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NON-ARCHIMEDEAN GNS CONSTRUCTION AND
NON-ARCHIMEDEAN KREIN—MILMAN THEOREM

TOMOKI MIHARA

(Communicated by N.-C. Wong)

Abstract. We establish non-Archimedean analogues of the GNS construction and Krein—-Milman
theorem. For this purpose, we introduce notions of a state on a non-Archimedean algebra and of a
convex subset of a non-Archimedean vector space. As an application, we construct two operator
algebras associated to topological groups over which cyclic Banach left modules correspond
to cyclic unitary representations approximated by finite dimensional cyclic semisimple unitary
representations.

Introduction

This paper is devoted to two topics. One is a non-Archimedean analogue of the
GNS construction (cf. [12] Proposition 6.7.4), and the other one is a non-Archimedean
analogue of Krein—Milman theorem (cf. [11] Theorem 5.11.1). For this purpose, we in-
troduce notions of a state and a convexity in the non-Archimedean setting. We note
that there is an open question in [10] on a formulation of a convexity in the non-
Archimedean setting. Two convexities called M-convexity and 0-convexity in [9] are
ones of answers for it, and the convexity in this paper is also one of answers, because
they satisfy non-Archimedean analogues of Krein—-Milman theorem.

To begin with, we recall the GNS construction and Krein—-Milman theorem in the
Archimedean analysis. A state is a positive linear functional on a C*-algebra & of
norm 1, which automatically sends 1 to 1 as long as 7 is unital. For any Hilbert
</ -module J# admitting a cyclic vector £ of norm 1, the map &7 — C, f— (& | fE)
forms a state on &7, and is called the vector state associated to (J#,&). The classical
theorem on the GNS construction states that every state on ./ is a vector state. The
GNS construction played an important role in Tomita—Takesaki theory (cf. [14]), which
gave a majour breakthrough to the study of type III factor von Neumann algebras.

Let V be an R-vector space, and S a convex subset of V. A point F € § is
said to be an extreme point of S if S\ {F} is convex. Krein—-Milman theorem states
that every compact convex subset in a topological R-vector space coincides with the
closure of the convex hull of the subset of its extreme points. It is well-known that
the set of states on &/ forms a compact convex subset of the continuous dual of .o
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equipped with the weak star topology by Banach—Alaoglu theorem (cf. [12] Theorem
1.5.4). A state is said to be pure if it is an extreme points of the compact convex subset
of states. By Krein—Milman theorem, every state lies in the closure of the convex hull
of the set of pure states. Namely, every state can be approximated by mixed states, i.e.
states presented as [0, 1]-linear combinations of pure states. This implies that every C*-
algebra admits many pure states, which are morally regarded as points in the context of
non-commutative geometry. There is a well-known conjecture on a non-commutative
extension of the Stone—Weierstrass theorem related to pure states (cf. [7]), and the study
of pure states itself is significant in non-commutative geometry.

Now we explain non-Archimedean analogues of the GNS-construction and Krein—
Milman theorem. We introduce a notion of a Banach topological algebra over a valu-
ation field (cf. Definition 1.15) as a non-Archimedean analogue of a C*-algebra, and
define a notion of a state on a Banach topological algebra. As a counterpart of a pair
of a Hilbert module over a C*-algebra and a cyclic vector of norm 1, we introduce a
notion of a GNS triad over a Banach topological algebra. Roughly speaking, a GNS
triad is a triad of a Banach left module V (cf. Definition 1.25), a cyclic element of V',
and its dual cyclic element with several conditions on norms. We give a one-to-one
correspondence between states and equivalence classes of GNS triads in Theorem 2.5.
We introduce a notion of a pure (resp. mixed) states, and compare it with the notion
of a finite dimensional simple (resp. finite dimensional cyclic semisimple) Banach left
module in Theorem 2.6 (resp. Theorem 2.8).

There are several works on non-Archimedean analogues of the convexity and
Krein—Milman theorem such as [9] Theorem 3 and [3] 2.3 Theorem. We introduce an-
other non-Archimedean analogue of the convexity, which generalises the M -convexity
in [9], and extend [9] Theorem 3 for the M -convexity to a case where the fundamental
technique in its original proof using closed hyperplanes is not necessarily applicable.
For the precise statement, see Theorem 3.3. As a consequence, we show that if the
base field is a local field or a finite field, then the compact convex set of states on a
Banach topological algebra coincides with the closure of the convex hull of the subsets
of non-Archimedean extreme points in Theorem 3.5.

As an application, we define two operator algebras associated to topological groups.
They form Banach topological algebras, and the class of cyclic Banach left modules
corresponds to the class of cyclic unitary representations which can be approximated
by finite dimensional cyclic unitary representations. For the precise statement, see The-
orem 3.9. We note that we define the notion of the purity of a state in terms of a left
ideal of a Banach topological algebra, and the subset of pure states does not coincides
with the subset of non-Archimedean extreme points. Therefore Theorem 3.5 does not
imply that every state can be approximated by mixed states, and hence the construction
of such two operator algebras is not trivial.

We explain the contents of this paper. First, §1 consists of three subsections. In
§1.1, we introduce the notion of a convexity in the non-Archimedean setting. In §1.2,
we give a non-commutative analogue of Chinese reminder theorem, which helps us to
compute the kernel of a mixed state. We note that it is well-known that Chinese re-
minder theorem does not necessarily hold in non-commutative ring theory, and hence
we restrict a class of ideals in a non-commutative ring. In §1.3, we introduce the notion
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of a Banach topological algebra, and study module theory over a Banach topological al-
gebra. Next, §2 consists of three subsections. In §2.1, we introduce the notions of a state
and a GNS triad, and formulate the non-Archimedean analogue of the GNS construc-
tion. In §2.2, we introduce the notions of a pure state and a mixed state, and study the
relations between pure (resp. mixed) states and finite dimensional simple (resp. finite
dimensional cyclic semisimple) Banach left modules. In §2.3, we study the integrality
condition on the coefficients of mixed states associated to a given finite dimensional
cyclic semisimple Banach left module. Finally, §3 consists of three subsections. In
§3.1, we study the convexity associated to QN 10, 1] called the Archimedean convexity.
In §3.2, we establish the non-Archimedean analogue of Krein—-Milman theorem, and
apply it to the compact convex set of states. In §3.3, we define and study two operator
algebras associated to topological groups.

1. Preliminaries

Throughout this paper, a ring is assumed to be associative and unital, but is not
assumed to be commutative. We denote by k a valuation field with a fixed valuation
| —|: k— [0,0), by O C k the valuation ring of k, and by my C Oy the maximal
ideal of O;. We say that k is a local field if k is a complete discrete valuation field
with #0; /my. < e. We introduce several notions which play important roles in the for-
mulations of the non-Archimedean GNS construction in §2 and the non-Archimedean
Krein—Milman theorem in §3.

1.1. General convexity

To begin with, we recall the the notion of the M-convexity appeared in [9]. Let
V be a k-vector space, and S C V a subset. We say that § is semiconvex (cf. [9]
Definition 1) if (1 —¢)Fj +cF, € S for any (c,(F;)%,) € (1+my) x S?, is M-convex
if Y2 ciF; €S forany (ci,F)3_ | € (0 x S)® with 33 | ¢; = 1, and is 0-convex if it
is M-convex and contains 0 € V. Let C denote the formal symbol M or 0. Suppose
that S is C-convex. A subset S’ C § is said to be an extreme set (cf. [9] Definition 2)
with respect to the C-convexity if ' is a non-empty semiconvex subset and S\ S’ is
C-convex. An x € § is said to be an extreme point with respect to the C-convexity if it
lies in some minimal extreme set of S with respect to the C-convexity. We denote by
Extc(M) the set of extreme points of V' with respect to the C-convexity. We generalise
these notions.

Let R be aring. A subset Ry C R is said to be a convexity in R if Ry forms a
multiplicative subset, i.e. a submonoid of R with respect to the multiplication.

EXAMPLE 1.1. We have the following three typical examples of convexities in
R:

(i) Every subring of R forms a convexity in R. In particular, R forms a convexity in
R.
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(i1) The intersection of any non-empty family of convexities in R again forms a con-
vexity in R. In particular, for any ¢ € R, the intersection Fg . of the non-empty
set of convexities in R containing ¢ forms the smallest convexity in R containing
c.

(iii) If R is a Q-algebra, then the image Fr .. of QN[0,1] in R forms a convexity in
R.

Let Ry be a convexity in R, M a left R-module, and S a subset of M. We say
that S is Ro-convex if ¥}, ¢;F; € S for any (¢;, F;)!_; € (Ro x S)" with n € N\ {0}
and Y7 ,c; = 1. For example, M itself forms an Rj-convex subset of M, and the
intersection of any non-empty family of Ry-convex subsets again forms an Ry-convex
subset of M. We denote by co(S;Ry) C M the Ry-convex hull of S, i.e. the smallest Ry -
convex subset of M containing S, which is given as the intersection of the non-empty
set of Rp-convex subsets of M containing S. We have the presentation co(S;Rp) =
{3 ciFi | n e N\ {0}, (ci,F;)!; € (RoxS)", X1 ci = 1}. Indeed, the right hand side
contains S by 1 € Ry, is contained in co(S;Ro) by the definition of the Rj-convexity,
and is Ry-convex by cjc; € Ry forany (c1,¢2) € R(z). When Ry is a subring of R, then
a subset of M is Rg-convex if and only if it is of the form m+ My C M foran m € M
and a left Rp-submodule My C M.

EXAMPLE 1.2. By Example 1.1 (i), O; forms a convexity in k. Let V be a
k-vector space, and S a subset of V. Then § is M-convex if and only if S is Oy-
convex, and S is O-convex if and only if S is an Oj-submodule. Indeed, for any
(ci, i)l € (O x §)" with n e NN [2,00) and ¥ ¢; =1, X ¢;F; is contained in
the M-convex hull of S by Y ciFi = ((cp—1+cn)Fa—1 +Z§’;12 ¢iF}) — cnFp_1 + cnFy.

A semiconvexity in Ry is a subset Ropg C Ry with 1 € Ryg. Let Rgp be a semi-
convexity in Ry. We say that S is Rgg-semiconvex if (1 —c)Fy+cF, € S for any
(c,(F)%,) € Roo x S?. Suppose that S is an Ry-convex subset of M. A subset S’ C §
is said to be an Rgg-face of S if S’ is a non-empty Roo-semiconvex subset of M and
S\ S is an Ry-convex subset of M, and an Ry -face S’ C S is said to be extreme if there
is no Rgp-face S” of S with §” C §’. For an Ry-convex subset S C M, we denote by
Ext(S;Ro,Roo) the set of extreme Ry -faces of S, and by [S;Ro,Roo] C S the closure of
co(Us cExi(s:Ry,Re) S R0) in S as long as M is equipped with a topology.

EXAMPLE 1.3. The subset 1+ my; C k forms a semiconvexity in the convexity
Oy in k. Let V be a k-vector space, and S a subset of V. Then S is semiconvex
if and only if S is a (1 + my)-semiconvex subset of the underlying Oy -module of V.
Suppose that S is Oy -convex. A subset S’ C S is an extreme set of S if and only if S’
isa (1+my)-face of S by Example 1.2. In particular, a v € V is an extreme point of S
if and only if v is contained in an extreme (1 + my)-face of S.

