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SECOND REGULARIZED TRACE OF A DIFFERENTIAL

OPERATOR WITH SECOND ORDER UNBOUNDED

OPERATOR COEFFICIENT GIVEN IN A FINITE INTERVAL

ÖZLEM BAKŞI, SERPIL KARAYEL AND YONCA SEZER

(Communicated by F. Gesztesy)

Abstract. In this work, we establish a formula for the second regularized trace of a second order
differential operator with unbounded operator coefficient given in a finite interval.

1. Introduction

Let H be a separable Hilbert space with infinite dimension. Let us consider the
differential expression

�0(y) = −y′′(x)+Ay(x)

in the space H1 = L2(0,π ;H) . In this expression, A : D(A) → H is an operator which
satisfies the conditions

A = A∗ > I, A−1 ∈ σ∞(H)

where I is the identity operator on H . σ∞(H) denotes the set of compact operators
from H to H .

Let γ1 � γ2 � · · · � γn � · · · be eigenvalues of the operator A and ϕ1,ϕ2, · · ·ϕn be
orthonormal eigenfunctions corresponding to these eigenvalues respectively. We write
out each eigenvalue according to its multiplicity.

We denote by D(L′
0) the set of functions of the space H1 satisfying the following

conditions:
i) y(x) has second order continuous derivative with respect to the norm of the

space H in the interval [0,π ],
ii) y(x) is an element of D(A) for every x ∈ [0,π ] and the function Ay(x) is

continuous with respect to the norm of the space H on [0,π ],
iii) y′(0) = y(π) = 0.
The manifold D(L′

0) is dense in H1 and the operator L′
0 : D(L′

0) → H1 defined by

L′
0y = �0(y)
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is symmetric. The eigenvalues of L′
0 are

(
q+

1
2

)2
+ γr (q = 0,1,2, . . . ; r = 1,2, . . .)

and the eigenfunctions that correspond to these eigenvalues are√
2
π

ϕr cos
(
q+

1
2

)
x (q = 0,1,2, . . . ; r = 1,2, . . .)

respectively. We denote the closure of the operator L′
0 by L0 . The operator L0 is

symmetric and the sequence
{

ϕr cos
(
q+ 1

2

)
x
}∞ ∞

q=0,r=1
is complete in H1 .

Therefore the operator L0 : D(L0) → H1 is self-adjoint.
We denote inner products on spaces H and H1 by (., .)H and (., .) respectively.

Also we will denote kernel operators space in H by σ1(H) and denote trace of the
kernel operator T by trT [1].

We consider the operator function Q(x) and suppose that it satisfies following four
conditions:

Q1) Q(x) has fourth order weak derivative and

Q′(0) = Q′(π) = Q′′′(0) = Q′′′(π) = 0.

Q2) Q(i)(x) : H → H (i = 0,1,2,3,4) are self-adjoint operators for every x ∈
[0,π ].

Q3) The functions AQ(x) , AQ′′(x) , Qıv(x) ∈ σ1(H) for all x ∈ [0,π ] and∥∥AQ(x)
∥∥

σ1(H) ,
∥∥AQ′′(x)

∥∥
σ1(H) ,

∥∥Qıv(x)
∥∥

σ1(H) are bounded and measurable in the in-

terval [0,π ] .
Q4) ∫ π

0

(
Q(x) f , f

)
Hdx = 0

for every f ∈ H .
Let us consider the operator L formed by differential expression

�(y) = −y′′(x)+Ay(x)+Q(x)y(x)

with the boundary conditions
y′(0) = y(π) = 0

in H1 = L2(0,π ;H).
Since the operator Q : H1 → H1 defined by

Qy = Q(x)y(x)

is self-adjoint, the operator L : D(L0) → H1 defined by

L = L0 +Q

is also self-adjoint.
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The operators L0 and L are semi-bounded from below and have pure discrete
spectrum.

Let μ1 � μ2 � · · · � μn � · · · and λ1 � λ2 � · · · � λn � · · · be eigenvalues of the
operator L0 and L , respectively.

