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ASYMMETRIC TRUNCATED TOEPLITZ
OPERATORS ON FINITE-DIMENSIONAL SPACES

JOANNA JURASIK AND BARTOSZ EANUCHA

(Communicated by S. McCullough)

Abstract. In this paper we consider asymmetric truncated Toeplitz operators acting between two
finite-dimensional model spaces. We compute the dimension of the space of all such operators.
We also describe the matrix representations of asymmetric truncated Toeplitz operators acting be-
tween two finite-dimensional model spaces. Our results are generalizations of the results known
for truncated Toeplitz operators.

1. Introduction

Let H? be the classical Hardy space of the unit disk D = {z: |z| < 1} and let H*
be the algebra of bounded analytic functions on ID. As usual, H> will be identified via
boundary values with a closed subspace of L?(9D).

The classical Toeplitz operator T, with symbol ¢ € L?(dD) is defined on H? by

T(Pf:P((Pf)7

where P is the orthogonal projection from L?(dD) onto H?. The operator T, is
densely defined and it is bounded if and only if ¢ € L*(JD). Two important exam-
ples of classical Toeplitz operators are the unilateral shift S = 7, and its Hilbert space
adjoint, the backward shift S* = T;.

Let o be an arbitrary inner function, that is, oo € H* and || =1 a.e. on dD.
The model space corresponding to o is the closed subspace K, of H> of the form

K, =H?S aH>.

The theorem of A. Beurling (see for instance [7, Thm. 8.1.1]) implies that every non-
trivial S*-invariant subspace of H? is a model space K, corresponding to some inner
function o. Denote by Py, the orthogonal projection from L?(dID) onto K .

The model space K, is a reproducing kernel Hilbert space with the kernel function
given by
_1—a(w)a(z)

k(@) 1—wz

, w,zeD. (1.1)
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In other words, f(w) = (f,k%) forevery f € Ky and w € D (here (-,-) is the usual in-
tegral inner product). Note that k% is bounded, and so the subspace K;; of all bounded
functions in K is dense in Ky . If a(w) =0, then k% is equal to the Szegd kernel
ky(z) = (1 —wz)~ L.

If o is an inner function, then the formula

Caf(z) = a(2)zf(2), |zl =1, (1.2)

defines a conjugation (an antilinear, isometric involution) on L?(dID) which preserves
Kq (see [16, Subection 2.3]). A simple calculation reveals that the conjugate kernel
k% = CykZ is given by
~ o(z)—o
kS (z) = M, w, z€D.
Z—w
A truncated Toeplitz operator AG with a symbol ¢ € L?(9D) is the compression
of Ty to the model space Ky . More precisely, Ag is defined on K, by

AngPa(¢f)~

An extensive study of truncated Toeplitz operators began in 2007 with D. Sarason’s
paper [16]. Despite similar definitions, truncated Toeplitz operators differ from the
classical ones in many ways. For example, T, = 0 if and only if ¢ =0, but Ag =0

if and only if ¢ € aH? + aH 2 (see [16, Thm. 3.1]). Moreover, unlike in the classical
case, unbounded symbols can produce bounded truncated Toeplitz operators and there
are bounded truncated Toeplitz operators for which no bounded symbol exists (see [3]
for more details). More interesting results about truncated Toeplitz operators can be
foundin [6, 10, 11, 12, 13].

Recently, the authors in [4] and [5] introduced the so-called asymmetric truncated
Toeplitz operators, which are generalizations of truncated Toeplitz operators. Let o, 3
be two inner functions and let @ € L?(dD). An asymmetric truncated Toeplitz operator

Ag’ﬁ with a symbol ¢ € L*(9DD) is the operator from K into Kp defined by

A%PF = Py(pf), f€Ka

The asymmetric truncated Toeplitz operator Ag’ﬁ is closed and densely defined.
Obviously, Ay = AG.
Let
I (o, B) = {Ag,“l3 . @ € L*(9D) and Ag,“l3 is bounded}

and I (o) = T (o, &0).

