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LOWER BOUNDS FOR THE NUMERICAL RADIUS

HWA-LONG GAU AND PEI YUAN WU

(Communicated by C.-K. Li)

Abstract. We show that if A= [a;;]};_, isan n-by-n complex matrix and A" = [a};]?;_, , where

ijli =1+
4= Lai if (i, /) = (1,2),...,(n—1,n) or (n,1),
7710  otherwise,

then w(A) > w(A’), where w(-) denotes the numerical radius of a matrix. Moreover, if n is odd
and ay2,...,ay—1n,ay are all nonzero, then w(A) = w(A’) if and only if A= A’. For an even
n, under the same nonzero assumption, we have W(A) = W(A’) if and only if A =A’, where
W(-) is the numerical range of a matrix.

1. Introduction

Let A = [a;j]};_; be an n-by-n complex matrix. The numerical range and nu-
merical radius of A are W(A) = {(Ax,x) : x € C",||x]| = 1} and w(A) = max{|z] : z €
W(A)}, respectively, where (-,-) and || -|| denote the standard inner product and its
associated norm of vectors in C". In this paper, we obtain various lower bounds for
the numerical radius of A. The primary one is w(A) > w(A’), where A’ is the n-by-n
matrix obtained from A by replacing all its entries other than ai»,...,a,—1, and a,
by zeros (cf. Proposition 3.1). We also consider when the equality w(A) = w(A’) holds.
Under the assumptions of odd »n and nonzero aiy,...,a,-1, and a,, this is the case
only when A = A’ (cf. Theorem 3.2). On the other hand, if 7 is even, then, under the
same nonzero assumption, we need the stronger condition W(A) = W(A’) to guarantee
the equality of A and A’ (cf. Theorem 3.5). Another lower bound for w(A) is w(A”),
where A” is the matrix obtained from A’ by replacing its (n,1)-entry (= a, ) by zero.
Again, we obtain conditions for the equality w(A) = w(A”) (cf. Theorem 4.2).

In the following, we start in Section 2 with 2-by-2 matrices. The results therein
motivate the later developments. Section 3 gives the lower bound w(A’) for w(A) and
discusses when this can be attained. In Section 4, we consider some special cases,
generalizations and related consequences of the main results in Section 3, one of which
is Theorem 4.2 that we mentioned above.

We use 0, and I, to denote the n-by-n zero matrix and identity matrix, respec-
tively. For a square matrix A, we use ReA for its real part (A+A*)/2. The column
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vector with components xi,...,x, is denoted by [x| ... x,,}T and the diagonal matrix
with diagonals ai,...,a, by diag(ai,...,an). I A= [a;]} ;| and B = [by]};_,, their

Hadamard product AoB is [a;jb;;]};_,. When A and B are real matrices, A < B means

that a;; < b;; for all i and j. We refer to [7] for other matrix notations and properties.
Our reference for the numerical range and numerical radius is [6, Chapter 1].

2. 2-by-2 matrices

We start with the following preliminary result for 2-by-2 matrices. It lights the
way forward to the general n-by-n case.

PROPOSITION 2.1. Let A= [‘Cl Z} and A' = [(c) 8} Then

(@) w(d) >w(A"),

(b) w(A) =w(A") if and only if a+d =0 and ad is in [0,bc|, the line segment
connecting 0 and bc,

() w(A) =w(A") implies that W(A) D W(A'), and
(d) WA)=W(A") ifand only if A=A.

The example of A = [i _ll} shows that (c) and (d) above cannot be further

strengthened. Indeed, since A is unitarily similar to [8 (2)] ,we have W(A) ={ze€C:

|z| < 1}. On the other hand, we can easily derive that W (A") = W([(l) (1)]) =[-1,1].

Thus A #A’, w(A) =w(A’") =1, and W(A) 2 W(A"). This shows that, in (c) (resp.,
(d)) of the preceding proposition, the conclusion W(A) 2 W(A’) (resp., the condition
W(A) =W (A’)) cannot be replaced by W(A) = W (A’) (resp., w(A) = w(A")).

Proof of Proposition 2.1. (a) Since W (A) is an elliptic disc with center (a+d)/2,
it is easily seen that w(A) > w(B), where

- 1 ~[a—a) b
B_A—E(a+d)12_ 2 . _%(a_d)}

(cf. [1, Lemma 5 (a)]). Note that a matrix C of the form [%} _Cgl} is unitarily

similar to

(3 +eraea)? 2len P+ e + |ea > —2|¢}, + crzean |)1/2]
0 —(C%1+012621)1/2

whence w(C) can be computed to be

1
5 @len el + e +2lefy +enen) /2. )
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Thus w(B) = (1/2)((1/2)|a—d|*+|b|*+ \c\2+(1/2)\(a—d)2+4bc\)1/2 and w(A') =
(|b] + |c|)/2. Therefore, w(A) > w(B) > w(A’) as asserted.

