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DENSITY OF A NORMAL SUBGROUP OF THE
INVERTIBLES IN CERTAIN MULTIPLIER ALGEBRAS

P. W. NG AND TRACY ROBIN

(Communicated by D. R. Farenick)

Abstract. Let </ be a unital separable simple C*-algebra. Let GL(.Z (<7 ® %)) be the group of
invertible elements of the multiplier algebra of the stabilization of .27, and let N C GL(.# (o ®
) be any (algebraic) normal subgroup that properly contains the scalar invertibles.
Then )
Nsmct _ L%(&{®%/),

where N is the closure of N in the strict topology.

1. Introduction

Let & be a unital C*-algebra and let . C % be a (not necessarily closed) linear
subspace. Recall that . is a Lie ideal of € if [£,%] C £ .!

There is an extensive literature studying the Lie ideals of operator algebras, and
this has had many consequences for operator theory and operator algebras. (See, for
example, [7], [13], [28], [29], [30], [31], and the references therein.) Among other
things, if JZ is a separable Hilbert space and B(7’) is the algebra of bounded linear
operators on .7, then a linear subspace . C B(.77) is a Lie ideal if and only if . is
invariant under conjugation by unitaries if and only if .Z is invariant under conjugation
by invertibles. (See [7, Theorem 1]; see also [12], [13], [14], [15], [29], [30], [31],
[38].)

A basic question in the subject is to ask under what conditions is a Lie ideal “large”
(e.g., contains all additive commutators or even the whole algebra). From fundamental
results of the theory, one gets the following immediate consequence: If 77 is a sepa-
rable Hilbert space and . C B(¢) is a Lie ideal which properly contains the scalars,
then 2" = B(s2), where 7" is the closure of .% in the strong operator topol-
ogy. (See, for example, [7]; see also [12], [28], [29], [30].)

In this paper, we study a nonlinear, multiplicative version of the above result,
where we also replace B(#°) with more general multiplier algebras (and replace the
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commutators.
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strong operator topology with the strict topology). Our focus will be on properly infinite
multiplier algebras.

In the multiplicative analogue, linear subspaces will be replaced with subgroups
of the invertible group (or general linear group) of a unital C*-algebra. Lie ideals will
be replaced with normal subgroups.

The phenomenon that we are interested in has, to a certain extent, been studied
in the form of topological groups associated with operator algebras. (We will not ex-
tensively discuss topological groups, though we may mention them.) We are mainly
interested in the general linear group (or group of invertibles) of a unital C*-algebra.
The most basic example of this is the full matrix algebra M,,(C). In this case, the pro-
jective general linear group GL(M,(C))/(C —{0}) is an algebraically simple group.
Moreover, since GL(M,,) is norm-dense in M, , we immediately have the required mul-
tiplicative analogue: If N C GL(M],) is an algebraic normal subgroup which properly

contains the scalar invertibles then N = GL(M],,) and hence N - M,,, where N i
the closure of N in the (operator) norm topology.

The first infinite dimensional generalizations were due to Kadison who studied the
case of von Neumann factors ([18], [19], [20]), and these results have been extended to
simple C*-algebras with implications to the study of automorphism groups and other
areas (e.g., see [6], [33], [34], [35]). In the case of present interest for us, Kadison’s
result, stated in our language, implies the following: Let .# be a properly infinite
von Neumann factor’, and let N C GL(.#) be a (algebraic) normal subgroup which
properly contains the scalar invertibles, then N e — . (We note that Kadison was
interested in the structure of the topological group GL(.#') with the norm topology.)

In this paper, we will focus on the case of properly infinite multiplier algebras.
The multiplier algebra M (%) of a C*-algebra A is the largest unital C*-algebra
containing 4 as an essential ideal. The structure of various subgroups of GL(.# (%))
have had important implications for extension theory and K-theory, and they are in
themselves quite interesting (e.g., [17], [24], [25], [32], [36], [37], [41]).

In this paper, we prove the natural analogue of the above density results, when
the relevant unital C*-algebra is the multiplier algebra of o7 ® £, where .o/ is unital
separable and simple, and where the relevant topology is the strict topology.

The proof techniques involve a combination of methods from algebra and operator
theory, as well as the theory of absorbing extensions.

2. Preliminaries

In this section, we provide some preliminaries and notations, including some def-
initions and basic results about purely large extensions.

Recall that for a C*-algebra A, the multiplier algebra 4 (A), of A, is the largest
unital C*-algebra containing 4 as an essential ideal. This is an object which encodes
the extension theory of %. The quotient .Z(#)/% is called the corona algebra of
A. E.g.,if  is the algebra of compact operators on a separable infinite dimensional

2In this paper, we assume that all our simple C*-algebras are separable and all our von Neumann algebras
have separable preduals.
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Hilbert space ¢, then .# (%) =B(#°) and .# (2#")/.% is the Calkin algebra. Ba-
sic information about multiplier algebras, corona algebras, and their relationship with
extension theory can be found in [2], [40] and the references therein.

For a C*-algebra 4, the strict topology on . (2) is the topology on .# () that
is generated by the family of seminorms {||.||5}»c %, where for all T € .# (), for all
be B, ||T|y:=|Tb| +||bT||. The strict topology on .# (%) roughly plays a role
analogous to the strong* topology on a von Neumann algebra. (See [2], [40].) We note
that .# (¢"), with the strict topology, is not a topological algebra, since multiplication
is not strictly continuous.

For a C*-algebra ¢ and for § C €, we let EH'H denote the closure of S in the

(C*-) norm topology on % . Often, for simplicity, we write S in place of EH'H .
Sstrict

Let % be a C*-algebraand let R C .Z(#). We let R
in the strict topology on .# ().

For a C*-algebra ¢ and an element x € ¢, o(x) denotes the spectrum of x.
For a subset § C ¢, Ideal(S) denotes the C*-ideal of ¢ generated by S in particular,
Ideal(x) denotes the C*-ideal of ¢ generated by the element x. If a € €, , then Her(a)
denotes the the hereditary C*-subalgebra of % which is generated by «, i.e., Her(a) :=
ata.

In the context of multiplier algebras, there will be special notation for certain
hereditary C*-subalgebras. Let % be a nonunital C*-algebraand A € .# (%),. Her(A)
as before, denotes the hereditary C*-subalgebra of .# (%) generated by A, i.e., Her(A)
:=A(P)A. On the other hand, her(A) denotes the hereditary C*-subalgebra of %
generated by A, i.e., her(A) := AZA.

Finally, let o7, % be C*-algebras with ¥ unital. Let ¢,y : &/ — € be *-homo-
morphisms. Recall that ¢ and y are said to be approximately unitarily equivalent if
there exists a sequence {u,};_, of unitaries in ¢ such that forall a € &, u,¢(a)u;, —
y(a) in the norm topology.