In 2008 [8] J.A. Cima, W.T. Ross and W.R. Wogen considered truncated Toeplitz
operators on finite-dimensional model spaces. It is known that K, has finite dimension
m if and only if « is a finite Blaschke product of degree m. In that case every f € Ky is
analytic in a domain containing the closed unit disk (see [10, Prop. 5.7.6]). If ¢« has m
distinct zeros ai,...,an, then the sets {kg,...,kg } and {kg ,... kg } are two (non-
orthonormal) bases for K, . The authors in [8] characterized the operators from 7 (o)
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in terms of the matrix representations with respect to each of these bases. They showed
that a matrix representing a truncated Toeplitz operator on m-dimensional model space
is completely determined by 2m — 1 of its entries, those along the main diagonal and
the first row (and the first row can be replaced by any other row or column). They also
proved a similar result for the so-called Clark bases.

Matrix representations of truncated Toeplitz operators on infinite-dimensional mo-
del spaces were considered in [15]. In particular, it was proved in [15] that if « is
an infinite Blaschke product with uniformly separated zeros, then the operators from
Z (at) can be described in terms of their matrix representations with respect to the
kernel basis.

The main purpose of this paper is to generalize the results from [8] to the case of
asymmetric truncated Toeplitz operators.

In Section 2 we compute the dimension of .7 (¢, 3) for two finite Blaschke prod-
ucts o, B. D. Sarason [16, Thm. 3.1] proved that if o is a finite Blaschke product of
degree m > 0, then the dimension of .7 () is 2m — 1. We show that if oz and 3 are
finite Blachke products of degree m > 0 and n > 0, respectively, then the dimension of
T (o,B) ism+n—1.

In Section 3 we generalize the results from [8] concerning matrix representations.
We characterize matrix representations of asymmetric truncated Toeplitz operators act-
ing between finite-dimensional model spaces. We consider matrix representations with
respect to kernel bases, conjugate kernel bases, Clark bases and modified Clark bases.
In each of these cases we show how the matrix representing an asymmetric truncated
Toeplitz operator is completely determined by m +n — 1 of its entries.

2. The dimension of 7 (¢, 3)

Here we compute the dimension of the space of all asymmetric truncated Toeplitz
operators acting between finite-dimensional model spaces. We also give examples of
bases for 7 (o, 8) in this case. The proofs given here are analogous to those from [16,
Thm. 7.1].

As mentioned in the Introduction, if K, has finite dimension m > 0, then the
dimension of 7 (¢¢) is 2m — 1 ([16, Thm. 7.1(a)]). Here we prove the following.

PROPOSITION 2.1. Let Ky have finite dimension m > 0 and let Kg have finite
dimension n > 0. The dimension of 7 (a,B) is m+n—1.

In the proof of Proposition 2.1 we use the fact that if o/, B are two nonconstant
inner functions, then Ag’ﬁ =0 if and only if ¢ € aH?+ BH? (see [14, Thm 2.1] for
proof). We also use the following simple lemma from [14].

LEMMA 2.2. ([14], Lem. 2.2) Let o, B be two arbitrary inner functions. If
Ko C BH?,

then both o and B have no zeros in D, or at least one of the functions o or B is a
constant function.
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Proof of Proposition 2.1. By [14, Cor. 2.6], every operator A in 7 (o, 3) can
be written as a sum A = Ay + Ay with ¥ € Ky and y € Kg. Since Ky and Kg have
finite dimension, it follows that o and 3 are finite Blaschke products and K, C H*,
Kg C H”. Consequently, .7 (a, 3) is spanned by its subspaces

T, B) = {ALP -9 e H=} and  F(a,B) = {ALP - 9 e H7}.

We first compute the dimension of Z.(c, ) and the dimension of Z(a,3). To
this end, we consider the linear mapping ¢ +— Ag’ﬁ acting from H* onto (o, f3).
By [14, Thm 2.1], its kernel is equal to BH™. Indeed, if ¢ € BH>, then Ag’ﬁ =0.On
the other hand, if ¢ € H* and Ag’ﬁ =0, then @ = athy + Bhy for some hi,hy € H>.
Hence ¢ — Bh, = ok is a constant function, ¢ = A, + ¢ for some complex number

c,and ; ;
o.p 40, .
0 :Aq) _Aﬁh2+c = CPﬁ|Ka'
If ¢ # 0, then the above implies that K, C BH?, which, by Lemma 2.2, never happens
for nonconstant Blaschke products o, 3. Therefore ¢ =0 and ¢ € BH*. From this
dim Z. (o, ) = dim(H”/BH™) = n.