EXAMPLE 1.4. Let & C Oy be an ideal, M an Oy-module with oM = {0}, and
S C M an Oy -convex subset. Then 1 + & forms a semiconvexity in the convexity Oy
in k, and every subset of M is (1+ )-semiconvex. Therefore we have Ext(S; Oy, 1 +
) ={{m} |me S} and [S;0, 1+ @] =S for any topology on M.
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EXAMPLE 1.5. Let M be an Oj-module, and S C M an Oy -convex subset. If
#Oy/m; = 2, then a subset of M is Oy-semiconvex if and only if it is (1 4 my)-
semiconvex, and hence the equality Ext(S; O, Ox) = Ext(S; O, 1 + my) holds. If
#Oy/my # 2, then a subset of M is Oy-semiconvex if and only if it is Oy -convex,
and hence the equality Ext(S; Oy, Ox) = 0 holds. (cf. [10] IIl Remarque in pp. 28-29)

1.2. Non-commutative Chinese reminder theorem

Let R be a ring. For a Z-submodule M C R, we denote by R~'M (resp. MR™!,
R™'MR~") the largest left (resp. right, two-sided) ideal of R contained in M, which
is givenas {f €R|"f €R,f'f €M} (resp. {f €R|"f €R,ff e M}, {fER|
Y(f', f") € R?, £ ff" € M}). We say that R is primitive if there exists a faithful simple
left R-module. A two-sided ideal I C R is said to be a primitive ideal of R or primitive
if R/I is primitive, or equivalently if 7/ = Anng(M) for some simple left R-module M
(cf. [1] Proposition 15.1). We denote by Max(R) the set of left maximal ideals of R,
and by Prim(R) the set of primitive ideals. We note that for any g € Max(R), M/
forms a simple left R-module with Anng(R/) = @R ™", and hence oR~! is primitive.

PROPOSITION 1.6. Let S be a subset of Max(R) with #S > 2 and
o+ ﬂﬁes\{ﬁ}ﬁ =R for any @ € S. If R is semisimple and left Artinian, then
there is an S' C Max(R) with S C S', @+ \yes\(p) 8 =R for any g€ ', and
m({oes’ 2= {O}

Proof. Put £:={S' C Max(R) |SC Y, ([O_FQJJES’\VO} ) pess = (R) pes } - Then
we have S € £. Since R is left Artinian, there is an S € X such that ﬂpesu@ is a
minimal element of {(,cer 2 | S” € £}. It suffices to show ,eg 2 = {0}. As-
sume (,eq 62 # {0}. Since R is semisimple, there is a left ideal @ C R with
R=@®Npes & . By the assumption, we have g # R, and hence there is a
2 € Max(A) with @ C . By b C 9 C R = b O yey §/, we have @ ¢ §
and Nyesiufp 8 G Npes 8- By 0 ©Npes & = R, there is a unique (a,b) €
0 %X Nyes 7 with a+b=1. Let g € §'. By @& +Npres\(p} 87" = R, there
iS a (C,d) S ﬁ/ X ﬂ({{/’es’\{go’}ﬁ/ Wlth C+d = 1. We have da € ﬂ) C p, da =
d(a+b) —db=d—dbe mJO"ES’\{Jd} ﬁ”, and hence da € ﬂJO"G(S’U{JO})\{JO'} ﬁ”. On
the other hand, we have ¢ € &/, db € Neres &', and hence c+db € /. We ob-
tain 1l =c+d = c+d(a+b) = (C+db) +da € ﬂ-f-mﬁue(s/u{{o})\{{o/} ﬂ/. It im-
plies §'LI {} € . This contradicts the minimality of ey & by Npyesip) 87 &
Nges 87 - We conclude N,eg 2= {0}. O

Suppose that R is commutative. Let A be an R-algebra. A left ideal & C A is said
to be of finite codimension if A/ is finitely generated as an R-module. We denote
by Maxg(A) C Max(A) the subset of left maximal ideals of finite codimension, and by
Blg(A) C Prim(A) the subset of primitive ideals of finite codimension. We show the
structure of the residue ring of the finite intersection of finite dimensional blocks.
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PROPOSITION 1.7. Let (Iy,...,1I,) € Blg(A)" with n € N\ {0}. If I; # I; for any
(i,j) € (NN [1,n))? with i # j, then the map A/ (', I; — [T\—, A/I; given as the direct
product of the canonical projections is an R-algebra isomorphism.

Proof. Let i € NN [1,n]. Take a ; € Maxg(A) with I; C ;. Since [; is of finite
codimension, A/I; forms a simple R-algebra by Wedderburn’s theorem (cf. [1] 13.4
Theorem), and @A~! = Anny(A/;) coincides with I;. Since g is of finite codi-
mension, M is finitely generated as a right End4 (A/;)-module. Therefore the map
@it A/l = A/Anny(A/ ;) — Endgng, 4/, (A/ ) induced by the scalar multiplica-
tion A X A/, — A/, is an R-algebra isomorphism by the simplicity of A/; and
Jacobson density theorem (cf. [1] 14.5 Corollary).

Put M := @} A/@,. By I; # I;, we have Homy(A/@;,A/ ;) = {0} for any
(i,j) € (NN[1,n])? with i # j. Therefore the embedding @, End4 (A/ ;) < Ends (M)
associated to the presentation M = @}_| A/ ; is an R-linear isomorphism, and induces
an R-algebra isomorphism ¢ : Endg,q, (ar) (M) — TTiZ; Endgna, (a/0) (A/ 821) -

Since M is finitely generated as an R-module, M is finitely generated as a right
End, (M)-module. Therefore the map y: A/Anns (M) — Endgyq, () (M) induced by
the scalar multiplication A x M — M is an R-algebra isomorphism by the semisim-
plicity of M and Jacobson—Bourbaki density theorem (cf. [6] D 2.2). Since the map
A/ oy I = AJ/Anng (M) — [T/, A/L given as the direct product of the canonical
projections coincides with the composite of the R-algebra isomorphisms v, ¢, and
(@™, @)~ !, itis an R-algebraisomorphism. [J

COROLLARY 1.8. (Non-commutative Chinese reminder theorem)
Let ()", € Maxg(A)" with n € N. If @A~ @,A! for any (i,j) € (NN [L,n])?
with i # j, then the map A/ (i, § — I1}_, A/ given as the direct product of the
canonical projections is an A-linear isomorphism.

Proof. The injectivity is obvious, and the surjectivity follows from Proposition 1.7
by @A~! € Blg(A) forany i e NN [l,n]. O

COROLLARY 1.9. Let (Iy,...,I,) € Blg(A)""! with n € N\ {0} and ", I; C Iy.
If I; # 1; for any (i, j) € (NN[1,n))? with i # j, then there is an i € NN [1,n] with
L= 1.

Proof. By Iy # A, the canonical projection [T A/ — ITi,A/I; is not an iso-

morphism. Therefore the assertion follows from Proposition 1.7 and o l; = N ;.
i=0 =1

O

1.3. Banach topological algebra

We introduce notions of a Banach topological k-algebra and a Banach left module
over a Banach topological k-algebra. For this purpose, we recall Banach k-vector
spaces. For a k-vector space V, amap || —||: V — [0,o0) is said to be a norm if it
satisfies ||v —v/|| < max{||v|[,||V/||} for any (v,»') € V2, |v|| > 0 for any v € V' \ {0},
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and |[ev]| = ¢ ||v|| forany (c,v) € k x V. A normed k-vector space is a pair (V.| —||)
of a k-vector space V and anorm || —||: V — [0,0).

Let (V,| —||) be a normed k-vector space. We abbreviate (V,||—||) to V. We
equip V with the ultrametric V x V — [0,0), (v,v) — |[v—/||, and call the metric
topology on V' the norm topology on V. For a subset S C V, we put S¢; :={ve S|
|lv]| < 1}. We say that V is a Banach k-vector space if the ultrametric on V is com-
plete, is finite dimensional if the underlying k-vector space of V is finite dimensional,
and is unramified if ||V|| C [0,0) is contained in the closure of |k| C [0, ). We prepare
the terminology on a condition on k and V appearing frequently.

DEFINITION 1.10. We refer as the hypothesis (I) to the condition that the valua-
tion of k is discrete or the norm of V is trivial.

Let V| and V, be normed k-vector spaces, and f: V| — V, a k-linear homomor-
phism. We say that f is bounded if there is a C € [0,0) with ||f(v)|| < C||v|| for
any v € Vq, and is submetric if ||f(v)|| < ||v|| for any v € V;. If f is bounded, then
f is continuous. Conversely, if the valuation of k is non-trivial and f is continuous,
or if the norms of V| and V, are trivial, then f is bounded. We denote by Ban(k)
the category of Banach k-vector spaces and bounded k-linear homomorphisms, and
by Bang (k) C Ban(k) the subcategory of submetric k-linear homomorphisms. The
correspondence V ~~ V¢, gives a functor Bang (k) — Set, which is faithful as long as
the valuation of k is non-trivial.

Let W C V be a closed k-vector subspace. Then W forms a normed k-vector
space with respect to the restriction to W of the norm of V, and V /W forms a normed
k-vector space with respect to the quotient norm (cf. [2] 1.1.6). If V is a Banach
k-vector space, then so are W and V /W by [2] Proposition 1.1.6/1, [2] Proposition
1.1.7/3, and [2] 2.8.1. Since the preimage in V of the image in V /W of an open subset
U CV can be presented as J,,cy (W+ U), we have the following:

PROPOSITION 1.11. The canonical projection V.— V /W is an open submetric
k-linear homomorphism.

If f is continuous, then ker(f) C V; forms a closed k-vector subspace because
f is continuous and V, is T;. In the case where V| and V, are Banach k-vector
spaces, we say that f is admissible if ker(f) and im(f) are closed and the induced
map Vy/ker(f) — im(f) is an isomorphism in Ban(k). By Proposition 1.11, every
admissible k-linear homomorphism between Banach k-vector spaces is bounded.

We denote by Z(V1,V,) the k-vector space of bounded k-linear homomorphisms
Vi — V,, which forms a normed k-vector space with respect to the operator norm
I =1I: Z(Vi,V2) = [0,), f = |If]| :=inf{C € [0,e0) | "v € Vi, [ f(W)I| < C|Iv]}.
If V, is a Banach k-vector space, then so is #(V;,V,). For a k-vector subspace
W C B(V,Va), we put W' := ), o ker(w) C V;. For a normed k-vector space V,
we abbreviate Z(V,k) to VP and Z(V,V) to B(V). We have the following two fun-
damental properties on bounded k-linear homomorphisms:



976 T. MIHARA

PROPOSITION 1.12. Suppose that k is complete. Let V be a normed k-vector
space, and W C V a k-vector subspace. Under the hypothesis (I), for any w € WP,
there is a w € VP with w|w = wlw and ||| = ||w|.

PROPOSITION 1.13. Suppose that k is complete. Let Vi and V, be Banach k-
vector spaces and f: Vi — Vo a k-linear homomorphism. The the following hold:

(i) If V1 is finite dimensional, then f is admissible.

(ii) If the valuation of k is non-trivial and f is continuous and surjective, then f is
admissible.

Proposition 1.12 for the case where the valuation of & is discrete immediately fol-
lows from Hahn—Banach theorem (cf. [8] Theorem 3). Proposition 1.12 for the case
where the norm on V is trivial immediately follows from the semisimplicity of the un-
derlying ring of k. Proposition 1.13 for the case where the valuation of & is non-trivial
immediately follows from [2] Proposition 2.3.3/4, [2] Corollary 2.3.3/5, and Banach’s
open mapping theorem (cf. [4] Theorem 1.3.3/1). Proposition 1.13 (i) for the case where
the valuation of £ is trivial is easily reduced to the following:

PROPOSITION 1.14. Suppose that the valuation of k is trivial. For any finite
dimensional normed k-vector space V, ||V|| C [0,00) is a bounded subset, and the
norm topology on V coincides with the discrete topology.

Proof. When V = {0}, then the assertions are obvious. Assume V # {0}. Take
a k-linear basis S C V. By V # {0}, we have S # 0. For any (c,),es € k¥5, we have
| ¥ esevv]] < maxyes|cy| ||v]] = max,es||v]]. Therefore ||[V|| C [0,0) is a bounded
subset.