If γ j ∼ a jα as j → ∞ , where 0 < a,α < ∞ , then there exists a positive constant
d such that

μn,λn ∼ dn
2α

2+α (1.1)

as n → ∞ (see e.g. [2]).
By using asymptotic formula (1.1) , it can be shown that there exist a subsequence

{μnm}∞
m=1 of the sequence {μn}∞

n=1 such that

μk − μnm > d0

(
k

2α
2+α −n

2α
2+α
m

)
, (k = nm +1,nm +2, . . .) (1.2)

where d0 is a positive number. Let R0
λ = (L0 −λ I)−1 and Rλ = (L−λ I)−1 be resol-

vents of the operators L0 and L , respectively.
In this work, we find a regularized trace formula as following:

lim
m→∞

nm

∑
k=1

(
λ 2

k − μ2
k −2

p

∑
j=2

(−1)i j−1Resλ=μk
tr
[
λ (QR0

λ )i])

=
1
8

[
trQ′′(π)− trQ′′(0)

]
− 1

2

[
trAQ(π)− trAQ(0)

]
, (i = 0,1,2,3,4) (1.3)

where {nm}∞
m=1 is a natural number sequence satisfying condition (1.2) . Here α > 2

is a constant and p =
[
| 5α+6

α−2 |
]
+ 1. We call the expression on the left-hand side of

(1.3) the second regularized trace of L .
The research on the regularized trace of scalar differential operator began with

Gelfand-Levitan [3]. In many other works such as [4]–[6] regularized traces of various
scalar differential operators have been investigated. The list of the works on the subjects
is given in [7, 8]. In [9], a formula for the regularized trace of difference of two Sturm-
Liouville operators which is given in half-axis with the bounded operator coefficient is
found. The regularized trace of differential operators with operator coefficient has been
investigated in the works [10]–[15] and some other works. The asymptotic distribution
of eigenvalues is studied and a trace formula for the Sturm-Liouville operator equation
obtained in [16]. Furthermore the interested reader is referred to article [17] for more
details on spectral theory of Schrödinger operators.

2. Some relations about eigenvalues and resolvents

From (1.1) we can see that the series
∞
∑

k=1

∣∣μk −λ
∣∣−1

and
∞
∑

k=1

∣∣λk −λ
∣∣−1

are con-

vergent for α > 2 and λ �= λk,μk (k = 1,2, · · ·) . Hence, R0
λ and Rλ are kernel opera-

tors and

tr
(
Rλ −R0

λ

)
=

∞

∑
k=1

( 1
λk −λ

− 1
μk −λ

)
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[1]. Multiplying both sides of this equality by λ 2

2π i and then integrating part by part on
the circle |λ | = bm = 1

2 (μnm + μnm+1) , we obtain

1
2π i

∫
|λ |=bm

λ 2 tr
(
Rλ −R0

λ

)
dλ =

∞

∑
k=1

1
2π i

∫
|λ |=bm

λ 2

λk −λ
dλ −

∞

∑
k=1

1
2π i

∫
|λ |=bm

λ 2

μk −λ
dλ .

(2.1)
For large values of m , it can be easily shown that

λnm < bm < λnm+1. (2.2)

From (2.1) and (2.2) , we find

nm

∑
k=1

(
λ 2

k − μ2
k

)
= − 1

2π i

∫
|λ |=bm

λ 2 tr
(
Rλ −R0

λ

)
dλ . (2.3)

By using (2.3) and the formula Rλ = R0
λ −RλQR0

λ , the equality

nm

∑
k=1

(
λ 2

k − μ2
k

)
=

1
2π i

∫
|λ |=bm

λ 2 tr
[ p

∑
j=1

(−1) j+1R0
λ (QR0

λ ) j +(−1)pRλ (QR0
λ )p+1

]
dλ

is obtained where p � 1 is any natural number. The last equality is equivalent to

nm

∑
k=1

(
λ 2

k − μ2
k

)
=

p

∑
j=1

Dmj +D(p)
m (2.4)

where

Dmj =
(−1) j

π i j

∫
|λ |=bm

λ tr
[
(QR0

λ ) j
]
dλ , (2.5)

D(p)
m =

(−1)p

2π i

∫
|λ |=bm

λ 2 tr
[
Rλ (QR0

λ )p+1
]
dλ . (2.6)

Let {ψk(x)}∞
k=1 be orthonormal eigenvectors corresponding to the eigenvalues {μk}∞

k=1
of the operator L0 , respectively. Since the orthonormal eigenvectors of the operator L0 ,
corresponding to the eigenvalues