We will also need some techniques from extension theory, especially the theory of
absorbing extensions which is a theory with connections to operator theory, extension
theory, KK theory, the Elliott classification program and other subjects. We gave some
thought on the best exposition of these results, given that the foundational proofs from
the literature are phrased in the language of extension theory, but we nonetheless wish
to give a short presentation which can be followed quickly by a nonexpert. We decided
that to keep the exposition efficient, we will phrase all the relevant results in this paper
in terms of *-homomorphisms into a multiplier algebra (so, in principle, the reader need
not know extension theory). However, we will also make comments and give references
connecting these concepts to extension theory and we will use the term “extension” and
other terms without definition in these comments — we will single out almost all of these
comments by placing them into statements labelled with “Remark”. Good references
for basic extension theory are [2], [16], [26] and [40]. (See also [3], [4] and [11].) In
fact, a fast summary for the relevant basic extension theory can be found on page 386
of [5]. (A good starting point may be for a nonexpert to read this page while consulting
the references cited above.) Good references for the theory of absorbing extensions are
[5] and [27]. Section 15.12 of [2] gives a fast two page introduction. (See also [1], [2],

denote the closure of R
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[4], and [26].)

DEFINITION 2.1. Let &/ and % be separable C*-algebras with <7 unital and %4
stable.

1. A unital injective *-homomorphism ¢ : & — # (%) is absorbing if for every
unital *-homomorphism y : o7 — # (%), for every € > 0, for all isometries
S1,82 € M (A) with §15]+ 5255 = 1 and for every finite subset .7 C o7, there
exists a unitary U € .# (%) such that

¢(a) = U(S19(a)St + S2y(a)Sy)U" € &
forall a € &/, and
|6(a') = U(S16(d')S} + Sy (d)S5)U"|| < &
forall ' € F.

2. A positive invertible element a € .# (%) is absorbing if the inclusion map C*(a)
— () is absorbing.

REMARK 2.1. In the terminology of extension theory, in Definition 2.1, we are
working with the Busby invariants of trivial extensions, and the sum S1¢(.)S] +S2y(.)S3
is a realization of the Brown—Douglas—Fillmore sum of the extensions ¢ and y. Also,
¢ is a unital absorbing extension. See, for example, [2], [5], [16], [26], [40].

The following useful approximate uniqueness result follows immediately from the
definition of absorbing *-homomorphism (i.e., Definition 2.1).

LEMMA 2.2. Let o/ and 9B be separable C*-algebras with </ unital and %
stable. Suppose that ¢,y : o/ — M (B) are two unital injective absorbing *-homo-
morphisms.

Then for every € > 0, for every finite subset F C of , there exists a unitary U €
M (AB) such that

¢(a)—Uy(a)U" € #

forall a e o7, and
l6(a’) — Uy (a)U"

|<e€
forall d € F.
Proof. Suppose that <7, #, ¢,y satisfy the hypotheses.
Let £ > 0 and a finite subset .# C &/ be given. Let S1,S, € .# (%) be isometries
with
S1Si+ 8,85 =1.

Since ¢ is an absorbing homomorphism, let U € .# (%) be a unitary such that

¢(a) —U(S1¢(a)S] +S2y(a)$5)U" € A
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forall a € &/, and
[¢(c) —U(S19(c)ST +S2w(c)S3)U"|| < €/2

forall c € .7.
Since v is an absorbing homomorphism, let V € .# (%) be a unitary such that

Vy(a)V* — (S19(a)ST + S2v(a)S3) € #
forall a € &/, and
[V (e)V" = (S19(c)ST +S2y(c)S5) || < &/2

forall c € % .
Then
o(a)—UVy(a)V'U" € A

forall a € &/, and
[¢(c) =UVy(c)VU"|| <e

forall ce . O

REMARK 2.3. There is an elegant and insightful short proof of Lemma 2.2 which
is phrased in the language of extension theory (see, for example, [4, Corollary I1.5.6]).

For the convenience of the reader, we presented this proof without mentioning
extensions, and in a way which is slightly less short.

We will need two specific absorbing *-homomorphisms that were constructed by
Lin and Kasparov. These examples actually fall under the Elliott—Kucerovsky result
stated in Theorem 2.9 below (though Lin’s and Kasparov’s works came first). However,
for the convenience of the reader, we state the results of Lin and Kasparov.

THEOREM 2.4. Let &/ %€ be unital separable C*-algebras such that € is simple
and </ is a nuclear unital C*-subalgebra of € .

Letd: o/ — M (C©KX') bedefinedby d(a) = a® ly ) =diag(a,a,a,a,...... ).

Then d is absorbing.

Proof. This follows from [27, Theorem 1.12]. [

REMARK 2.5. Lin introduced the above absorbing extensions result Theorem 2.4
(which we stated as a result about *-homomorphisms) in the course of proving an im-
portant stable uniqueness theorem, which is a foundational tool in the Elliott Program.

We also note that the statement and proof of [27, Theorem 1.12] is phrased in the
language of extension theory.

Next, we have the following special case of the absorbing *-homomorphism due
to Kasparov.
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THEOREM 2.6. Let </ and € be separable C*-algebras with <7 unital and nu-
clear. Let 7 be a separable Hilbert space.

Let ¢ : o/ — B(H) be a unital *-homomorphism which is full (i.e., for all a €
o {0}, $(a)/H #0). )

Let ¢ : o — M (€ RH) be given by ¢(a) = ly @ ¢(a) € 14y QB(H) C
M(EC R X), forall a e .

Then (E is absorbing.

Proof. See [21, Theorem 6] and [22, 1.16]. See also [2, Theorem 15.12.3]. U

REMARK 2.7. The above is a special case of Kasparov’s absorbing extension,
which generalizes Voiculescu’s absorbing extension. In both cases, the existence of
these absorbing extensions gave a clean characterization of the relevant extension group
(see, for example, [2, Theorem 15.12.2]). Voiculescu’s absorbing extension is also the
basis of his famous noncommutative Weyl-von Neumann theorem, with many applica-
tions and generalizations (see, for example, [1], [4], [5], [11], [26] and the references
therein).

We note that the proofs referred to in the proof of Theorem 2.6 are phrased in the
language of extension theory.

The notion of “pure largeness” is due to Elliott and Kucerovsky ([5]).

DEFINITION 2.2. Let &/ and % be separable C*-algebras with % stable.

1. An injective *-homomorphism ¢ : & — #(2B) is purely large if for all ¢ €
(¢(A)+ AB)+ — A, her(c) := cHc contains a stable C*-subalgebra which is full
in 4.

2. Let a € M (A)+. Then a is purely large if the inclusion map C*(a) — 4 (A)
is purely large.

REMARK 2.8. Elliott and Kucerovsky introduced the notion of a purely large ex-
tension in order to give a simple algebraic characterization of when an extension is
absorbing. (See [5]; see also Theorem 2.9 below.)

This algebraic characterization answered a longstanding question (see, for exam-
ple, [2, page 134, first line]), captures Kasparov’s and Lin’s extensions, and has many
other applications.

We note that the proof referred to, in the proof of Theorem 2.9 below, is also
phrased in the language of extension theory.

Elliott and Kucerovsky discovered a relationship between pure largeness and ab-
sorption. Here is a special case of their result, stated in terms of *-homomorphisms:

THEOREM 2.9. Let </ and % be separable C*-algebras with </ unital and nu-
clear, and with 2 stable. Let ¢ : of — M (B) be a unital injective *-homomorphism.
Then ¢ is purely large if and only if ¢ is absorbing.
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Proof. This is [5, Theorem 6]. [

We will also need the following characterization of pure largeness.