We denote by P the set of subsets " of S such that there is a ((¢iy)yes )ien €
(kSN with 0 < || 3,cq cir1v|| < || 2yes ciyv|| forany i € N. Assume that the norm
topology on V does not coincide with the discrete topology. Then {0} C V is not
open, and hence for any € > 0, there is a v € V with 0 < ||v|| < €. By a recursion,
we obtain a sequence ((¢iy)ves)ien € (KN with 0 < || Z,esciviov] < || Svescivy||
for any i € N. It implies S € P # 0. Since P forms a non-empty finite partially
ordered set with respect to the inclusions, it admits a minimal element S’. Take a
((cin)ves)ien € (KN with 0 < || Zyes cir1pv| <[ Zyes cipvl| for any i € N. By
|35 civv]| > 0, we have {v €S | c;, # 0} # 0 for any i € N. By the pigeonhole
principle, there is a vo € S’ with #{i € N | ¢;,, # 0} = co. We denote by (iy)nen € NV
the unique sequence with {i, | n € N} = {i € N | ¢;,, # 0} and i, < i,4; for any
n € N. We have [[vo+ Syesi (ug} € CinnV | = 165,50 | Zves Cinavll = | Zoes il
for any n € N, and hence ||2vesr\{V0}c;}v0(cimv —Cip V|| = | Zyes ciy || for any
n € N. It implies that the sequence ((c;}VO(c,-mV — Ciyp1v) Jves\{vo} JneN € (kO vo}))N

: ~1 -1
SatlSﬁeS O < H ZVES,\{V()} Cin+17v0 (CirH»laV - Cin+2av)vH < || z’VES,\{VO} Cimv() (Ci"’v - Cin+17V)vH
for any n € N. This contradicts the minimality of S'. It implies that the norm topology
on V coincides with the discrete topology. [
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Now we introduce the notion of a Banach topological k-algebra. A normed k-
algebra is a pair (A,||—||) of a k-algebra A and a norm || —||: A — [0,0) on the
underlying k-vector space of A with |1|| € {0,1} and | ff’|| < |If]| |lf/|| for any
(f.f) €A

Let (A,||—|) be a normed k-algebra. We abbreviate (A, || —||) to A. We also
regard A as a normed k-vector space. We say that A is a Banach k-algebra if A is
a Banach k-vector space. We denote by Alg_, (k) the category of Banach k-algebras
and submetric k-algebra homomorphisms.

DEFINITION 1.15. A Banach topological k-algebra is a pair (A, T) of a Banach
k-algebra A and a topology T on A<; which is weaker than or equal to the relative
topology of the norm topology on A and for which A¢; forms a topological Oy-
algebra.

Let o/ = (A,7) be a Banach topological k-algebra. We denote by 7, the topo-
logical Oy-algebra (A<;,7), by % the Banach k-algebra A, and by <7°P the Banach
topological k-algebra (A°P, 7). We note that the inclusion 27| < o7 is an open map
by definition. We say that o/ is unramified if <7, is unramified, and is finite dimen-
sional if o7, is finite dimensional.

For Banach topological k-algebras /| and %, a submetric k-algebra homo-
morphism </} — </ means a submetric k-algebra homomorphism @: (<))o — ().
whose restriction (271)<1 — (%)< is continuous. We denote by 7lg (k) the cate-
gory of Banach topological k-algebras and submetric k-algebra homomorphisms. The
correspondence &7 ~ o7, gives a faithful functor </lg (k) — Alg,(k), and the cor-
respondence &7 ~~ /< gives a functor </1g. (k) — Set, which is faithful as long as
the valuation of k is non-trivial.

For example, every Banach k-algebra A forms a Banach topological k-algebra
Agisc With respect to the relative topology on A< of the norm topology on A. The cor-
respondence A ~ Agise gives a fully faithful functor Alg (k) — </1g. (k). Therefore
the notion of a Banach topological k-algebra is a generalisation of that of a Banach k-
algebra.

EXAMPLE 1.16. Let G be a discrete group. Then the completion Cy(G,k) of
k[G] with respect to the supremum norm of coefficients forms a Banach k-algebra such
that the canonical embedding k[G] < Cy(G,k) is a k-algebra homomorphism, and
hence forms a Banach topological k-algebra Cy(G,k)gisc -

We uses similar conditions many times in this paper, and hence we introduce the
terminology on conditions on k and 7 for convenience.

DEFINITION 1.17. We refer as the hypothesis (1I) to the condition that [k*| C
(0,00) is discrete, as the hypothesis (III) to the condition that & is a local field or a finite
field equipped with the trivial valuation, as the hypothesis (IV) to the condition that .o/
is unramified, as the hypothesis (V) to the condition that /<, is Hausdortf, and as the
hypothesis (VI) to the condition that .27 coincides with (<7, )gisc -
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We have another important example of a Banach topological k-algebra. A topo-
logical Op-module is said to be linear if the set of its open Oy-submodules forms
a fundamental system of neighbourhoods of 0. Let K be a topological Oy-algebra.
We say that K is flat if the underlying Oy-module of K is flat, and is linear) if the
underlying topological Oy-module of K is linear. Assume the hypothesis (III). Sup-
pose that K is a compact Hausdorff flat linear topological O -algebra. Then k ®o, K
forms an unramified Banach topological k-algebra Kcomp with respect to the norm
| —1: k®0, K — [0,0), f—inf{|c||c €k f €K, c®f = f} and the topology
on (k®o, K,|| —||)<1 associated to the topology on K through the Oy-algebra iso-
morphism K — (k®o, K, | —||)<1, f+— 1® f. We denote by Alg.(Ox) the cat-
egory of compact Hausdorff flat linear topological Oy -algebras and continuous Oy -
algebra homomorphisms. The correspondence K ~~ Kcomp gives a fully faithful func-
tor Alg(Oy) — </1g; (k). Therefore the notion of a Banach topological k-algebra is
also a generalisation of that of a compact Hausdorff flat linear topological Oy -algebra.

EXAMPLE 1.18. Assume the hypothesis (III). Let G be a profinite group. Then
the Iwasawa algebra O[[G]] forms a compact Hausdorff flat linear topological O-
algebra, and hence k @0, O¢[[G]] forms a Banach topological k-algebra Ok[[G]]comp -

We have a structure theorem of a finite dimensional Banach topological k-algebra.

PROPOSITION 1.19. Assume the hypotheses (IIl) and (V). If <7 is finite dimen-
sional, then the hypothesis (VI) holds and /<, forms a compact Hausdorff flat linear
topological Oy-algebra. In addition, under the hypothesis (IV), </ is isomorphic to
(dgl)comp in %lggl(k)'

Proof. We equip (%)< the relative topology of the norm topology on <7 . Sup-
pose that o7 is finite dimensional. If k is a local field, then every bounded closed
subset of o7, is compact by Proposition 1.13 (i). If k is a finite field equipped with
the trivial valuation, then <7 is a finite discrete set by Proposition 1.14. Therefore
(#,)<1 forms a compact Hausdorff flat linear topological Oy -algebra. The inclusion
<) — 4, is an open map from a Hausdorff topological space onto (%)<, and
hence is a homeomorphism onto the image. It implies that .7 is a compact Hausdorff
flat linear topological Oy -algebra, and <7 coincides with (% )gisc. In addition, sup-
pose that ¢/ is unramified. Then the inclusion (.27 )<; < <% induces an isomorphism
(F<1)comp = (o) <1 )comp — o in g (k). T

We formulate a Banach topological k-algebra obtained as a quotient of a given
Banach topological k-algebra. A closed ideal of <7 is a closed two-sided ideal of <7,
and a strictly closed ideal of </ is a strictly closed (cf. [2] Definition 1.1.5/1) two-sided
ideal I of o7 such that &/ NI is closed in @< . We have a criterion for a two-sided
ideal of .7, to be a strictly closed ideal of <7 .

PROPOSITION 1.20. Assume the hypotheses (I1) and (IV). Then a two-sided ideal
I of o, is a strictly closed ideal of </ if and only if /<1 N1 is closed in </ .
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Proof. The inverse implication is obvious. Suppose that .7 N1 is closed in 7 .
We show that [ is strictly closed in «%. For this purpose, we equip (%)< with
the relative topology of the norm topology on <7, and show that (f + (o%)<;) NI is
closed in f+ ()< forany f € o . Let f € . Since < is unramified, there is a
¢ € Ox\ {0} with cf € @Z<; . By the continuity of the addition @7 x @/ — @/, the
map /<) — <y, '+ cf + f is continuous, and hence <) N(—cf+1) = —cf +
(eZ<1NI) is closed in «Z<; . By the continuity of the scalar multiplication Oy X /<] —
<1, the map @y — <y, [+ cf’ is continuous, and hence o) N (—f+1) =
Ay Ne YAy N (—cf +1)) is closed in /<. By the continuity of the identity map
(o)1 — <1, (Po)<1 N (—f+]1) is closed in (o%)<;. By the continuity of the
addition @7, x % — <, the map &, — o, f +— —f+ f’ is continuous, and hence
(f+ (Z)<) Nl = —(—f)+ ()< N (—f+1)) is closed in f+ (o%)<;. Since
{f+()<1 | f € o} forms an open covering of <7, I is closed in <% . By the
assumption, [|.«% \ {0}|] C (0,e0) is discrete. Therefore every closed ideal of <7 is
strictly closed by [2] Proposition 1.1.5/4. In particular, [ is strictly closed in <7,. [

Let I C <7 be a closed ideal of <7 . Then (% /I)<; admits the strongest topology
which is weaker than or equal to the relative topology of the norm topology on 7, /I,
for which (@7 /I)<; forms a topological O -algebra, and for which the O-algebra
homomorphism 27| — (<% /I)<1, f — f+1 is continuous. We state the existence as
a proposition in order to refer later.

PROPOSITION 1.21. We denote by P the set of topologies T on (/. /1)< which
is weaker than or equal to the relative topology of the norm topology on /1, for
which (s /1)< forms a topological Oy-algebra, and for which the Oy -algebra ho-
momorphism <<, — (o /1)<1, f— f+1 is continuous. Then P admits the strongest
element.

Proof. Since P admits the weakest element {0, (<% /I)<;}, P is not empty. The
strongest element of P is given as the pull-back of the topology on the topological
Oy-algebra [1,cp((%/I)<1,T) through the diagonal embedding

(/D<= [T((#/D<1,7). O

TeP

We denote by o7 /I the Banach topological k-algebra given as the pair of the
Banach k-algebra 7, /I and the topology on (% /I)<; which is the strongest element
of P in Proposition 1.21.

EXAMPLE 1.22. If I is a strictly closed ideal of <7, then the restriction /| —
(2, /I)<1 of the canonical projection @7, — /I is surjective by the definition of
the strict closedness, and hence the topology on (7 /I)<; coincides with the topology
associated to the quotient topology on @< /(eZ<) NI) through the Oy -algebra isomor-
phism %g]/(%gl OI) — (%/[)gl .
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EXAMPLE 1.23. Under the hypothesis (VI), the topology on (<7 /I)<; coincides
with the restriction of the norm topology on % /I by the continuity of the canonical
projection o7, — (& /I)o = /I, and hence 7 /I coincides with (o7 /I)disc -

We have a structure theorem of a finite dimensional quotient of a Banach topolog-
ical k-algebra.

PROPOSITION 1.24. Let I C @, be a closed ideal of </. Assume either one of
the two conditions that the hypotheses (111), (IV), (V) hold and /<1 N1 is closed in
<1, or that the hypothesis (VI) holds and k is complete. If <7, /1 is finite dimensional,
then < /1 coincides with (<7, /1) gisc -

Proof. If k is complete and <7 coincides with (o7 )gisc , then o /I coincides with
(s /1)dgisc by Example 1.23. Suppose that k is a local field or a finite field equipped
with the trivial valuation, 7 is unramified, <7<, is Hausdorff, and /| N1 is closed
in @/<;. Then [ is a strictly closed ideal of <7 by Proposition 1.20, and hence the
canonical projection <%, — «7,/I induces a homeomorphic Oy -algebra isomorphism
g1 /(diNI) — (o /T)<; by Example 1.22. In particular, (<7 /I)<; is Hausdorff,
and <7 /I coincides with ((o7/I)s)disc by Proposition 1.19.

Now we introduce the notion of a Banach left </ -module. Let A be a normed
k-algebra. A normed left A-module is a pair (V,||—||) of a left A-module V and a
norm || —||: V — [0,00) of the underlying k-vector space of V with || fv|| < || f ||v]l
forany (f,v) EAXV.