(
q+

1
2

)2
+ γr (q = 0,1,2, . . . ; r = 1,2, . . .),

are of the form √
2
π

ϕr cos
(
q+

1
2

)
x (q = 0,1,2, . . . ; r = 1,2, . . .),
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respectively, we have

ψk(x) =

√
2
π

ϕrk cos
(
qk +

1
2

)
x (k = 1,2, . . .). (2.7)

From (2.5) , we have

Dm1 = − 1
π i

∫
|λ |=bm

λ tr(QR0
λ )dλ . (2.8)

Since QR0
λ is a kernel operator for all λ �= μk (k = 1,2, · · ·) and {ψk(x)}∞

k=1 is an
orthonormal base of the space H1 we have

tr(QR0
λ ) =

∞

∑
k=1

(
QR0

λ ψk,ψk

)
[1]. If we substitute the last equality in (2.8) , we obtain

Dm1 = − 1
π i

∫
|λ |=bm

λ

[
∞

∑
k=1

(
QR0

λ ψk,ψk

)]
dλ

= − 1
π i

∫
|λ |=bm

λ

[
∞

∑
k=1

(Qψk,ψk)
μk −λ

]
dλ

=
1
π i

∞

∑
k=1

(Qψk,ψk)
∫

|λ |=bm

λ
λ − μk

dλ . (2.9)

From (2.7), (2.9) and the following formula

1
2π i

∫
|λ |=bm

λ
λ − μk

dλ =
{

λk, if k � nm

0, if k > nm

we obtain

Dm1 = 2
nm

∑
k=1

μk
(
Qψk,ψk

)

= 2
nm

∑
k=1

μk

π∫
0

(
Q(x)ψk(x),ψk(x)

)
H
dx

=
4
π

nm

∑
k=1

μk

π∫
0

(
Q(x)ϕrk cos

(
qk +

1
2

)
x,ϕrk cos

(
qk +

1
2

)
x
)

H
dx

=
4
π

nm

∑
k=1

μk

π∫
0

cos2
(
qk +

1
2

)
x
(
Q(x)ϕrk ,ϕrk

)
H
dx

=
2
π

nm

∑
k=1

μk

π∫
0

[
1+ cos(2qk +1)x

](
Q(x)ϕrk ,ϕrk

)
H
dx. (2.10)
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Since the operator function Q(x) satisfies the condition Q4) , it follows from (2.4) and
(2.10) that

nm

∑
k=1

(
λ 2

k −μ2
k

)
=

2
π

nm

∑
k=1

μk

π∫
0

(
Q(x)ϕrk ,ϕrk

)
H

cos(2qk +1)xdx+
p

∑
j=2

Dmj +D(p)
m . (2.11)

THEOREM 2.1. Let us suppose that the operator function Q(x) satisfies condition
Q1). If AQ′′(x),Qıv(x) ∈ σ1(H) for every x ∈ [0,π ] and the functions

∥∥AQ′′(x)
∥∥

σ1(H) ,∥∥Qıv(x)
∥∥

σ1(H) are bounded and measurable in the interval [0,π ] , then we have

∞

∑
q=0

∞

∑
r=1

∣∣∣((
q+

1
2

)2
+ γr

) π∫
0

(
Q(x)ϕr,ϕr

)
H

cos(2q+1)xdx
∣∣∣ < ∞.

Proof. Let gr(x) =
(
Q(x)ϕr,ϕr

)
H

. Considering g′r(0) = g′r(π) (r = 1,2, · · ·) we

obtain

π∫
0

gr(x)cos(2q+1)xdx

=
1

2q+1

π∫
0

gr(x)
(
sin(2q+1)x

)′
dx

=
1

2q+1
gr(x)sin(2q+1)x

∣∣∣π
0
− 1

2q+1

π∫
0

g′r(x)sin(2q+1)xdx

=
1

(2q+1)2

π∫
0

g′r(x)
(
cos(2q+1)x

)′
dx

=
1

(2q+1)2 g′r(x)cos(2q+1)x
∣∣∣π
0
− 1

(2q+1)2

π∫
0

g′′r (x)cos(2q+1)xdx

= − 1
(2q+1)2

π∫
0

g′′r (x)cos(2q+1)xdx.