LEMMA 2.10. Let &/ and % be separable C* -algebras with </ unital and nu-
clear, and with 2 stable. Let ¢ : of — M (HAB) be a unital injective *-homomorphism.
Then the following statements are equivalent:

1. ¢ is purely large.

2. Forany € >0, forall c € (¢§() +RB)+ — B, and for all b € B such that
lle/ A = ||bl| =1, there exists an r € B with ||r|| < 1 such that ||rer* —b|| < &.

Proof. See [23, Theorem 3.1]. [

LEMMA 2.11. Let A be a separable stable C*-algebra, let {a,};_, be a se-
quence of positive purely large invertible elements in M (B), and let a € M (PB)+ be
an invertible element such that a,, — a in norm.

Then a is also purely large.

Proof. We use the previous lemma. Let ¢ € (C*(a) + %)+ — % such that ||c/ B =
1. We can write ¢ as ¢ = (f(a)+k)*(f(a)+k) forsome f € C(o(a)) and k € . Then
(f(an)+k)*(f(an) +k) — c innorm. Let ¢, = (f(an) +k)*(f(an) +k) forall n. Since
¢ ¢ B,cn ¢ B for sufficiently large n. Since ||c/ B =1, cn/PB| — 1. We can find
{0}, in [1/2,3/2] such that o, — 1 and oy,c, — ¢ in norm and ||ay,¢c, /%) = 1
for all sufficiently large n. Throwing away finitely many terms if necessary, we may
assume that ||oyc, /B =1 forall n.

Let € >0, let b € %, such that ||b]| = 1. Choose N > 1 such that ayey =~¢/s ¢
and anyey ¢ A. So, owvey € (C*(ay) + AB)+ — % and since ay is purely large, we
can find r € % with ||r[| <1 such that r(ayen)r* ~g ), b. Also, r(anen)r* =g rer®.
Hence, rcr* = b. Since ¢, €, b were arbitrary, by Lemma 2.10, a is purely large. [

LEMMA 2.12. Let A be a separable stable C*-algebra. Suppose that a € .# (B)
is a purely large, positive, invertible element.

Let 81,85 € M (PB) be isometries such that S1S7 + 5255 = 1.

Then d' := S\aS; + $285 € M (B) is a purely large, positive, invertible element.

Proof. ltis clear that @’ is positive and invertible.

Let c € (C*(d')+B)+ — P with ||c/B||=1.Let € >0 and b € B, with ||b]|=1
be arbitrary.

Hence, let f € C(o(d')) =C(o(a)U{1}) and k € £ be such that ¢ = f(d') +k =
(f(S1aS7) + f(S253)) + k. Hence, either [|f(S1aS7)/%| =1 or || f(5285)/%| = 1.
Let us assume that || f(S1aS7)/ 2| =1 (the proof for the other case is easier; note that
$285 ~ 1).
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Note that since d is invertible, 0 ¢ o(a') and f can be uniformly approximated
over ¢(d’) arbitrarily close by polynomials with no constant term.

Hence, since S7S1 =1, f(S1aS7) = S1f(a)S7. Similarly, f(525;5) = S2f(1)S3.
Hence, SicS| = f(a) + S7kS is a positive element.

Also, ||f(a)/ || =1S1f(a)ST/ 2| = [ f(S1aS7)/#]|| = 1. Since a is purely large,
by Lemma 2.10, let r € # with ||r|| <1 be such that r(f(a) + S7kS1)r* ~¢ b.

Now let s € # be given by s:=rSj. Then |s|| < |[r]| < 1. Also, scs* =
rST(S1f(a)St+S2f (1)S5 +k)Sir* =r(f(a) + S7kS1)r* ~¢ b.

Since c, €, b were arbitrary, by Lemma 2.10, d’ is purely large. [

3. Existence of a nonscalar positive invertible from GL(Cl + &/ ® %)

The first lemma is a result due to Kadison. We use this to attain nonnormal ele-
ments in a normal subgroup of the general linear group of a C*-algebra.

LEMMA 3.1. If & is a unital C*-algebra and a € <, then a is in the center of
o/ if and only if for all x € GL(/), x'ax is a normal operator.

Proof. See [20, Lemma 1]. U

For the next lemma we recall the definition of a prime and semi-prime C*-algebra.
If o7 is a C*-algebra we say that a (C*-)ideal & of </ is a prime ideal if &7 # </ and
S C & implies & C & or ¢ C & forall (C*-)ideals .# and ¢ in «/. We say
that <7 is a prime C*-algebra if the zero ideal is a prime ideal of o7 Recall that every
C*-algebra o7 is semi-prime, i. e., the intersection of all prime ideals of </ is {0}.

LEMMA 3.2. Let </ be a unital C*-algebra and let g be an invertible element of
. If (g5,8) = (¢") ‘g~ 'g*g is in the center of </ then g is normal.

Proof. Assume first that o7 is a prime C*-algebra. Then the center of <7 is C1 .
Hence, (g*,g) = al, forsome o € C. Hence, g*g = oigg™. Taking norms on each
side we get that || = 1. Since g*g is positive, we have that oo = 1. Hence, g is
normal. Now assume that .o/ is a general C*- algebra. If _# is a prime ideal of &/
then o7/ ¢ is a prime C*-algebra. Let 7 be the quotient map. Then (7(g)*,m(g)) is
in the center of &7/ _¢ and hence (7(g)*,7(g)) = 1./, s . Hence, (g",8) — 1 € 7.
Since # was an arbitrary prime ideal, (¢*,g) — 1, € _# for any prime ideal ¢ .
Since C*-algebras are semi-prime, the zero ideal is the intersection of prime ideals, so
(g%,8) — 1o =0. This implies g*g = gg*. Hence, g is normal. [

LEMMA 3.3. Let of be a unital C*-algebra and let g be an invertible element of
o If x:=|g|(gg*)~"|g| is in the center of </ then g is normal.

Proof. Since x is in the center of &7, x is in the center of GL(<?) and since the
center of GL(</) is a normal subgroup of GL(.</) we have that |g|~'x|g| = (gg*) ' (g*g)
= (g*,g) is in the center of GL(<). Therefore, (¢g*,g) is in the center of <. By
Lemma 3.2, g isnormal. [J]
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LEMMA 3.4. Let o/ be a unital C*-algebra. If a normal subgroup of GL(</) is
not contained in the center of </ then it contains noncentral positive elements.

Proof. Let G be a noncentral normal subgroup of GL(<7). Let f be a noncentral
element of G. Then by Lemma 3.1, there exists x € GL(.<7) such that g = x~! fx is
not normal and in G. Now a = (g"¢)"/%((g") ¢ 'g"¢)(g"2)~"/* = Igl(gg") "Il is
positive and in G, and by Lemma 3.3, a is noncentral. [

LEMMA 3.5. Let A be a nonunital C*-algebra and let G be a noncentral normal
subgroup of GL(.# (9)). Then G contains a nonscalar element of GL(% + C1).