Similarly, the mapping ¢ — Ag’ﬁ acting from H= onto (o, ) has kernel equal to
oH> and

dim (e, B) = dim (H=/aH*) = m.

To complete the proof, we only need to show that

dim(Z(o,B)N Z(a,B)) =1, 2.1
for then
dim 7 (e, B) = dim T (0t, B) + dim Zu(cx, B) — dim(Z(ct, B) N Tu(ct, B))
=m+n—1.

Note that here A‘f"ﬁ 0. Otherwise, we would have K,, C BH?, which, by Lemma
2.2 again, is impossible for nonconstant Blaschke products o, . Clearly, A‘f"ﬂ €
Tl B) N Te(t, B), s0 Toot, B) N T, B) # {0}

Assume now that A € Z..(a, )N I=(a, ), say A :Agl’ﬁ :A%;ﬂ, 01,0 €H”.
Then 5

a, _
A‘Pl -0, 0,

and @ — @, € aH? + BH? by [14, Thm 2.1]. In other words, there exist hy,hy € H?
such that

@1 — Bhy = @y + ahy.

This implies that there exists a complex number ¢ such that ¢; = c+ Bhy and A =

o.p
AC+ﬁh2

A% and 2.1) holds. O

= cA‘f"ﬁ . Thus every operator in Z.(o, )N J=(ct,B) is a scalar multiple of
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It was proved by P. R. Ahern and D. N. Clark in [1, 2] that if & has an angular
derivative in the sense of Carathéodory (an ADC) at some point 11 € JD, then the
function &y defined by (1.1) with 17 in place of w, belongs to K (for more details see
[10, pp. 33-37]). Recall the following.

PROPOSITION 2.3. ([14], Prop. 3.1) Let o, B be two nonconstant inner func-
tions.

(a) For w € D, the operators kﬁ ® k% and kﬁ ®7¢}’j belongto T (a,f3),

Bort=a5" and Lokl =A%

=w

§\|

(b) If both ow and B have an ADC at the point N of dD, then the operator kg ®kyy

belongsto T (a,f),
B o _ s0.B
kn @ ky, _Akﬁ+zf‘,—1'

Consequently, if o and f3 are two finite Blaschke products, then k7 € Ky, kg €
Kg and kg @ky belongs to 7 (at,B) forall n € JD. Moreover, it is easy to verify that

KB ®RkY = a(nnks ®ky and W @ky = a(n)iks ®ky.

COROLLARY 2.4. Let Ko have finite dimension m > 0 and let Kg have finite
dimension n > 0. If Wi, ...,Wyn_1 are distinct points in the closed unit disk D, then:

(a) the operators %£j®k“jfj, j=1L1,....m+n—1, forma basis for 7 (a,);
(b) the operators kg ®kw/’ j=1L1,....om+n—1, forma basis for 7 (c,f3).

Proof. We only prove part (a) of the corollary. Proof of part (b) is similar (com-
pare with [16, Thm. 7.1(b)] and [8, Lem. 3.1]).

Let wi,...,Wuin_1 be distinct points in ). By Proposition 2.3, the operators
kﬁj ®k°‘ ,j=1,....m+n—1,belongto 7 (a,p). Since the dimension of .7 (¢, 3)
is m+ n—1 , it is enough to prove that these operators are linearly independent.

Assume that
m+n—1

2 Cj'];g)/ ®k$j =0
J=1 '
for some scalars cy,...,cpin—1. We first show that ¢; =0.
Since the functlons kﬁfl, ,ky; ~are linearly independent (see [16, p. 509]), there
exists f € K, such that

forl <j<m

ay_J 1 forj=1,
<f7ij>_{O
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and
m+n—1 " m+n—1 ~
0= ik ekl (H =kl + X cif(wpib,.
J=1 Jj=m+1
But 75631 ,%gmﬂ yeon ,%em .1 also are linearly independent, so ¢; = 0.