(b) From (a), we have w(A) = w(A’) if and only if w(A) = w(B) and w(B) =
w(A’). Since (a+d)/2 is the scalar approximant to A under w(-) by [1, Lemma
5 (a)], its uniqueness follows from the Loewner—Behrend theorem (cf. [2, Theorem
11.8.10.7]). Hence the equality w(A) = w(B) is equivalent to a+d = 0. On the other
hand, w(B) = w(A’) is equivalent to |a —d|* + |(a — d)* + 4bc| = 4|bc|, which is the
same as (a — d)?+4bc = —t(a —d)? for some t > 0 or —(a— d)?*/4 being in [0,bc].
The assertion in (b) then follows by combining these two conditions together.

(¢) Under the assumption w(A) = w(A’), we obtain from the proof of (b) that
A = B and a*+ bc = sbc for some s, 0 < s < 1. The latter condition yields that
the foci =+(a® + bc)'/? of the elliptic disc W (A) and the foci +(bc)'/? of W(A') are
on the same line passing through the origin. Moreover, their major axes are both of
length 2w(A) and minor axes of lengths 2(|b|? + |¢|? —2|a® + be|)'/? and 2||b| — |c]|,
respectively. Since

162 +[el? —2la® + be| = [b* + [c[* = 2s|be| > b +[e]® —2[be| = ||b] — |c]?,

we conclude that W (A) D W(A').
(d) If W(A) = W(A'), then the coincidence of their foci yields from (c) that a is
zero. Moreover, d is also zero from a +d = 0 (by (b)). Thus A = A as required. [

We remark that Proposition 2.1 (a) is also a special case of [3, Theorem 2.1].
We now seek along the line of the preceding proposition the largest lower bound
for the numerical radius of a given 2-by-2 matrix. This is done via the next proposition.

PROPOSITION 2.2. Let A = [8 lc’} Then

(a) A is unitarily similar to

B 1 [ a+c ((|a—c|2—|—|b\2)1/2—|—|b\)ei9

2 | ((la=c|>+|b[*)'/> — |p])e’® a+c ’
where the real 0 satisfies a —c = |a— c|e’®,

(b) the maximum value of |x| for which a matrix of the form [I ;f ] is unitarily
similar to A is (|b| + (la— c[>+ [b[*)'/?) /2, which occurs when [} | equals
B)

(c) the maximum value of |x|+ |y| for which a matrix of the form [; ﬁ is unitarily

* X

similar to A is (la — c|* 4 |b|*)'/?, which occurs when [y *

} equals B.

Proof. (a) This follows by showing, via a simple computation, that A and B have
equal traces, determinants and Frobenius norms.
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zZ x| : . . .. Z—A X
(b) If [y w} is unitarily similar to A, then [ vy ows

A — AL forany A in C. Hence

k} is unitarily similar to

1
<minllA— A5l = Ll R Y2
x| anelgH >l 2(| |+ (Ja—c]*+p[*)?)

by [1, Lemma 5 (b)]. From (a), the inequality becomes an equality when [ X } equals

yw
B. Our assertion follows.

© If { )Z, zf}] is unitarily similar to A, then {
[0 b

0 2 a]- From f -y + 2= +jw—af* = b +|e—af and det [*3 4, X |

Z—a Xx
y w—a

} is unitarily similar to
= (z—a)(w—a)—xy=0, we obtain
(I3l +[¥)? = 2 + [yI> + 2l
= (Ja—cl> +[b]* = |z —af* ~ [w—a’) +2/|(z— a)(w —a)|

<la—cl*+ b

Hence |x| +|y| < (la—c|* +|b|?)"/?. The equality is attained for { B from (a).

This proves (c). U

S =

COROLLARY 2.3. IfA= [0 IZ] ,then {x€ C: [} }] is unitarily similar to A} =

{zeC: |7l < (|b| + (Ja—c|*+1b| )1/2)/2}.

Proof. 1t was known that the set of x’s for which [ ¥ | is unitarily similar to A is
a closed circular disc centered at the origin (cf. [9, Theorem 4] or [6, p. 84, Exercise]).
Our assertion follows from Proposition 2.2 (b). [

PROPOSITION 2.4. If A= {8 IC)] , then w(A) = (|la—c|>+|b|?)'/? /2. Moreover,
the equality holds if and only if a+c = 0.