Proof. By Lemma 3.4, let x € G be a positive noncentral and hence nonscalar
element. Then for all y € GL(% + C1), yxy~'x~! € GNGL(% + C1). Suppose to
the contrary that for all y € GL(% +Cl1),yxy 'x! € (C—{0})1. Hence, for all y €
GL(% + Cl), there exists o, € C such that yxy 'x! = oy & yxy~ ! = opx. If y is
unitary then taking norms on each side we get that |o| = 1 and since x > 0,0, = 1.
Hence, for all u € U(#+C1),ux = xu. Hence, by the Russo-Dye theorem, zx = xz for
all z€ B+ Cl. Let T € #(#) and let {z,} be a sequence in & such that z, — T
strictly. Then since z,x = xz, for all n, we have that Tx = xT . Hence, since T was
arbitrary, x is central. This is a contradiction. Hence, there is a y € GL(# + C1) such
that yxy~!x~! is a nonscalar element of GNGL(% +C1). O

LEMMA 3.6. Let & be a nonunital simple C*-algebra. Let G be a nonscalar

normal subgroup of GL(.# (A)). Then G contains a nonscalar positive element of
GL(#+C1).

Proof. By Lemma 3.5, let g € GNGL(# + C1) be a nonscalar element. So, g
is a noncentral element of %+ C1. By Lemma 3.1, there is ¢ € GL(%# + C1) such
that ¢~!gc is not normal. Let x = ¢~ !gc, then x € GNGL(% + C1). Note that GN
GL(#+ C1) is a normal subgroup of GL(#+ C1). Since x is not normal, by Lemma
3.4, GNGL(% + Cl1) contains a nonscalar positive element. [J

4. Constructing a nonscalar purely large positive element

Throughout this section, <7 is a unital separable simple C*-algebra and G is a
(algebraic) normal subgroup of GL(.# (</ ® %)) such that G properly contains the
scalar invertibles. (So G itself is nonscalar.) Let {ej7k}1§,'7k<w be a system of matrix
units for . Forall n > 1,let e, :== ¥, 1y ®e; ;. Then {e,};_, is an approximate
unit for .o/ ® . consisting of an increasing sequence of projections.

The goal of this section is to construct a nonscalar purely large positive element in

the strict topology closure G We firstly provide an inductive construction which
will be referred to throughout this section.

By Lemma 3.6, G contains a nonscalar positive element x € C1 + .o/ ® % . Since
G properly contains the scalar invertibles, we may assume that x € 1 + .o/ ® % .
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By the continuous functional calculus, X2 is also nonscalar.

Since x% = x*x is nonscalar, choose an integer n; > 1 and an € > 0 so that for
every a € (& ® % )4 and forall n > ny, if e,x"xe, ~¢ eyae, then e,ae, is not a scalar
multiple of e,. Let {& j};": | be astrictly decreasing sequence in (0,1) such that

Y e <e. 4.1)
j=1

We now construct a sequence {x;}7°_, in GN(1+.47 ®.%"), asubsequence {N¢}7_,
of the positive integers, a sequence { fi};_, of projections in .2/ ® %", and a sequence
{Ux}7_, of unitaries in C1 +.¢/ ® % . The construction is by induction on k.

Basic step k =1: Since x € 1 + .o/ ® #, we can find N > n;, a projection
fi €1y, and a unitary Uy € Cl + .o/ @ 2 such that the following statements
hold:

1. fi Len,, f1 ~en, and fi < e, for some n.

2. UleNl =f1U1, eNlUl = U1f1 and Ul(l — €N, —fl) = (1 — €N, —fl)Ul =1-
en; — f1.

Hence, a matrix representation for U; is

010
U=]100
001

where the unit of the (1,1) positionis ey, , the (2,2) positionis fi, and the (3,3)
positionis 1 —ey, — fi which is Murray—von Neumann equivalentto 1 (e 7)-

3. X' =g ey Xlen, + (1 —en;) and ||X’ey, || ¢, [|x°]| =, [len, X°|| for s ==£1.
4. For s = £1,

XYle’YUl* g eleseNl +U1€N1XY€N1U1* + (1 —en; —fl)
e, UX’U Y
~e, XUIXUY.

Note that a matrix representation for ey, x*en, + Ujen, x’en, Uy + (1 —en, — f1)
is
eleyeNl 0 0
0 ey x’ey, 0
0 0 1

where the unit of the (1,1) positionis ey, , the (2,2) positionis fi, and the (3,3)
positionis 1 —ey, — f1 which is Murray—von Neumann equivalentto 1 (e z)-
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5. Let x; :=xUxU{. Then x; e GN(1+ & ® %),
xsl R, eleyeNl +UleleeNlUf+ (1 —en, —fl)
for s = %1, and

* 2 2 *
xix1 =g, en X ey, +Uren, x ey Ul + (1 —en, — f1)

ele2eN1 0 0
= 0 elezeNl 0
0 0 1

Note also that since x is positive, x] € G.

6. i) Ml < 2|+ &1

2

7. en,x%ey, is invertible in ey, (&7 @ # ey, and ||(en,¥2en,)H| < |42 + €.

We collectively denote the above statements by ( )7

Induction step: Suppose that {x;}*_,, {N;}*_,, {fi}%_,, and {U;}*_, have been
constructed. We now construct Xz, Ngt1, fra1, and Uy .

By the previous steps of the construction, we have the following statements:

Forall 1 <I<k, ey, L fi, en,_, + fi—1 < en, (define ey =47 fo =a7 0), fr <ep
for some k/, €N, Nfl, U;eN, ZfZUl, eNlUl = Ulfl, Ul(l —E€n, —fl) = (1 Y —fZ)Ul =
1 — ey, — f1, and a matrix representation for U; is

010
U=|100
001

where the unit of the (1,1) position is ey, the (2,2) position is f;, and the (3,3)
position is 1 — ey, — f; which is Murray—von Neumann equivalent to 1 (/¢ ) -
For s = +1,

X]i g, ekaquNk + UkekaIifleNk U];k + (1 —eN, — fk) 4.2)
EN X} 1 €Ny 0 0
= 0 enXx;_en, 0
0 0 1

where, in the matrix representation, the unit of the (1,1) position is ey, , the (2,2)
position is fi, and the (3,3) position is 1 — ey, — fr. (Here and in the rest of the
section, we define xp :=x.)