A similar reasoning shows that ¢; =0 forevery j=1,...,m+n— 1, which com-
pletes the proof. [

3. Matrix representations

For the reminder of the paper we assume that o and 3 are two finite Blaschke

products with zeros ay,...,a, and by,...,b,, respectively, that is,
m n
ai—z bj—z
o(z) = —, zZ) = —. 3.1
(2) gl—aiz B(z) Jl;[ll_bjZ 3.1)

3.1. Kernel bases and conjugate kernel bases

Let o and 3 be given by (3.1). Here we assume that the zeros ay,...,a, are dis-
tinct and that the zeros by,...,b, are distinct. Then the kernel functions {kf’ ...,k }

form a basis for K, and so do the conjugate kernel functions {752‘1 e ,7{&} Similarly,
{kfl,...,kfn} and {%gl,...,%fn} are bases for K.

Of course, it is possible that & and B have some zeros in common. In this sub-
section we assume that o and 8 have precisely [ zeros in common (I = 0 if there are

no zeros in common), those zeros being a; = b; for i < /.
Let A be any linear operator from Ky into Kg. It can be verified using

B 7By _ JB'(bs) forj=s,
<kb_/’kbs> - { 0 for j #s,

that the matrix representation My = (ry,) of A with respect to the kernel bases {kg , ...,
k., } and {k,’fl yee ,kfn} is given by

rop = (B'(bs) AR KD ),

and the matrix representation My = (t5,p) of A with respect to the conjugate kernel
bases {kg ,...,kg } and {kgl,...,kgn} is given by

—1 T
tep = B(bs) AR K] ).

THEOREM 3.1. Let the function o be a finite Blaschke product with m distinct
zeros ay,. . .,an, let B be a finite Blaschke product with n distinct zeros by, ... b, and
assume that oo and B have precisely | zeros in common: a; = b; for i <1 (I =0 if
there are no zeros in common). Let A be any linear transformation from Ky into Kg.
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If Ma = (rsp) is the matrix representation of A with respect to the bases {k ..., kg }
and {kfl,...,kfn}, and
(a) 1=0, then A€ T (a,B) if and only if
_ B'(by) (@ —by)rs1 + B'(b1) (b1 —a@1)riy + B/ (b1)(@ — b)r1p
Fop= LS (3.2)
B'(bs)(ap — by)
forall 1 <p<mand 1 <s<n;

(b) 1 >0, then Ac T (a,B) if and only if

oy — B'(b1)(@ —by)ris+B'(b1) @ —bi)rp (33)

Fop = o o — (3.4)
forall p,s suchthat 1 <p<m,l<s<n.

Proof. We first prove the necessity of the conditions given in the theorem. Let
A= AgJ3 be an asymmetric truncated Toeplitz operator with symbol ¢ € L*(dD).

Recall that the matrix representation M B = (rs,p) of Ag’ﬁ with respect to the bases
¢

(k% k&Y and {k}) ...k} } is given by

rop = (BT(0s) " AGPRE K )

By [14, Cor. 2.6], Ag’ﬂ can be written as

a'fﬁ — a7ﬁ
A" = A3ty
for some y € Ky, ¥ € K. Since the functions %gﬁ ,i=1,...,m, form a basis for K,
and the functions 755]_, j=1,...,n, form a basis for Kﬁ , We can write

m n -
x=Yckl, y=13 dk,.
i=1 j=1

We now compute 7y , in terms of the scalars cy,...,c, and dy,...,d,.
Since ot(a;) =0 and B(b;) =0, we have
o(z) o B(z)
o ="2 k()=
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and
EcA“ﬁ +2dA°£.

z—a; Jj= =bj

By Proposition 2.3 (a),

A% — i kg and AGP =K @k,

—E- ==b;j

2l

and so

m
AgPKe = ch (k& KE0KB + Zd o KKy

u7a,

o/ (ap) k o, T Z 1__ b
The last equality follows from the fact that

(ko Ty = { o/(a,) fori=p,

ap? 0 fori # p.
Consequently,
rop = (B(0) HAG RS KD )
_ Oc’(ap) B 1 L d; B 7B
=C ka ,k + — k ,7k
B o T B T
_ a/(ap) ~ 1 & d;
=0 —L (K K+ —— j
B’ (bs) B'(bs) j=i (1 =apb;)(1—bsbj)

(a) 1=0

ap — by
and
¢, 0o(ap) i d;
Tsp= p_ P2 B(a Z —
— by B(by) ) j=1 (L=@pbj)(1 = bsbj)
forall 1< p<m, 1 <s<m.
We now show that r; , satisfies (3.2) forall 1 <s<n and 1 < p <m. Clearly,