Let (V,||—||) be a normed left A-module. We abbreviate (V,||—||) to V. We
also regard V as a normed k-vector space. We say that V is a Banach left A-module
if V is a Banach k-vector space. We denote by Ban(A) the category of Banach left
A-modules and bounded A -linear homomorphisms.

DEFINITION 1.25. A Banach left o7 -module is a Banach left <7, -module V such
that the scalar multiplication «/<; x V — V is continuous. A Banach right <7 -module
is a Banach left <7°P-module. We denote by Ban(</) C Ban(7) the full subcategory
of Banach left .27 -modules.

For example, every Banach left A-module forms a Banach left Agjsc -module with
respect to the action of (Agisc)o = A, and hence the inclusion Ban(Agisc) < Ban(A) is
the identity of a category. Therefore the notion of a Banach left module over a Banach
topological k-algebra is a generalisation of that of a Banach left module over a Banach
k-algebra.

EXAMPLE 1.26. For a topological group G, a unitary k-linear representation
of G is a pair (V,p) of an unramified Banach k-vector space V and a continuous
map p: G xV —V giving a k-linear action of G on V with ||p(g,v)|| = ||v|| for any
(g,v) € GxV.Let G be adiscrete group, and (V,p) a unitary k-linear representation
of G. Then there is a unique structure on V as a Banach left Cy(G,k)-module with
gv = p(g,v) for any (g,v) € G XV by the definition of the norm of Cy(G,k). In
particular, V forms a Banach left Co(G, k)gisc -module [;(V.p).
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We have another example of a Banach left module over a Banach topological k-
algebra. Let K be a compact Hausdorff flat linear topological Oy-algebra. A Banach
left K-module is a Banach k-vector space V equipped with a continuous Oy -bilinear
homomorphism K x V — V for which V forms a left K-module with || fv|| < ||v|| for
any (f,v) € KxV. We denote by Ban(K) the category of Banach left K-modules
and bounded K -linear homomorphisms. Every Banach left K-module V forms a Ba-
nach left Kcomp-module Veomp with respect to the natural action of k®¢, K, and the
correspondence V ~= Veomp gives an equivalence Ban(K) — Ban(Kcomp) of categories.
Therefore the notion of a Banach left module over a Banach topological k-algebra is
also a generalisation of a Banach left module over a compact Hausdorff flat linear topo-
logical Oy-module.

EXAMPLE 1.27. Assume the hypothesis (III). Let G be a profinite group, and
(V,p) a unitary k-linear representation of G. By the argument in [13] p. 11, there
is a unique structure on V as a topological left O[[G]]-module with gv = p(g,v)
for any (g,v) € G x V. We note that k is assumed to be a local field of characteris-
tic 0 in [13], but the corresponding argument is also valid under the hypothesis (III).
In particular, V forms a Banach left O;[[G]]-module, and hence forms a Banach left
Ok[[G]]comp-module [;(V,p). When G is a finite discrete group, then there is a unique
G-equivariant k-algebra isomorphism Co(G,k)disc — Ok[[G]]comp in &/1g< (k) by the
definitions, through which the convention of [;(V,p) is compatible with Example 1.26.

Let V be a Banach left <7 -module. By the continuity of the scalar multiplication
/<y xV — V, the map /<) — V, f+— fv is continuous for any v € V. Therefore
<1 NANN g, (V) = ,ey Anng, (v) is closed in @/ . The scalar multiplication o7 x
V — V induces an injective k-algebra homomorphism <7, /Anng, (V) — 2B(V), and
hence we obtain the following by Proposition 1.24:

PROPOSITION 1.28. Assume either one of the two conditions that the hypotheses
(Ill), (1V), (V) hold, or that the hypothesis (VI) holds and k is complete. If V is finite
dimensional, then </ /| Anng, (V) coincides with (<7, /Anng, (V) )dise -

Let vEV and w € VP. We denote by v+w: o/, — k the map given by set-
ting (vxw)(f) :=w(fv) for an f € o . Then we have ||(vxw)(f)| = [[w(fv)]] <
Wil |/l < llwll [|1FI] |Iv| for any f € <7, and hence v+ w forms a bounded k-linear
homomorphism with ||[vsw|| < ||v|| [[w]||. We will use the correspondence (w,v) ~> vkw
in order to formulate a non-Archimedean analogue of the GNS construction in §2.1.

A Banach left <f -submodule of V is a closed left .27, -module of V, which forms
a Banach left <7 -submodule with respect to the restrictions of the norm and the scalar
multiplication. We say that V is simple if V admits exactly two Banach left .<7,-
modules, is isofypic if Anng, (V) € Bli(<%), and is semisimple if the underlying k-
vector space of V is the direct sum of a family of the underlying k-vector spaces of
simple Banach left <7 -submodules. By [2] Proposition 2.3.3/4, we have the following:
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PROPOSITION 1.29. Suppose that k is complete. Let ((A,|—1|),T) be a Banach
topological k-algebra, and (V|| —||) a finite dimensional Banach left ((A,|| —1]),7)-
module. Then (V.| —||) is a simple (resp. semisimple) Banach left ((A,| —1|),7)-

module if and only if V is a simple (resp. semisimple) left A-module.

Let V be a Banach left .7 -module. A v € V is said to be cyclic if <7, is dense in
V. We say that V is cyclic if V admits a cyclic element. In particular, if V is simple,
then V is cyclic. We regard VP as a Banach right .7 -module in a natural way. A
w € VP is said to be cocyclic if (w.e7,)" = {0}. By Proposition 1.13 (i), Proposition
1.14, and [2] Proposition 2.3.3/4, we have the following:

PROPOSITION 1.30. Suppose that k is complete and V is finite dimensional.
Then a w € VP is cocyclic if and only if w is cyclic.

As a consequence, we obtain the following:

COROLLARY 1.31. Suppose that k is a complete valuation field with #k # 2 and
V is a finite dimensional cyclic semisimple Banach left <7 -module with V # {0}. Then
for any cyclic element v €V, there is a cocyclic element w € VP with w(v) = 1.

Proof. By Proposition 1.13 (i) and Proposition 1.29, VP forms a finite dimen-
sional cyclic semisimple Banach right .7 -module. Take a cyclic element w’ € VP and
a family S of simple Banach left <7 -submodules of V such that the underlying k-
vector space of V is the direct sum of the underlying k-vector spaces of elements of S.
By V # {0}, we have S # 0. Fora W € S, we denote by wj, € W the composite of
the projection V — W associated to S, the inclusion W < V, and w’. Then we have
W = Swes Wiy, and Syescwwyy is cyclic for any (cw)wes € (k*)S. By #k # 2, there
isa (cw)wes € (K)5 with (Zyeswiy)(v) =1, and Tyeswyy is cocyclic by Proposi-
tion 1.30. O

2. Non-Archimedean states

In this section, we assume that k is complete so that a finite dimensional Banach
k-vector space is not necessarily trivial. Let <7 denote a Banach topological k-algebra.
We introduce a notion of a state on </, and study a non-Archimedean analogue of the
GNS construction.

2.1. Non-Archimedean GNS construction

Let F be a bounded k-linear homomorphism o7, — k. We put g := o7, ' ker(F)
and Ir := o/ 'ker(F).</,!. By the continuity of the multiplication .7, x o7, — 7,
@r and Ir are closed in @%. The map & — [0,%), f + inf{C € [0,) | "f" €
o, IF(f ) <C|f'||} induces a well-defined norm || — || of the underlying k-vector
space of <% /gF, which satisfies ||v|[r < ||F]| ||v|| for any v € <% /gr, ||fvlF <
LA lIvlF for any (f,v) € o x ./ or, and [F(f)| < ||f + @F|F forany f € of.
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We denote by Vr the completion of the underlying left .o, -module of <7 /gF with
respect to || — ||F, and regard it as a Banach left < -module. We also denote by
|| —||r the extension of || —||r: <%/ — [0,00) to Vp. Then the image vp € Vi
of 1+ gor € o, /gor forms a cyclic element, and F induces a well-defined bounded
k-linear homomorphism wg : Vi — k. We put Tp := (Vp,vp,wr), and study the corre-
spondence F ~» Tr, which is a non-Archimedean analogue of the GNS construction.

PROPOSITION 2.1. The equality ||v||r = ||v*wg|| holds for any v € Vi, and wg
is submetric and cocyclic.

Proof. Let f € of,. We show || f+ @F||r = ||(f + g#F) *wr||. For any f' € o/,
we have |((f + @) xwr)(f')| = [wr (f'f +6)| = [F(f I < |If'| |1f + FllF . Since
the image of <% in Vg is dense, we obtain ||(f + F) xwg|| < ||f + 2r||F. For any
Ce(0,]f+prlF). thereisan [’ € o with C||f'[| <|F(f'f)| = [((f+F)xwr)(f')]
by the definition of || —[|r. It ensures ||f + @r|[r = ||(f + r) * wr| . Since the
image of .27, in Vp is dense, the map Vp — /P, v — v wp is isometric. We have
we (f +g2r)| = [F(N)] = 1((f + gr) *wr ) ()| < ||f + gr|F for any f € /. Since
the image of <7, in VF is dense, wr is submetric. For any v € ﬂfe o ker(wr f), we
have v wp =0, and hence ||v||r = ||v*wp|| = 0. It ensures that wg is cocyclic. [

We say that F is positive if the map @< — /P, f+ (ff')*F is continuous for
any f € o, is a pre-state on </ if F is positive and satisfies F(1) =1, and is a state
on o/ if F is a submetric pre-state on <7 .

PROPOSITION 2.2. Suppose that F is positive. Then the following hold:
(i) The map <) — AL, f (fv)*wr is continuous for any v € Vp.
(ii) The Banach left <7, -module Vg forms a Banach left </ -module.
(iii) The equality Anng, (Vr) = Ip holds, and /<) NIF is closed in </ .

(iv) Assume the hypotheses (Il), (IV), and (V), or assume the hypothesis (VI). Then
( /Ir) <1 is again Hausdorff.

(v) Assume the hypotheses (111), (IV) and (V), or assume the hypothesis (VI). If VF is
finite dimensional, then <f |Ir coincides with (s /I )gisc -

Proof. We show the assertion (i). Let v € Vp. For any f € @/c; and € € (0,00),
there is an f’ € %, with ||(f' + ) — v||F < € by the definition of V¢, and we have
(f" € dar | (F" 1) ¥ F — (Ff) || < &) = (1" € et | |(f"V) % wr — (fv) % wr|| <
e}. It ensures the continuity of the map @<; — &L, f+ (fv)*wr by the positivity
of F.

We show the assertion (ii). The map Vi — /L, v v*wp is isometric by Propo-
sition 2.1, and hence the map @<; — Vg, f — fv is continuous for any v € V¢ by the
assertion (i). We show the continuity of the scalar multiplication <7<; x Vr — VF. Let
Us be an open subset of Vi with fv € Us foran (f,v) € @/<; x Vp. Take an € € (0,00)
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with {V € Vg | |V — fv||r <€} CUs. Put Uy :={f" € <y | ||f'v—fvl|r < €} and
Uy :={vV € Vr ||V —v|l[r < €}. By the continuity of the map “<; — V¢, [+ fv,
U forms an open neighbourhood of f in <. For any (f',v') € U; X Uy, we have
/v = fvllr <max{||f/ V"= V)|, |lf'v—fvllF} <€, and hence f'v' € Us. It implies
the continuity of the scalar multiplication .&/<; X Vp — Vr.

We show the assertion (iii). We have Anng, (Vr) C Anng, (vr) = Ir. Since vp
is cyclic, we obtain Anngy, (Vr) = Ir. We show that </<; NIr is closed in </ . For
any v € Vg, Anng_ (v) is closed in 2/c;, because the map .@<; — Vp, f+— fv is
continuous and Vr is Ty . We have @/« NIp = @< NAnngy, (VF) = Mvev, Anng,, (),
and hence 7| NI is closed in .27 . The assertion (v) follows from the assertion (iii)
by Proposition 1.24.