Proof. Since A is unitarily similar to the matrix B in Proposition 2.2 (a), we have
w(A) = w(B) = w(B') by Proposition 2.1 (a), where

gl 0 ((la=cl>+[b*)'/2 + |b[)e®
2 ((\a—c|2+ |b\2)1/2 — \b|)ei9 0

As w(B') = (Ja—c|* + |b|*)'/?/2 from (1), our first assertion follows.

From Proposition 2.1 (b), we have that w(B) = w(B') if and only if a+c¢ =0 and
(a+c)? isin [0,—|a — c|*e*®]. Since the latter condition follows obviously from the
former, we obtain the second assertion. [

There is a simpler geometric proof for Proposition 2.4. This is seen by noting that
the elliptic disc W (A) is contained in the circular disc {z € C: |z] < w(A)}. Hence the
length (|a — c|> 4 |b|?)!/? of the major axis of the former is less than or equal to the
diameter 2w(A) of the latter. Moreover, their equality is equivalent to the coincidence
of their centers, that is, (a+¢)/2=0or a+c¢=0.
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3. Lower bound and its attainment
We start by generalizing the inequality in Proposition 2.1 (a) to matrices of size n.
PROPOSITION 3.1. If A = [a;j]};_, (n>2) and

0 aln
0 ax

then w(A) = w(A').

Proof. Let U be the n-by-n unitary matrix

01
01

0"

1
1 0

Since A’ is equal to the Hadamard product AoU of A and U, we have w(A’) = w(Ao
U) <w(A)[|U[| =w(A) (cf. [4,p.293]). O

Next we consider when the inequality w(A) > w(A’) in Proposition 3.1 becomes
an equality. If the size of A is odd, then there is a satisfactory answer.

THEOREM 3.2. Let A and A’ be as in Proposition 3.1. If n is odd and a,, . . .,
an—1,, and ay are all nonzero, then the following conditions are equivalent:

() W(A)=w(4),
(b) w(A) =w(A’), and
© A=A

Note that the implication (b) = (c) here is not valid for even n as the 2-by-2
matrix A = [i _ll-
of the entries ays,...,a,-1,, and a,; of A is zero, then the same conclusion holds
irrespective of the parity of n. This will be proven in Theorem 4.2. However, it cannot
be further relaxed to two zeros as seen by the n-by-n matrix (n > 3) A = [8 %} @

diag (a,0,...,0) with 0 < |a| < 1, in which case A" = [8 (2)] ®0,_» and hence w(A) =
——

} shows (cf. the paragraph after Proposition 2.1). If exactly one

n—2
w(A')=1but A£A,
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For the proof of Theorem 3.2, we need the following lemmas. The first one is a
standard result from the nonnegative matrix theory.

LEMMA 3.3. Let

0 ay
0 an
A= 0"
R
a, 0
with a; > 0 for all k.
(a) There is a unit vector x =[xy ... xn} in C" with x; > 0 for all k such that

(Ax,x) = w(A). Moreover, if ay > 0 for all k, then such an x is unique and
x>0 forall k.

(b) If ®; =exp(27ij/n) and xo; = [x1 X20; X3(Djz» e X0 N foro<j<n—1,
then (Axq,,Xe;) = ©jw(A) forall j.

Proof. (a) is a consequence of [8, Proposition 3.3]. For the proof of (b), we have

n—1

(Axe;, Xa;) = (Z a( xk+1(uk)(xka)k )) + apx1 (X, 0 D)
=1
n—1

= aq,»(( 2 akxk+1xk) +anx1xn> = w;(Ax,x) = wjw(Ad). O
k=1

LEMMA 3.4. Let A and A’ be as in Proposition 3.1. Then w(A) = w(A") if and
only if (Axw;,xo;) = eV @;w(A) (equivalently, (Re(e”"V@;A))xw, = w(A)xe,) for all
J, 0<j<n—1, where x,w; and Xo; are as in Lemma 3.3 (with A’ replacmg A

there) and y = ((X}_| argagi+1) +argan ) /n.

