7, associated with the Rie-
mann-Liouville transform is defined on L? (dvy,), p € [1,4o<| (the Lebesgue space on
[0,+eo[xR with respect to the measure Vv, given by the formula (1.1) equipped with
the L”—norm denoted by ||.||,,v,,) and for all (s,y) € [0,+eo[xR, by

Ty (f)(5,5) = %/Jf <\/r2+s2+2rscos(9,x+y> sin®* 0do. (2.1)
2

For all (r,x) and (s,y) €]0,4+o0[xRR, and by a standard change of variables, we have

1 oo

Ty (F)(5,y) = ot 1) Jo ftx+y)Wo(rs,0)> (2.2)

where the kernel %, is given by

Nl—

Fa+1)? (452 —2)% 2 (22— (r—s5)) "2

WV,S,Z‘: r—s|,r+s[)s
a( ) 2a—lr(a+ %)\/ﬁ (rst)2oc %H s|, s [( )
and X)|,—q|,-+s| is the characteristic function of the interval ||r—s|,7+s[.
The kernel %, satisfies the following properties
e For all r,s,¢ > 0, we have
Wo(rs,t) = Wals,rt) = Wot,s,r) = Wu(nt,s).
e Forall r,s > 0, we have
1 e 2041
We (r,s,0)t°%dr = 1. (2.3)

20T (o +1) Jo
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For every f € LP(dvy), 1 < p < +e and (r,x) € [0, +oo[xR, the function 7., (f)
belongs to L”(dv,) and we have

| T (f) (2.4)

[

The convolution product of measurable functions f and g is defined, for all
(r,x) € [0,4+[xR, by

pestin)= [ [ F gD navas),

with f(s,y) = f(s,—y), whenever the integral of the right hand side is well defined.

Then for p, g and r € [1,+oo] such that 1/p+1/g=1+1/r, and for all f €
LP(dvy), g € L1(dvy), the function f g belongs to L (dV,,) and we have the follow-
ing Young’s inequality

||f*g Vo < ||fHPVocHg q:Va* (25)

Let Py+ be the o-algebra defined on Y+ by %y+ = 0_1(%[07+w[xR)7 where 7y, the
measure defined by
Yoa(A) = v (0(A)), A€ By+.

If f is a measurable function on [0, +eo[xRR, then the function f o 6 is measurable on
Y. Furthermore, if f is a non negative or an integrable function on [0, 4e[xR with
respect to the measure vy, we have

[ ftrommmann) = [ [ st

Moreover, the function f belongs to LP(dVy) if, and only if fo 6 belongs to L?(d¥y)
(the Lebesgue space on YT with respect to the measure ¥, equipped with the L? - norm
denoted by ||.||,,y, ) and we have

1£061lpye = Il pva- (2.6)
According to these notations, we have

e For (u,A) €Y, we have
Za(F)(1,A) = Fa(f) o 01, ), 2.7)

where % is the so-called Fourier-Bessel transform defined on L!(dvy) by
— oo .
YA € B Fa(R)uh) = [ [ 1) jalri)e M dvar).

e (Inversion formula) For every function f in L'(dvy) such that the function
Z4(f) belongs to L' (dyy), we have

100 = [ [ ZalD@ 20t 2): ae. @8
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o (Plancherel’s theorem) Since the mapping % is an isometric isomorphism from
[? (dvy) onto itself, then the relations (2.6) and (2.7) show that the Fourier trans-
form %, is an isometric isomorphism from L?(dVy,) into L?(dYy). Namely, for
every f € L*>(dvy), the function .%(f) belongs to the space L*(d7,) and we
have

1o (D27 = If 112 ve-

In addition, we state the following results (and notations) that will be used in subsequent
sections.
PROPOSITION 2.1.
1. Forevery f € L'(dvy) andfor all (r,x),(1,A) € [0,+oo[xR,

o T P (1,2) = alri)e ™ Fa(f) (1, 2). 29)
2. For f in L' (dvy) and g in L*(dvy), we have
Za(f+8) = Fa(f)-Falg).