We show the assertion (iv). If &7 = (.2 )4isc » then we have &7 /Ir = (s /IF ) disc
by Example 1.23. Suppose that [k*| C (0,) is discrete and o7 is unramified. Then I
is a strictly closed ideal of <7 by Proposition 1.20, and hence the canonical projection
o — o, /Ir induces a homeomorphic Oy -algebra isomorphism /¢ /(<) NIp) —
(# /Ir) <1 by Example 1.22. In particular, (&7 /Ir)<; is Hausdorff. [J

We denote by S(7) C /P the subset of pre-states on <7 . Then S(&/)<; coin-
cides with the set of states on &/ by definition. By the continuity of the structure of
/P as a k-vector space, the subset of 7P consisting of positive functionals forms a
k-vector subspace, and S(.7) (resp. S(&7)<1) forms a k-convex subset of <7 (resp.
an Oy -convex subset of (&/P)<1).

EXAMPLE 2.3. Let A be a Banach k-algebra. Since the inclusion (Agisc)<1 —
(Agisc)o is a homeomorphism onto the image, an F € AP is a pre-state on Ay if and
only if F(1) =1 by Proposition 2.1 and the continuity of the multiplication <7, x <7, —
o .

A pre-GNS triad over </ is a triad (V,v,w) of a Banach left </ -module V, a
cyclic element v € V, and a cocyclic element w € VP with w(v) = 1 such that the
k-linear homomorphism V — 7P, v — v w is admissible. A GNS triad over </ is a
pre-GNS triad (V,v,w) over & with ||v|| =1, ||w|]| =1, and ||V/|| = ||/ xw|| for any
Vev.

EXAMPLE 2.4. Let V be a Banach left </ -module, v € V a cyclic element, and
w € VP a cocyclic element with w(v) = 1. If V is finite dimensional, then (V,v,w)
forms a pre-GNS triad over 7 by Proposition 1.13 (i).

Let (Vi,vi,w1) and (Va, v, wy) be pre-GNS triads over <7 . A bounded (resp. sub-
metric) <f -linear homomorphism (Vy,vi,wi) — (V2,v2,w,) means a bounded (resp.
submetric) 7 -linear homomorphism f: V; — V5 with f(v;) =v, and wyo f =w;. A
bounded &7 -linear homomorphism (Vi,vy,w;) — (V2,v2,w) is unique and has dense
image, because v; and v, are cyclic. We denote by GNS(.«7) the category of pre-
GNS triads over </ and bounded .o/ -linear homomorphisms, and by GNS¢; (&) C
GNS(«7) the subcategory of GNS triads over ./ and submetric <7 -linear homomor-
phisms.
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Let T = (V,v,w) be a pre-GNS triad over <7 . We denote by Fr: <7, — k the map
given by setting Fr(f) :=w(fv) foran f € /. We obtain a correspondence T ~+ Fr,
which is a non-Archimedean analogue of the construction of a vector state (cf. [12]
(6.7.14)).

THEOREM 2.5. (Non-Archimedean GNS construction) The following hold:

(i) For any pre-state (resp. state) F on <f, Tr forms a pre-GNS (resp. GNS) triad
over &/, and Fr, coincides with F .

(ii) For any pre-GNS (resp. GNS) triad T over </, Fr forms a pre-state (resp.
state) on </, and there is a unique isomorphism Tg, — T in GNS(7) (resp.
GNS<1 () ).

Proof. Let F be a pre-state on <. We have wr(vg) = F(1) = 1, and hence Tr
forms a pre-GNS triad by Proposition 2.1 and Proposition 2.2 (ii). We obtain Fr;, (f) =
wr(fvr) =wr(f+ ) = F(f) forany f € o, and hence Fr, coincides with F. The
map o/, — /L, v vwp is isometric by Proposition 2.1, and hence is admissible.
Therefore Tr forms a pre-GNS state. Suppose that F is a state on 7. Then we have
L= |wr(ve)[ < |wrll Ivelle < lwrell [[vell < llwel 1] = lwe |l <[[F|l < 1,and hence
lwr|| = ||F|| =1 and ||ve||r = ||vr|| = 1. Therefore Tr forms a GNS triad over <7 .

Let T = (V,v,w) be a pre-GNS triad over /. By the continuity of the scalar
multiplication /<1 X V — V, the map «/<; — V, f — fV' is continuous for any V' €
V. Since w is cocyclic, the admissible k-linear homomorphism 1: V — &/P, v —
vxw is injective. For any f € o, we have |w(fv)| < ||w| |/ < Wl I1£]] V] <
(Wl IvIDIF] and f = Fr = f* (v«w) = (fv) *w. Therefore Fr is a bounded k-
linear homomorphism, and the map @<; — &P, f+ (ff')* Fr coincides with the
map given as the composite of the continuous maps <y — V, f+— ff'v and V —
PV V' xw. We have Fr(1) =w(v) = 1, and hence Fr forms a pre-state on .o/ .

By f*Fr = f*(vxw)=(fv)*w forany f € o7, the map o/ — L, f (fv)*
w induces an isometric k-linear homomorphism Vg, — /P onto the closed image.
It factors through t, because (fv)*w lies in the image of V for any f € o,. The
resulting map t': Vg, < V is an injective admissible .o -linear homomorphism with
dense image, and hence is an isomorphism in Ban(.«7). Indeed, we have U'(f + ) =
fv for any f € 4, and hence the image of Vf, in V contains the dense subset .2Zv.
By the assertion (i), Tr, forms a pre-GNS triad over 27, and 1 gives an isomorphism
Tr, — T in GNS(7). Suppose that T is a GNS triad over <. Then we have ||Fr|| <
|wl| |lv]| = 1, and hence Fr is a state on 7. By |V/|| = ||/ xw]|| forany v/ €V, t is
isometry, and hence sois /. [

2.2. Pure states and mixed states

Let F be a pre-state on 7. We say that F is pure if g € Maxy(<%). We note
that it is not good to formulate the notion of the purity of a state in a way similar to the
Archimedean case, because there is no non-trivial extreme set with respect to the M-
convexity consisting of a single point by [9] Theorem 4. We denote by PS(«7) C S(<7)
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the subset of pure pre-states on .«7. We have a characterisation of the purity of a pre-
state using the GNS construction, which is an analogue of [12] Theorem 6.8.11.

THEOREM 2.6. The following hold:

(i) Let F € PS(</). Then Vg forms a finite dimensional simple Banach left </ -
module.

(ii) Let V be a finite dimensional simple Banach left <7 -module. Then there is a pair
(F,1) ofan F € PS(«7) and an isomorphism 1: Vg — V in Ban(</).

(iii) Let V be a finite dimensional simple Banach left <7 -module. If the hypothesis
(Il) holds and V is unramified, then there is a pair (F,1) of an F € PS(#/ )<,
and an isomorphism 1: Vg — V in Ban(«7).

Proof. Let F € PS(«7). Then the underlying left <7 -module of V¢ is simple,
and hence Vg forms a finite dimensional simple Banach left <7 -module by Proposition
1.29.

Let V be a finite dimensional simple Banach left .27 -module. Since V admits
exactly two Banach left </ -submodule, we have V # {0}. Take a v € V\ {0}. By
Proposition 1.13 (i), there is a w € VP with w(v) = 1. Every non-zero element of V or
VP is a cyclic element whose annihilator is a maximal one-sided ideal by Proposition
1.29. Therefore v is a cyclic element with @F, = Anngy, (v) € Maxy (%), and w is a
cocyclic element by Proposition 1.30. By Proposition 1.11 and Proposition 1.13 (i), the
k-linear homomorphism <7, — V, f + fv is admissible. Therefore (V,v,w) forms a
pre-GNS triad over .

Suppose that [k*| C (0,0) is discrete and that V is unramified. Take a ¢ € k* with
lc| = ||v||, and replace v by ¢~!'v so that we obtain ||v|| = 1. Since the k-linear homo-
morphism kv — k, c/vi— ¢’ is of operator norm 1, thereisa w’ € VP with w/(c='v) =1
and ||w'|| =1 by Proposition 1.12. Replace w by w' so that we obtain ||w|| = 1. Then
(V,v,w) forms a GNS triad over /. [

We say that F' is isotypic if Ir € Bly(«7). If F is pure, then F is isotypic because
o, [ gor is a faithful simple left .o/, -module with Ir = Anny(A/gr). We denote by
IS(«7) C S(«7) the subset of isotypic pre-states and by IS(.«7,I) C IS(«7) the subset
of isotypic pre-states F with Ir = I, and put PS(«7,I) := PS(«7) NIS(</,I) for an
I € Bl (o). We show that isotypic pre-states are spanned by pure pre-states sharing
blocks.

PROPOSITION 2.7. Assume the hypotheses (Ill), (IV), and (V), or assume the hy-
pothesis (VI). Let F € S(). Then the following are equivalent:

(i) The pre-state F is isotypic.

(ii) Thereis a (c;, ;)| € (kxPS(a))" with n € N\ {0}, ¥ ¢c;=1, XL ciFi=
F, and Iy, = Ir for any i € NN[1,n].

(iii) Thereis an I € Bly(<t,) with I C I.



NON-ARCHIMEDEAN GNS CONSTRUCTION AND KREIN-MILMAN THEOREM 987

Proof. The implication from (ii) to (iii) follows from the fact that every two-sided
ideal of <7, belonging to Bl (.« ) is maximal by Wedderburn’s theorem (cf. [1] 13.4
Theorem), and the implication (iii) to (i) follows from Jacobson density theorem (cf.
[1] 14.5 Corollary). Suppose that F is isotypic. Replacing <7 by &/ /Ir, we may
assume that o/ coincides with (2% )gisc by Proposition 2.2 (v) and that there is a k-
algebra isomorphism 1: M,,(K) — <% with n € N\ {0} for a division k-algebra K
finite dimensional as a k-vector space by Wedderburn’s theorem. Then an F € /P is
a pre-state on < if and only if F(1) = 1 by Example 2.3.

Since 7, is a simple k-algebra with dimy <% < oo, we have Ir = {0} and S(&/) =
PS(«/) =PS(/,Ir). We denote by E; ; € M,,(K) the matrix whose (i, j)-th entry is 1
and whose other entries are 0 foran (i, j) € (NN [1,n])". We identify K with the image
of the embedding K — %, ¢ — X! | 1(cE;;). Then K forms a Banach k-algebra by
[2] Proposition 2.3.3/4. Moreover, the embedding ¢; j: K — ./, ¢ — 1(cE; ;) is an
isomorphism in Ban(K) for any (i, j) € (NN[1,n])", and the bijective map ¢: K" —
o, (i j)} =1 — Xi j—1t(cijEi;) is an isomorphism in Ban(K) by Proposition 1.13
(i). We denote by p; ;: o/ — K the continuous K -linear homomorphism given as the
composite of £~! and the (i, j)-th projection K" — K fora (i, j) € (NA[1,n])? for an
(i,j) € (NN[1,n])*. By Proposition 1.13 (i), Kgisc admits a pre-state ¢: K — k. We put
So:={i e NN[0,1] [ F(1(Ei;)) =0}, S1 := (NN [L,n])\ S, Fy1 := @opii+ 37| Fo
pi,j €PS( Ir) foran ie NN [1,n], F; _ := popii—Xj_;Fopj;foranie NN [1,n],
Fi0,1):=@Qopii+Fopi; €PS(,Ir) foran i € Sy, Fj (o _1):= @opi; foran i€ Sp,
¢i:=F((Ei;)) € k* foran i€ S, and F:= ci_lFopi,i for an i € §1. Then we
have Yics i =1, F =3 (Fi1 — Fi—1) + Xies, (Fi0.1) — Fi0,-1) + Zies, ¢iFio, and
F;; € PS(,Ir) forany (i, j) € (NN [L,n]) x {-1,0,1,(0,—1),(0,1)}. O

We study the relation between decompositions of semisimple cyclic Banach left
o/ -modules and of mixed states on <7 . Let ko C k be a convexity (cf. Example 1.1). We
say that F is ko -mixedif thereis a (c;, F;)!_ | € (ko xPS(«7))" withne N, 3, ¢;=1,
and Y} | ¢;F; =F . We denote by MS(«7;ky) C S(A) the ko-convex subset of kp-mixed
pre-states on <7, which coincides with co(PS(</);kg) by definition. We will deal with
several convexities in k in §2.3, but only deal with the full-convexity k in k in this
subsection. We state our main theorem on mixed pre-states.