Forall 0 </ <k—1 and for s = *1, define

Xk,s = eN1+1xfeNl+1
+Z{Uk Uy, eNHlxleNHl)Ukl *ml I+1<ki<ky<--- <km<k}
—eNpy — 24Uk, - Unenp U - Ut L+ 1<k <kg <o <k < k})

= eny, xjen,, Den, xjen,, ... ey, xen,, D1
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(Note that the terms in the first sum are pairwise orthogonal, and so x; ¢ s is a direct sum
of finitely many pairwise orthogonal copies of ey, xjey,,, together with a projection
which is Murray-von Neumann equivalent to 1_(o/0.7)-)
Then
A
X, & Xl s 4.3
KRk e Mk 4.3)

for s = +1.
Forall [ < k—1, define

i = eny, X[ Xien,,,
+ Y {Us, - Uk, (e, X{xieny, UL - U s L+ 1<k < kg < ... < ki <k}
+(1—en,, = DU, - Unen,, Ug - UL 1+ 1 < ki <ho < ... <k <K})
= en, X xien,, Den, X xen,, ... ey, xxen,, ©1.
(So ay  is the same as x; ; except every occurrence of x; is replaced with x7x;. In other
words, @ is a direct sum of finitely many pairwise orthogonal copies of ey, xjx;en, |
together with a projection which is Murray-von Neumann equivalent to 1 (7))

Then
* ~
xkxk NZ’;‘:HISJ' al.’k. (44)

Now, by the previous steps in the construction, x;,x; € GN (1 + ./ ® ). Hence,
we can choose Ny, > Ni+ 1, a projection fi € 1,y ® %, and a unitary Uy, €
Cl+ o/ ® % such that the following statements are true:

1. i< ENi 1 s Jer1 L eN s Jer1 ~ eN ;> Jrr1 < e, for some n, and e; < ENey —
eNk _fk'

2. Urreng,, = fir1Ui1 and ey, Upi1 = Upy1 firr and Up i (1 —en, — fir1) =
(1—eng, = fir 1)Ukt = L —enp, — frv1-
Hence, a matrix representation for Uy, | is
010

Uer= (100
001

where the unit of the (1,1) position is ey, , the (2,2) positionis f;, and the
(3,3) positionis 1 —ep, , — fiy1 Which is Murray—von Neumann equivalent to

Lyaox)-

3. X Ry eNgen, +(1—en,, ), and [len,, 1l =g, 1G] =6, [0en
for s = +1.

4. For s = +1,
s S ¥ ~ s s *
kak+lkak+1 Reri1 N1 XkENet + Uk+leNk+lxkeNk+lUk+l + (1 T CON T fk+1)

~ Syr* s
R U1 Ui 1%
~ *

~e X]YcUk+1X]Y€Uk+l'
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. . *
Note that a matrix representation for ey, xpen, | +Ury1en,, Xen, Uy +(1—
eNk+1 - fk-‘rl) 18

€Ny 1 XREN 1 0‘ 0
0 eNka;ceNkﬂ 0
0

where the unit of the (1,1) position is ey, , the (2,2) positionis f, and the
(3,3) positionis 1 —ep,,, — fis-1 Which is Murray—von Neumann equivalent to

Lyaox)-
5. Let x4 ::kak-&-lka]j_;,_l S Gﬁ(l +%®¢%/)
Forall 0 </ <k and for s = £1, let

Mkt -= eNHl‘xfeNHl
+ 2 {Uk,- - Unenp Xjen Ui - UL 2 141k <ka <. <kn<k+1}
+(1—eny = 2 AUk, Unen Up, - Up 1<k <kp <...<ky<k+1})
= eN1+1x;eN1+1 ® 6N1+1x2veN1+1 D... EBeNHlleeNHl o1
(Hence, x;441, is a direct sum of finitely many pairwise orthogonal copies of
en,, Xjen,,, Wwith a projection which is Murray—von Neumann equivalent to

Ly(wox)-)
Then for s = £1, X}, | ki1 X, -
k+1 ZjiHl gj " LhHLs

Note also that since x; € G, x; | €G.

6. For 0 <l <k, let

A1 T= e, X[XIEN,
—|—2{Ukm. Uy eNIH)CZk)CleNlHU;l .. .U]jm 1<k <k <. <km<k—|—1}
+(1—eny,, — X {Uk,- - -Unen, Uy, Up, 14 1<k <k < ... <ky<k+1})

* * *
= en X Xieny,, Den Xjxien,, ® ... Deny, xyxen, S 1.

(Hence, a; 441 is a direct sum of finitely many pairwise orthogonal copies of
en,,,X;xien,,, with a projection which is Murray—von Neumann equivalent to

Ly(wox)-)

Then X}, X1 kst aj gt -
k+17Vk+ Zj:l+l£.f k+

7. For 0 <1<k, [(xfx) 7| < X2+ 2 &)

8. For 0 <1<k, eny, X[xen,,, isinvertible in ey, (&7 ® X )ey,,, and
-1 -2 I+1
||(€N1+1x7xleN1+1) | <[]~ +2j:13j-
We denote the above statements by “(+)”.
This completes the inductive construction.
In the rest of this section, we will repeatedly refer to the above construction.
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LEMMA 4.1. {x )7, and {x'}7_, are both (norm) bounded sequences.

Proof. By (+) statement (5), we have that for all k

k+1 =
Poee | <l + 2 & <l + 2 8 < oo
j=1 j=1

(Recall that, by our convention, xo := x.) Hence, {x;};7 , is bounded. By a similar
argument, {x, '}7_ is bounded. [

LEMMA 4.2. {x;} and {x;'} both converge strictly in 4 (/ @ K).

Proof. Let n > 1 be given. Choose Ky so that N, > n. By (+) statements (3) and
(5), we have that for all £ > K,

Xk+1€n z2£k+l Xk€n-

Soforall k > > Ky,
Xk+1€n %Z;;illﬂzej X1€p.

Since X7 &j < oo, {xen}y; is a Cauchy sequence in &/ @ . By a similar argu-

ment, {e,x;};_, is a Cauchy sequencein &/ ® ¢ . Since n was arbitrary and since, by

Lemma 4.1, {x;} is bounded, we have that {x;} converges strictly in .Z(&/ @ %').
By a similar argument, {xk_l} converges strictly in Z (&7 @ ¢). O

By Lemma4.2, let y,y| € .#(</ ® %) be the strict limits of {x;}, {x; '} respec-
tively. It follows that yy; = y;y = 1. Hence, y is invertible with inverse y; .

LEMMA 4.3. x; — y strictly, x;' — yi strictly, limsup||x|| < |ly||, and
timsup [l | < [yl

Proof. We already have that x; —y and x; ' — y; strictly.
Let [ > 1 be arbitrary. By (+) statements (3) and (5), we have that for all k > [,

XEN -

xk+leNl+l N8]+1+Zl;-:]1+l £

But by (+) statement (3),
lall 2, lIxien,, Il
Hence, forall k > 1,
||xk+leN,+1|| %2g,+l+z_/gll+lgj [l -
Therefore, since x;| — y in the strict topology,

Il < llvew || +281+ Y, & <Iyll+2e1+ Y, &
J=l+1 j=I+1
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Since lim;_... <2£1+1 +X7 4 sj) =0,

limsup ||lx/|| < ||y]|-

—00
By a similar argument,

limsup [lx; | < [lyil. O

—0c0

LEMMA 4.4. Forall z € {y,y1,y*,y},y*y, v*y) !

elements of G with norm at most ||z||.
In particular, there exists a sequence {z;} in G such that 7 — y*y stricily, z,;l —

(y*y) ! strictly, limsup ||z < [|y*y[| and limsup||z; || < [|(v*y) 7"

=y1y}, z is the strict limit of

Proof. By Lemma 4.3, y and y~! = y| are the strict limits of elements of G with

norm at most ||y|| and [[y~!|| = ||y1|| respectively.