Proof. Let 6y = argag s+ for 1 <k<n—1and 6, = argay; .
If U = diag (exp(il//),exp (iQy —61)),...,exp (i(ny — = %9@)), then U is
unitary and U*AU is of the form

x ap| x oo %
* ‘a23"
*

a1l
_‘anl‘ . . . *

Hence we may assume without loss of generality that the a; ;41 ’s and a,, are all non-
negative and y is zero. Let B=A—A'.
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Assume first that w(A) = w(A’). Since Re (@ (Axq,,X0;)) < [(AXa;; Xa;)| < w(A)
and Re (@;(A'xe;,Xe;)) = w(A’) by Lemma 3.3 (b), we have Re (@;(Bxe;,Xa;)) < 0

)
forall j. Let By, —(n—1) <k <n—1, denote the matrix [b(k)

ij 11 j=1» where
b(k)_ ajj if j—i=k,
ij 710 otherwise,
and let by = (Byx,x). We have
n—1
Re (@ (Bxow;,x0;) = Y, Re(®;(Bixa;,xa;))
k:;;an)
n—1 ‘ n—1 1
= 2 Re(a)j<ka,x>a)j) = 2 Re (bk(x)j7 )
k=—(n—2) k=—(n—2)
k#1 k#1
for all j. Adding these together yields
n—1 n—1 n—1 1
Y Re(®@;(Bxa;,Xe;)) = D, Re(by ) o] ')=0. )
j=0 k=—(n—2) j=0

k£l

Since Re (®@;(Bxw;;Xw,;)) <0 for all j, their sum being zero implies that they are all
zero. Hence

Re (@;(Axe;,%w;)) = Re (6,'<A’ij,ij>) =w@A)=w(), 0<j<n—1.

This together with [@;(Axe;,Xw;)| < w(A) yields that (Axe,,xe;) = @;w(A). Hence
w(Re (@A) > ((Re(®jA))xw; X0, ) = w(A) = w(Re(®@;A)) and thus the resulted
equalities yield Re (@A)xe; = w(A)xe, . The implication from Re (@;A)xw, =w(A)xqe;
to (Axe;,Xw;) = @;jw(A) also follows from above.

Conversely, assume that our asserted condition holds. Since Re (@;{Axw;,Xw,)) =
w(A) and Re(®;(A'xe;,Xa;)) < w(A"), we have Re(@;(Bxq,,Xw;)) = 0 for all j,
0 < j<n-—1, by Proposition 3.1. Inferring from the identity in (2), we obtain
Re (@;(Bxo;,Xw;)) =0 forall j. In particular, the case j =0 yields w(A) = Re (Ax,x) =
Re (A’x,x) < w(A’). By Proposition 3.1 again, we have w(A) = w(A’). O

We remark that the preceding lemma can also be proven by using the condition for
the equality case of the Hadamard product in [4, Theorem 3.2].
We are now ready to prove Theorem 3.2.

Proof of Theorem 3.2. We need only prove (b) = (c). As before, we may assume
that aia,...,a,—1, and a, are all strictly positive. Let x, @; and Xo; be as in Lemma
3.3 (with A’ replacing A there) and let B = A — A’. Under the assumption w(A) =
w(A"), we have (Re (@;B))xq; = 0 as in the proof of Lemma 3.4 or Bx, = —®7B*xy,
forall j,0<j<n—1.1f0<j#Ak<n—1,then

(Bxe; Xay) = —wj2- (B* X0 Xay) = —a)j2 (Xa;, Bxa,)

w;j\?2 w;j\2
= (;}i) (Ya; B'xay) = (é) (Bxw;,Xa,)-
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Since n is odd, we have @7 # @f . Hence (Bxg,,%w,) =0 forall j # k. On the other
hand, we also have ’

(Bxo; Xa;) = (Axaw;, Xa;) — (A'Xe; , Xa;) = 0jw(A) — @;w(A") =0

forall j. Since the vectors xq, , 0 <k <n— 1, form abasis of C", we infer from above
that Bx; = 0 forall j and hence B = 0,. This proves (¢). [

We next consider the case of even n. The following theorem generalizes Proposi-
tion 2.1 (d) for n =2.

THEOREM 3.5. Let A and A’ be as in Proposition 3.1 with n even and aiy, . . .,
an—1, and ayy nonzero. Then W(A) =W (A') if and only if A=A'.

The proof is an elaboration of the one for odd n, for which we need the following
lemma.

LEMMA 3.6. Let A be as in Lemma 3.3 with a; > 0 for all k. Let 6 be in
[0,2m)\ {(2j+ )w/n:0< j<n—1}, r be the maximum eigenvalue of Re (e °A),
and y = [yy ... ya|" be a unit vector satisfying (Re (e‘ieA))y =ry.

(a) We have y; # 0 for all k. In particular, the eigenspace ker (rI,, — Re(e_ieA)) is
one dimensional.