THEOREM 2.8. Assume the hypotheses (I11), (IV), and (V), or assume the hypoth-
esis (VI). Let F € S(«/). Then Vr is a finite dimensional semisimple Banach left
o -module if and only if F € MS(;k).

In order to verify Theorem 2.8, we study a linear combination of isotypic pre-
states, and show the relation between the annihilator and the decomposition.

LEMMA 2.9. Let F € S(). For any pair ((¢;)}_,,(F)}_,) ofa (¢;)}_, € (k*)"
and an (F;)}_, € IS(«/)" with n € N and 3, c;il; = F, if I, # IF; for any (i, ) €
(NN[1,n])? with i # j, then the equality @r = (-, fr; holds.

Proof. We have ([_, kerF; C kerF and hence (L, #F, C for. Let f € or. By
Proposition 1.7, there is an (¢;)7_, € &7 with Y} e; =1 and e;o/, C Ir; for any
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(i,j) € (NN [1,n])? with i # j. Let i € NN [1,n]. Forany f’ € o7, we have F;(f'f) =
Fieif'f) = ci_lF(e,-f’f) =0. Itimplies f € g,. We obtain f € N, gor,. O

Proof of Theorem 2.8. First, suppose F € MS(/;k). Put F =3 c;F; € S()
with n € N, ((¢i)",(F)l,) € (K* xPS())", Yijci=1,and Y ciF;=F. We
have (/L ker F; C ker F and hence (L, #; C o . The diagonal map %, — [1\., VF,
induces a bounded injective .o% -linear homomorphism o7 /(. @ — II}_ VF. It
implies that Vi is a subquotient of []i_; Vi by [2] Proposition 2.3.3/4. Since Vf; is
a finite dimensional simple Banach left .7 -module for any i € NN [1,n] by Theorem
2.6, VF is a finite dimensional semisimple Banach .7 -module by Proposition 1.29.

Next, suppose that Vp is a finite dimensional semisimple Banach left .7 -module.
By F(1) =1, we have g C o, and hence Vr # {0} . By Proposition 1.29, Vr admits
a family (W), of simple Banach left .27 -submodules with m € N\ {0} such that the
underlying k-vector space of Vp is presented as @), Wj,. For an h € NN [l,m], we
denote by v, € W), the image of 1+ g by the h-th projection Vg — W,,, and put
I, := Anngy, ()7, ' We have @ = Anng, (14 @F) = ()); Anny, (v;) and hence
Ir =p_In. Put S:={I, | he NN[1,m]}. By Proposition 1.7, the diagonal map <%, —
[Tjes %% /1 induces an isomorphism <7, /Ir — [1;es %% /I in Ban(4% ). Therefore there
is an (er)zes € @5 with Yeger =1 and e C peg\py I’ forany I € S.

Let I € S. Then <7 /I coincides with (o7 /I)gisc by Proposition 1.28, and <7 /1
admits a pre-state by Proposition 1.13 (i). Composing the canonical projection o/ —
4/ /I, we obtain a pre-state ¢ on ./ with I, = 1. We denote by Fj: &/ — k the
pre-state given by setting Fi(f) := (1 — F(er))@i(f) + F(erf) for an f € o,. We
have F; € IS(«7,I), and hence there is a (ciz,Fi1)i", € (k x PS(e7,I))" with n; €
N, ¥ cir =1, and ¥’ ci;F; = F; by Proposition 2.7. We obtain a presentation
F=Ycs(F— (1= F(er)pr) = Zes(— (1= F(er)) @y + XL cirFiyp) with Tyeg(—(1—
Flen)+ 300, cus) = SpesFler) = F(1) = 1. O

As a consequence, we obtain the following:

COROLLARY 2.10. Let V be a finite dimensional cyclic semisimple Banach left
of -module with V # {0}. Suppose #k # 2. Assume the hypotheses (11l), (IV), and (V),
or assume the hypothesis (VI). Then there is a pair (F,1) of an F € MS(/;k) and an
isomorphism 1: Vg — 'V in Ban(«/).

Proof. Take a cyclic element v € V. By Corollary 1.31, there is a cocyclic ele-
ment w € VP with w(v) = 1. The k-linear homomorphism V — 7P, v/ =1/ xw is
admissible by Proposition 1.13, and hence (V,v,w) forms a pre-GNS triad. Therefore
the assertion follows from Theorem 2.5 (ii) and Theorem 2.8. [

2.3. Integrality of coefficients

We consider several convexities in k for coefficients of mixed pre-states. Let V
be a Banach left .7 -module. We prepare the terminology on a condition on k, <7, and
V appearing frequently.
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DEFINITION 2.11. We refer as the hypothesis (VII) to the condition that the hy-
potheses (III), (IV), and (V) hold or the hypotheses (I) and (VI) hold.

We show an integral variant of Corollary 2.10.

THEOREM 2.12. Let V be a finite dimensional cyclic semisimple Banach left <f -
module with V # {0}. Suppose #k # 2. Under the hypothesis (VII), there is a pair
(F,1) ofan F € MS(/;0y) and an isomorphism 1: Vg —V in Ban(</).

When #k # 2, we have #0,° # 1. Therefore in order to verify Theorem 2.12, it
suffices to show the following:

LEMMA 2.13. Let V be a finite dimensional cyclic semisimple Banach left < -
module with V # {0}. Under the hypothesis (VII), for any ¢ € k\ {0, 1}, there is a pair
(F,1) ofan F € MS(/;Fy ) and an isomorphism 1: Vg — V in Ban(4/).

In order to verify Lemma 2.13, we compare isotypic pre-states and cyclic isotypic
Banach left .7 -modules. Let &y be a convexity in k. We put IMS(.«7;k¢) :=IS(&/) N
MS( ko) and IMS(<7, I3 ko) :=1S(e/,I) "\MS(7; ko) foran I € Bly(<7).

LEMMA 2.14. The following hold:

(i) Let F € IMS(;kg). Then Vr is a finite dimensional cyclic isotypic semisimple
Banach left <7 -module.

(ii) Let V be a finite dimensional cyclic isotypic semisimple Banach left <7 -module.
Under the hypothesis (VII), for any ¢ € k\{0,1}, there is a pair (F,1) of an
F € IMS(7;Fy ) and an isomorphism 1: Vg —V in Ban(/).

Proof. The assertion (i) follows from Proposition 2.2 (iii) and Theorem 2.8. We
show the assertion (ii). Replacing </ by 7 /Ann, (V), we may assume that <7 coin-
cides with (2% )gisc by Proposition 1.28 and <7 is simple and left Artinian by Jacobson
density theorem (cf. [1] 14.5 Corollary). Then an F € <7/ is a pre-state on .« if and
only if F(1) =1 by Example 2.3.

Take a cyclic element v € V. By Proposition 1.29, V admits a family (W;)}_,
of simple Banach left o7 -submodules with n € N\ {0} and V = @7 W;. We de-
note by v; € W; the image of v by the projection V — W; associated to the direct
sum decomposition, and put ; := Anng, (v;) for an i € NN [1,n]. By Proposition
1.29, g; is a left maximal ideal for any i € NN [1,n]. Since v =3 | v; is cyclic, we
have (L, & = Anng, (v) and ; + mje(Nﬁ[l,n])\{i} 2 = <, for any i € NN[l,n].
By Proposition 1.6, there is an S C Max (%) with { | i€ NN [l,n]} C S, o+
Npes\(p) & = o forany @ €S, and s = {0}. By Wedderburn’s theorem
(cf. [1] 13.4 Theorem), there is a pair (K,1) of a division k-algebra K and a k-algebra
isomorphism o7, — My (K) with d € N. Let @ € §. We have dimg (My(K) ® o, ) =
d(d—1). Put @' = Nyes\ () BY Npes# = {0} and p+ p" = o, we ob-
tain dimg (My(K) @, ") = d, and hence " is a minimal left ideal of o7, for any
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# € S. In particular, #S coincides with d, and the underlying k-vector space of o7 is
presented as the direct sum €D ¢ 2.

By [1] 7.2 Proposition, there is an orthogonal system (ey) pes € /5 of primitive
idempotents with ¥ csep =1 and ey, = #". We obtain a decomposition of the
underlying k-vector space of <7, as the direct sum @( o) S epoey . The natural
map o — [l )52 epPoeyy is an isomorphism in Ban(k) by [2] Corollary 2.3.3/5
for the case where the valuation of k is non-trivial and by Proposition 1.14 for the
case where the valuation of k is trivial. For each i € NN[1,n], there is a bounded
k-linear homomorphism @;: ey, e, — k with @(eg,) = 1 by Proposition 1.13 (i).
Let i € NN[1,n]. We define a bounded k-linear homomorphism F;: <7, — k by setting
Fi(f) := @i(eg fey,) for an f € of,. Then we have Fi(1) = @i(ep,) =1 and g =
B pesPpes\ (o) epFoy C @r,. 1t implies @F, = @ and F; € PS(o/). Put F :=
I UE Y (11— ) F; € IMS (o3 Fy ) . We have (N ker(F;) C ker(F) and hence
Anng (v) =L, =, #F C or. Let f € gor. We show f € Anng, (v). Assume
f ¢ g foran i e NN[1,n]. By & € Max(4,), there is an f' € o, with 1 — f'f € ;.
We obtain F (e, f'f) = uFi(ep f'fem) =uFi(ey) =uforauec {1 JU{(1-c)c |
ie NN[l,n—1]} C Fx.\{0}. This contradicts f € @F. It implies f € Anng, (v).
We conclude g = (., i, and the map </, — V, f+ fv induces an isomorphism
Vp — V in Ban(«/). 0O

Proof of Lemma 2.13. By Proposition 1.29, V admits a family (W;)?"_, of isotypic
Banach left <7, -submodules with n € N\ {0} and V = @}_; W; such that Ann, (W;) #
Ann, (W;) for any (i,j) € (NN[1,n])? with i # j. For each i € NN[l,n], there is
a pair (F;,1;) of an F; € IMS(.«7;Fi ) and an isomorphism 1: V5, — W; in Ban(%/)
by Lemma 2.14 (ii). If n =1, then we have V = W, and (Fj,1;) is a pair of an
F € MS(o7;F; ) and an isomorphism t: Vr — V in Ban(</). Assume that n # 1.
Put F:= " 'F,+ X" (1 —c)c"'F; € MS(</;Fy ). By Lemma 2.9, we have o =
(i—1 2F;. By Proposition 1.13 (i) and Corollary 1.8, (1;)?_, induces an isomorphism
Vp — V in Ban(«/). O

In the following in this subsection, suppose ch(k) = 0 so that the Archimedean
convexity Fy ., in k makes sense. For an F € MS(.«/;k), we put Xr := {I € Bly (o) |
Ir C I}, and call it the support of F. Then X is a finite subset by Corollary 1.9 and
Lemma 2.9. We show the unique existence of an isotypic decomposition of an Fy ., -
mixed pre-state on .o/ .

PROPOSITION 2.15. For any F € MS(#/;Fy..), there is a unique (ci,Fj)ies, €
[Tresy (Fre \ {0}) x IMS(&7, I3 F o)) with ¥ye5, c1 =1 and ¥ e5, ciFy =F.

In order to verify Proposition 2.15, we study the uniqueness of such a decomposi-
tion first. For an I € Bly(.2%), we denote by k@ IMS (., I;k) C /P the image of the
map k x IMS(«,I;k)) — 2, (¢,F) — cF.