(3.2) holds for s = 1. Assume that s # 1. Using the equahty

a, — b, __a by
(1—ayb;)(1—bb;) 1—apbj 1—bb;’
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we get
i d; B i d; a by
=l (1 —ayb;)(1 —bsbj) ,/':1517_55 L—apb; 1—bb,
x4 ap—bi b —a
=y + - _
j=1 ap_b_\' (1 —apb )(l—blb ) (1 —albj)(l —blbj)
+ aq bs
(l—albj)(l—bsbj)
:Ep—Elz dj El—ali d
La — b i d;
ap—bs = (L—abj)(1 — bsbj)
It follows that
_17 (X/(Clp) 1 n dj
Tsp = — Blay)+ — —
@b Bl B’(bs),;(l—apbn(l—bsbj)
— / — __ n .
__“r_ a(ap)ﬁ(ap)+c_lp lil ! Y _ dj _
p—bs B(bs) dap—by B'(by) ;=1 (1 —apbj)(1—b1b))
_ C1 a’(al)ﬁ(al)+51 —a 1 2 dj
p—bs B'(by) ap—by B'(by) 21 (1 —a1bj)(1—b1b))
& dla a—b 1 & d;
y Oty ach 1y i
a,—bs B'(by) a, —bs B’(by) j=1 (1 _albj)(l _b-\'bj)
= _E / 5 7 R = __s
_ &b B (bl)rlﬁp_i_l_’l ap (bl)rquill be
ap —bs B'(bs) ap —bs B'(by) ap —bs
_ '(bs) (@1 — by)rs 1+ B(b1) (b1 —a1)ri1+ B/ (br)(@p — b1)r1p
B’ (bs) (@, — by)
(b) 1>0.

In this case a, = b, for p <[ and a, # by for p > [ and every 1 < s <n. Hence

B'(bs)ds, forp<I,

L forp>1,

and
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for p<I,1<s<n,and

i dj

B’ (bs) ) S (1=apbj)(1 = byb)

Tsp = —

for p>1,1<s<n.

We now show that ry ), satisfies (3.4) for all p,s such that 1 <s<n, p>1 or
1<s<n, 1<p<l, p#s.

Clearly, (3.4) holds for all p,s with p # s and such that s=1 or p = 1. Assume
that s # 1 and p # 1. If p > [, then using the fact that a; = b, we get

o _Cp o' (ap) P I < dj
PG, — b ﬁ’(bs)ﬁ( p)+ﬁ’(bs)j:2’1(l—apb ) (1 —byb))
_ % o/(ap) p 1 & dj a,—b
a, — b ﬁ’(b\)ﬁ( pHﬂ’(bs),':lﬁp—E ((l—apb)( —bib))
al—Es
(1—ab;)(1—bsb;)
:EP_EI B'(b1) ¢, o(ap) ¢ d;
a, — by B'(bs) (a,,—El ﬁ/(bl)ﬁ j:zl (1—a,bj)(1—byb; ))
EI—ES 1 “ dj
Y550 & 0 —mb) (15
_ ﬁp—@ ﬁ’(bl)rl L@ —@r‘l _ B/(by) (@1 — by)rsa +ﬂ’(b1)(ﬁp—51)rl,p.
ay—bs p'by) " @by B'(bs)(@, —by)

Similarly, if p <1, s # p, then

@by B'(by) B(b1) S (1 - Tpb; i —bib))
dj
ap—bs B (by) =1 (L—aib;)(1—byb))

B'(bs)(@ = bg)rs,1 +B'(b1) (@ —b1)r1p

In particular, (3.4) holds for all p,s suchthat [ <s<n, | <p<m
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To complete this part of the proof we need to show that ry, satisfies (3.3) for
all p,s such that 1 <s <1, 1< p<m, s# p. Again, this is obvious for s = 1. If
1 <s<I,then

and (3.3) follows from (3.4).

The proof of necessity of the given conditions (for [ = 0 and for / > 0) is now
complete. We now prove sufficiency.

Assume that [ = 0 and note that the linear space V of all the matrices satisfying
(3.2) has dimension m+n — 1. By the first part of the proof, the set V; of all the
matrices representing operators from .7 (¢, B) is a subspace of V,

Vo={M,ap: AGP € 7(a,B)} C V.
¢

However, by Proposition 2.1 we know that Vj also has dimension m +n — 1, and so
Ww=V.
The proof for / > 0 is analogous. [

REMARK 3.2.