(b) If 0 = exp(27ij/n) and yo, = [y1 y20; y307 ... y,0] '|" for 0<j<n—1,
then (Re (e’iGEjA))ywj = Yo,

Proof. (a) Assume otherwise that y; = 0 for some k, 1 <k <n. Let A be the
(n—1)-by-(n— 1) principal submatrix of A obtained by deleting the kth row and kth
column of A, and let y be the unit vector [y; ... Yx_1 Yer1 --- Y|l in C"~1. From
our assumptions on r and y, we infer that A = (Ay,y) is in the boundary dW(A) of
W(A). On the other hand, W(A) is contained in W (A) and is a circular disc centered
at the origin (cf. [11, Proposition 3 (3)]). Hence (A7,7) = (Ay,y) = A is also in dW (A)
and therefore 4 = re'® is in JW(A) NOW(A). However, by [11, Proposition 3 (4)],
OW (A) intersects W (A) at exactly the n points rexp ((2j+ 1)mi/n), 0< j<n—1,
which contradicts our assumption on 6. Hence y; # 0 for all k as asserted. Moreover,
if ker (71, — Re (e ""®A)) has dimension bigger than one, then a suitable linear combi-
nation of two linearly independent vectors in it would result in a nonzero vector with,
say, its first component equal to zero, which contradicts to what has just been proved.
Thus ker (71, —Re (e 7"?A)) must be of dimension one.

(b) Deriving as in the proof of Lemma 3.3 (b), we have (Ayo,,yo;) = ©;(Ay,y).
Hence

((Re(e™°B4)) Yy, Y0,) = Re (e~ T {Ava;, o)) = Re (e~ (4y,))
= ((Re(e A))y,y) = (rv,y) =r.
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Since A is unitarily similar to ®;A by [11, Lemma 2 (2)], r is also the maximum
cigenvalue of Re (e @;A). Thus (Re (e ®;A))yw; = ryw; follows. [

Proof of Theorem 3.5. As before, we may assume that ap»,...,a,-1, and
ayy are all strictly positive. Assume that W(A) = W(A). Let 6 be in (0,7/n), r
be the maximum eigenvalue of Re (e "A’), and y = [y1...y,]” be a unit vector such
that (Re (e‘ieA’))y = ry. Then, by Lemma 3.6, we have y; # 0 forall k, 1 <k <n,
and (Re (e 9@;A"))yw; = ryo, forall j, 0<j<n—1, where ©; and y,, are
as before. On the other hand, since r is also the maximum eigenvalue of
Re (e~ ®;A’) (cf. the proof of Lemma 3.6 (b)), it is equal to maxRe (¢~ "®@; W (A"))
(= maxRe (e @;W(A))). As Re(e "®®@;(Ayw;,yw;)) is in Re (e7O@;W(A)), we
obtain that Re (e 0@ (Ayw;,yw;)) < r=Re (e @ ;(A'yo,,yw;)). Thusif B=A—A’,
then Re (¢ ¥@; (BYw;»Yo;)) <0 forall j. As the identity in (2) shows, their sum is
equal to zero. It follows that Re (e @ (Byw;,ya,;)) =0 or Re (¢ @ (Ave, . vo,)) =1
forall j. As r =maxRe (e "@;W(A)), we conclude that (Re (e "0®;A))yaw; = rya; .
Together with (Re (e "0®@;A"))yo, = rye, . this yields (Re (e ®®@;B))yqe, = 0. Hence
Yo, is in ker (Re (¢7"@;B)) for each ;.

We now check that ker (Re (e "%®@;B)) is equal to ker (Re (e ?B)) for all j.

Indeed, let x = [x; ... x,]7 be a unit vector in C" with x; > 0 for all k such that
{(A’x,x) = w(A"), and let x,, be as before. Then, as in the proof of Theorem 3.2,
we have Bxy, = —7B*xy; for all j, and (Bxe,,Xa,) =0 for 0 < j,k <n—1 with
|/ — k| 7én/2 Let

<waj,xw. (n/2)> if 0<j<5—1,

b=

(Bxo; Xa;_, ) if 5<j<n—1,

and let X be the n-by-n matrix [xe, Xo, ... Xo, ,|. Then

0,, B
X*BX: }’1/2 2 :|7
[Bl 0,2

where By = diag (bo, b1, ... ab(n/Z)—l) and B, = diag (bn/z,b(n/2)+1, ...yby—1). Note
that the b;’s are related in the following way:
2 *
bjn/2) = (BXwy, ) Xe;) = =05y (/2 (B X0y, ) %)
-1
3)

= —@,2<xw +(n/2)? Bxa)j> = —(D <Bxa)j7xa) (n/2)> (1),25]7 0 < .] <

n
2

Let {ey,...,e,} be the standard basis of C". We check that ker (Re (e @ ;X*BX)) is
spanned by those vectors e for which by = 0. Indeed, since