LEMMA 2.16. For any finite subset . C Bl (<,), the map [1jes (kQIMS (<7, I;k))
- %D, (G1)ies — Yex Gy is injective.
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Proof. Let (Gip)ies)? | € (ITjex(k@IMS(7,1;k)))? with Ye5 Gry =Y e5 Ga.
We show (Gi1)iex = (Go)ies. Put G:= Y5 Giy. Let I € X. There is an ey €
Nres\(n I' with 1—e¢; € I by Proposition 1.7. We obtain G (f) = Gi(fer) =
F(fel) = G271(f61) = GQJ(f) forany feo,. O

Proof of Proposition 2.15. By Lemma 2.16, it suffices to verify the existence of
the isotypic decomposition. Take a presentation F' = ¥, c}F J’ with m € N\ {0},
(e e B, (Fj)7, € PS(&/)™, and XL, ¢} = 1. Replacing (c})7_; by a sub-
sequence, we may assume (c})7; € (Fge \ {0})". Put X:= {IFJ/_ | jeNN[l,m]} C
Bli(<%), and S;:={j e NN[1,m] | Ifs =1} foran I € X. Then ¢; := Y jcg, ¢ is anon-
empty sum of elements in the image of QN (0, 1] for any 7 € X, and we have ¢y cr =
iLic; = 1. It implies (c/)res € .(IE‘k7°<, \ {0})*. Putting F; := g, c,’lc,’,»FJf €
IMS(.o/, I,y o.) foran I € X, we obtain ¥c5 c1F = Y es Y jes, c’,FJ’ =37, c’J-FJ =F.
By Lemma 2.9, we have Ir = (eI, =(\jes!. It implies £ C Zp. Let [ € Xp. By
Nres!’ C 1, we have I € X by Corollary 1.9. We obtain E=%r. 0O

We denote by (crr, F[I])res; € [Tres, (Fre \{0}) X IMS(.o7, I;F; ..)) the unique
element with ¥,c5 crr =1 and ¥c5, cprF[I] foran F € MS(%/;F;..). For a Banach
left .7 -module V, we put Zy := {I € Bli(e%) | Anng, (V) C I}, and call it the support
of V. We obtain the compatibility of the isotypic decompositions and the supports of a
cyclic semisimple Banach left &7 -module and an Iy ., -mixed pre-state on <7 .

THEOREM 2.17. Let V be a Banach left </ -module with V # {0}. Under the
hypothesis (VII), V is a finite dimensional cyclic semisimple Banach left <7 -module if
and only if there is an F € MS(/;Fy o.) with Zp =Xy such that V is isomorphic to V
in Ban(</) and Vpyy) is isomorphic to the I-isotypic component {v €V [Iv={0}} CV
in Ban(«/) forany I € Xy .

Proof. The direct implication follows from Theorem 2.8. Suppose that V' is cyclic
and semisimple. By Lemma 2.13, there is a pair (F,1) of an F € MS(<7;F, ,-1) and
an isomorphism t: Vp — V in Ban(</). By Proposition 2.15 and MS(%;F,{Q*l) C
MS(e;Fye). (crp, FlI))iesy € [ies, (Fre \ {0}) x IMS(7,I;F; ..)) makes sense.
Forany I € X, we have Ir C I = Ij;), and the canonical projection Vi — Vpy;) gives
an isomorphism in Ban(</) between the I-isotypic component {v € V¢ | Iv = {0}}
and Vg by Lemma 2.9. We have Zy = Xy, = Zr by Anng, (Ve)=1I1p. O

3. Non-Archimedean Krein—Milman theorems

We study the relation between states on <7 and several convexities. It is pity that
we could not expect that the notion of a pure state on <7 is described in terms of an
extreme face. On the other hand, we have several results on faces of MS(«7) and
S().
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3.1. Archimedean convexity on states

In this subsection, we only consider the case ch(k) =0 so that we can deal with the
Archimedean convexity [F .. in k. We note that Iy ., is not totally bounded, and hence
a Hausdorff topological k-vector space admits no non-trivial compact Fy .. -convex sub-
set. Therefore we do not have a result on the existence of an extreme [y ..-face as in
[9] Theorem 3. Instead, we given an explicit example of an F .. -face of MS(.7/;Fy .. ).

THEOREM 3.1. Suppose that k is complete. Then IMS(o/,I;Fi..) forms an
Fy o -face of MS (7 ;Fy o) for any I € Blx(A).

Proof. Put S :=IMS(o,[;Fi.). Let (F,ci)"; € (MS(;Fie)\S) X Froo)"
with n € N\ {0} and ¥! c;=1. Put F:=3}  c;F; € MS(«/;Fi..). We show
F e MS(#;Fr.)\S. Foreach i€ NN[1,n],thereisa (¢;p, Fip)resy € lies, (Fre\
{0}) x IMS(«7,I";Fy ..)) with Yres, cip =1, and Ypes, cipFip = F; by Proposi-
tion 2.15. Put X := UL, 25, ¢y := X Zpes, ) cicigr € Fre \ {0} and Fp =
S Spresy gy €y cicip Fpr € IMS(7,I';Fy.) foran I' € . We have Ypexcp =
Yres it Zresn{ry Cicipr = Xy Xrexy, Cicip = L=y ¢i = 1 and FpesepFy =
Yres i1 rrespnry Cicip By = Xiiy Tresy, cicipFipr =Y, cifi = F. By (F)iL, €
(MS(e7;Fre) \ S)", there is an I’ € £ with I’ # 1. Since cp lies in the image of
QnN(0,1], we obtain F € IMS(.#7,Fy..) \ S by Proposition 2.15 and Lemma 2.16. It
implies that S is an Fy ..-face of MS(#7,Fyo.). O

Theorem 3.1 implies that an [F; .. -linear combination of non-isotypic pre-states is
never an isotypic pre-state. This is a phenomenon specific to the Archimedean con-
vexity .. in k. Indeed, there are obvious examples of Oy-linear combinations of
non-isotypic states which are isotypic states.

3.2. Non-Archimedean convexity on states

We verify a variant of Krein—Milman theorem for the non-Archimedean convexity
Oy in k. For this purpose, we study extreme faces. By an obvious imitation of the proof
of [9] Theorem 2, we obtain the existence of an extreme face.

PROPOSITION 3.2. Let R be a topological ring, Ry a convexity in R, Ry a sub-
convexity of Ry, M a topological left R-module, and S C M a non-empty compact
Ry -convex subset. If there is a ¢ € R* with (c, —c7c_1) € Rg, then every closed Ry -
face S" with S' C S contains an extreme Ro -face.

Proof. We denote by X the set of closed Rgo-faces of S contained in S, which
is non-empty by §’ € £ and which is directed by anti-inclusions. For any non-empty
totally ordered subset Xg C X, (\gres, S” is non-empty by the compactness of S, and
forms a closed Rgo-face of S contained in §’. By Zorn’s lemma, ¥ admits a minimal
element Sy. We show Sy € Ext(S;Rg,Rgo) . Let S” be an Rog-face of S with §” C Sy.
Take an Fy € S\ . Since §' is closed, there is an open neighbourhood Uy C S of K
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contained in S\ S". Let F € S\S". Put U :={F' €S| cF —cF+F € Uy}. By the
continuity of the R-module structure of M, U is an open neighbourhood of F € S. For
any F' € U, we have F' =c Y (cF' —cF+Fy)+F —c 'FeS\S' CcS\Sp c S\ 5",
It ensures that S” is a closed Rgg-face of S. By the minimality of Sy in X, we obtain
S" = 8y. It implies Sy € Ext(S;Ro,Rgp0). [

Applying Proposition 3.2 to the case (R,Ro,Ro0) = (O, O, 1 + ) for a suitable
ideal g C Oy, we obtain a non-Archimedean variant of Krein—-Milman theorem. We
say that a topological space is non-trivial if it admits more than two open subsets.

THEOREM 3.3. (non-Archimedean Krein—Milman theorem) Let & C O; be an
ideal with o C ®Oy for a @ € my, M a linear topological Oy-module, and S C M
a non-trivial compact closed Oy -convex subset. Then the equality [S;O0r, 1+ ] =S
holds.

Before proving Theorem 3.3, we note that through the equivalence in Example
1.3, Theorem 3.3 gives a wide generalisation of [9] Theorem 3 for the M-convexity,
in which it was assumed that k is locally compact, & = my, M is Hausdorff, and M
admits a structure of a topological k-vector space. As is written in [9], there is no non-
trivial Oy -convex subset in a topological k-vector space unless & is locally compact,
but there are many non-trivial O-convex subsets in several topological O;-modules
as long as #0y/my, < eo. It is remarkable that the fundamental technique in the proof
of [9] Theorem 3 using the result on closed hyperplanes in [5] Proposition 69 is not
applicable to Theorem 3.3 because we are free from many assumptions. In order to
verify Theorem 3.3, we prepare the following:

LEMMA 3.4. Let o C Oy be an ideal with g C ®Oy fora @ € my, M a linear
topological Oy-module, S C M a compact Oy -convex subset, and S' C S a non-empty
closed Oy -convex subset. Then S admits a closed (1+ @)-face S" with S'NS" = 0.

Proof. If g = {0}, then the assertion follows from Example 1.4, because (m —
m') + S is a closed subset of S contained in S\ S’ for any (m,m’) € (S\§') xS
Assume @ # {0}. Let Fy € S\ §'. Since M is linear and §’ is closed in S, there
is an open Oy -submodule L C M with (Fp+L)NS C S\ S'. Take an Fj € §' and a
@ € m \ {0} with o C @Oy. Foran ne N, put L, :={F e M | F{+ ®"F € §'+L}.
In particular, we have Fj+ Ly =S’ + L. By the continuity of the Oy -module structure
of M, L, is an open Oy -submodule of M forany n € N, and {J,cn(Fj +Ln) coincides
with M. By the compactness of S, there is an n € N with § C Fj+L,. We denote by ng
the minimum of such an n € N. By (Fj+Lo)NS=(S'+L)NSC S\ (Fo+L)C S, we
have ng # 0. Put §” := S\ (Fj+Ly,—1). Then S” is a non-empty closed subset of S.
Let (c,(F)2,) € (1+ ) x (§")2. Put F := (1 —¢)Fy +cF, € S. We have @™~ !(1 —
¢)(Fy — F}) € ®"(Lyy \ Lyy—1) C Lo and @"0~'c(Fy — F}) € @' (Ly, \ Lny—1) C L1 \
Lo. Itimplies @~ (F — F}) + Fj = @"0 "' (1 —¢)(Fi — F}) + @™ 'c(F, — F}) € L1\ Lo
and hence F € §”. Therefore S” is (1 + )-semiconvex. [

Proof of Theorem 3.3. If S = 0, then the assertion is obvious. Assume S # 0. To
begin with, we show [S; O, 1+ ] # 0. Since S is non-trivial, there is an Fy € S such
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that the closure S” of {Fy} in S does not coincide with S. Then S’ forms a non-empty
closed Oy-convex subset of S with S’ C S, and hence S admits a closed (1 + #)-face
S"” with §'NS” =0 by Lemma 3.4. Therefore S admits an extreme (1 + )-face by
Proposition 3.2. It implies [S; Ok, 1 + ] # 0.

We show [S; Ok, 1+ ] =S. Since S is closed, we have [S; Oy, 1+ ] C S. Assume
[S;0r, 14 ] C S. Since [S;0, 1 + )] is a non-empty closed Oy-convex subset of S,
S admits a closed (14 )-face S" with [S;0, 1+ ] NS = 0 by Lemma 3.4. There-
fore S admits an extreme (1 + )-face S” with [S; O, 1+ £]NS” =0 by Proposition
3.2. It contradicts S” C co(Ugmepx(s:0,,14+0))S"3Ok) C [S;0r, 1+ 9]. We conclude
S:00,1+ @] =5. O

We apply Theorem 3.3 to S(«/)<;. Here we equip /P with the topology of
pointwise convergence, and equip its subset with the relative topology.

THEOREM 3.5. Under the hypotheses (1I1) and (VI), the equality [S(</ )<y, O, 1 +
mi] = S() <1 holds.