3. Let f and g be in L?(dve). The function f g belongs to L*(dvy) if, and only
sza(f) Ja( ) belongs to L*(dvy) and we have

Ja(f*g) (f) fa(g)

For every positive real number &, we denote by 8. f the dilate of f defined by
Ocf(r,x) = f(er,ex), then forevery f € LP(dvg), | < p < oo,
1

||5€f||P7Va = T_+3Hf||l77va'
e r

In particular for p = 1, 8¢ f belongs to L'(dv,) and we have
— 1
ya(agf) = 82a+ 5 y (f) (210)

1
€

We denote by ¢, the Bessel operator defined on ]0, 4o by

> 2a+10
fa= or? T rooor
B ﬁf 1 .
Let f € .°(R?)NL! (dvg) and assume that ¢ 0f, —— € L'(dvy), thenit’s known

that for all (u,A) € [0,+eo[xR, we have

Fa <37L£> (,4) = (=P AP Za(£) (1, 2), @.11)

and

Fa ((d=taf)®) (1,2) = (14020 Fa ) (. 1). .12)
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3. Bernstein type inequality

In order to prove the Hormander-Mikhlin multiplier theorem for the Fourier trans-
form %, we will devote this section to establish a Bernstein type inequality for the
generalized translation associated with the Riemann-Liouville operator which will play
acentral role in the final proof of the main theorem. In the sequel, we put p = [O‘“] +1
and g = 5 [OH— ] + % and we denote by

A,y ={(k,))eNxN|k<a, l<b}, abeR,.

Through this paper, C will denote a nonnegative constant, which is not necessarily
the same at each occurrence.

LEMMA 3.1. Let m€ €. I(R?). If

up e ( /]
R>0t, F)E%”z,, 2% AL

then for every function ¢ € 2, (Rz) with supp(@) C B{ N By, we have

€
sup Y 2i(2k+t=0=3) (/ &, (88 7 )(nx)
jEZ (kve)e%ﬁ)ﬂq B‘zj mB2j+l

where mj =mo,-; Q.

1

9l 2 2
r3drdx < oo,

ark axf r:%)

2 2
dva(r,x)> < oo

Proof. Knowing that for every v € S, (R), and d € N*, we have

2d i
vr €)0, +oof, E(y)(r) = 3 0 (d V_’) ()

1
i=1 dr

for some constants o; € C, then the result follows immediately by using Minkowski’s
inequality. [J

PROPOSITION 3.2. Let m € C@”jg+2q(R2) and ¢ € 7, (R?) with supp(¢) C B{ N
By. If

1

9l 2 2
r3drdx < oo,

Arkgxl (%)

up e ( /]
R>0t, F)E%”z,, 2% RB2R

then there is a nonnegative constant C such that for every j € 7., we have

< C2j(oc+%)7

2, Vg

(1222 (142272207 m; )|

where mj =mo,-; Q.
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Proof. We have,
2

H (1+2%2)P (14222217 (m,,»)’

2, Vg
2q
2kj k J
<32 / /0+leR\” (14 @) F ) ()| dvala, ).

Using relations (2.11), (2.12) with Plancherel’s theorem and Minkowski’s inequality,
we deduce that

|22y (1222295 (om)|

2, Vg

<3 v ([ f]F (w2 (5
sy gyga ([

Hence, by Lemma 3.1

1

dvamm)z

2

t))w

fo (axk (b M)

2 2
dve(u, ?L)) .

. . —~ 2 .
H(l—|—22J,LL2)p(1+22112)qﬁ(mj)’ < /o3 O

2, Vo

LEMMA 3.3. Let h € S.(R?). Then for every (s,y),(t,z) € [0,+o[xR, we have

| oh = Tiohllg < sup |5

se{rx}

1 p((s,y),(t,2)),

where p((s,y),(t,z)) = [s—1|+ ]y —z|.

Proof. Following the idea of Stempak [11], let (r,x), (s,y), (f,z) € [0,4[xR and
v :[0,1] — [0,+oo[ xR, be the function defined by

v(y) = (Wo(1),vi(),

where Wo(y) =ug(r,s+y(t—s)), y1(y) =x+y+7v(z—y) and ug is the function given
by

ug(r,s) = V12 + 524+ 2rscos . (3.1)
Let & € S,(R?), then we have

| Tsyh(r%) = Ty ()|

\/Elg)t(i;i/ |h(ug(r,s),x+y) — h(ug(r,t),x+2)|sin** 04O
@D oy i
_\/EF(aJF%)/O /O(h ) (7)dy|sin** 0. d6