Note that by (x) item (5) and (+) item (5), x; € G for all k. Hence, since the
*-operation is continuous with respect to the strict topology, it follows from Lemma
4.3 that y*, (y*) ! = y? are strict limits of elements of G with norm at most ||y*|| and
167) 7 = [lyill respectively.

Finally, since the strict topology on bounded subsets respects multiplication, xjx; —
y*y strictly and x; '(x})~! — y~1(3*)~! = (y*y)~!. Note also that by Lemma 4.3,
timsup x| = limsup|lxe> < [y]? = vyl Similarly. limsup|;" ()1 <
|y~ '(*)~Y|. Take z; :=x}x; forall k. O

LEMMA 4.5. y*y is nonscalar, i.e., y*y ¢ C1.

Proof. From (+) statement (6), we have that for all k,
" " 2
elekJrlkarleNl Nzﬁiigj EN X EN -

(Recall that xg := x.)
Hence, since x;; — y strictly,

2
en,y'yen, Ny g ENXTEN -
By our choice of {¢;} (and €), it follows that ey, y*yey, is not a scalar multiple
of ey, . Hence, y*y is nonscalar. [

To continue, we fix some notation. For [ +1 < k| <ky < ... <k, let

L * * *
bi i, gyt = Uy, -+ Ugy eNlelxleNlHUkl .. 'Ukm eE(AFRHA )+

and let
€lky kovodin = Uty - Unyeny U, -+ Up € Proj(ef @ ).
Note that, by the definitions of U; and en; for all j, we have that for [+ 1 <k <
o <kpand I+1 < <. <, i0f (kl,kz,...,km) 75 (ll,lz,...,lr), then bl7kl7-~-7km 1L
biy,..., and epp ok, Len -
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LEMMA 4.6. Forall I, {a; 41}, converges strictly to a;, where

ap = 6N1+1x7xleN1+1
Y Abrsys L+ <k <hop < ... <k}

(and where the sums, in the definition of a;, converge strictly).

Sketch of proof. By the definitions of U; and ey, for all j, forall [+ 1 <k <
ky <...<kp,forall n < Ny,—1, enbij,...kn = by, knen = 0.

Hence, for all n,, the set {enszher H+1<h<h<...< lr} @] {bl7117~-~7lre"2 :
I+1<1; <lh<...<l} is afinite set (most expressions will be zero).

A similar argument can be made for sets of the form {en,e;;, . 5 I+1<1 <
I <... <lr}U{el711 Len l+H1<h < <... <lr}. U

REMARK 4.7. Note that in Lemma 4.6, a; is an infinite repeat of ey, ,x/xen,,
direct summed with a projection which is Murray—von Neumann equivalentto 1_(yq ) -
Le., a; has the form

* * *
ap=1®en, x| xien,,, e, Xjxien,,, ©eny xjxien, , &...

where 1 (in the first position) is Murray—von Neumann equivalent to 1 (/¢ %) and
where there are infinitely many copies of ey, x;x;en, ;. Also, the above infinite sum
converges strictly.

LEMMA 4.8. Forall 1, a; is a purely large positive invertible.

Proof. Clearly, a; > 0 for all [.
By (+) item (1), 1 < €N — N, — fi for all k. Hence, for all [,

Hence, for all /, by the definition of a;, by Theorem 2.4, and by Lemma 2.12, we
have that ¢; is purely large. [

LEMMA 4.9. {a;} converges in norm to y*y.

Proof. Let 6 > 0 be given.

Choose L > 1 such that forall I > L, 2;0:1“ g <6.

Let n > 1 be given. Choose K > L such that for all / > L, for all k > max{l,K},
ajen = ajjy1€y and e,a; = ena jy -

Hence, by (+) statement (6) and our choice of L, for all / > L, for all k >
max{l,K}, qjen = aj 160 =5 X Xir1€n-

Hence, since xp_ xg41 — Y*y strictly as k — oo, forall [ > L, aje, =15 y*ye,. By
the same argument, for all [ > L, e,a; =5 €5y*y.

Since n was arbitrary, forall [ > L, a; ~5 y*y.

Since 0 was arbitrary, ¢; — y*y innormas [ — . [J
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LEMMA 4.10. Let </ be a unital separable simple C*-algebra and G C
GL(A (o @ X)) a (algebraic) normal subgroup which properly contains the scalar
invertibles.

Then G"" contains a nonscalar purely large positive invertible element a.

Moreover, we can require that for every € > 0, we can find a sequence {z;} in
G such that zx — a strictly, 7' — a~ ! strictly, ||z < ||a|| for all k and ||z"|| <
la= || + & for all k.

Proof. This follows immediately from Lemma 4.4, Lemma 4.9, Lemma 2.11, and
Lemma4.8. [

5. Main Theorem

LEMMA 5.1. Let S be a separable infinite dimensional Hilbert space.

Suppose that G C GL(B(5€)) is a norm closed normal subgroup which properly
contains the scalar invertibles such that G contains a normal operatorin GL(B(S¢)) —
GL(C1+.%).

Then G = GL(B(27)).

Proof. This follows from [19, Lemma 6]. [l

THEOREM 5.2. Let &/ be a unital, separable, simple C*-algebra. Let G C
GL(AM (A @ X)) be a (algebraic) normal subgroup. Suppose that G properly con-
tains the scalar invertibles.

Then GL(A (of @ X)) C

GII‘IC[

GII‘IC[

Proof. Note that since G is a normal subgroup of GL(.# (&/ @ %)), G is in-
variant under conjugation by an invertible, i.e., forall x € GL(.A# (& @ %)), x Gy

—strict

cG
Also note that G~ is closed under products. (Say that x,y € G . Let {x;}
and {y,} be nets in G such that x; — x strictly and y, — y strictly. Hence, for all

—strict

—strict —strict

A, xpyu — x,y strictly. Hence, forall A, x;y € G

—strict

xyeG )
Let {e;;}i<ij<e be a system of matrix units for .# . For each k > 1 let ¢; =
¥ (ly ®ei;). Then {ex}7, is an approximate unit for </ ® # consisting of a

. But since x;y — xy strictly,

properly increasing sequence of projections. By Lemma 4.10, let a € G"" bea purely
large nonscalar positive invertible such that for every 8 > 0, there exists anet {x; } in G
such that x; — a strictly, x;l — a~! strictly, and ||x; || < ||a|| and ||xl1H <lla )+ 6

—strict

for all A. In particular, a—! € G

Let X = o(a). Since a is nonscalar and invertible, X contains at least two distinct
points and 0 ¢ X .
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Let {t,};7, be a dense sequence in X such that each term repeats infinitely
many times. Let 0:CX)— 1y @B(H) C A (o @) be the unital injective *-

homomorphism given by ¢ (f) = f(t1)e1 + Xie f(tit1)(eir1 —ei).

Since each term in the sequence {#,};_, repeats infinitely many times, ¢ is a
full *-homomorphism. So, by Theorem 2. 6 ¢ is absorbing. Let i: C(X) = C*(a) —
M (o @ ) be the natural inclusion map. Since a is purely large, i is purely large.
Hence, by Theorem 2.9, i is absorbing. Hence, by Lemma 2.2, i and ¢ are approxi-
mately unitarily equivalent. Let {w,};_, be a sequence of unitaries that witnesses this,
ie., wof(a)w; =wyui(f)wi — ¢(f) in norm for all f € C(X).