Re (¢ 0@ X*BX) = 5 [ g/z OC/2],
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where C = e‘ieﬁjBl + eie(x)jB; = diag (e‘ieﬁjbo + eie(x)j'E,,/z7 o ,e‘iewjb(,,/z)_l +

e’ea)]bn 1), we obtain from (3) that

e*""a,»bk + ¢ a)jEkJr(n/z e b+ e ;(—w; bk)

= 10— bk(l — (6 ea)ja)k)z)

for0<j<n— l and 0 < k (n/2)—1.As0< 6 <m/n, (¢ O w;ax)? is never equal
to 1. Hence e 00 by +eé a)jkan s2) =0 if and only if by = 0. Our assertion on the
kernel of Re (e*i% iX*BX) follows. In particular, we have ker (Re (e @, X*BX)) =
ker (Re (e7X*BX)) or ker(X*(Re(e ®®;B))X) = ker (X*(Re (e "B))X) for
all j. Since X is invertible, the latter equality yields that ker (Re (e %®;B)) =
ker (Re (e "?B)) forall j as asserted.

From what were proven in the preceding two paragraphs, we obtain that ye, is in
ker (Re (e‘ieB)) forall j. Since the components of y are all nonzero, the y,’s form a
basis of C". Hence ker (Re (e "®B)) = C". As this kernel is spanned by those ¢ ’s for
which by = 0, we infer that b, = 0 for all k. Hence By = By = 0,5, X*BX =0, or
B =0,. This proves A = A’ as required. [J

4. Ramifications

In this section, we discuss some results which are related to the main theorems
in Section 3. We start with one class of matrices A for which w(A) = w(A’) implies
A = A’ irrespective of the parity of its size. It is also a strengthening of [5, Theorem
3.11].

THEOREM 4.1. Let A be the n-by-n companion matrix

0 1
0 1
0 1
—Qy —@y_y -+ —ay —ay
and let
0 1
01
A=
01
—a, 0+ 00

Then (a) w(A) = w(A"), and (b) w(A) =w(A") ifand onlyif ay =ar = -+ =a, | = 0.
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Proof. (a) is by Proposition 3.1. To prove (b), assume that w(A) = w(A"). If
ay =0, then w(A) =w(A’) =cos (7/(n+1)) and hence A=A’ by [5, Theorem 3.11].
Therefore, we may assume that a, # 0. Let

0 0

B=A-A'=
0
0—an—y - —az —ay

We may assume that a, <0. Let x, ®; and x,,; be as in Lemma 3.3 (with A’ replacing
A there). By Lemmas 3.3 (b) and 3.4, we have

<A/x60j7x0)j> = ij(A/) = w;w(A) = (Aij,ij>

forall j, 0 < j<n—1.Thus

—n—1 2 ~1
0= <waj,ij> = —xnw;f (an_lxz@/+an_2x3wj 4 +a1xn@;’ )

) — -3 — 2
= —(an_lxzxnw;' + a,_2x3%, a)f; + - Fax, 16,0+ aix;,).

This shows that the degree-(n—2) polynomial p(z) =¥}, Ap—ks1 X%, 2" has o,
0<j<n—1,aszeros. Hence p must be the zero polynomial. Since x; > 0 for all k,
we obtain a; =a, =--- =a,_; =0 as asserted. [

Another example of the equality of the numerical radii implying the equality of
the matrices is given in the next theorem.

THEOREM 4.2. Let A = [a;j},_; (n>2) and

0 ain
0 azs

A//: 0 :

e Ap—1n

0

Then (a) w(A) = w(A”), and (b) if ai2,...,a,—1, are all nonzero, then the following
conditions are equivalent:

() W(a) =W,
(i) w(A) =w(A"), and
(iii) A=A".

The following corollary of it is another generalization of [5, Theorem 3.11].
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COROLLARY 4.3. Let A = [aij] _y with ajj1 =1 foralli, 1 <i<n—1. Then
(a) w(A) = cos (m/(n+1)) and (b) w( ) =cos(m/(n+1)) ifand only if A = J,, the
n-by-n Jordan block
01

0.

Proof. This is an easy consequence of the preceding theorem and the fact that
w(Jp) =cos (m/(n+1)). O

For the proof of Theorem 4.2, we need the following lemma, which may have
some independent interest.