So, we have

((
q+

1
2

)2
+ γr

) π∫
0

gr(x)cos(2q+1)xdx

= −1
4

π∫
0

g′′r (x)cos(2q+1)xdx− γr

(2q+1)2

π∫
0

g′′r (x)cos(2k+1)xdx. (2.12)
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This time if we assume that g′′′r (0) = g′′′r (π) = 0, then find that

π∫
0

g′′r (x)cos(2q+1)xdx

=
1

2q+1
g′′r (x)sin(2q+1)x

∣∣∣π
0
− 1

2q+1

π∫
0

g′′′r (x)sin(2q+1)xdx

=
1

(2q+1)2g′′′r (x)cos(2q+1)x
∣∣∣π
0
− 1

(2q+1)2

π∫
0

gıv
r (x)cos(2q+1)xdx

= − 1
(2q+1)2

π∫
0

gıv
r (x)cos(2q+1)xdx. (2.13)

From (2.12) and (2.13) , we obtain

((
q+

1
2

)2
+ γr

) π∫
0

gr(x)cos(2q+1)xdx

=
1

4(2q+1)2

π∫
0

gıv
r (x)cos(2q+1)xdx− γr

(2q+1)2

π∫
0

g′′r (x)cos(2k+1)xdx.

By using the last equality, we find

∞

∑
q=0

∞

∑
r=1

∣∣∣((
q+

1
2

)2
+ γr

) π∫
0

gr(x)cos(2q+1)xdx
∣∣∣

�
∞

∑
q=0

∞

∑
r=1

[
(q+1)−2

π∫
0

∣∣gıv
r (x)

∣∣dx+ γr(q+1)−2

π∫
0

∣∣g′′r (x)∣∣dx
]

=
∞

∑
r=1

[ π∫
0

∣∣gıv
r (x)

∣∣dx+ γr

π∫
0

∣∣g′′r (x)∣∣dx
] ∞

∑
q=1

q−2. (2.14)

On the other hand, we have

∞

∑
r=1

π∫
0

∣∣gıv
r (x)

∣∣dx = lim
n→∞

π∫
0

[ n

∑
r=1

∣∣gıv
r (x)

∣∣]dx

�
π∫

0

[ ∞

∑
r=1

∣∣gıv
r (x)

∣∣]dx

=
π∫

0

[ ∞

∑
r=1

∣∣(Qiv(x)ϕr,ϕr

)
H

∣∣]dx, (2.15)
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∞

∑
r=1

γr

π∫
0

∣∣g′′r (x)∣∣dx �
π∫

0

[ ∞

∑
r=1

γr
∣∣g′′r (x)∣∣]dx

=
π∫

0

[ ∞

∑
r=1

∣∣(AQ′′(x)ϕr,ϕr
)
H

∣∣]dx. (2.16)

By the hypothesis, for every x ∈ [0,π ] , AQ′′(x) and Qıv(x) are kernel operators
on σ1(H) . In this case from [1], we know that

∞

∑
r=1

∣∣(Qıv(x)ϕr,ϕr
)
H

∣∣ � ‖Qıv(x)‖σ1(H) (2.17)

∞

∑
r=1

∣∣(AQ′′(x)ϕr,ϕr
)
H

∣∣ � ‖AQ′′(x)‖σ1(H). (2.18)

From (2.14), (2.15), (2.16), (2.17) and (2.18), we obtain

∞

∑
q=0

∞

∑
r=1

∣∣∣((
q+

1
2

)2
+ γr

) π∫
0

gr(x)cos(2q+1)xdx
∣∣∣

<
[ π∫

0

‖Qıv(x)‖σ1(H)dx+
π∫

0

‖AQ′′(x)‖σ1(H)dx
] ∞

∑
q=1

q−2. (2.19)

Since the functions ‖Qıv(x)‖σ1(H) and ‖AQ′′(x)‖σ1(H) are assumed to be bounded
and measurable in the interval [0,π ] , from (2.19) , we find that

∞

∑
q=0

∞

∑
r=1

∣∣∣((
q+

1
2

)2
+ γr

) π∫
0

(
Q(x)ϕr,ϕr

)
H cos(2q+1)xdx

∣∣∣ < ∞. �

3. Second regularized trace of the operator L

In this section we establish a formula for second regularized trace of the operator
L . Since the eigenvalues of the operator L0 are of the form(

q+
1
2

)2
+ γr (q = 0,1,2, · · · ; r = 1,2, · · ·)

then, we have

μk =
(
qk +

1
2

)2
+ γrk (k = 1,2, · · ·). (3.1)