FOURIER MULTIPLIERS 45

4] / I'a+1) /”
Var (o+3 ) 0

4] / IMNa+1) /”
VAT (a+1) Jo

and by relations (3.1) and (2.1), we obtain

dh

W(l,/(y)) sin’* 0d0> dy

dh

——(w(y))[sin** 9d9> dy

dh
| Tsp () = Ty yh(r0)] < |S—t|/ T s+1(1-8) y+7(z—)) 9 (rx)|dy
dh
+ly—1 /O Tsti—s) 1) | 5, )| dY. - (G.2)

Now according to relations (2.4), (3.2) and by applying Fubini’s theorem, we get

[T s = Tie.2)hl1.ve

o0
s—t|/ (/ /‘75+)/tsy+7/zy

gh (r,x)| dvg(r, x)) dy

Foo oh
=2 [ (7] Fosnineon | o) |avatin) ) ay
T ]
= or 1.V ry—z ox 1.V
< sup 8_ p((S7y),(l7Z)). U
se{rx} s 1,vg

THEOREM 3.4. (Bernstein type inequality) There exists a nonnegative constant
C such that for every positive real number €, and for every function f € L'(dvy) with

supp (%(f)) C Be, we have for all (s,y), (1,z) € [0, +e[xR

”‘ZS,y)f_ Zt,z)f”l,Va < ((S’y)7(t’z))'

Proof. Let f € L'(dvy) and h € S, (R?) satisfying h|p, = 1, then forevery £ >0
the dilate &, 7 belongs to S, (R?) and satisfies 51h|B =1. Let (s,y) € [0, +o[ xR then

according to the hypothesis and relation (2.9), we deduce that Supp <% (ZW) f )) C
Be , and therefore for every (i, A) € [0,4oo[xR, we have

%(Zs,y)f) (”71):%«7@)&]“)( A’)alh( 7A’)
= Jalsw)e D o)1, 2) Fa (T (810)) (,2)

= Fa (f*%,ym;%s%h) (u,2)
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and by inversion formula (2.8), we get
T f = I * Ty T (81h). (3.3)
Using relations (2.10) and (3.3), we get
TS = Toaf =€ 1 (8T 6" (1) = T 875 (1)
=08 (Tesen T ) = Teren Fo' () (34)

then using relations (2.5), (3.4), Lemma 3.3 and the fact that % is an isomorphism
from S, (R?) onto itself, we get

| Tt = T flive <€ 18 (Tiewen Za () = Tier e 7 ()
= 1F v | Ties.er) Far ' (h) = Ter e F s (W)l1.ve

9 F5 ' (h)

se{rx} ds

l1vellflvep((s,7), (2,2)) O

PROPOSITION 3.5. Let m € C@”jg+2q(R2) and ¢ € 7, (R?) with supp(¢) C B{ N

By. If
wp e ( /]
R>0k, F)E%”z,, 2% <MB2r

then there is a nonnegative constant C such that for every (s,y), (t,z) € [0,4+o[xR and
Jj € Z, we have

1

9kl 2
r3drdx < oo,

FEErACY)

1 ) Zalmy) = Ty o Falm)llive < C27p((5,9),(t,2), (3.5)

where mj =mo,-; Q.

Proof. Using Proposition 3.2 and Holder’s inequality, we get
| Fa(m;)
< (1 +2%2)P (14 2%722)1 Zg (m

iz (142502 7P (142%27) ¢
1
2

< C2i(o+3) /erw /L
h 0 (L+22%p2)2p R (1422/A2)2

400 s2a+1ds % dy %
=C - — ] .
(4 ) (L)

ol— \
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Then we deduce that there is a nonnegative constant C independent of j such that
[ Fa(mj)]l1ve <C-

In particular %(m ;) € LY(dve) and knowing that Supp(m;) C B,j:1, then by Theo-
rem 3.4, we obtain

|| ‘Z.V,fy)%(mj) - ‘Z!,*Z)%(mj)”l,va < Cszrlp((s;y)a ([,Z)). U

4. Hormander-Mikhlin multiplier theorem for the Fourier transform .7,

Using the Bernstein inequality showed above, we are now able to prove the main
result of this work. For the sake of simplicity, we will express firstly the main theorem

in terms of the Fourier transform .%,. In the following, we introduce the sets defined
for every (s,y),(,z) € [0,4°o[xR, by