LEMMA 4.4. Let A and B be n-by-n matrices. Then A = B if and only if there
is a vector x = [x1 ... x,)7 in C" with x; # 0 for all k such that (Re (e "°A))xq =
(Re (e’ieB))xg, where xg = [x] xe® x3¢%% ... x, eln=1) ’9] , for at least n+ 2
distinct values of 0 in [0,21).

Proof. To prove the sufficiency, we may assume that B =0, and A = [a;;]] ;_; .

Our assumption on A yields that Axg + e*®A*xg = 0 for n+2 values of 0 in [0,27)
and hence, for z equal to such efsand 1< <j<n,

2 ajkxkz L4 2 ayjXr2 ke

k=1
n—1
_ _ K\ | (= _ +1
= (aj1x1+aj2x22)+< N (@) k1 X1+ a1, jXk—1)2 >+(an71,jxnflzn+anjxnzn )
=2
=0.
It follows that aji =aj =ap—1,j =anj = 0 and
A f1 X1 T Gg—1,jX%—1 =0 “4)

forall j, 1<j<n,andall k, 2<k<n—1.Inparticular,for j=1and 2<k<n—1,
we have ay 1 X1 +ar—1,1%—1 = a1 g+1X+1 = 0 and thus a; ;1 = 0. Similarly, for
Jj=2and 2<k<n—1,weobtain a ;1 = 0. In a similar fashion, we infer from (4)
that ag_y,—1 = 0 (resp., ax—1, =0) for j=n—1 (resp., j=n)and 2 < k<n—1.
This shows that the jth row and kth column of A are all zeros for j,k=1,2,n—1 and
n. Continuing this process, we deduce successively from (4) that the remaining rows
and columns of A are also zeros. Hence A = 0,, as required. [

Note that, in the preceding lemma, the number “n 4 2” is sharp as seen by the
following example.
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EXAMPLE 4.5. Let 6y,...,0,_1 be any n— 1 distinct numbers in [0,27) which

are also distinct from /2 and 37t/2 and let xo, = [1 € % ... e(""DO]T for
1 < j<n—1. Since the xg, s are linearly mdependent there is a nonzero vector y in
C" such that (y,xe,) =0 forall j. Let A=yy*, B=0, and x =1 .. . 1]7. Then

, 1
(Re(e%A))xg, = 5 (e TOA+ %A )xg, = (cosB))yyxe, =0, 1< j<n—1.

These together with Re (£iA) = 0, show that (Re (e "A))xg =0 for n+ 1 distinct
values of 6 in [0,27) does not guarantee that A = 0,,.

We remark that Lemma 4.4 is not applicable in the proofs of Theorems 3.2 and 3.5
since in each case we have only had n values of 6 to satisfy the required condition.

Proof of Theorem 4.2. (a) As before, we may assume that aj2,...,a,-1, and a,
are all nonnegative. If

i 0 ain
0 ans

A= 0. :

e Qp—1n
anl 0

then 0, < A” < A’, which implies that w(A”) < w(A’) by [8, Corollary 3.6]. Together
with w(A") < w(A) from Proposition 3.1, this yields w(A”) < w(A).

(b) Assume that ajy,...,a,—_1, are all strictly positive and that w(A) = w(A”).
Let x = [x] ... x,])7 be a unit vector in C" with x; > 0 for all k such that (A”x,x) =
w(A”), and, for any real 0, let xg = [x1 x2¢'® x3¢? ... x,el" VO Asin the
proof of Lemma 3.3 (b), we can easily verify that (A”xg,xq) = €"®w(A”) and hence
Re (e (A"xg,xg)) = w(A”). On the other hand, we also have

Re (e 0 (Axg,x9)) < |(Axg,xg)| < w(A) = w(A").

Thus if B=A — A", then Re (e "% (Bxg,x¢)) < 0 for all 6. Foreach k, —(n—1) <
k<n—1 and k# 1, let Ay be the n-by-n matrix whose (i, j)-entry is a;; if j—i =k,
and O if otherwise. Then

n—1 n—1

(Bxg,xg) = Z (Arxg,xg) = Z K10 (Arx, x).
k=—(n—1) k=—(n—1)
k£ k#1
This shows that
. n_l .
—Re (e " (Bxg,x9)) = —Re ( Y e(kfl)’e<Akx,x>>
k=—(n—1)
k#1

is a trigonometric polynomial of degree at most n which has no constant term and
assumes only nonnegative values for all 6. By the Riesz—Fejér theorem [10, p. 77,
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Problem 40], there is a polynomial p(z) = ;?:0 bjz/ of degree at most n such that

—Re (e7%(Bxg,xq)) = |p(¢'®)|? forall 6. Since the constant term of the latter is given
by g |bj|*, we obtain b; =0 forall j, 0 < j <n.Thus Re (e " (Bxg,xg)) =0 for
all 6. It follows that

Re (e % (Axg,xg)) =Re (e (A"xg,x9)) = w(A") = w(A).