Proof. If #S(/)<; < 1, then the assertion holds. Assume #S(</)<; > 2. The
topological Oy -module (MOD)@ is compact, Hausdorff, and linear, because the evalu-

ation map (L)< — Of@, F +— (F(f))few., is ahomeomorphism onto the closed
image. It implies that S(/)< is a Hausdorff topological space with #S(.«7)<; > 2,
and hence S(/)<; is non-trivial. We have S(«/)<; = {F € (&/P)<; | F(1) = 1} by
Example 2.3. Since k is Hausdorff, {F € (&/P)<; | F(1) =1} is closed in (#/P)<,
and hence is compact. Therefore we obtain [S(&)<;, Ok, 1 +mi] = S(«/)<; by Theo-
rem3.3. O

3.3. States on groups

In this subsection, suppose that k is complete so that a finite dimensional Banach
k-vector space is not necessarily trivial. We apply the non-Archimedean GNS construc-
tion to Banach topological k-algebras associated to groups. Let G be a topological
group. We recalled the notion of a unitary k-linear representation of G in Example
1.26. Let (V,p) be a unitary k-linear representation of G. We say that (V,p) is irre-
ducible if (V,p) admits exactly two closed G-stable k-vector subspaces, is semisimple
if the underlying k-vector subspace of V' is the direct sum of a family of the underlying
k-vector spaces of closed G-stable k-vector subspaces which are irreducible unitary k-
linear representations of G with respect to the restriction of p, and is finite dimensional
if V is finite dimensional.

First, suppose that G is a discrete group. We introduced the Banach topological
k-algebra Co(G,k)gisc in Example 1.26. We consider another Banach topological k-
algebra associated to G. We denote by p: k[G] — AB(V) the k-algebra homomorphism
given by setting p([g])v:=p(g,v) fora (g,v) € Gx V. Let f =Y, f(g)lg] € k[G].
We put || f||, :=||p(f)||. Then we have || f||, < maxge|f(g)| by definition. We note
that the right hand side is the norm of the image of f in Cy(G,k) through the canonical
embedding k[G] — Cy(G,k).
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We denote by || f||ms € [0,max,eq |f(g)|] the infimumof a C € [0,00) with || f]|, <
C for any finite dimensional irreducible unitary k-linear representation (V,p) of G.
Then the map || — ||ms: k[G] — [0,°0), f — ||f]|ms forms a non-Archimedean semi-
norm on k[G]. We denote by C*(G,k) the completion of (k[G],]|| — |lms), and by
0¢: G — C*(G,k) the composite of the natural embedding G — k[G] and the canonical
k-algebra homomorphism k[G] — C*(G,k). Then C*(G, k) forms a Banach k-algebra,
and admits a unique submetric G-equivariant k-algebra homomorphism Cy(G,k) —
C*(G,k) with dense image. When G is a finite discrete group, then the underlying
k-algebra of C*(G,k) is isomorphic to the semisimplification of k[G] by Proposition
1.29. We obtain a Banach topological k-algebra €*(G,k) := C*(G,k)gisc -

Next, suppose that the hypothesis (II) holds and G is a profinite group. We in-
troduced the Banach topological k-algebra Oy[[G]]comp in Example 1.27. We consider
another Banach topological k-algebra associated to G. Let (V,p) be a unitary k-
linear representation of G. We denote by p: k ®¢, O¢[[G]] — #(V) the k-algebra
homomorphism given by setting f(c® f)v:=cfv fora (c, f,v) €k x Ox[[G]] x V. Let
f €k®0, Or[[G]]. Weput || f]|p := |p(f)||. Then we have || f||, < inf{|c||c €k, ' €
O[[G]], c® f" = f} by definition. We note that the right hand side is the norm of the
image of f in (Ok[[G]]comp)o through the identity map k@0, Ok[[G]] — (Ok[[G]]comp)o -

We denote by || f|lms € [0,inf{|c| | c € k,>f" € O[[G]], c® f' = f}] the infimum
of a C € [0,0) with || f||, < C for any finite dimensional irreducible unitary k-linear
representation (V,p) of G. Then the map || — [lms: k ®0, Ok[[G]] — [0,00), f
|| fllms forms a non-Archimedean seminorm on k[G]. We denote by C*(G,k) the
completion of (k®o, O[[G]], || — |Ims), and by 66: G — C*(G,k) the composite of
the natural embedding G — k ®0, O[G] and the canonical k-algebra homomorphism
k®0, Ok[[G]] — C*(G,k). Then C*(G,k) forms a Banach k-algebra, and admits a
unique submetric G-equivariant k-algebra homomorphism (Ox[[G]]comp)o — C*(G,k)
with dense image. When G is a finite discrete group, then the convention of C*(G,k)
is compatible with the previous one by definition.

We equip C*(G,k)<; with the strongest topology Tg which is weaker than or
equal to the relative topology of the norm topology on C*(G, k), for which C*(G, k)<,
forms a topological Oy -algebra, and for which the Oy -algebra homomorphism O[[G]]
— C*(G, k)< given as the composite of the embedding O[[G]] — k®o, O[[G]], f —
1 ® f and the canonical k-algebra homomorphism k ®¢, Ox[[G]] — C*(G,k) is contin-
uous. The existence of 7 can be verified in a completely similar way to the proof of
Proposition 1.21. We obtain a Banach topological k-algebra €*(G, k) := (C*(G,k), 15).
When G is a finite discrete group, then the convention of ¢*(G, k) is compatible with
the previous one by definition.

Suppose that G is a discrete group (resp. that the hypothesis (III) holds and G is
a profinite group). A unitary k-linear representation (V,p) of G is said to be GNS
if p admits a unique bounded extension p*: C*(G,k) — ZA(V) and V admits a pair
(v,w) € V x VP for which (V,v,w) forms a pre-GNS triad over ¢*(G,k) through p*.
For example, every finite dimensional irreducible unitary k-linear representation (V,p)
of G is GNS by the definition and Theorem 2.6 (ii), and hence every finite dimensional
cyclic semisimple unitary k-linear representation of G is GNS by Proposition 1.13 (i)
and Corollary 2.10.
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We have #(k[G]) < #(|,en (K" X G")) = max{ X, #k,#G}, and hence #C*(G, k) <
#(k[G]Y) < (max{Rq,#k,#G})¥0 = max{2%0 #k #G}. Therefore the underlying k-
vector space of a GNS unitary k-linear representation of G is of dimension
< max{2%0 #k #G}. We denote by Rep(G,k) the set of GNS unitary k-linear repre-
sentations of G whose underlying k-vector space is a k-vector subspace of
& max{2%0 ##G} Uging Rep(G, k), we show the hypotheses (IV) and (V) for €*(G, k).

PROPOSITION 3.6. The Banach topological k-algebra €*(G,k) is unramified
and the topological Oy-algebra €*(G,k)<; is Hausdorff.

Proof. When G is a discrete group, then the assertion is obvious. Assume that the
hypothesis (III) holds and G is a profinite group. For any unramified Banach k-vector
space V, (V) is an unramified Banach k-algebra. Therefore ¢ (G, k) is unramified.
We show that €*(G, k)<, is Hausdorff. Let (V,p) € Rep(G,k). The map O[[G]] —
V, f+ fv is continuous for any v € V. It implies that the map Oy[[G]] — B(V)
given as the composite of the embedding O[[G]] — k ®o, Ox[[G]], f— 1® f and
p: k®o, Or[[G]] — (V) is continuous, where Z(V) is equipped with the topology
of pointwise convergence. Therefore the diagonal map O [[G]] — I1(v,p)erep(c.k) Z(V)
is continuous. In particular, the topology T on C*(G,k)<; given as the pull-back of
the topology of T](v,p)erep(G,x) Z(V) through the restriction of TI(v,p)erep(G.x) P* sat-
isfies that the Oy-algebra homomorphism O;[[G]] — (C*(G,k)<1,7) is continuous.
Moreover, [Ty p)erep(Gk) P 18 injective, because every finite dimensional irreducible
k-linear representation of G admits a homeomorphic G-equivariant k-linear isomor-
phism to some (V,p) € Rep(G,k). Therefore 7 is Hausdorff. Since ZA(V)<; is a
topological Oy -algebra with respect to the topology of pointwise convergence by the
equicontinuity of the natural action #(V)<; xV — V for any (V,p) € Rep(G,k),
(C*(G,k)<1,7) forms a topological Oy-algebra. Since the topology on # (V)< of
the pointwise convergence is weaker than or equal to the relative topology of the norm
topology for any (V,p) € Rep(G,k), 7 is weaker than or equal to the relative topology
of the norm topology. As a consequence, 6 *(G,k)<; is Hausdorff by the universality
of TG - O

We abbreviate S(¢*(G,k)) (resp. PS(€*(G,k)), MS(€*(G,k);k)) to S(G,k)
(resp. PS(G,k), MS(G,k)). We note that for any F € S(G,k), Vr forms a unitary
k-linear representation of G with respect to the action G X Vp — Vg, (g,v) — [g]v. We
equip C*(G,k)P with the topology of pointwise convergence, and its subset with the
relative topology.

In the following in this subsection, we assume that the hypothesis (III) holds
and that G is a discrete group or a profinite group. We show the following non-
Archimedean analogue of [12] Theorem 6.8.11:

THEOREM 3.7. The k-convex subset MS(G, k) is dense in S(G,k).

In order to verify Theorem 3.7, it suffices to show the following:
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LEMMA 3.8. Let F € S(G,k). For any finite dimensional k-vector subspace E C
C*(G,k), there is an F' € MS(G,k) with F|g = F'|E.

Proof. By F(1) =10 = F(0), we have C*(G,k) # {0}. Replacing E by
E + k1, we may assume 1 € E. Since k is a complete discrete valuation field (resp.
the valuation of k is trivial), E<; admits an Og-linear basis S; with 1 € S; and
|lfll =1 for any f € S; by |[1|| =1, Proposition 3.6, and [10] IV 3 Corollaire 1
(resp. by the semisimplicity of the underlying ring of k). Take a complete system
Sy C Oy of representatives of the canonical projection Oy — Oy /my with 1 € S5. Let
c=(cf)fes, € S;l \{(0)res, }- By [[Xyes, crfll = maxyses, [cg| = 1, there is a fi-
nite dimensional irreducible unitary k-linear representation (V,,p.) of G such that the
unique bounded extension p;: C*(G,k) — Z(V) of p. satisfies |57 (X,cs, crf)I|=1.
Put (V,p) := I, s (Ve,pe). Then (V,p) is GNS, and the unique bounded extension

p*: C(G,k) — B(V) of p satisfies ||p(Zses, crf)ll =1 forany (cy)yes, € S;l. By
Yres, kf = E, we have ker(p*)NE = {0}. We denote by A C #(V) the image of
p*, which forms a finite dimensional Banach k-algebra whose underlying k-algebra
is semisimple by Proposition 1.29 and Jacobson—Bourbaki density theorem (cf. [6] D
2.2). By Proposition 1.28 and Proposition 3.6, €* (G, k) /ker(p*) is isomorphic to Agisc
in o/1g< (k). By Theorem 2.8, we have MS(Agisc; k) = S(Agisc) . By Proposition 1.12,
Example 2.3, and (1,1) € S| x Sy, there is an Fy € S(Agisc) With Fyo p*|p = F|g. By
the surjectivity of p*: C*(G,k) — A, we have Fyop* € MS(G,k). O

We denote by G, the quotient of Rep(G,k) by the equivalence relation given by
homeomorphic G-equivariant k-linear isomorphisms. By Proposition 1.12 and Theo-
rem 2.5 (ii), the correspondence F ~~ Vp yields a surjective map S(G,k) - G). We
equip G) with the quotient topology of S(G,k). By Theorem 2.8, Proposition 3.6, and
Theorem 3.7, we obtain the following:

THEOREM 3.9. The subset of G,Y consisting of equivalence classes of finite di-
mensional cyclic semisimple unitary k-linear representations of G is dense.

In other words, every GNS unitary k-linear representation of G is approximated
by finite dimensional cyclic semisimple unitary k-linear representations of G with re-
spect to the topology analogous to the one of convergence of matrix coefficients.
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