(a) Theorem 3.1 states that if o and B have no common zeros (I = 0), then the
matrix representing an operator from .7 (o, ) is determined by the entries along
the first row and the first column. A slight modification of the proof shows that
one can in fact take any other row and any other column.

(b) Note that in the proof of part (b) of Theorem 3.1 we actually showed that the
elements r; ), satisfy

B'(bs)(@r = by)rs1 + B'(b1)(@p —b1)ri,p
B (bs)(@p —b)

forall p,s suchthat 1 <s<n,p>lorl<s<n, 1<p<I, p#s. However,
this only says that the matrix representing an asymmetric truncated Toeplitz op-
erator is determined by m+n+ [ — 2 of its entries, which is more that m+n — 1
for [ > 1. To reduce the number of the determining entries we consider two
equations: (3.3) and (3.4). These equations say that the matrix is determined by
entries along the first row, first [ entries along the main diagonal and last n — !
entries along the first column.

Ts,p =

(c) A modification of the proof of part (b) of Theorem 3.1 shows that the first row
and column can be replaced by any other row and column that intersect at one
of the first / elements of the main diagonal. The theorem can also be formulated
with rows in place of the columns and vice versa.
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(d) Note that if o = 3 is a Blaschke product with m distinct zeros, then [ =m =n
and part (b) of Theorem 3.1 is precisely the result obtained in [8, Thm. 1.4].

Theorem 3.1 can also be formulated in terms of the matrix representation with
respect to {k% 05 kg } and {kfl,...,kgn}.

THEOREM 3.3. Let the function o be a finite Blaschke product with m distinct
zeros ay,. . .,an, let B be a finite Blaschke product with n distinct zeros by, ... b, and
assume that oo and B have precisely | zeros in common: a; = b; for i <1 (I =0 if
there are no zeros in common). Let A be any linear transformation from K, into Kﬁ

If My = (1, p) s the matrix representation of A with respect to the bases { o k"‘m}
and {kblv"'vkb,,}’ and

(a) 1=0, then A€ T (a,B) if and only if

B'(bs)(a1 — by)ts.1 + B'(b1) (b1 — a)ti 1 + B'(b1)(ap — bi)t1
ﬂ/(bS)(ap - bS)

Isp=

forall 1<p<mand1<s<n;

(b) 1 >0, then Ac T (a,B) if and only if
B'(br)(a1 — by)tis + B'(b1)(ap — b1)t1,p

t =
P ﬂ/(bS)(ap - bS)

forall p,s suchthat 1 <p<m, 1<s<l, s#p, and
BBy (@b + B bi)ap by
e ﬂ/(bS)(ap - bS)

forall p,s suchthat 1 <p<m,l<s<n

Proof. Let A be any linear transformation from K into Kpg. The proof is based
on the fact that the matrix representation of A with respect to the conjugate kernel basis
satisfies the conditions from Theorem 3.3 if and only if the matrix representation of A*
with respect to the reproducing kernel basis satisfies the conditions from Theorem 3.1.
Since A € I (a,B) if and only if A* € T (B, ) (see [4, Lem. 3.2]), this proves the
theorem. The details are left to the reader. [J

3.2. Clark bases and modified Clark bases

Now let & and 8 be as in (3.1) but do not assume that the zeros are distinct.
For any A; € dD define

AL+ a(0)
' a0
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Then oy, € dD and, since || = 1 and |o| >0 on dD (see [11, p. 6]), the equation

a(n) = oy, (3.5)
has precisely m distinct solutions 1y,..., M, which lie on the unit circle dID. The
corresponding kernel functions k,‘;‘l yeen ,k,‘;‘m belong to K, . Moreover,

o o\ Hk%in fori=j,
(k) = { 0 fori # j.
Therefore the functions k%l e ,ko‘m form an orthogonal basis for K, and the normal-

ized kernel functions
o __ o ||—1l,0 P
vnj_Hknj” knj’ .]_17"'7m7

form an orthonormal basis for K. The basis {vy,...,vy } is called the Clark basis
corresponding to A; (see [9] and [11] for more details).
We can also define the so-called modified Clark basis corresponding to 4; by

erlj:m.;xv%j’ j=1....m,
where _
of = et Gy
Then the basis {e ,...,ef } is an orthonormal basis for K and such that