Thus ) .
(Re (e_‘eA))xg =w(A)xg =w(A")xg = (Re (e_’eA"))xe
for all 6. It then follows from Lemma 4.4 that A=A". O

The inequalities in Proposition 3.1 and Theorem 4.2 (a) can be further generalized
as follows.

Let A = [a;j]};_;. For any permutation o on the integers 1,2,...,n given by
6(0) =ky for 1 < €< n,and for any m, 1 <m < n, let Ag, be the n-by-n matrix
[a;)7 i~y » where

d = ajj if (i,j)Z(k/j,ngrl) for 1 ngm(kn_HEkl),
Y 0  otherwise.
COROLLARY 4.6. If A and Ag,, are as above, then w(A) = w(Aq,,).

Proof. For any permutation ¢ as above, it is easily seen that A is unitarily similar
to amatrix B = [b;;]?;_; of the form

[ x agg, x o %]
* Ay ks
*
* K aknflvkn
_ak)17kl * o e * 1

Let Bg,, = [bj;]} ;_; be given by

b — {akhki“ if (l,]) = (&f-l— l) for 1<f<m (knJrl = kl),
Y 0 otherwise.

Then Bg,, is also unitarily similar to A, . In particular, we have w(A) = w(B) >

w(Bg,) = w(Ag,) by Proposition 3.1. To prove our assertion for general Ag,, , we may

assume that ag, z,,, = 0 for all £. Then By, = By, yields that w(Bg,) = w(Bg,,) by

[8, Corollary 3.6]. Therefore, w(A) > w(Bg,) > w(Bg,,) = w(Ag,,) as asserted. [

We conclude this paper with an example showing that for a matrix A of even size
the equality of w(A) and w(A’) does not imply that W (A) contains W (A’). This is in
contrast to the case of A of size two (cf. Proposition 2.1 (¢)).
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EXAMPLE 4.7. If

12 —1/2 0 0200
0 =25 4 25 , 10040
A=1_12 0 1/4 4 and A= 16004 |

2 2/5 0 -2/5 2000

then w(A) = w(A") = /10, but W(A) 2 W(A’). Indeed, the characteristic polynomials
of Re (¢A) and Re (¢’®A’) for 6 in [0,27) can be computed to be

po(z) = det (zls — Re (ePA))
9 9
_Aa_ (2 302 2 (2
=z (20cose>z (cos”6+10)z —l—(zcosG)z
+ (5cos? 6 +5cos® 6 - cos(260) — 8cos(46) + 8)

and
qo(z) = det (zls —Re (e'4)) = 2* — 102 + (8 — 8cos(46)),

respectively. Since ¢o(z) = z* — 10z% has zeros 0 and ++/10, po(1/10) =0,
9 9
po(V10) =100 — 5\/1—0C089 —(cos? 60 +10)10+ Emcose

+ (5cos” 0 +5cos? 0 - cos(26) — 8cos(40) + 8)
= —5c0s> 0 +5cos> 0 -cos(20) — 8cos(46) + 8

27
= Z—sin%(20) >0,
2
and pg(z) is strictly increasing on [v/10,0) for any 6 in [0,27) (because

27 9
Pol(z) =423 — (% cos 0)12 —2(cos? 0 +10)z+ Ecose

27 11y 9
sl

T80 2) 2
. ( z7+\/141529>< 27—\/141529> 9,
R 160 . 160 2

for z > +/10), we conclude that the maximum eigenvalue of Re (eieA) is at most v/ 10
for any 6 and hence w(A) = +/10. On the other hand, we also have go(1/10) =0,

q6(V/10) = 165in%(260) > 0
and gg(z) is strictly increasing on [v/10,0) for 6 in [0,27) (because
qp(2) =42 =20z =42(z* —5) >0

for z > +/10). Hence w(A') = v/10.
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Finally, we check that W (A) 2 W(A). Since the zeros of g /4(z) = z* — 1022+ 16
are £+/2 and £2/2, the maximum eigenvalue of Re (¢(™/#A’) is 21/2. On the other
hand, we have

+ 2 213 - 2124—%24— 3—7
40 2 4 7 2
Hence p, /4(2\/5) =3/10> 0 and py/4(2) is strictly increasing on [2V/2,00) as above.
Thus the maximum eigenvalue of Re (¢(*/4)A) is less than 21/2. This shows that
W(A) 2W(A') as asserted.
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