Moreover, expression (2.5) can be written as follows

Dmj = 2(−1) j j−1 1
2π i

∫
|λ |=bm

tr
[
λ (QR0

λ ) j
]
dλ

= 2(−1) j j−1
nm

∑
k=1

Res|λ |=μk
tr
[
λ (QR0

λ ) j
]
. (3.2)
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From (2.11), (3.1) and (3.2), we obtain

nm

∑
k=1

(
λ 2

k − μ2
k −2

p

∑
j=2

(−1) j j−1Resλ=μk
tr
[
λ (QR0

λ ) j
])

=
2
π

nm

∑
k=1

((
qk +

1
2

)2
+ γrk

) π∫
0

(
Q(x)ϕrk ,ϕrk

)
H

cos(2qk +1)xdx+D(p)
m . (3.3)

By using Theorem 2.1, we obtain

lim
m→∞

nm

∑
k=1

((
qk +

1
2

)2
+ γrk

) π∫
0

(
Q(x)ϕrk ,ϕrk

)
H

cos(2qk +1)xdx

=
∞

∑
q=0

∞

∑
r=1

((
q+

1
2

)2
+ γr

) π∫
0

(
Q(x)ϕr,ϕr

)
H

cos(2q+1)xdx. (3.4)

It is known that ST is element of σ1(H) for every operators S ∈ B(H) and T ∈
σ1(H) , and the inequalities ∣∣∣ trT ∣∣∣ � ‖T‖σ1(H) (3.5)

‖ST‖σ1(H) � ‖S‖H‖T‖σ1(H) (3.6)

are satisfied (see [1]). By using (2.6) , (3.5) and (3.6) we obtain

∣∣∣D(p)
m

∣∣∣ �
∫

|λ |=bm

|λ |2
∣∣∣ tr[Rλ (QR0

λ )p+1]∣∣∣|dλ |

� b2
m

∫
|λ |=bm

∥∥∥Rλ (QR0
λ )p+1

∥∥∥
σ1(H1)

|dλ |

� b2
m

∫
|λ |=bm

∥∥∥Rλ

∥∥∥∥∥∥(QR0
λ )p+1

∥∥∥
σ1(H1)

|dλ |

� b2
m

∫
|λ |=bm

∥∥∥Rλ

∥∥∥∥∥∥(QR0
λ )p

∥∥∥∥∥∥QR0
λ

∥∥∥
σ1(H1)

|dλ |

� b2
m

∫
|λ |=bm

∥∥∥Rλ

∥∥∥∥∥∥Q
∥∥∥p∥∥∥R0

λ

∥∥∥p∥∥∥Q
∥∥∥∥∥∥R0

λ

∥∥∥
σ1(H1)

|dλ |. (3.7)

It can be shown that the inequalities∥∥∥R0
λ

∥∥∥
σ1(H1)

� const.nm
−δ ,∥∥∥Rλ

∥∥∥ � const.nm
−δ

(
δ =

α −2
α +2

)
(3.8)
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are satisfied similarly in work [13]. From (3.7) and (3.8), we obtain

|D(p)
m | � constb3

mn−(1+p)δ
m n1−δ

m . (3.9)

By recalling bm = 2−1
(
μnm + μnm+1

)
, from (1.1) and (3.9) we obtain

|D(p)
m | � const.n3(1+δ )

m n−(1+p)δ
m n1−δ

m = const.n4−(p−1)δ
m . (3.10)

From (3.10), for p =
[∣∣ 4

δ +1
∣∣]+1 or p =

[∣∣ 5α+6
α−2

∣∣]+1, we find

lim
m→∞

D(p)
m = 0. (3.11)

From (3.3), (3.4) and (3.11) we obtain

lim
m→∞

nm

∑
k=1

(
λ 2

k − μ2
k −2

p

∑
j=2

(−1) j j−1Resλ=μk
tr
[
λ (QR0

λ ) j])

=
2
π

∞

∑
q=0

∞

∑
r=1

((
q+

1
2

)2
+ γr

) π∫
0

(
Q(x)ϕr,ϕr

)
H cos(2q+1)xdx (3.12)

where α > 0 and p =
[∣∣ 5α+6

α−2

∣∣]+1.