Cae%j :e%j, j=1,....m,
where Cy, is the conjugation given by (1.2).
Similarly, for any A, € dD there are precisely n distinct solutions {,...,&, on
0D of the equation
A+ B(0)

B(S) =B, = B0

(3.6)

The Clark basis { vgl beens v[gn} and modified Clark basis {e?1 . ,egn} corresponding
to A, are defined as above by

B _ B -1,B .
e LA e U S
and
where .
A

Of course, it may happen that the equations (3.5) and (3.6) have some solutions in
common. Here we assume that (3.5) and (3.6) have precisely [ solutions in common
(I =0 if there are no solutions in common), these solutions being n; = §; for j < 1.
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THEOREM 3.4. Let o and B be two finite Blaschke products of degree m > 0
and n >0, respecnvely Let {vm, ,vo‘m} be the Clark basis for Ky, corresponding to

AL € JD, let {vgl e gn} be the Clark basis for Kg corresponding to A, € D and

assume that the sets {nNy,...,Mm}, {C1,...,&:} have precisely | elements in common:
nj=¢; for j <1 (1 =0 if there are no elements in common). Finally, let A be any
linear transformation from Ko into Kg. If My = (rs p) is the matrix representation of

A with respect to the bases {vy,...,v) } and {v .,vlg }, and

(a) 1=0, then A€ T (a,B) if and only if

_<wwm‘mm L VLB my & -
o =\ Vet 18" ¢wnn¢m ST 1= zn
V ‘B Cl np
V |3 CS nP CS

(3.7)

forall 1< p<mand1<s<n;

(b) 1 >0, then Ac T (a,B) if and only if

rv=<VW WV npm -4, VIFGI - n>(w)
AV ) VBTG s e é TVIFG M=

forall p,s suchthat 1 <p<m, 1<s<l, s#p, and

" Viermolny m=¢& . VI, - (3.9)
P \/‘OC T[p nl Np — cs \/‘[5 Cs Ny — Cs b ’

forall p,s suchthat 1 <p<m,l<s<n.

Proof. Let A be any linear transformation from K, into Kp and let My = (rs,)
G and (2, B
We first show that if A belongs to .7 (¢, 3), then My has the desired properties.

Assume that A = Ag’ﬁ for ¢ € L*(D). To compute r; , pick m+n— 1 distinct
points &i,...,&ppn—1 from JD, different from n;, i =1,...,m, and from §;, j =

1,...,n. It follows form Corollary 2.4 that the operators kg_ k¥, i=1,....m+n—1,
form a basis for 7 (a, ). Hence there exist scalars ci,...,Cpin—1 such that

be its matrix representation with respect to the bases {v

m+n—1
AP -y cikg@kg. (3.10)
i=1
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Since the Clark bases are orthonormal,

Fop = <Agﬁv%p vé)

for I <p<mand1<s<n. Wenowcompute 7y intermsof ¢;, i=1,...,m+n—1.
By (3.10) we have
m+n—1

ocﬁ m+n—1 ﬁ
) o
Aq, Vi, = 2 cik ®k§ n’) 2 cv &)

=

and

m+n—1
Tsp = Z Cciv Tlp él (él)
;"ﬁi o) |- PEPEE)
Ik, HHk"H = l‘m e
mtn—1 ) (él) )(l—ﬁ(Cs) (él))

Al HHk | i:Zl &t E—m)(E—C)

Note that [[ky || = /[o'(np)| and ||klgvH = /IB'(&s)|. Moreover, 1, and { are so-

lutions of (3.5) and (3.6), respectively. Consequently, oc(np) =0y, p= 1,...,m,
B(&)=By,.s=1,...,n,and

m+n—1 d:

2 (& —mp)(&i— &)

- Ny 311
P B & G40

where

di = ciGi(o(np) (&) — 1)(1 = B(E)B (&)
= ci&i(0g, (&) — 1)(1 = B3, B ()

)

is independent of p and s.