Esy) 1) = [0 oo x {x eR | pe—y[ > |s — 1]+ 2]y = 2]},

and
Floy),(tz) = [0, Foo[x {x €R| |x| > [s — |+ |y — 2]}

We denote by XE(s) 1) and XFis). 0 respectively their associated characteristic func-
tions. Notice that h
V(r,x) € [0,+oo[xR, XE (s 1) (rby—x) < Xy 00 (r,x). 4.1)

PROPOSITION 4.1. Let m € C@”jg+2q(R2) and ¢ € 7, (R?) with supp(¢) C B{ N
By. If

1

9l 2
r3drdx < oo,

Arkgxl (%)

up e ( /]
R>0t, F)E%”z,, 2% AL

then there exists a nonnegative constant C such that, for every j € Z and for every
(S,y)7 (Z,Z) S [07+°°[><R, we have

1-2¢q
)

4.2)

1T, Fa (M) XE G ) = Tty F (M) AE ) o v < <C(2p((5,),(1,2)))

where mj =moé,-; Q.

Proof. Assume that (s,y) # (¢,z), then by relations (2.2), (2.3) and (4.1), we get



48 C. BACCAR, N. BEN HAMADI AND S. OMRI

H ‘Zs,—y)ga (m/)xE(m,.)v(,#z) ” Lva

teo . —1
< Zs,—y)XE 5,y),(t,2 (”72’) ga (mj)(ol'L?)L) dva(”»k)
o Jr (5):(12)

+oo —1
</ /R\% (m)) (. 1)
r2a+1

” ( XE( )00 (1Y = A) W a(lss V)md") dve(p,A)

oo -
/ / ‘/a (m;) (1, k)‘
20041
X ( 0 XFp). ) ()W a(l,s,r )mdr) dve(u,A)
[ [ [Femn|avetur). @3)
ERYN(
Now, by Holder’s inequality and Proposition 3.2, we get
/:/ )3§§On0(uql)‘dva(u,k)
Fs ). 1.2)

<Ol +2%u2)P (14 22A2) T (m)) 2.,
1
2

1

y /+oo ‘u2a+ld‘u / d}/ 7
o (14+22p2)% A2p((s). (1) (1+227A2)2

<C@p((5.y).(1,2)) . (4.4)
Then, inequality (4.2) follows immediately by combining relations (4.3) and (4.4). [
In the following, we introduce for every (s,y), (£,z) € [0,+oo[xR the sets defined

by
Gsy)t.0) = 1r € [0, 400 | [r—s| = 2|s —t[ 4+ [y — 2|} X R,
and
H(sy {TE[O —|—°°[|r>|s—t|—|—|y—z|}><]R
By a basic calculus, one can see that
T 0 X6y 00y S Xy 0y (4.5)
and
T00) X600 < X0 (4.6)
PROPOSITION 4.2. Let m € %jg”"(Rz) and ¢ € 9, (R*) with supp(¢) C B{N
By. If
k0L ( ' 3 :
sup Rz // (nx)| r2drdx | < oo,
R>0(, ()6%”2 2q RB2R arkoxt
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then there exists a nonnegative constant C such that, for every j € Z and for all
(8,¥),(t,2) € |0,4o0[xR, we have
| T Fa(Mj)XG 1) — Tt~y Fa(mi) XG,

5,y),(t.2) || Lvg

<C(@p((5.7).(1.2)))

5,y).(t.2

a+1-2p (4 7)

where mj =moé,—; Q.

Proof. The proof is similar to that given in the previous proposition, So one can
assume that (s,y) # (,z) and a standard change of variables gives

1T s,—y) P (mj)xc(x.y)‘(t.z) — T (mj)xc(x.y)‘(t.z) 1vy

oo _
<~/0 ‘/R:Z-Yvo)xG(&y).(t‘z) (,U,A«) ‘ﬁa (m/)(.u72')

oo N
[ T (02| Falomy) (0,20 | v, 2)

dvo(p;A)

so by virtue of relations (4.5), (4.6) and Proposition 3.2, we conclude that

H ‘?(s,—y)%(mj)xG(&y).(,‘z) - ‘Zt,—z)%(mj)xG(w).(,‘z) 1,ve < 2”%('”»%1‘1(”).(,‘2) ||1.,Va
oo .
<2 [ [ Falm) 2| dve(u.2)
p((s,y),(1.2)) /R

<Ol (14222 (1425 A2)1.F o (m;))

2,va
1

pl(s).(r2)) (1+22%)%P ® (1422722)%

<C(@p((s,), 1) O

In order to establish the Hormander-Mikhlin multiplier theorem for .%,,, we need
to cite the following useful theorem [8, Theorem 2.4, p. 75] which will be essential in
the proof of the main theorem.