THEOREM 3.1. If the operator function Q(x) satisfies conditions Q1)–Q4) and
γ j ∼ a jα as j → ∞ (0 < a < ∞ , 2 < α < ∞) , then we have

lim
m→∞

nm

∑
k=1

(
λ 2

k − μ2
k −2

p

∑
j=2

(−1) j j−1Resλ=μk
tr
[
λ (QR0

λ ) j])

=
1
8

[
trQ′′(π)− trQ′′(0)

]− 1
2

[
trAQ(π)− trAQ(0)

]
,

where p =
[∣∣ 5α+6

α−2

∣∣] .

Proof. By using Theorem 2.1, the formula (3.12) can be written as follows

lim
m→∞

nm

∑
k=1

(
λ 2

k − μ2
k −2

p

∑
j=2

(−1) j j−1Resλ=μk
tr
[
λ (QR0

λ ) j]).
=

2
π

∞

∑
q=0

∞

∑
r=1

(
q+

1
2

)2
π∫

0

(
Q(x)ϕr,ϕr

)
H cos(2q+1)xdx

+
2
π

∞

∑
q=0

∞

∑
r=1

γr

π∫
0

(
Q(x)ϕr,ϕr

)
H cos(2q+1)xdx. (3.13)
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Here, by using the equality

π∫
0

(
Q(x)ϕr,ϕr

)
H cos(2q+1)xdx = − 1

(2q+1)2

π∫
0

(
Q′′(x)ϕr,ϕr

)
H cos(2q+1)xdx

for the first sum on the right-hand side of (3.13) , we obtain

2
π

∞

∑
q=0

∞

∑
r=1

(
q+

1
2

)2
π∫

0

(
Q(x)ϕr,ϕr

)
H cos(2q+1)xdx

= − 1
2π

∞

∑
q=0

∞

∑
r=1

π∫
0

(
Q′′(x)ϕr,ϕr

)
H cos(2q+1)xdx

= − 1
2π

∞

∑
q=0

π∫
0

[ ∞

∑
r=1

(
Q′′(x)ϕr,ϕr

)
H

]
cos(2q+1)xdx

= − 1
2π

∞

∑
q=0

π∫
0

trQ′′(x)cos(2q+1)xdx

= − 1
4π

∞

∑
q=1

[ π∫
0

trQ′′(x)cosqxdx− (−1)q

π∫
0

trQ′′(x)cosqxdx
]

−1
8

{ ∞

∑
q=1

[ 2
π

π∫
0

trQ′′(x)cosqxdx
]
cosq0+

[ 1
π

π∫
0

trQ′′(x)dx
]
cos0

}

+
1
8

{ ∞

∑
q=1

[ 2
π

π∫
0

trQ′′(x)cosqxdx
]
cosqπ +

[ 1
π

π∫
0

trQ′′(x)dx
]
cos0π

}

=
1
8

[
trQ′′(π)− trQ′′(0)

]
(3.14)

Moreover, we have

2
π

∞

∑
q=0

∞

∑
r=1

γr

π∫
0

(
Q(x)ϕr,ϕr

)
H cos(2q+1)xdx

=
2
π

∞

∑
q=0

π∫
0

∞

∑
r=1

(
AQ(x)ϕr,ϕr

)
H cos(2q+1)xdx

=
2
π

∞

∑
q=0

π∫
0

trAQ(x)cos(2q+1)xdx

=
1
π

∞

∑
q=1

[ π∫
0

trAQ(x)cosqxdx− (−1)q

π∫
0

trAQ(x)cosqxdx
]
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=
1
2

{ ∞

∑
q=1

[ 2
π

π∫
0

trAQ(x)cosqxdx
]
cosq0+

[ 1
π

π∫
0

trAQ(x)dx
]
cos0

}

−1
2

{ ∞

∑
q=1

[ 2
π

π∫
0

trAQ(x)cosqxdx
]
cosqπ +

[ 1
π

π∫
0

trAQ(x)dx
]
cos0π

}

= −1
2

[
trAQ(π)− trAQ(0)

]
. (3.15)

From (3.13), (3.14) and (3.15), we find the formula

lim
m→∞

nm

∑
k=1

(
λ 2

k − μ2
k −2

p

∑
j=2

(−1) j j−1Resλ=μk
tr
[
λ (QR0

λ ) j
])

=
1
8

[
trQ′′(π)− trQ′′(0)

]
− 1

2

[
trAQ(π)− trAQ(0)

]
for second regularized trace formula of the operator L . �
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