The function g(s) =s in C(X) corresponds to the positive element a € C*(a) =
C(X). Hence,

Wanaw, = wai(g)w, — 9(g)

in norm, and also,
waa'wy = wui(g)"'wy — 0(g)

—strict

Since wyaw’, wpa='wi € G C GL(.#(</ @ )), we must have that ¢(g),

o(g) ' G

Let H C GL(.#(o/ ® ¥)) be the (algebraic) normal subgroup generated by G
and ¢(g). Since G s closed under products and conjugation by invertibles and
since ¢(g),0(g)" ' € G, H C G, Hence, the norm-closure 'l ¢ ™.

72ln GL(AM (o/ @ ') is a (relative) norm-closed normal subgroup of
GL(A# (o7 @ X)), and hence, 'l NGL(1,, @B(H)) is a (relative) norm-closed nor-
mal subgroup of GL(1,, @ B(5¢)). But 7'ln GL(1,, ® B()) contains all scalar
invertibles and ¢(g) € 7'n GL(1, @ B(.#)) is a positive invertible which is not
contained in GL(C1+ 1, ® J¢'). Hence, by Lemma 5.1, 7 GL(ly, @B(s2)) =
GL(1,; ®B(A#)). So GL(1 , @B(#)) CH' c ™.

Let N be the group of unitaries in H gl . Hence, N*"" is a strictly closed normal
subgroup of U (. («/ ® o)) which properly contains the scalar unitaries. By [37],
the unitary group U (4 (& @ X)) = Nt c g

Since G is closed under multiplication, by the Polar Decomposition Theo-

rem, to complete the proof, it suffices to prove that every positive invertible element is
—strict

—strict

contained in G
Let c € GL(M/ (&7 ® X)) be an arbitrary nonscalar positive element. We want to

t . —strict . .
show that ¢ is in G""". Since G is closed under products and contains all scalar

invertibles, we may assume that ||c|| < 1. Since G s strictly closed, it suffices to
prove the following:
Let € > 0 be given. Let by, by, ..., by, be a finite set of elements in .7 @ # . Then
—strict
there exists x € G such that

lx—clls <&

for 1 < i< m. We denote the above statement by ().
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Contracting € if necessary, we may assume that b; >0 and ||b;]| < 1 for 1 <i<m.
Choose a positive integer N > 1 such that for 1 <i < m, eyb;, biey, exbiey, and b;
are all norm within &/100 of each other. Since & ® J¢ is stable, let S, T be isometries
in (<7 @ ) such that the following hold:

(b) exy < S5°

(C) SeN = eNS =eN

(d) ||Scen — cenl| < €/100

(e) |lexeS* —enc|| < €/100.

Let Y = o(c). Since c¢ is a nonscalar, ¥ contains at least two distinct points. Let
{s1}72., be a dense sequence in Y such that each term repeats infinitely many times.
Let w: 6 (Y) — 1y QB(H) C M (o @A) be the unital injective *-homomorphism
given by w(f) = f(s1)er + X7 f(sir1)(eir1 —e;) forall f € €(Y). Since each term
in the sequence {s;};° ; repeats infinitely many times, by Theorem 2.6, y is absorbing.

Let /' : C(Y) 2 C*(c) — 4 (o/ @ %) be the natural inclusion map. Let y' :
C(Y) = C*(c) —» M (o @ %) be the *-homomorphism that is given by y'(f) :=
Si'(f)S* +Tw(f)T*. Since y is absorbing, Y’ is also absorbing. Hence, by Lemma
2.2, y and y' are approximately unitarily equivalent. Let {u,};" , be a sequence of
unitaries in .# (o7 ® ) that witnesses this; in particular, u,w(f)u; — w'(f) for all
S €C(Y). The function A(s) =s in C(Y) corresponds to the element ¢ € C*(¢). Hence,

un W (h)(un)* — ' (c) = Si'(c)S* + Ty (h)T* = ScS* + Ty (h)T*
in the norm topology as n — oo. So choose M > 1 such that forall n > M,
Y () (1) — (SeS* + Ty(W)T)|| < &/100.
Hence, since ||b;]| < 1 for 1 <i< m, we have that for n > M, for 1 <i<m,
| u W () ()" — (SeS* + Ty (R)T*))bi| < /100
iy (h) (n)” = (ScS™ + Ty (R)TT))|| < £/100.
Note also that from our choices of y and £,
()| = llell < 1.
Now by our choice of N, we have that for 1 <i<m,

1BiSeS* + biTw(h)T* — bic|
< || (b1 — bien)SeS™ || + |[bienSeS™ — bicl| + [|(bi — biex) Tw(h)T*|| + | biexTw()T*|
< /100 + |bienScS” — bic|| +&/100+0
< €/50+ ||bi(encS™ —enc)|| + || (bieny — bi)c||
< €/50+¢€/100+¢€/100
=¢g/25.
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From this we have that for 1 <i<m,

[1bi(urr y () (uar)™ — )|
< bi(ung y(h) (uar)” = (SeS™+ Ty () T7)) ||+ i (SeS™ + Ty (h)T™) — )|
< g/100+¢€/25
= 5¢/100.

By similar arguments, we have that for 1 < i< m,
[(uarw(R) (upr)* — ¢)b;i]| < 5€/100.
Hence, for 1 <i < m,

[[Crr y(R) (uar)” = ¢) |l < 10€/100 = £/10.

Now since GL(1, @ B(7)) C G and since G is closed under conjugating by
—strict

invertibles from .Z (o ® '), we have uyGL(1y @ B())(un)* € G . Hence,
since W(h) € GL(1y @B(H)),upy(h)(uy)* € G,
proves statement (x). [

Since & was arbitrary, this

THEOREM 5.3. Let &/ be a unital separable simple C*-algebra and let G C
GL(AM (A @ K)) be a(algebraic) normal subgroup which properly contains the scalar
invertibles. ot

—=SUrIC!

Then G~ = .M (A QK ).

Proof. By Theorem 5.2, GL(.# (7 ® %)) CG "' Hence, GL(Cl+.o/ ® %) C

—strict

G . Since & ® X is stable, o/ @ # C GL(C1 +d®%)“'“. Hence, o/ @ % C

—strict

G . Since & ® % is strictly dense in A (o @ A), G = M(A R H) as
required. [

REFERENCES

[1] W. ARVESON, Notes on extensions of C*-algebras, Duke Mathematical Journal, 44 (1977), no. 2,
329-355.

[2] B. BLACKADAR, K -theory for operator algebras, second edition, Mathematical Sciences Research
Institute Publications. Cambridge University Press, Cambridge, 1998.

[3] L. G. BROWN, R. G. DOUGLAS AND P. A. FILLMORE, Unitary equivalence modulo the compact
operators and extensions of C*-algebras, Proceedings of a Conference on Operator Theory (Dalhousie
Univ., Halifax, N. S., 1973), 58-128. Lecture Notes in Math., 345, Springer, Berlin, 1973.