THEOREM 4.3. Let (X, ) be a measure space and p be a metric on X. Let #
be the operator defined on L*(X,du), by

HPE) = [ Kxy)0)u ).

where k € L? (X xX,du®du). Assume that there is three constants Cy,Cy,Cs such
that

i) VfeLX(X.du), |4 (f)ll2 < Cillfl2.

ii) ¥yz€X, / k(x,y) — k(x,2)|dp(x) < Cs.
p(xy)>Cop(y,2)
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Then, there exists a positive constant C depending only on Cy,Cy and Cs, such that for
every f € LYN(X,du)NL*(X,du) we have

p v e X |1# ()W) > a} < Il

THEOREM 4.4. (Hormander-Mikhlin) Let m € €20 "4(R?). If

sup Rk+[+7 <//
R>0 F)E%”z,, 2 ®NBar

then T,, is of a weak type (1,1), and consequently is bounded on L (dvy) for 1 <r <
oo,

1
2 2

ak+€
r3drdx < oo,

8rk8x/3m(r’x)

Proof. We follow the idea of Héormander [18, pp 121], then we know that there is a

~+oo
positive function ¢ € Z, (R?) such that supp(¢) C B{NB, and Y & ;p(u,A)=1

j:—oc
o0
for every (u,A) # (0,0) and m = 2 m; be the dyadic decomposition of m, where
J=—00
~+oo
mj=m8,—;j¢. Then T,,= » T, andforevery f € L'(dvy)NL?*(dVy), we have for

Jj=—00

all (s,y) € [0,+eo[xR

ijf(s,}’) :%_1(mj) *f(S,y)
oo
:/0 /Rkj((r7X)v(S,y))f(nx)dva(r’x%
where

kj((rrx)’ (S’y)) = Z.Y,*y) (%_l(mj))v(nx) = Zs,fy) (%(mj))(r’x)a

and therefore according to Theorem 4.3, to prove that 7j, is of a weak type (1,1), itis
sufficient to show that

S oo 0500 =Ry (50.0.2) ) <

J=—00

However, we remark that

{(nx) € [Ov+°°[XR I p((rvx)v(svy)) > 3p((s,y),(t,z))} - E(s.,y).,(t.,z) UG(s,y),(t,z)v

and therefore

S i T Bl 60T P9 v

Jj=—oo
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<3 / fo 1 Fatn)e0) = T Faton) 0] v

Jj=—o0

>/ / 0 Falm;)) () = Ty (Fam) ()| Ve (1),
(s:9),t
(4.8)

Jj=—o0

On the other hand, by relations (3.5), (4.2) and (4.7) we deduce that there is a positive
constant C such that, for every j € Z we have

[ ;... | oo Fam) 6 = T Falon) 0 ava(in
<Cmin<(2f'p<<s,y>,<r,z>>)%‘2q;zf“p<<s,y>,(t,z>>>, @9)
an
/ Jo o (Falmd):0) = T (Falm)) )] v
<Cmm<<2fp<<s7y>,<r7z>>)°‘“‘2”;2f'+1p<<s7y>,<t7z>>>. (4.10)

Hence, relations (4.8), (4.9) and (4.10) show that

S oo B 0,650 =y (2. (1) vt <

J=—00

and consequently the operator T, is of a weak type (1,1), but Plancherel’s theorem
implies that 7,, is of a strong type (2,2), and therefore as in the euclidian case, the
proof is complete by using the Marcinkiewicz interpolation theorem and duality (see
[12,25]). O

The main result is then given by the following theorem.

THEOREM 4.5. Let m be a function on Y satisfying mo 0~ € %jfj”%ﬂ@) and

wp o ( / /
R>0(]< [)E Hpag 2NB2R

then the multiplier operator T,, defined by F (T,nf) = mZ (f), is an L -Fourier mul-
tiplier for 1 < r < 4-oo.

1

okt 2 2
r3drdx < oo,

3% axf moO’l)(r,x)
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