(a) 1=0

In this case 17, # {s forall 1 < p<mand1<s<n.Using(3.11) and the equality

-G R
(é Tlp)(&l Cs) B éi —Mp gi - C.\'
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we get

m+n—1 d:

Vs p = np 2 e
T )BT A G =& -&)

_ 1 np m+n—1 1 1
VI mp)V/1B' (&) My — S ; (él n, &-— Cs)

1 Tlp m+n—1

. . )4 Cl
VI VBTG M =& gi dl((éi_np)(éi_cl)

Cl—m m—Cs
TECGE-m <éi—m><&i—c§>>
_ 1 np ot (m S TBE e 6t
\/a/(np)|\/|ﬁ/(Cs)|np_Cs< |OC (7717)‘\/ |ﬂ (Cl)‘ n_p
N NI T VBT 51)
<\/a m)lmpm =& Ve[Vl ny &~

Vied(np)[ mmp = g INGONEIRELE c\

\/|ﬂ (Gl np— Cl )
\/ 1B/(C) Mp— &s

Hence (3.7) holds.
(b) I>0.

In this case the proof of part (a) can be repeated to show that (3.7) holds for all
p,s suchthat 1 < p<m, s>1[,andforall p,s suchthat ] <p<m, 1 <s<I, s#p.
Since here §; = 1y, we get (3.9).

We now show that (3.8) holds for all p,s suchthat 1 <p<m, 1 <s<I[, p#s.
Clearly, (3.8) holds for s = 1, p # s. Since here 1, = {;, it follows that for 1 < s <1,

_ m ’”*fl d;
S e mVE G A GGG

_ m ’”*fl d;
\/\Oc’(m)\\/\ﬁ’(& =1 (&i—ns)(&— &)

_ V@ E@m,
Vi mVIB @] s

Hence, for 1 < s <[, p # s, the equation (3.8) follows form (3.9).
The rest of the proof is similar to that of Theorem 3.1. [




ASYMMETRIC TRUNCATED TOEPLITZ OPERATORS ON FINITE-DIMENSIONAL SPACES 261

REMARK 3.5.

(a) Part (a) of Theorem 3.4 states that the matrix representing an operator from
T (o, B) is determined by entries along the first row and the first column. The
proof can be modified to show that one may replace the first row and the first
column by any other row and any other column.

(b) Proof of part (b) of Theorem 3.4 can also be modified to show that the first row
and column can be replaced by any other row and column that intersect at one of
the first / elements of the main diagonal. The theorem can be formulated with
rows in place of the columns and vice versa.

(c) If oo = is a Blaschke product of degeree m, then [ = m = n. Moreover, if | =
Ay, then n; = §; forall j=1,...,m, and part (b) of Theorem 3.4 is precisely
the result form [8, Thm. 1.11].

THEOREM 3.6. Let ov and 3 be two finite Blaschke products of degree m > 0 and
n > 0, respectively. Let {em, .,ey } be the modified Clark basis for Ko correspond-

ing to A € dD, let {e(:1 yeens Cn} be the modified Clark basis for Kg corresponding

to Ay € 0D and assume that the sets {Ny,...,Mm}, {&i,...,E} have precisely 1 el-
ements in common: N; = §; for j <1 (I =0 if there are no elements in common).

Finally, let A be any linear transformation from Ko into Kg. If My = (t\ p) is the
matrix representation of A with respect to the bases {ej ,...,eq } and {e . ,elg 1
and

(a) 1 =0, then A€ T (a,B) if and only if

ﬁ:<ammwlt VE@IVIEE lqg "
T\l of 1= ¢WmMﬁ|m oot

+mm» a)
V ‘ﬁ Cs | wsﬁ np C‘
forall 1 <p<mand 1 <s<n;

(b) 1 >0, then A€ T (a,B) if and only if

t:@W nVIFE ofof m-&, \@@ang>
T\ VIV IF G ogef -6 IBG) of 18

forall p,s suchthat 1 <p<m, 1 <s<lI, s#p, and

%:OW@Mmlg wmmqmc1>
P\ VI og =& B of -G

forall p,s suchthat 1 <p<m, l<s<n.
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Proof. Let A be any linear transformation from K, into Kg. Here it is enough

to compare the matrix representation of A with respect to the Clark basis with its ma-
trix representation with respect to the modified Clark basis and use Theorem 3.4. The
straightforward computations are left to the reader. [J
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