[4] K. DAVIDSON, C*-algebras by example, Fields Institute Monographs, 6, American Mathematical
Society, Providence, RI, 1996.

[5] G. A. ELLIOTT AND D. KUCEROVSKY, An abstract Voiculescu—Brown—Douglas—Fillmore absorp-
tion theorem, Pacific Journal of Mathematics 198 (2001), no. 2, 385-409.

[6] G. A. ELLIOTT AND M. RORDAM, The automorphism group of the irrational rotation C*-algebra,
Comm. Math. Phys. 155 (1993), no. 1, 3-26.

[7] C. K. FONG, C. R. MIERS AND A. R. SOUROUR, Lie and Jordan ideals of operators on Hilbert
space, Proc. Amer. Math. Soc. 84 (1982), no. 4, 516-520.



[8]
[9]
[10]

[11]

[12]

[13]
[14]

[15]
[16]
[17]
[18]
[19]
[20]
[21]

[22]

[23]

[24]
[25]

[26]

[27]
[28]

[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]

[37]

DENSITY OF A NORMAL SUBGROUP 621

B. FUGLEDE, A Commutativity Theorem for Normal Operators, Proceedings of the National Academy
of Sciences of the United States of America, 1/15/1950, vol. 36, issue 1, pp. 35-40.

B. FUGLEDE AND R. KADISON, Determinant theory in finite factors, Ann. of Math. 55 (1952), 520—
530.

W. FULTON AND J. HARRIS, Representation theory. A first course, Graduate Texts in Mathematics,
129 (1991) Readings in Mathematics, Springer—Verlag, New York.

D. A. HERRERO, Approximation of Hilbert space operators, vol. 1, second edition, Pitman Research
Notes in Mathematics Series, 224, Longman Scientific and Technical, Harlow; copublished in the
United States with John Wiley and Sons, Inc., New York, 1989.

I. N. HERSTEIN, On the Lie and Jordan rings of a simple associative ring, Amer. J. Math. 77 (1955),
270-285.

I. N. HERSTEIN, Topics in Ring Theory, University of Chicago Press 1969.

A. HOPENWASSER AND V. PAULSEN, Lie ideals in operator algebras, J. Operator Theory 52 (2004),
no. 2, 325-340.

T. D. HUDSON, L. MARCOUX AND A. R. SOUROUR, Lie ideals in triangular operator algebras,
Trans. Amer. Math. Soc. 350 (1998), no. 8, 3321-3339.

K. K. JENSEN AND K. THOMSEN, Elements of KK-theory, Mathematics: Theory and Applications,
Birkhaeuser Boston, Inc., Boston, MA 1991.

N. KUIPER, The homotopy type of the unitary group of Hilbert space, Topology 3 (1965), 19-30.

R. V. KADISON, Infinite unitary groups, Trans. Amer. Math. Soc. 72 (1952), 386-399.

R. V. KADISON, Infinite general linear groups, Trans. Amer. Math. Soc. 76, (1954), 66-91.

R. V. KADISON, On the general linear group of infinite factors, Duke Math. J. 22 (1955), 119-122.
G. G. KASPAROV, Topological invariants of elliptic operators, I: K-homology, 1zv. Adad. Nauk SSSR
SEr. Math. 39 (1975), 796-838, in Russian, translated in Math. USSR Izv. 9 (1975), no. 4, 751-794.
G. G. KASPAROV, The operator K-functor and extensions of C*-algebras, 1zv. Akad. Nauk. SSSR
Ser. Math. 44 (1980), no. 3, 571-636, 719, in Russian; translation in Math. USSR Izvestija 16 (1981),
513-572.

D. KUCEROVSKY AND P. W. NG, The corona factorization property and approximate unitary equiv-
alence, Houston J. Math. 32 (2006), no. 2, 531-550.

H. LIN, Generalized Weyl-von Neumann theorems (II), Math. Scand. 77 (1995), 129-147.

H. LIN, Extensions by C*-algebras with real rank zero II, Proc. London Math. Soc. 71 (1995), 641—
674.

H. LIN, An introduction to the classification of amenable C*-algebras, World Scientific Publishing
Co., Inc., River Edge, NJ, 2001.

H. LIN, Stable unitary equivalence of homomorphisms, J. Operator Theory 47 (2002), no. 2, 343-378.
L. W. MARCOUX, On the linear span of the projections in certain simple C*-algebras, Indiana Univ.
Math. J. 51 (2002), no. 3, 753-771.

L. W. MARCOUX, Projections, commutators and Lie ideals in C*-algebras, Math. Proc. R. Ir. Acad.
110A (2010), no. 1, 31-55.

L. W. MARCOUX AND G. J. MURPHY, Unitarily-invariant linear spaces in C*-algebras, Proc. Amer.
Math. Soc. 126 (1998), no. 12, 3597-3605.

L. W. MARCOUX AND A. R. SOUROUR, Conjugation-invariant subspaces and Lie ideals in non-
selfadjoint operator algebras, J. London Math. Soc. (2) 65 (2002), no. 2, 493-512.

J. A. MINGO, K-theory and multipliers of stable C*-algebras, Trans. Amer. Math. Soc. 299 (1987),
no. 1, 397-411.

P. W. NG AND E. RU1Z, The automorphism group of a simple tracially Al algebra, Comm. Math.
Phys. 280 (2008), no. 2, 427-444.

P. W. NG AND E. RUI1Z, The structure of the unitary groups of certain simple C*-algebras, Houston
J. Math. 35 (2009), no. 4, 1203-1232.

P. W. NG AND E. RUI1Z, The automorphism group of a simple % -stable C*-algebra, Trans. Amer.
Math. Soc. 365 (2013), no. 8, 4081-4120.

P. W.NG AND E. RU1Z, Simplicity of the projective unitary group of the multiplier algebra of a simple
stable nuclear C*-algebra, Rocky Mountain J. Math. 40 (2010), no. 5, 1649-1665.

P. W. NG AND E. RUIZ, On the structure of the projective unitary group of the multiplier algebra of
a stable nuclear C*-algebra, J. Operator Theory 68 (2012), no. 2, 549-565.



622 P. W. NG AND TRACY ROBIN

[38] L. ROBERT, On the Lie ideals of C*-algebras, preprint,
a copy is available at http://arxiv.org/abs/1505.04503.

[39] M. TAKESAKI, Theory of operator algebras, I, Springer—Verlag (1979), New York—Heidelberg.

[40] N. E. WEGGE-OLSEN, K -theory and C*-algebras. A friendly approach, Oxford University Press,
New York, 1993.

[41] S. ZHANG, Trivial K; -flow of AF algebras and finite von Neumann algebras, Journal of Functional
Analysis 92 (1990), 77-91.

(Received January 7, 2016) P. W. Ng
Mathematics Department

University of Louisiana at Lafayette

P. O. Box 43568, Lafayette, LA, 70504-3568

e-mail: png@louisiana.edu

Tracy Robin

Mathematics Department

University of Louisiana at Lafayette

P. O. Box 43568, Lafayette, LA, 70504-3568
e-mail: tjr3431@louisiana.edu

Operators and Matrices
www.ele-math.com
oam@ele-math.com



